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Abstract. A second-order, energy-preserving, finite difference scheme to approximate the partial
differential equations governing planar, twist-free motions of inextensible, unshearable elastic rods is
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1. Introduction. We consider the numerical approximation of the following
equations governing the planar motion of a class of inextensible elastic rods:

(1.1) (cosO)y = fss,
(Sin H)tt = Uss,
Oy — 0 = —fsinf + gcosb.

The unknowns are 6, f and g, which are each functions of two variables s and ¢. The
system is a generalization of Euler’s elastica to include inertial dynamics. We assume
that the rod is specified by a two-dimensional vector function r(s,t) = (z(s,t), y(s,t)).
At time t, s — r(s, t) gives the axial curve of the rod in terms of its arc-length parameter
s and hence, |rs|* = z24y? = 1. In system (1.1)-(1.3), the variable 6 is the angle between
the unit tangent ry and the z-axis:

T, = cosf, Ys = sinf.

The functions f and g are the stress resultants in the x and y directions. They are
a priori unknowns, i.e., “reactive forces” similar to the pressure in the theory of in-
compressible fluid flow. If we assume a linear stress-strain relation, then the dynamical
system (1.1)-(1.3) is justified: Equations (1.1) and (1.2) are derived from the balance
of linear momentum in the x and y directions, and equation (1.3) is derived from the
balance of angular momentum. The three equations are written in dimensionless units.

The system (1.1)-(1.3) was studied by Caflisch and Maddocks [1] in 1984. For finite
length rods subject to appropriate boundary conditions, they derived the system (1.1)-
(1.3) from a variational principle, proved a global existence theorem, and obtained the
dynamical implications of an energy criterion for stability. More recently, Coleman and
Dill [2] also derived the system (1.1)-(1.3) from a variational principle, obtained and
classified all traveling wave solutions, and raised the question of whether the system is
completely integrable. We note that many of the ideas for the analysis of the numerical
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scheme we present here were obtained by finding appropriate discrete versions of the
analysis done in [1] for the continuous problem.

In this paper, we will present a second-order, energy-preserving scheme to approx-
imate the smooth solution of system (1.1)-(1.3) subject to the boundary conditions

(1.4) 0(0,0) + 2 = 0(1,1),  0,(0,¢) = By(1, 1),
(1'5) f((),t):f(l,t), fs(oat) :fs(lat)a
(1'6) 9(07t) :g(l,t), gs(O,t) :gs(l,t),
and the initial conditions

(1.7) 0(s,0) = bOy(s), 0:(s,0) = 0:(s).

The boundary and initial conditions are a simplified version of those boundary and
initial conditions used to perform solitary wave scattering experiments. The solitary
wave solutions found by Coleman and Dill are defined on (—o0,00), and obey the
relations: 0 — 0 as s = —o0, 8 — 2w or —2m as s — o0, [ — «, as s — +00,
and 0, fs,9,9s — 0 as s — +o0o, where « is a constant. Since #, f, and g approach
their limits at o0 with exponential rate, the interactions of solitary waves can be well
approximated over a sufficiently large interval L by the boundary and initial conditions
given above. Since the analysis does not really depend on the interval length, we have
simplified slightly by taking L = 1.

The scheme has been employed to determine the consequences of the interaction of
solitary traveling waves governed by the system (1.1)-(1.3). The numerical results de-
scribed in Coleman and Xu [3] strongly indicate the system is not completely integrable
in the sense of soliton theory. The solitary traveling waves do not interact as solitons;
in particular, the change suffered by a solitary wave upon collision with another such
wave is more than a shift in phase.

To describe the numerical scheme, we let As = h =1/N, (N € X), be the spatial
discretization, and At = 7 be the time step. Denote

s; = jh, t"=nr  (0<j<N, n>0),
0" 22 0(s;,t"), [P = flst™), g7 = g(s;,th).

To discretize boundary conditions (1.4)-(1.6), a fictitious point j = N + 1 is introduced
such that

?V-i—l =27 + H(Slatn)7 f]?f-i—l = f(Slatn)7 917ir+1 = g(slatn)'

We choose the largest possible time step 7 as allowed by the classical CFL condition,
ie.,

(1.8) T =h/V2.

For any mesh function {u}}, we introduce the operators A? and Aj:

Ay = (ufth =20+ /T
Ajul = (uf —2u} +ul_y) /b’
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Then the scheme we propose is

(1.9) AZcost) = ALfF,
(1.10) AZsinf) = Ahgj ,
. . , COS "t — cos 7! ,sin Ot — gingn!
(111) A?'e] - A%LH] = i 9{14»1 . gnflj + g] 91'1,+1 . gnflj )
J

for 1 < j < N and n > 1, subject to the boundary conditions

(1.12) Optt + 21 = 0%, 07t + 21 = O3,
(1.14) 90 = g 97 = 9Ni1s

and the initial conditions

(1.15) 0 =5 0 =1

Here {¢;} and {v;} are mesh functions determined from 6, and 6, such that

N N

(1.16) D cosp; = > cospj,
j=1 j=1
N N

(1.17) D osingy; = D sing;.
7=1 j=1

The existence of the mesh functions {¢;} and {¢;} will be discussed in Section 2. The
scheme is implicit; more precisely, at each time step n > 1, we are required to solve a
nonlinear algebraic system to find 9;-”1 7,97 (0<j < N+1). An iterative scheme is
presented along with a convergence result for solving this nonlinear system.

The structure of the paper is as follows: In Section 2, we cite some results for the
exact solution 6, f, and §, and prove the conservation of the discrete energy for the
scheme (1.9)-(1.15). In Section 3, we will rewrite system (1.9)-(1.11) as a second-order
semilinear finite difference equation for {¢7}. Its right hand side is nonlocal but does not
involve second-order differences; bounds for the right hand are presented in Section 4.
Results on solvability are presented in Section 5 and an error estimate is derived in
Section 6.

