Math 244 Name (Print):
Summer 2015

Hour Exam 2

6/25/14

Time Limit: 80 Minutes

This exam contains 9 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e Organize your work, in a reasonably neat and Probl Points | S
coherent way, in the space provided. Work scat- robiem OIS | weore
tered all over the page without a clear ordering

. . . . 1 15
will receive very little credit.

e Mysterious or unsupported answers will not 2 10
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic 3 10
work will receive no credit; an incorrect answer
supported by substantially correct calculations and 4 10
explanations might still receive partial credit.

5 15

e If you need more space, use the back of the pages;

clearly indicate when you have done this. 6 15
Do not write in the table to the right. . o5
Total: 100
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1. For the ODE
'+ 7y +12y =0

(a) (5 points) Find the general solution.

%:Ge-}t 16

(b) (5 points) With the parameterized initial value y(0) = 1,4/(0) = «a, determine the critical
value of @ when the behavior of the solution changes.

C|+ C,= |

"3C|"4Cz= ¢

Y= (44x)e™ + (-3 )a7*

+- o, ? I's oemmtzo( b UH«)Q,’“
f.e

X+ 4 >0, — 0 .
=§ G’l.l' G[u : X=-
K44 <, Y= 0 -‘2@- below e f

(c) (5 points) Note that the initial value y(0) is specified as a positive number, if the solution
is eventually negative this means its graph passes the z-axis at some time. In this case,
find this time and express it in terms of a.

MNWhen ‘d('b)=b ) -{-Iu. W Tam e A - anis
(Gra) e (cx-3)e™# =

+ 43 o+ 3
= e'= +$-b 'Q("r

2> Ca=—%-3, C\=4t=

o o3 L
ble «td<o = Ty =" > oo
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2. For the ODE
22y" —3xy +4y =0,2 >0

(a) (5 points) Find the general solution.

y=Cx+ G X I

(b) (5 points) With the initial value y(1) = 1,y'(1) = 3, solve the IVP.

Cl:,
QC\"'CL:Bﬁ C

z'-"-l

|6 = x4 Xlﬂhx
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3. For the following second order ODE

/"

y' —y —2y=c +et

(a) (5 points) Find the complementary solution

l3c= Cl et Cze--t

(b) (5 points) Find a particular solution to formulate the general solution.

\]/| Sv’w/. \Z”,_\j'_gy:,e*

Y= Aet, Y= At Y= At

Y- Y-aYis ~24et=1 A2
Yz Sb|V€6 \a"_\a'.;),.g-_-_z , -&
Y= Btet, V= Bet-Bte™®, Y = -2Bet+ Bt
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4. For the ODE
y@® + 293 4 49" 4 8y =2t + 2+ 3cost + Gsint

(a) (5 points) Find the complementary solution
v A+ vt de=o
v (42) +4v (v+2) =0

'r('r-r?—) (Y)'+4):o
v= O) —2. 2!:,'1(

‘6& Cl + () e-z++ C; Lot + Cof Sint

(b) (5 points) Find a particular solution and then formulate the general solution.

Y sves lam)+ 23"’4 dy* +2~Z = Q4
Yi= 4 (AesB)= At'4Be
\]/,/= 9«44:-?_8, m0= 2A, \ﬂ”’= \f|G)= O
VO % 4749/ = A+ 16A++8B = Q43

= :—'- :—| __I_z._l
= A g'B ry \ﬁ—g-lw +

\1/’- SD’V!% %(‘Uﬁ’la(})—} 42//_} 93’=3w3't+ééih't

\( z A Lot +1 it Y,,'-- — A 5t 4 Best, Y,_/,= ~Aest - Bsint
7 (
s Agmt-Bomt, Yo' At 1 Bt
Y% 22448/ = st (A-3B-4A+38B)
+ Sint( B+24 -4B-44)

= (vt (“3A+LB) 4 51 E3B-{)=3 Lt + Lot



= - (b=
A3 AsaBe) 4 apge s Aee)

—3B- LA=4 T -B-34=

Yo - o Bee

Gen. So"n: ‘6=C)—|' Get+Cs 3 Xt +Cq Sindt .}_'.ti-;-t
3

—w»t.
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5. A mass of 2 kg is attached with a spring with the spring constant being 8 N/m. Suppose there
is no damping. At ¢t = 0 the mass is stretched further 0.1 meter down from the equilibrium
and then released.

