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(@)4, 367
[al+, 360
A, 135

adjoint representation, 32
differential of, 33
irreducibility of, 80
of subgroup, 33

Aff(G), 7

Aff(GL(n, C)), 6

Aff(GL(V)), 6

Aff(X), 580

affine algebraic set, 579
affine ring of, 579
ascending chain property, 590
dimension, 590
dominant map, 595
group structure on, 15
incontractible decomposition of, 587
irreducible, 586
irreducible components, 587
principal open subset, 584
products of, 585
rational functions on, 591
reducible, 586
regular functions on, 580
regular map, 585
smooth, 598
tangent space, 597
Zariski-closed subset, 584

algebra, 17
automorphism group of, 17
conjugation on, 292
derivation of, 599
real form of, 291

algebra of invariants, 169
finite generation of, 170

algebraic quotient, 497

algebraic torus, 7
generator of, 53
maximal, 50
rank, 7
o-split, 515
6 anisotropic, 535

ALie, 639
« (highest root), 76
alternating group, 160
alternating k-tensors \*V, 624
AM;, (skew-symmetric matrices), 182
anticommutator, 200
antisymmetric, see skew-symmetric,115
antipode, 127 ’
associative algebra, 112
as Lie algebra, 34
associated graded algebra, 633
filtration on, 632
gradation on, 632
invertible elements in, 17
Lie bracket on, 639
semisimple, 133
simple, 128
tensor product, 636
AVg n, 265

basic invariants, 170
degrees of, 170

basis :

B-isotropic, 616
orthonormal, 615
symplectic, 617

bialgebra, 125

bilinear form
nondegenerate, 615
skew-symmetric, 615
symmetric, 615

binary form, 177

By, 177, 408

By (en), 408

By (V, w) (centralizer algebra), 433

Borel fixed-point theorem, 503

Borel subalgebra, 229
opposite, 243 ;

BP(g, V) (p-coboundaries), 314

braid group, 452
subgroup of pure braids, 452

braid relations, 447

branching law, 350
multiplicity free, 350
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branching multiplicity formula, 357
branching pattern
n-fold, 352
shape of, 353
Brauer diagram, 409
normalized, 410
parameterized by matching, 435
r-bar, 410
Burnside’s theorem, 116

C (11212 ... kit), 164
C[G], (group algebra), 112
C[G]%, 150
canonical anticommutation relations, 200
canonical commutation relations, 318
Capelli identity, 224, 227
Capelli theorem (abstract), 213
Card(S), 368
Cartan integers, 75, 82
Cartan matrix, 75
Casimir operator, 87, 91, 325
Casselman—Osborne formula, 325
Cayley parameters, 61
Cayley transform, 24
Centg (A), 536
central function, 150
centralizer, 159
centralizer algebra, 407
C(g) (conjugacy class), 158
character
additive, 154
fixed point formula for, 158
of induced representation, 157
of representation, 140
character table of &,, 381, 383
X, (character of p), 151
chV (character of V), 141
C* manifold, 650
covering of, 651
differential form on, 655
open submanifold of, 651
orientable, 656
product of, 650
tangent space, 652
vector field on, 654
classical groups, 6
connectedness of, 60, 480
reductivity of, 87
classical Lie algebras
isomorphisms of, 83
triangular decompositions of, 80
Clebsch-Gordan formula, 306
CIiff(V, B), 269
Clifford algebra, 269
main anti automorphism on, 284
main involution on, 271
coassociativity, 125
coboundary, 310
coboundary operator, 310
codifferential, 319
cohomology space, 314

Index

connecting map, 315
long exact sequence, 315
Col(A), 393
Comm(S), 137
commutant, 137
commutator, 18, 639
commutator subgroup, 499
compact torus, 339
complete contraction, 192, 194
composition series, 141
comultiplication, 125
Conj(G) (conjugacy classes), 151
conjugacy class, 158
in symmetric group, 152
contraction operator, 411
r-fold, 438
convolution of functions, 113
coroot, 73, 82
coroot lattice, 346
counit, 125
covariant, 519
CP(g,V),309
CP? (W) (p-multilinear skew functions), 272
cycle decomposition, 164
cycle length, 152
cyclic vector, 229

D(G) (commutator subgroup), 499
D(g) (derived algebra), 471
D(V), 214
A (set of simple roots), 75
Ag, 297
A; (ith principal minor), 256, 625
depth (of Ferrers diagram), 352
Der(g), 130
derivation
of End(V), 130
of algebra, 130
derived series, 499
determinantal ideal, 262
alternating, 266
symmetric, 264
determinantal variety, 262
alternating, 265
symmetric, 264
dety, 390
diagonal map, 115
Dirac operator, 279
d), (degree of representation), 147
D, (diagonal matrices), 468
Dy, 178
D" (G) (derived subgroup), 499
dominant index, 171
dominant term, 172
dominant weights, 102
double commutant theorem, 137
doubly transitive action, 161
dual orthogonality relations, 153
dual reductive pair, 384
duality correspondence, 138, 209
in Weyl algebra, 214