We conclude this section by introducing some notation. Given a mesh function u7,

1<j<N,n>0, we write u}f = (u?, u, -, u%)", Afun = (ul oy ur)/r,
Ao ) (W —uR)/h i =1

(1.18) Dy, u; _{ (uh —u?_)/h it 2<j< N
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(uf —2u? + ul — 27)/h? if j=1
(1.20) Djul = (uly, — 2ul +u_,)/h? if 2<j<N-1
(u% | —2u% +ul +27)/h? if j=N

We remark that D; and D} are the standard backward difference and second-order
centered difference, if we introduce the boundary terms uy = uly — 27 and uly,, =
ut + 27. However, D, and Dj are helpful when we reformulate the scheme (1.9)-(1.15)
in Section 3, since it is easier to modify the operators than to retain the boundary

conditions. We also define the norms || - ||, || - ||, || - ||e and functional | - |:
N 3
2
ol = s il o= (1 35057°)

1 1
2 2
s .

Japle = (sl + NATaRIE+ 1D7alR) " il = (IATuRlE + D7)

Note that | - |, is not a seminorm for u? = (u?},u?,---,u%)". However, if we had
defined D, as the usual backward difference operator, this quantity would be just a
rewriting of a standard seminorm on mesh functions (ufl,u},u},---,u%)T for those
functions which satisfy the constraint uj = uf, — 27.

Throughout the paper, C will denote a positive constant, independent of h, 7, and
unknown functions, but not necessarily the same at each occurrence.

2. The Approximation Scheme and The Exact Solution. We first cite some
results about the exact solution 6, f, and g [7].
DEFINITION 1. The class C},, is defined to be those functions in C™ ! that have

piecewise continuous derivatives of order n.
THEOREM 1. Let 0y € C7,([0,1]) and 6, € C,,([0,1]) be given such that

(2.1) 0o(0) + 27 = 6p(1),  65(0) = 65(1), 0.(0) =0.(1),
1 1
(2.2) / 6, sin fpds = 0, / 6, cos bpds = 0.
0 0
Then there exists a unique 0 € ng([O, 1] x [0,00)) and f, G such that fss, Ges €
Cpw([0,1] X [0, 00)) satisfying equations (1.1)-(1.3) with the boundary conditions (1.4)-
(1.6) and initial condition (1.7).

Throughout the paper, we suppose f, € C*([0,1]) and 6, € C3([0,1]) not only
satisfy (2.1), (2.2) but also the additional conditions:

(23)  65(0) =05(1), 65'(0) =65'(1), 61(0) =6i(1), 07(0) = 6y(1).

Since no regularity results are known so far, we assume that the exact solution é, f ,
and g are all in C*([0, 1] x [0,T]) for some T > 0.

There are four conserved quantities for the system (1.1)-(1.3) subject to boundary
conditions (1.4)-(1.6) (cf. [3], [5]). To express these quantities, let

s L r€

z(s,t) = /Ocosﬁ(n,t)dn—/o /0 cos O(n, t)dndg,
s 1 p€

y(s, t) = /Osinﬂ(n,t)dn—/o /0 sin 6(n, t)dnd§.
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Then:
1. Energy: dH/dt = 0, where

1 1
H = 5/0 (62 + 62 + 22 + y2)ds.
2. Linear momentum: dM?®/dt =0 and dM?V/dt = 0, where

1 1
M :/ xds, MY :/ yyds.
0 0

3. Angular momentum: dL/dt = 0, where
1
L = / (0 + zys — yai)ds
0
b t
+ (@(1,0) = 2(0,0) [ g(r)dr = (1,0 = y(0.1) [ f(r)ar,

in which f(t) = f(0,) = f(1,t) and §(t) = g(0, ) = g(1,1).
4. Linear impulse: dZ/dt = 0, where

1
I = /0 (9,595 + TiTg + ytys)ds.

Our scheme (1.9)-(1.15) preserves the discrete analogues of the first two quanti-
ties. To show this, we introduce the mesh functions z7 and y7, which are the discrete
analogues of x and y. For 1 < j < N +1and n >0,

N k-1

= —hZZZCOSQH—FhZCOSG

k=1 i=1
N k-1

(2.5) yr o= —h?Y_ > sinf} +h Z sin 7.

k=1 i=1

It is clear from the definition, for 1 < j < N and n > 0, we have

(2.4) x

<3

(2.6) (2§ —2f)/h = cosby,
(2.7) (Wi —y7)/h = sinfy.
For each n > 1 fixed, we solve boundary value problem (BVP) (1.9), (1.13) and BVP

(1.10), (1.14) in terms of {67 } respectively. It is not difficult to show that for 1 < j < N,
n>1,

(2.8) Ny = DS

where A\, is the standard backward difference operator. If we define the discrete linear
momentums as

N
Mi(n)=h)_ ij?, = hz A+y],
7=1
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then the identities M (n + 1) = Mf(n) and M/ (n + 1) = M} (n), for n > 0, follow
directly from equations (2.8), (2.9), and the boundary conditions (1.13), (1.14).

To find the boundary conditions that z7 and y} satisfy, we sum j from 1 to N in
equations (1.9) and (1.10). Using the boundary conditions (1.12), (1.13), we find that
for n > 1,

N N
AZ(Y cos) =0, AZ(D sinf)) = 0.
i=1 i=1
It follows that for n > 0,
N N
AF(D cosb}) = const, AF(Dsin67) = const.
i=1 i=1

However, from equations (1.16) and (1.17), we see that for n > 0,

N N
AF(D cosb}) =0, AT (D sinf}) =0
=1 =1

Using these equations and the definitions (2.4), (2.5), we have

(2.10) ity =ttt = a2l —af,
(2.11) ywih =ttt = gk -y

We now define the discrete energy:

1 N
(2.12) E" = §hZ(A+9” + hZD 07)(Dy, 07+)
J:
1 N N
Ph (A PR (A
T3 = 2 o

LEMMA 1. (i) For n >0, we have E"™' = E"

T

and hence, E" = E?.
(ii) For every n > 0, EI is nonnegative and can be expressed in the form

n 1 al +gn\2 11 al n+1 n n+1
B = S0 +Mz{(e o)+ (07 — 014)
Jj=1 Jj=1
1 X 1 X

(iii) Forn >0,

(2.13) 1Dy, 05745 + 10512 < 24E7.