(a) (5 points) Find the displacement of the mass from the equilibrium at any later time t.
7, _ /
2u’+ gu= 0, ulo=o|, nlo=v

us G ta2t+ (Csin2t
C‘= 0. " C,_= O

U= 0| e

(b) (2 points) Find the natural frequency of the vibration.

/VDI‘IWM\-Q 'Pﬂ?kﬂnbg = &

(c) (3 points) Suppose in addition there is an external force 2sinwt. Find w such that reso-
nance happens.

L = &

(d) (5 points) Find the displacement of the mass from the equilibrium at any later time ¢
under the condition of the force.

2+ Bu = Quat

U= O) s+ Cysin2t+ 7‘-&4{-:&

(=0, Q=0

U= 0-| et + —%-&4-‘-.&-&,

( Tts a comcidince that C, G rere is idadtical] 4o Hhat
in Fowt (). In ?WaQ s wot ue)
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6. A mass of 2 kg is attached with a spring with the spring constant being 8 N/m. Suppose there
is a damping force with the damping coefficient being v N-s/m. At ¢ = 0 the mass is stretched
further 0.1 meter down from the equilibrium and then released.

(a) (5 points) Determine the conditions on v for the vibration to be respectively under-
damped, critically-damped and overdamped.

Y>3%8 owve ed

,JI":F 4x3x3 =8- V=8 ot

Y <3 mo{,a«a‘mw[eo'
(b) (5 points) In case the vibration is critically damped, find the displacement of the mass

from the equilibrium and determine if it will pass through the equilibrium.
” !
&M 4 8\4 -P%IA =0
-at -2+
u= Ce: Gte

Cl:o"' "‘QC)+C1=O§ Ca=02

h=o0-| e2*4 0.2

’_[Q ult)=o, Hen 0| e300+ = 0
- t=-0.5<0 doesnt pass.

(¢) (5 points) Suppose in addition there is an external force 2sin2t. With the same initial
conditions, find the transient solutions and the steady-state solutions.

QAu’+ ¥u'+ Qu= Qg4
W'+ 4u'+4n = 42t
Set U= A e +Bsit
t AU+4U= o3t (-4A43Bt 40+ <i2 (-4B - SA+4B)
= 8Bwnat - RA i H=5m

?A=—-é, B=o

u= G e G e Ll
ulo)= 0.l = C, - % =o,|=(C\= 0.225

U)=o = -0+ Co=0= G, =045



: - -oF >t
“Wonsient §oll4'h~n B D.225e + 0 45 —be

L]
S‘tﬁaﬁt&' state 50!:*1'- —'-g (B3Rt
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7. For the ODE
%y — (x4 2)zy + (v +2)y = 23e”

(a) (b points) Verify that y; = x solves the homogeneous ODE

22y — (x4 2)zy + (2 +2)y =0

‘;]—' Y=o, - 0=t 14lt)x =0

(b) (10 points) Find the complementary solution using the technique of reduction of orders
(i.e. variation of parameters).
Hint: You should set y2(t) = u(t)y1(t) then find u by solving y1u” + (2y} + py1)u’ =0

g—t«l%m yh_ '7(-&2\3_}_7{-1-23 Pk

\3==‘4‘J.» '>(u"+(2-'_1-’+2 xu' =0

W=u'"9uze’™=u=e"s \glzxé‘

Ye= Cyx+ G #e

Note: The problem continues at the next page
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(c) (10 points) Find a particular solution using the method of variation of parameter,
Hint: The formula you should use is y = y1 / +_%g dt + yo /
Wyt 1) y2

Hint: You may have to use integration by parts.

Yy= 8. Ya=oter, Wy, Y= ]1 Zejmx\:vr’e*

J‘—J—ZL— d+ =S‘-xe e J\- ldx = - 0¥

Wiy, v, *e*®

YW%W f’“‘% juh

Y"‘ ""‘(’]\‘f '41‘3;= - %A+ xe” = (H-x)e”

Y= Coxt Goxe’y (A=) e*,