DV, m,n (determinantal variety), 262
Dynkin diagram, 76
connected subgraph of, 82

er, 139
et 67
End(V), 6
Endy(V), 114
€(v) (exterior product), 200
Euler characteristic, 334
Euler operator, 318
on exterior algebra, 201
Euler—Poincaré principle, 334
exp(X), 663
expansion operator, 411
r-fold, 438
exterior algebra A (V), 637
exterior product, 200, 312
extreme vector, 229

[ (representative function), 148
Ferrers diagram, 352
FFT (First Fundamental Theorem), 180
tensor version, 188
filtration degree, 215
filtration on enveloping algebra, 320
fixed points, 157
flag manifolds, 485
full flags, 485
isotropic flags, 486
Flagy (V), 485
F},374
flip operator, 447
1,169
Fourier transform, 147
inversion formula, 149
of central function, 152
of irreducible character, 152
on finite field, 155
free group, 451
Frobenius reciprocity, 155, 523
fundamental weights, 101
in terms of simple roots, 107

(G/H)?# (fixed points), 157

g« (Toot space), 68

G° (connected component), 12

general linear group, 1
quaternionic, 48

G, 147,519

GL(,C), 1

GL(V),6

gi(V), 20

G*, 374

GRr, 42

Gr(A), 633

Grassg(V), 483

Grassmann manifold, 483
Pliicker coordinates on, 484
quadric, 484

group algebra, 112

g * y (6-twisted conjugation), 487

Index 681

H (quaternions), 46
H(®*V, w) (harmonic k-tensors), 417
h9 (sum of positive coroots), 244
in terms of simple coroots, 247
hy (coroot), 73
harmonic polynomial, 172, 178, 252
harmonic skew tensor, 236
harmonic tensor, 416
height of root, 75
Heisenberg commutation relations, 214
Heisenberg group, 165
Hermite reciprocity, 143
Hermitian inner product, 90
highest root, 76
highest vector variety, 532
highest weight, 231
highest-weight vector, 231
Hilbert Nullstellensatz, 582
Hilbert series, 171, 178, 632
Homy(V, W), 114
Homg (V, W), 115
hook length formula, 378
Hopf algebra, 115, 127
Howe duality, 217
HP (g, V) (p-cohomology space), 314
H'I;,@" ,435

HT,;®* (partially harmonic tensors), 434

ideal
ascending chain condition, 580
finitely generated, 580
graded, 633
homogeneous, 565
idempotent, 134
minimal central, 134
Ti.m,n (determinantal ideal), 262
Indg (u) (induced representation), 155
Inn(g), 666
insertion operator, 447
interior product, 200, 309
interlacing condition (for weights), 350
intertwining operator, 114
invariant bilinear form, 2, 29, 85
on classical Lie algebra, 71
invariant measure, 90, 668
invariant subspace, 9, 114
involutory automorphism, 3, 490
t(v*) (interior product), 200
isotropic subspace, 4
isotropic basis, 4
isotropic r-vector, 237
isotropic subspace, 615
isotropic vector, 4, 615
isotypic subspace, 120
Ix, 580

Jacobi identity, 20, 639

Jones polynomial, 460

Jordan—Chevalley decomposition
semisimple component, 39
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Jordan—Chevalley decomposition
nilpotent component, 39
unipotent component, 39

Jordan—Holder series, 131, 141

k-vector, 482
decomposable, 482

Killing form, 87

KA, 354

Kostka coefficients, 354

Koszul complex, 318

L (left translation representation), 147
1(s) (length of Weyl group element), 328
L-tableau, 444

lattice, 68

lg (lexicographic order), 171, 375
Lie algebra, 20, 639
abelian extension of, 323
Cartan’s criterion for solvability, 472
central extension of, 323
derived algebra, 471
nilpotent elements of, 39
of algebraic torus, 22
of linear algebraic group, 20
of orthogonal group, 24
of special linear group, 23
of symplectic group, 25
of unipotent group, 22
semidirect product, 323
semisimple, 82, 473
semisimple elements of, 39
simple, 81, 473
solvable, 471
subalgebra of, 20
toral subalgebra, 535
universal enveloping algebra, 640
Lie derivative, 309
Lie group, 660
exponential map, 663
homomorphism of, 661
inner automorphism, 666
left invariant vector field, 661
Lie algebra of, 662
Lie subgroup, 661
modular function, 669
product, 661
unimodular, 669
Lie(G), 20, 661
linear algebraic group, 1
algebraic action of, 481
as Lie group, 42
Borel subgroup of, 503
complex conjugation on, 43
compact form of, 45
connected, 12, 480
covering homomorphism, 289
defined over R, 42
image under homomorphism, 14
involutive automorphism of, 487
irreducible components, 12