Proof: To show part (i), we multiply equation (1.11) by h(H?Jr1 - 9;-’_1) and sum j

from 1 to N. Applying summation by parts to the second term on the left hand side,
using boundary condition (1.12), and simplifying, we have

N
LHS = h) (Af6}) +h,z D; 07)(D; 05+

j=1 j=1

N N
— R (AT Z L 07 (D, ).
j=1 j=1

For the first term on the right hand side, we use equation (2.6) to substitute cos 67"
and cos 9;’_1 and sum by parts. Using boundary condition (2.10), we have

1
hZf” cos 7 —cos 07 1) = _E Z gt — g,

J J
7=1

Applying equation (2.8), we find
N
hY [ (cos 07 — cos 07 ) —hz (Afa}) +hz
j=1
Using a similar treatment for the second term, we get

RHS = —h i(ij?)Z —h i(A:y;y +h i(ij?lf +h i(Ajy?l)z.
j=1 j=1 j=1 j=1
Thus, we have conservation of the discrete energy
EM' = E" forn > 0.
To show part (ii), we first use boundary condition (1.12) and CFL condition (1.8)

to write

1 X , 1 X .
3" (A1) + 3" Z(D,;H;L)(D,;Q?+ )=

i=1

1 h Y 1Y

57__[2 9n+1 ;L 52 9n+1 9n+1 )(on — o )}
]:1 :

We then calculate

1 h al 9n+1 " 2 1 al 9n+1 9n+1 om 9” _ L h al 9n+1 o 2
572 2:1(] _j)+§2;(j )(0; )= 572 2:1(] —07)
J 1= J=
N 1
+ 30770 SO ) (07 - o)
]:
1hr1 & 1 N
I 9n+1 n - 9n+1 9n+19n 9n+19n
L2 +5 LU0+ 0 - 070 |
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1
+§(9n+19n - gn-l-lgn ):|
1 h 1 N n+l n 1 al n\2 1 N n 1 n+1lon
1Y ) 1Y , 11X
- n-+ - n _ n+1pgn
4;9 42;(9] ) 23_219 o

+[Z(9N+l) Z( N2 - §9N+19N] - [Z(QOH)Z + Z(goﬂ)2 - §9o+1901
1 X RN S +1
= b (A ——Z{en n V24 (6r — gt

In the last step, we used the equation 85! —07 = 6% —0%  which is a direct consequence
of the boundary conditions ' + 27 = %" and 07 + 27 = 0%,.
Part (iii) can be easily derived by making use of the identities

0; =07, = (0} — 9;-”1) + (9;7“rl -0} 1),
9}”1 — 9;7”1“11 = (9;7“rl —07) + (0} — G?fll).

In the proof of conservation of the discrete energy (on which much of the analysis
of the approximation scheme depends), we have used the fact that approximate initial
data can be found which satisfies the discrete compatibility conditions (1.16) and (1.17).
We now show how such initial data can be determined which is also sufficiently close
to the true solution.

LEMMA 2. Let 6 € C*([0,1]) and 6, € C*([0,1]) satisfy conditions (2.1), (2.2),
and (2.8). Let @ € C*([0,1] x [0,T]) for some T > 0 be the true solution of IBVP
(1.1)-(1.7). We define

w; = 0o(jh), for1<j < N.
Then, for T sufficiently small, there exists a mesh function vy such that for 1 < j < N,
%‘ - é(]ha 7_) = O(T3)7

and vy, satisfies equations (1.16) and (1.17).
Proof: We introduce the mesh function ¢;, 1 < j < N, defined by

1~ 1~
3j = B0(ih) + 0 (GR)T + 3071 (i1 O)7* + Z0r2r (B, 0)7°

Notige thzit 9~TT and 9~TTT can be expressed in terms of fy and #; and their derivatives.
Let 07 = 0(jh,nt). Then, it is clear that for 1 < j < N,

(2.14) g;—0; =0(r").

For any 7 > 0, since 6(0,7) + 27 = A(1,7), there exist &, & € [0,1] (which may
depend on 7) such that

cos 5(51,7) =0, sin é(fg, 7) = 0.



Hence, there is a & > 0, such that for 7 < ¢, there exist 1 < k,I < N, k # [ (which may
depend on 7) such that

(2.15) | cos @ | < 1/4, |sing,| < 1/4.
Now we define v; as follows,
Vvi=¢5, i jFkl

and v and 1), are determined by the system (1.16) and (1.17). We claim that for 7
sufficiently small, ¢, and 1, are well-defined, and have the properties

vy — 0 = O(7%), v — 0} = O(r%).

We begin by rewriting the system (1.16) and (1.17) as

(2.16) (cos by — cos @) + (costy —cos @) = €(7),
(2.17) (sin )y — sin @) + (sineyy; —sin @) = (1),
where
N 3 3 N }
el(r) = Y (cosh) —cosh)) = (cosp; — cosb)),
j=1 j=1
N y y N y
e(r) = Y (sinf) —sinf) — (sin@; — sin ;).

<.
Il
—
—

J

To solve this system for ¢, and v, we define

VT = (Y + 1) /2, Y= (Y — i) /2.
o7 = (¢ + B1)/2, ¢ = (dx — P1)/2.
Then from simple trigonometric identities, we get:
2costcosyy” = 2cosdtcosd + €,
2siny cosyT = 2singt cosdT + €.

Dividing these equations, we easily obtain
tan ™t = (2sin ¢ cos ¢~ + €3)/(cos ¢ cos d + €1).
We then choose
Yt = tan"![(2sin ¢ cos ¢~ + €3)/(cos ¢T cos ¢ + €)] + m,

where m is an integer determined by the condition ¢t = tan'(tan ¢*) + mm. (Recall
that the range of tan~! is [—7/2,7/2].)



Squaring and summing the original equations, applying a simple trigonometric iden-
tity, and simplifying the result, we also obtain:

cos(y — ) = cos(d — &) + B,
where
By = €1]cos ¢ + cos ¢y] + €x[sin ¢y, + sin ¢y + €2 /2 + €2 /2.
Using (2.15), we get that
| cos(dr — )| = | cos @y cos ¢y + sin ¢y sin ¢y < 1/2,
and hence that
|cos(dr, — &) + By| < 1/2+5er|/4+ 5lex|/d + €2/2 +2/2 < 1,

for €; and €, sufficiently small. We then choose
1 . .
v = (v — ) /2 = 5{(505’1[(505(@5,1C — &) + Fy| +nr},

where 7 is an integer determined by the condition ¢, — ¢; = cos™![cos(dy — ¢)] + nr.
(Recall that the range of cos™! is [0, 7]). Hence, v, = ¢* + ¢~ and ¢, = ¢* — ¢~ are
determined.
We next show that ¢; — (jh,7) = O(3). Using our previous results, we get
tan ot — tan gt = 2sin¢}+cos¢~3’ +é singzé*cosgz}*
2cos¢ptcosgp +€  cosptcosp
€308 gt cosd™ — €, sin dT cos ¢~

= _ _ = — = F,.
(2 cos ¢t cos ¢~ + €1)(cos ¢t cos ¢7)

Now 2cos ¢T cos ¢~ = cos ¢y, + cos ¢y, and by (2.15)

| cos ¢| < 1/4, | cos g1 = /1 —sin® ¢ > V15/4.

Hence, for €; and e, sufficiently small, it easily follows that |E2| < C(|e1] + |e2]). Now
by the Mean Value Theorem, there exists a  such that

|tan ¥t — tan ¢T| = | sec? B]|vT — o).
(Note that 1) and ¢t belong to the same branch of the tangent.) Hence,
[+ — ¢7| < [ cos® B]| tanyp" — tan ¢*| < |Ey| < C(jer] + |eal).

Finally, from the identity cos(¢y —1);) = cos(qzk —él) + E; and the Mean Value Theorem,
we get

cos™Hcos(Yr — Uy)] = COS_I[COS((]E]C — QNSl) + Fy| = (:os_l[cos(@c — él)] —FEi(1- 52)_1/2,
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where ¢ satisfies |cos(¢p — @) — €| < |Fy|. Since |cos(dp — &) < 1/2 and |Ey| <
C(ler] + |e2]), we get for |e;| and |ey| sufficiently small, that |€| < 3/4. Hence,
[~ =71 = 2[(hk — 1) — (b — &)l o
= 2|cos cos(vr — )] — cos Heos(gr, — )] < C|E| < O(ler| + |e2|)-
Since
e I e B e N R e A e O

to obtain the desired error estimate, we need only show that €, and e, are O(7?).
Since 0 € C*([0,1] x [0, T]), it follows from the equation (1.3) and boundary condi-
tions (1.4), (1.5) and (1.6) that

(2.18) 0,5(0, 1) = 0,,(1, 1), 05550, 1) = O,5(1,1).

Integrating equations (1.1) and (1.2) with respect to s over [0,1], and applying boundary
conditions (1.5) and (1.6), we find that for any 7 > 0,

I 1
(2.19) / cosf(s,T)ds = / cos f(s, 0)ds,
0 0

TR I
(2.20) / sinf(s,7)ds = / sin (s, 0)ds.
0 0

Using (2.18), (2.19) and (2.20), we employ the Euler-Maclaurin Summation Formula [4,
pages 297-302] to obtain

N N ~
Y cosf) —> cost; = O(r°),
7=1 7=1

N N
Y sinf) — > sinf; = O(r).
=1 =1

Hence, €; and e, are of order 73, i.e., there is a constant A > 0, which depends on
the initial data and the third and fourth order derivatives of the exact solution in a
neighborhood of ¢ = 0, such that for 7 sufficiently small,

ler(7)] < AT, lex(T)] < AT,
Combining our results completes the proof of the lemma.

3. Semilinear Form. The most important step in deriving a convergent iteration
scheme for obtaining the approximate solution (and also proving its existence) is to
eliminate {f7'} and {g}} and to rewrite the system (1.9)-(1.14) as a single semilinear
equation for {#7}. We begin with solving equations (1.9) and (1.10) to express f}'
and g7 in terms of {07}. Let {K;} be the discrete Green’s function defined by: for

[ hi(l—hj) i 0<i<j—1
(3-1) K”_{hj(l—h,z') if j<i<N
11



Then, we can write for 1 < 7 < N,

N
(3.2) o= f"=hd K;jAZcosh},
i=1
N
i=1
where

ff=r=Imn 9" =9%=9xn
with the compatibility conditions: for n > 1,
N N
2 n __ 2 n __
(3.4) > Alcost} =0, Y Alsinf} =
7=1 7j=1

Next, we introduce some notation and prove a lemma which we need in the next
step. Define

1
S™8;) = /0 sin(n@;”r1 +(1- n)@?_l)dn
_ [ (cos Oyt —cosopTt) /(07 —0p) if 07t £ 07!
sin 9;7“1 if 9;”“1 = 9?*1 ’
1
c"(9,) = /0 (:05(779;-erl +(1- 77)9;7”’1)6177
_ [ (simoptt —singr=") /(0 —opt) it optt £ 0p !
oS 9?’1 if 9”“ 9” L

~ 1 r1
§10) = 2 [ €sin(ned + (1= n)e) + (1= )67 ) dnde,

Cn6) = 2 [ [ €cos (et + (1 - n)eoy + (1~ )03,
S"(0;,0;) = —S"(8;,)C"(8;) + C™(8,)S™(6:),

C"(0:,0;) = S™(6;)S™(6:) + C"(6;,)C"(6:).

LEMMA 3. For1 <j < N andn > 1, we have

NZcost? = —S"(0;)A20" — C™(0,) AFOT AT,
AZsin®? = C™(0,)A207 — S"(0,)Afernter .

Proof: We calculate

N cos 07 4 S™(0;) A207
1 1 n n— n n n—
= _ﬁigﬁl — (cos 07" —cos 07 1) (07! — 207 + 07 1)
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~(cos 8 = 2cos 7 +cos 1) (87— 0]

— _i 2 o n+l n—1 n __ pon—1
= 9;7‘“ — 9}171 [ (cos 0 cos 07 ) (07 — 07 ")
+(cosy —cos 0 ) (8 - 07|
2 n n—1 ! : n+1 n—1 : n n—1
= _ﬁ(gj — 0} )/0 [sm(fﬁj + (1= &)077") —sin(&07 + (1 — £)07 )| dE
2 - n n
= et -

x [ [ cos oy + (L= ey + (1 - €00 dnde
= —C"(0) 010 AFen.

The other formula can be proven in the same way.
Now, we put (3.2), (3.3) into equation (1.11) and apply Lemma 3 to obtain for
1<j<N,

N2 — AR = —f"S™(0;) + §"C™(0; hZKUC” 0;,0,) N\20!