Index

isomorphism of, 7
product of, 8
R-rational points of, 42
real form of, 44
reductive, 84, 479
semisimple element in, 39
simply connected, 289
subgroup, 13
unipotent, 477
unipotent element in, 39
unipotent radical, 478
Littlewood—Richardson coefficients, 387
local ring, 608
lowest weight, 243
lowest-weight vector, 243

M(k, r) (matchings), 434
m(A, ), 350
Markov move
Type I (conjugation), 454
Type II (adjunction), 454
matrix
elementary, 112
principal minors of, 625
semisimple, 613
skew-symmetric, 2, 615
symmetric, 2, 615
unipotent, 614
maximal torus
conjugacy of, 56
normalizer of, 92
mixed tensors, 620
m;) () (weight multiplicity), 300
M,(C), 1
M, (H), 48
module
for associative algebra, 114
homomorphism, 114
semi-simplification of, 141
multz (V) (outer multiplicity), 300
multiplicity-free G-space, 520
my (§) (multiplicity of & in V), 122

nilpotent matrix, 34

Ny, 193, 408

N, ﬁ‘,, 387

N,(C), 485

N%,,350

Noether normalization lemma, 589
Noetherian ring, 580

Normg (H), 92

o(c", B),3

O(n), 46

O(n,C),4

O(p. q), 44

O(V, B),4

opposite unipotent group, 524
oriented braids, 452

oriented link, 453
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orthogonal group, 3 R (right translation representation), 147
outer multiplicity, 300 R(G/K), 522
Rad, (G) (unipotent radical), 478

P (g) (weight lattice), 99 rank of classical group, 56
P(V), 604 Rat(X), 591
P(V)Y, 169 rational character, 51
p-coboundaries, 314 rational map, 23, 591
p-cochain, 309 real orthogonal group, 46
p-cocycles, 314 real special orthogonal group, 46
Par(k) (partitions of k), 373 reciprocity law
Par(k, n), 373 for G,, 375
partially harmonic tensor, 434 Frobenius, 155, 523

type y, 435 Hermite, 143
partition, 164, 373 seesaw, 386

dominance order, 375 regular function, 6

dual, 377 regular map, 585

G-admissible, 420 differential of, 599

hook, 391 regular weight, 103

representation
Cartan product of, 238
completely reducible, 84, 87, 118
conjugation, 12
contragredient, 10, 114
defining, 10
degree, 116, 147
differential of, 27
direct sum, 10, 114

lexicographic order, 375
of integer, 152
partition function, 357
partition of unity, 652
permutation matrix, 93
Pfaff(A) (Pfaffian), 627
Pf; (ith principal Pfaffian), 259, 628
® (root system), 68
extreme weight, 240

saturated set of weights, 240 dua!, 10, ”:0 1
&+ (positive roots), 75 (faquxvalent, P 114
- aithful, 114
Pieri’s rule, 388 fund tal. 234
Pin(p. q), 294 ngamenta, £+
Pin(V, B), 285 generating function, 525
Plancl;erei formula, 150 group, 9
? half-spin, 282
PL60s highest weight of dual, 243, 247
polarization identity, 622 induced, 155, 523
poisrlnnt\;r:\:o(:?szglple roots, 82 fmediunivn, 19, 114
P, (G) (dominant weights), 103 }gﬁ‘a{;‘f‘;;ag’;l;‘; .
P.H (g) (dominant weights), 102 matrix coefficients of, 9
Py, 344 , multiplicity free, 520
projective algebraic set, 605 multiplicity in tensor product, 301
cone over, 605 multiplicity of irreducible, 122
regular map, 610 multiplicity of weight in, 125
projective space, 604 multiplicity-free, 125
homogeneous coordinates, 605 of End(V), 129
inhomogeneous coordinates, 605 of associative algebra, 113
Zariski topology on, 605 of smallest dimension, 307
#x, 357 orthogonal, 244, 247
outer tensor product, 122
Q (g) (root lattice), 100 permutation, 158
0(s), 328 primary decomposition, 122
g-binomial coefficient, 143 quotient, 10, 114
(@), 330 reducible, 10
quasiprojective algebraic set, 606 . regular, 9
simple point, 611 restricted, 155
smooth, 611 skew-symmetric powers of, 115
quaternionic conjugate, 47 spherical, 527
quaternionic unitary group, 46, 48 spin, 282
quaternions, 46 symmetric powers of, 115