N
(3.5) + by K S (0, 0;) Ao AT o7

=1

To find the semilinear equation for {67}, we observe that a Ajf} term is needed
to accompany the A2 inside of the first summation on the right hand side of (3.5).
Toward this end, we use summation by parts and boundary condition Ky; = Ky; = 0
to derive for 1 < j < N,

N R 1 N
R KaC (0000 = 3 S (Ksy = Kinr )00, 05) 0 )
=1 i=1
1 X R
(3. DK (OB 0) — €O, )0~ L),
=2

Now combining (3.6) and (3.5), we obtain
N ~
D207 — D07 4+ Ry KO (05, 0;) (A20) — AR6})
i=1

N
= — f"S"(0) + 3" CM(0;) + h Y KiyS" (0, 0) AT 07 AT

=1

1 3 An ~n n n
3 K (C7(6:,07) = C™ (00, 07) (6} — 07
1=2
1 N
+ o 2 (K — K 1)C™(0;,0;) (08 — 07,).

@
Il
—
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We then use the boundary conditions 6f = 0% — 27 and 0%, = 07 + 27 to eliminate 0
and 67, ;. The above equation can be written in terms of 67, - - -, 0% and the operators
D? and D; defined at the end of Section 1:

(AZ0; — Do) + Ly, (A205 — Dy6y) = A"(0h),

in which
N ~
(37) (Lghuh)j = hZKZ]On(Hl,HJ)UZ,
i=1
N ~
i=1
N 1 . R
(3.8) +hZKz‘71,jE(C”(9i,9j) — C"(0i-1,0;)) Dy, 07
=2
N 1 R
‘*hEZ;#BQi—lﬂthC”Wuaﬂlﬁﬂﬂ
i=1
(3.9) A™(Oh) = = f"S™(04) + §"C™ (64) + B" (61).

Note that A™(#),) contains no second-order differences. The quantities f™ and §" can
be expressed in terms of 0, and its first-order differences; the calculation is described
at the end of this section.

The operator Ly, is analyzed in the next section, and in particular it is shown that

-1
(3.10) (I+Lj ) =T1+Kj,.
Accordingly, ), satisfies the equation
(3.11) A0y — Dibp = (I+Kj )A™(6,).
Equation (3.11) is the main result of this section. It is a semilinear equation since
the right hand side does not involve second-order differences, and it is equivalent to
(1.9)-(1.14).

At this point, we determine f™ and ¢" in terms of #,. First let us suppose that 6y,
f™ and ¢" form a solution triple to equation (3.11). Identity (3.9) implies that

D265 — Dipbyy = — " (L+ K5, )S"(6) + §"(L+ K3, )C" (64) + (1 + K5, )B"(6,).
Multiplying this equation by hS™(0,)" and hC™(0),)" respectively and summing by

parts, we obtain the relations

N
~hS"(6)T A26) — 'Y Dy S™(6;) Dy 07

7j=1
(3.12) = afy (0h) " + aly(0h)§™ — hS™(0,)" (I + Kj )B"(6),
N
—hC"(0,)" N20y — 1y Dy C"(60;)D; 07
j=1
(3.13) = aby (0h) " + aby(01)§™ — hC™(0,)" (I + K} )B™(6),

14



(3.14) aty(0n) = hS™(n)" (I+Kj )S™(6h),
(3.15) aty(0) = —hS™(0,)" (T+ K5 )C"(6h),
(3.16) agy (0n) = hC™(0h)" (L+ K5, )S"™(0n),
(3.17) ayy(0n) = —hC”(Gh)T(I + th)C”(eh).

In the next section, it is shown that for h > 0, I + Kj is a positive definite operator
on RY and that for h > 0 sufficiently small and for any n > 1,

afy (On)any (0) — aty(On)as, (0r) < 0.

Hence, the system (3.12) and (3.13) uniquely determine f™ and §".

Now the required solution #), must satisfy the compatibility condition (3.4), and
must therefore satisfy the following equivalent forms, which are the results of Lemma 3,
namely,

N
(3.18) SM(On)" A2 = =X CMO) A0 AT,
j=1
N ~
(3.19) C™(0n) D20, = D S™(0;)AL07 AT
7j=1

Accordingly, if we assume a priori that f” and ¢" have the dependence on 6 given by
the system

at (0n) f* + aly(0h)§" = R CTAS VAN

<
—_

>
M=
@Y

L
M=
=

(3.20) S™(0;)D;, 6} + hS™(6h)" (I + K, )B"(6,),

<.
Il
-

L
M=
e

aly (0n) f* + ay (045" = MO A0 AT

<
Il
—_

(3.21)

L
M=
=

C"(0;) Dy, 07 + hC™(0,)T (T + Kj )B"(0),

<.
Il
-

and solve equation (3.11) as a function of 6, only, we are guaranteed that the solution
arising satisfies compatibility condition (3.4). This statement is a consequence of the
fact that (3.12), (3.20) together and (3.13), (3.21) together imply (3.18) and (3.19).

4. Analysis of the Semilinear Equation. We next present an analysis of Ly
and Kj , and some bounds on A"(6,). We also derive a lower bound for the absolute
value of the determinant of the system (3.20) and (3.21). This bound is used to show
that f” and ¢" are uniquely determined and also to obtain a priori estimates for these
quantities.

15



Recall that for any mesh function 6, the operators Ly and Kj are defined by
(3.7) and (3.10), where Kj; is defined in (3.1). The operator Ly maps RY to R and
satisfies

(4.1) 1L, unlloo < [lunllo-

Since K;; and C’”(Gi,ﬁj) are symmetric in ¢ and j, Ly, is symmetric. For any mesh
functions 6, and ¢, it is not difficult to show

(4.2) (LG, — L3, )unlleo < 20105 = &h oo + 1657 — 03~ lloo) lunlo-

To show that Ly is positive semi-definite, we calculate

N N-1N-1
hy vi(Lgon); = h* Y D Kig(C"(6:)C™(0;) + S™(0;)S™(6;))viv;
j=1 j=1 i=1
N—-1N-1 N-1N-1
= h2 Kijaiaj + h2 Z Z Kijﬁiﬁj Z 07
7j=1 =1 7j=1 =1

where
a; = C"(0;)v;, B = S"(0;)v;.

Here we have used the equation K;y = Ky; =0 for 1 <1i,j < N. The last step follows
from the fact that K;;, 0 <<, < N is the discrete Green’s function for the BVP:

—Aiu] = wy, Ug = uUnN = 0.
Hence, summation by parts yields that ;y:’ll SNt K;jw;w; > 0 for any mesh function
{w;}-

It follows from the inequality 1 < I+ Ly < 2 that (I+Kj ) = (I+Lg )~ is
well-defined. Moreover, Kj is symmetric, negative semi-definite and satisfies

(4.3) <I+Kj <1.

1
2
It follows from the equation Kj = —Lg (I+ Ly )~' that

(4.4) K5, unlloo < [Junllo-

Furthermore, for any mesh function 6, and ¢y, since

K, —K! =(I+L]) (L, —L;)I+Lj) ",

Ky, is continuous in ), and satisfies

(45) (K5, — K Junlleo < 4105 = @5 Hloo + 105" — @™ loo) lunlo-

16



In order to show that the approximation scheme is well defined, we need to show
that f* and §" are uniqely determined by the system (3.20) and (3.21). We now show
how this can be done. For future reference, we state the following hypothesis:

Hypothesis (H): For each n > 0, there exists a ¢, > 0 such that for 0 < h < 4,

h(4[|ATOR[G + AN A70 15 + 201D, 0 lg) < 1/32.

The key step is the following technical lemma, which is then used to give a lower
bound for the determinant of the system defining f” and ¢".

LEMMA 4. Suppose that o is a function of n which satisfies Hypothesis (H). Then,
for 0 < h < 6,, we have

N

hy.

J=1

cos(071 — 6m) — cos (077 — 67)12

n+l _ pgn—1
9]' 9]

1
> .
T AL+ AATORNE + ANATOTHIE + 21Dy 05 )

Proof: Fix n > 1. We write for 1 < j < N,

cos(07 ! — ") — cos(07 — ")

— — = sin(p" — 0",
07" — 07 J

(4.6)

where
o7 = 5;?9;?“ +(1- 5;7”)9?’1 for some &7 € [0,1].

A direct calculation shows that

1Dy, 2 ||3 < h (90]' - 903—1)2 + E(% — Nt 2”)2
=2
1 al 1 1 1 1 1 1 2
S 2[5y(9y+ gy — g (00— )+ (00 — o] )}
]:
1 n(on+1 n—1 n n+1 n—1 n—1 n—1 2
+E{€1(91 =07 ) —En(Oy =08 ) + (07 — 0y +27T)]
2 al 1 1\2 1 1\2 1 1\2
< Sl - g - )+ 0 - 0]
=2
2 n n— n n— n— n—
O = g O - 0+ (07 - 0+ 2
(4.7) < AATORIG +AIATORHIG + 201D, 657l = (M7,

It follows that
max(max | — @7 |<,0?—<,0K,+27r|>< VhM?.
2<j<N T I -

17



Let o € [k — 27, %) be such that
sin(g! — 0") =1,

and denote by j,, an integer between 1 and N, such that

05 — @5, < VM.
Then, using Hypothesis (H), there exists a §,, > 0 such that for 0 < h < 0y,

VhM! < 1/4.

Hence, for 0 < h < §,,, we have

sin(p — o) > 3/4.

Now, we calculate for j, +1 < j <N,

sm( —9”) = sin(( —9” )+ Z =)
1=jp+1
3 J 3 L. . lime n
> ——| X (pf =)= 7 = h2li = gl 1Dy ¢illo-
4 i 4

The same inequality holds for 1 < 5 < j,. Hence, for 1 < j7 < N,
. m An 3 1. Ll
(4.8) sin(pj — 0") = 7 = h2|j = Gul> [ Dy ¢ lo-

Let N}, denote the integer such that

1 1 < 1

— —-1<N, < — :
16(1 + [ Dy, ¢4 15)h 16(1+ [|D, ehll§)h
Note that N, < N/4. Then, for all j such that |j — ji| < Ny,

o ~ apovt
[Alj = dnl(L + 1D rlIg)])* < 1/4.
It follows from (4.8) that for |j — jn| < Np,
sin(¢} — ") > 1/2.

We now observe that either

Jnt+Np . h
thm o} — 0" >h > sin® .—9”)21(Nh+1)
Jj=1 J=Jn
or
N . Jh R h
hy sin®(pf —0") > h Y sin®(e) —6") > Z(Nh +1).
Jj=1 J=Jjn—Np

18



But, the definition of N, implies

1
h(N, +1) >
16(1 + (| Dy, o1 1l5)
Hence, we obtain
h,z i) !
sin? — > — oy
64( + 1D, i lI6)

The conclusion of the Lemma follows from (4.6) and (4.7).

We are now ready to derive a lower bound for the determinant of the system defining
f" and ¢". From this result, it is easy to see that these quantities are well defined, and
bounds for f" and ¢" may then be obtained in a straighforward manner.

LEMMA 5. If Hypothesis (H) holds, then
|aty (On)azy(0n) — a¥y(0n)as, (0n)]
1 1
>
T2 (LA ALORIE + Al ATORIE + 211D, 05 IR

where af(0), 1 <i,j <2, are defined in (3.14)-(3.17).
Proof First, we write

|}y (On)asy(0n) — afy(On)as, (04)]
(4.9) = [h(S™(6h) — B"C™(0n)T (X + K5, ) (S™(6h) — "C™(61))]
x[hC™ (6n)" (T + K3, )C™(04)),
where

S™(0n)" (T + K5, )C™ (0n)
C™(0) 7 (T + K, )C"(04)°

/Bn
Using the fact that I+ Kj > 1/2 for any h > 0, we find that

h(S™(0h) — B"C™(61))" (T + K, )(S™(0,) — B"C™(61)
(1.10) > LS (0) — OO (S(0) — 5CT(0h),

h
(4.11) hC™(0,)T (T + Kj )C"(0h) > 50”(9h)TC”(9h).
Next, we observe that for 1 < j < N,

cos(07 T — ") — cos(07 1 — ")

§*(0;) = B*C*(0;) = —1+ (B ,
J J
" COS(GT-LJFI -7 — 005(97?*1 — )
cr;) = - J gﬂil — j 2)
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in which
"
T+ ()

" = arcsin

It follows that

h(S™(0n) — B"C™(04))" (S™(0) — B"C™(05))
py [l 0 sl 0
7j=1

2
9n+1 _ 97'171

cos(07 — Z) — cos (6] — %)]2

hC™(0,)TC™ () > hz

j=1

Therefore, the conclusion of the Lemma is a consequence of Lemma 4, (4.9), (4.10), and
(4.11).