Quot(A), 591 symplectic, 244, 248
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representation (cont.)

tensor product, 11, 115

weight of, 99, 125
representative function, 9, 148
Resg (p) (restriction of representation), 155
resolution of the identity, 37, 613
restricted roots, 556
p (half-sum of positive roots), 107
pn (weight of GL(n, C)), 298
px,518
root, 68
root lattice, 100
root reflection, 96

generation of Weyl group by, 97
root space, 68

commutation relations, 72
root space decomposition, 71
root string, 74, 82

length of, 74

subspace associated with, 74
root system, 68

index of connection, 108

of classical Lie algebra, 75

simply laced, 107
root vector, 68
Row(A), 393

s(a), 73
S(V) (symmetric algebra), 635
Sq (root reflection), 97
Satake diagram, 538
Schur duality, 374
Schur orthogonality relations, 148
Schur’s lemma, 116
seesaw pair, 385
semidirect product of groups, 94
SFT (Second Fundamental Theorem), 184, 260
sgn (character of 6,), 160
shape
of tableau, 392
transposed, 377
STk, 264
oy, (representation of &), 162
simple group, 160
simple roots, 75
conjugacy under Weyl group, 109
Sy (symmetric group), 138
Sk (V) (symmetric k-tensors), 621
skew field, 47
skew-commutative tensor product, 638
SL(n,C),2
sl(n,C), 23
SL(n, H), 48
Gy, 163
S M}, (symmetric matrices), 181
sOo(c*, B),3
SO(n), 46
SO(n,C), 4
so(n, C), 24
SO(p. q), 45
SO(V, B), 4
solvable group, 499

Index

Sp(c%,9),5

sp(C%, Q),25

Sp(,C), 6

Sp(n), 46

Sp(V, Q),6

Sp,(C), 6

space of spinors, 271

special linear group, 2

special orthogonal group, 3

special unitary group, 46

spherical subgroup, 527

Spin(p, q), 294

Spin(V, B), 287

STab()), 399

STab(A, £), 444

SU(n), 46

SU(p, q), 44

SU*(2n), 49

submatching, 440
y-linked, 440

supp(f), 652

SVk,n, 264

symbol map, 216

symmetric algebra, 634

symmetric group, 138
branching rule, 389
hook representation, 391
representation on k-tensors, 138
standard representation, 160

symmetric polynomial
elementary, 171
power sum, 177, 380

symplectic basis, 5

symplectic group, 5

T(V) (tensor algebra), 634
T (X), (tangent space), 597
Tab(A), 392
Tab(A, £), 444
tableau, 392
column skew-symmetrizer, 393
row symmetrizer, 393
standard, 399
Young symmetrizer, 396
tangent vector, 597, 652
Taylor’s formula, 35
TDS, 62, 66
associated to root, 72
in classical Lie algebra, 72
representations of, 62, 98
tensor algebra, 634
tensor contraction, 621
6(X) (Lie derivative), 309
6-twisted conjugation, 487
topological space
C® n-atlas on, 648
C structure on, 650
n-chart for, 648
transcendence basis, 589
transcendence degree, 589
two-partition, 194



U (g) (universal enveloping algebra), 113

U(n), 46

U(n, H), 48

U(p. q), 44

uncertainty principle, 154
unimodal function, 92

unipotent matrix, 34

unitarian trick, 90

unitary group, 46

universal enveloping algebra, 113

V (u) (weight space), 99

V(g) (isotypic subspace), 120

Vandermonde determinant, 54, 61

Vandermonde matrix, 54

w; (fundamental weight), 101

Vect(X), 599

vector field, 599
left-invariant, 18

V®(2), 163

V™ (m-fold direct sum), 131

v®, 232

volume form, 657

Wedderburn’s theorem, 128

A (V) (exterior algebra), 637

A*V (alternating k-tensors), 624

weight lattice, 99
of classical group, 68

weight multiplicity, 300 )
Freudenthal recursion formula, 337
Kostant’s formula, 358

Index

Weyl algebra, 214
Weyl character formula, 298
Weyl denominator formula, 299
Weyl dimension formula, 301
Weyl group, 92
length of elements, 328
longest element of, 97
of classical group, 93
orbits on weight lattice, 105
reduced expression for elements, 328
Weyl integral formula, 343
coordinate form of, 346
W¢g (Weyl group), 92
wk@m), 418
Wk(u), 418

X(K) (rational characters), 51
X(V) (weights of V), 125

X (principal open set), 584
&g, 337

x * y (convolution product), 113

Yang-Baxter equation, 448
Young tableau, 392

3(9), 99

Zariski topology, 584
Z¢(g) (centralizer), 159
Z,, 154

z%,,350

ZP(g, V) (p-cocycles), 314