Finally, we state some estimates for A"(6),), which is defined in (3.9) with B"(6;,)
given by (3.8), and fm, g™ determined by the system (3.20) and (3.21). The proofs of
these estimates employ standard methods but are quite technical, and the interested
reader can find the details in [7]. We suppose throughout that 6, satisfies Hypothesis
(H). Then

(4.12) IB"(On)lloo < (1 + 1D, 03715 + 1671 + 165 12),

(4.13)  f" S CO+ 6312 + 1657 D)2 (1L+ 1D 63 15 + 16512 + 1631 12),
(414) @' < CA+IOR1+ 105710 (L + DR O3 IG + 1671 + 1037 112),
(4.15) IA" (Ol < CL+I0R1Z + 1677"12)*

X (L+ (1D, 0515 + 031 + 10 12),

(4.16) 1T+ K5 )A O]l < CO+ 05+ 105 [)°
x (L+ 1DE 0516 + 10R12 + 19510,

in which || - ||oo, || - |0, and | - | are defined at the end of Section 1. Furthermore, if ¢y,
is another mesh function satisfying Hypothesis (H), then

IIA"(Hh) A" (on)lloo
< CA+0R[+ 10371 (A + lenle + leh~'10)?
(4.17) X(L+ (DO 15 + 1D5 b 16 + 1671 + lehle + 10571 + len ™ [2)
<(N05™" = @n ™o + 1Dy, 05" = Dy ™ o
+H10h = ehlle + 10571 — 2" lle)
20



and

T+ K5, )A™(0n) — (T+ K7, )A" (1) |
< COL+IOrT + 10 221+ [hle + leh )
(4.18) X(L+ 1D 051G + D5 oh ™ Mg + 10R1e + [ehle + 1057 + @b~ 12)
<16 = oh ™o + D563 = D™ o
67 = @hlle + 11057 = @h le)-

5. Existence of the Discrete Solution. We next present an iteration scheme
for determining the approximate solution. The convergence of this scheme proves the
existence of this solution.

THEOREM 2. Let ¢, and 1y, be the mesh functions given by Lemma 2. Then, there
erists a 6 > 0 such that for 0 < 7 < ¢, the equation (3.11) subject to (1.15) has a

unique solution for n > 1.
Proof: The proof is by a standard iteration argument. Setting

G™ (05, 05,00~ )n = (T+ K5, )A™(6,),

Npy1x = ||D1:91?+1’k

o+ 10 = )l
and
AG ) = D0~ Dy
FIZ O — 07— (b — gDl + 6 — g,

we define the iteration:
1

SO 20 g = DR =GR 0 D,
n+1,0 n n—

gLt = ogr —grt,

It is then possible to show that there exists a ¢ > 0, which depends on the initial
data and on the third and fourth order derivatives of the exact solution in a neighbor-
hood of t = 0 as required by Lemma 2, such that for 0 < 7 <4,

(1) {Nnt1x} is uniformly bounded,

(i) {d(8;""*, 07 1)) decreases with a geometric rate.

The details of this are quite technical and again we refer the reader to [7]. The unique-
ness is a consequence of the fact that any solution of equation (3.11) conserves discrete
energy, and hence, it satisfies Hypothesis (H) and estimates (4.12)-(4.18). Thus, if 6,
and y, are two solutions of equation (3.11), we can employ a similar argument as used
in proving the geometric rate decrease of the sequence {d(#}"",7"*~")} to show that for
0< 1<,

d(Oy, oh) < 5d(Oy, ¢)  for n=2,3,---

DN | =
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6. Error Estimate. To obtain an error estimate for our approximation scheme,
we first estimate the local truncation error of the scheme.

LEMMA 6. Assume that 0, f and §, the exact solution of IBVP (1.1)-(1.7), are in
C*([0,1] x [0,T]) for some T > 0. Then, for (1+n)7 < T, we have

N2y — Dby = (T4 K3 )A™(0,) + O(7?).

Proof: We first show that for 1 < j7 < N,

cos 07 — cos 97 s )
(61) 527,4-1 — 5?_1] = —Sin 9] + 0(7— ),

sin 07! — gin 677! N
(6.2) §;+1 — 97%1] = cosf} +O(r°).
j j

Applying Taylor series expansions, we have

on on sognign an 1 an (on an L. an (on an
cos 07+ = cos 0] —sm9j(9j+1—Hj)—§Cosﬁj(9j+1—Hj)Q—i-gsmGj(Hj“—Hj)3+---,

- - L . 1 - - . L .
cos ! = cos 0] —sin 07 (0 ' —07) — 5 cos 07 (07 ' —07)* + 8 sin 07 (071 —07)° +- - -

It follows that
cos 07" — cos 07" = —sin 07 (07" — 077 1)
—geos B — @ 20 O+ (G G )0,
We then use the estimate 07! — 207 + 07! = O(7?) to obtain formula (6.1). (6.2) can
be proven in the same way.

Next, since 6, f and § are in C*([0, 1] x [0, T), it follows from the system (1.1)-(1.3)
that the following relations hold.

ess(oat) — ess(Lt)a Hsss(oat) — sss(lat
fss 07 = fss(lat)a fsss 07 = fsss(lat )
gss 1) = gss l,t), gsss yU) = gsss l,t

Hence, applying Taylor series expansions at 1 < j < N, and using (6.1), (6.2), we
find that the truncation error for equation (1.1), (1.2) and (1.3) is of order 72 after
discretization. Following the procedure given in Section 3, and noticing that |K;;| <1,
for 0 <1i,j < N, we obtain the equation

(T+Lg, ) (A2 — D) = A™(0n) + O(7%).

The conclusion of the Lemma then follows from the estimate ||I+Kj || < 2.
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LEMMA 7 (DISCRETE GRONWALL INEQUALITY). Let {u,} be a nonnegative se-
quence. If forn > 1,

n
UnSA—i-BZUk,
k=1

where A, B> 0 and B < 1, then forn > 1,

A AB n_l B
=1 "pt (1—3)2,§6

Using these results, we now obtain an error estimate for our approximation scheme.

THEOREM 3. Let ¢, and 1, be the mesh functions given by Lemma 2. Let 0y,
denote the solution of equation (8.11) subject to (1.15) and denote by 0, f and § g the
ecact solution. Then, for T sufficiently small, on any interval [0,T] in which 0, f,
and g € C*([0,1] x [0,T]), with (n + 1)7 = T, h = /27, there exists a constant Cr,
depending on the initial data, on the third and fourth derivatives of the exact solution,
and on T, such that

165 = G3lle < Crr®.

Proof: To make the notation simple, we denote
Gh(6h) = (I+ K, )A"(0n),
and write
N2y — Dby = Gi(0n) + 7,

2

where 777 is the truncation error, which is of order 72 as shown in Lemma 6. We also

introduce 1 = A7 — 07 and define

€y, = <§hZ(Aj,¢}j)2+§ > DMZ) 1) Dhl/) )>
7j=1 7=1
in which D, is defined by (1.18). It is clear that Dj ¢} = Dj 0 — D}, 0f and Ay} =
A0y — AfOy. Using an argument similar to that used in proving Lemma 1, part (ii)
and (iii), we can obtain the identity

n \2 1 al +./.n 11 Y n+1 n n+l n 2
(€3,) = {hy (Bt MZ[(w )+ I )
Jj=1 §=2
11 nl_ }1 nil
and the estimate
(6.3) 1Dy wp I + I AT ORIG + 11D5 vl < 24(el, )
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Proceeding with the error estimate, we find that ¢, satisfies the equations:
for j =1,
1 n+1 1 n n n n nip n
ﬁ( — 297 + Yy ) ﬁ(¢2_2¢1 +y) = (GY(0h) — G (0h) — 71",
for2<j<N-1,

1 1 _
(W5 =207 =) = 5 (U7 — 20F = ¥7) = (G(0n) — G (0n) — 7',

and for j = N,

1 1 -
;( N =20k oy ) — ﬁ(w = 20N + ¥y 1) = (G (0r) — GR(0h)) — Tn-

We multiply the j* equation by h(¢f™ — 47 1), 1 < j < N, and sum j from 1 to N
to obtain for n > 1,

N N
(€3,)* = (e}, ) Z (GF(0n) = GF(On) (W5 =0} 7") = hi}Tf(i/}?“ — 7).
: ]:
Hence, it follows that

(e3,)7 = (e, < 7(IGHO8) = G @n)lloe + 177 ) IAT R o + AT U5 o).

Using the inequality [|[Afepflo < 4ef, for n > 0, and cancelling €}, + €7, ' on both
sides, we find that for n > 1,

¢, — €t < AT(IGR(O) =GR () oo + 178 l1o0)-
Therefore, we get for n > 1,
(6.4) ey, < ey, 47 Y Iy lloe +47 Z 1G3(6h) — G () |-
k=1 k=1
Now, estimate (4.18) implies that for £ > 1,
IGEO) — GhBlle
(6.5) < Cy 5 (e Hlo + 105 ¢ lo + [1orllo + 14T %5 o
+ 1Dy hllo + 1vh o + 14T lo + 1Dy v~ llo),
where
Cy g, = COFIG2+ 1057271+ 16512 + 105" 12)°
(L4 | Dy 631G + 11Dy 05115 + 0512 + 10512 + 165112 + 165 12)-
Conservation of the discrete energy and conservation of the total energy for the contin-

uous system imply that there exists a constant 6 > 0 and a constant C' > 0 such that
for 0 <7 <6, if (k+1)7 <T, then

k
C‘gh;éh <C
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Hence, putting (6.5) into (6.4), using Lemma 1, part (iii), and rearranging the summa-
tion, we obtain that for n > 1,

(6.6) e, <30 +7C Y (95 o+ b, ),
k=1

in which

Yo = C(|[¥2llo + 1D5 w00 + 185600 + [[¥allo + | Drbpllo + 7 3 17 lloo).
k=1

To estimate ||17 o,

forj=1

we rewrite the equations for 1, as follows:

1= —% + 1/)N (F =9 + 72(GH(0h) — G1(0)) — 7777,

for2<j<N—1,

U= S0 U W — )+ (G — G (B) — ),

and for j = N,
= 5% + §¢N71 + (y — oy )+ 7GR (0h) — G (eh)) — 7y
Multiply the j* equation by h,z/)?“, 1 <7 <N, and sum j from 1 to N to obtain
N N—1
hZ(w;}+1)2 — (th n+1 —|—h Z w Jr11/)n+l +h1/)1 n+1)
j=1 j=2
N-1
(’Whvi/}"“ +h Z PP b )
N ~
Z 1/) z/)n 1 z/)nJrl +T2Z Gn gh G;z(gh))z/);wrl
j=1 7j=1

—7%h Z T]’f‘w?“.
j=1

Applying the Cauchy-Schwarz inequality to the right side and cancelling ||¢} ™ |o on

both sides, we obtain for n > 1,
19 lo = 1hllo < TIATYR lo + T2 GR(Br) — Gh(O)lloo + T2 (178 | oo-

Hence, it follows that
lr o < (lvallo + ||A+¢h||o+TZIIT loc) +TZ [rasgrAIn

+7° Z 1G5 (68) — G1(6h)l|-.
k=1
25



Again, using (6.5), Lemma 1, part (iii), and rearranging the summation, we find that
for n > 1,

(6.7) l9rt o < 30+ 7C D (lvk T llo + €5,),

k=1

in which

Fo = C(I¥pllo + I1D5 e llo + 1ATURo + lallo + 1Dy llo +7 3 limillec).
k=1

Combine (6.6) and (6.7) to obtain for n > 1,

19 o + €}, < 70 +7C (e llo + €3y, ),
k=1

where

0 = C(I[URllo + 1Dy R llo + 1ATURNo + lallo + 1Dy tallo +7 3 lI7illoo).
k=1

For 7 sufficiently small such that 7C' < %, the Discrete Gronwall Inequality implies that
for n > 1,

19 o + €3, < Co.

From Lemma 2 and Lemma 6, it is clear that 7 is of order 72. Using estimate (6.3),
the conclusion of the theorem follows.
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