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MATH 357 CLASS NOTES



Chapter 1

Complex Inner Product Spaces

1.1 Complex Numbers

Introductory linear algebra courses consider vector spaces of column vectors and matrices (or func-
tions) with real entries (or real values). For Fourier and Wavelet analysis it is more natural in some
situations to use vector spaces with complex numbers as scalars. We begin with a brief description
of the field C of complex numbers.

Definition 1.1.1. A complex number z is a pair (z, y) of real numbers, denoted by z = x + yi (in
engineering texts usually denoted by z = x + yj ). We call z the real part of z and y the imaginary
part of z. Complex numbers are added by adding the real and imaginary parts separately, just as if
they were vectors in R%. Multiplication is defined by

(a+bi)(x+yi)=(ax—by)+ (by +ax)i

for a,b,z,y € R. In particular, i = —1 and a(rz +yi) = azx+ ayi is the same as multiplying a
vector in R? by a real scalar. ]

We denote the set of all complex numbers by C. It is clear from the definition that addition and
multiplication of complex numbers is commutative: (a + bi)(z+ yi) = (r +yi)(a+ bi). The
distributive law u(v+w) = uv+uw is also obvious. An easy but slightly tedious calculation shows
that multiplication of complex numbers is associative:

u(vw) = (wv)w  for u,v,w € C. (1.1)

(This property can be deduced from the associativity of matrix multiplication—see the exercises).
For a complex number ¢ = a + ib we define the complex conjugate ¢ = a — bi and the modulus

|c| by
le| = Vée = Va2 + b2

Note that if ¢ # 0 then |c¢| > 0 and (|c|72¢)c = 1. Hence every nonzero complex number c has a

multiplicative inverse
-1 _ -2 _ a _ b .
¢ =l (a2+b2) (a2+b2) '
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It is easy to check that Zw = Zw for every z, w € C. Hence
|zw| = |z| Jw| and |2"| = |z|® for all integers n if z # 0.

We view the set R of real numbers as a subset of C by identifying z € R with the complex
number x + 0i. The algebraic operations in C just defined then reduce to the usual algebraic
operation on real numbers under this identification.

As an algebraic system, the set of complex numbers satisfies the axioms of a field (relative
to addition and multiplication), just like the real numbers. There is no order relation a < b for
complex numbers, unlike the case of the real numbers. However, there is a polar decomposition of
the complex number z = =z + y1i:

z=re’t =rcos(f) +rsin(@)i, wherer = |z| and § = arctan(y/x). (1.2)

This is just the formula for polar coordinates in R? written in terms of complex numbers. We call @
the argument of z. Since e(*+2™)1 — %1 for any integer m, the argument of z is only determined
up to the addition of integer multiples of 27. In particular, for any # € R, we have |e?!| = 1 and
the complex number w = e?! is a point on the unit circle in R?.

The complex exponential function in equation (1.2) can be defined directly in terms of its Taylor
series centered at zero:

t2 n
el =14t —
2! n!
(here ¢ can be any complex number). Since |t /n!| = |t|™/nl, it follows from the ratio test that the

partial sums of this series converge absolutely and uniformly in every disc |¢| < R for any value
of R. Here convergence of a sequence of complex numbers means convergence of the real and
imaginary parts of the sequence. The exponential function satisfies the law of exponents

st = e%e! foralls,t € C

(this is easy to verify from the binomial formula and rearrangement of the exponential series).

For any positive integer N the complex number w = ¢~ 271/N = cos(27/N)—1 sin(27 /N ) has
absolute value one and satisfies w¥ = 1 (since (e—zm/ NYN = 271 — 1 by the law of exponents).
The number w is a primitive Nth root of unity, since every other Nth root of 1 is of the form w* for
some integer k.

See the appendix to Calculus by James Stewart for a more details about complex numbers.

1.2 Real and Complex Vector Spaces

Now that we have enlarged the field of scalars from R to C, we can carry out all the constructions
of linear algebra using complex numbers. We define C" to be the set of all column vectors

z=| . where 21, ..., 2z, € C.
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We add complex column vectors and multiply column vectors by complex scalars in terms of their
components, just as in the real case, but now using addition and multiplication of complex numbers.

More generally, a complex vector space V is a set of vectors with an addition operation and
multiplication by complex scalars, satisfying the same commutative, associative, and distributive
properties as in the real case (see Leon, page 129).

Example 1.2.1. We denote by M,,,«,,(C) the set of m x n matrices whose entries are complex
numbers. We add matrices of the same size and multiply matrices by complex scalars just as in
the case of real matrices. This makes M,,x,(C) into a complex vector space. We define matrix
multiplication as in the real case, but using the formula for multiplying complex numbers. Since
multiplication of complex numbers is associative, it follows that matrix multiplication is also asso-
ciative: A(BC) = (AB)C when A, B, and C' are complex matrices of compatible sizes. |

Example 1.2.2. Let V' be the collection of all complex-valued functions defined on a set X. We
make V into a vector space by pointwise operations:

(f+9)(x)=f(x)+g(x), (af)(z)=af(x) forf,geV,aecC,andz € X.

These operations on V' satisfy the vector space axioms (see Leon, page 130). In particular, when
X ={1,2,...,n} we can identify V with C" by viewing the components of a column vector as a
function on X. |

All the definitions and results of linear algebra, such as subspace, linear independence, basis,
dimension, linear transformation, null space, range, and rank, apply to complex vector spaces
with no modification except the use of complex scalars. This is true because the proofs of these
results only use the vector space axioms and fact that the scalars satisfy the field axioms (see Leon,
Chapters 3 and 4). Note, however, that if we view R as the subset of real column vectors in C",
then R™ is not a subspace of C", since i R" is not contained in R".

If V and W are finite-dimensional complex vector spaces and 1" : V' —— W is a complex linear
transformation, then 7' can be represented by a matrix with complex entries, relative to choices of
bases for V' and W. Composition of linear transformations then corresponds to multiplication of
the matrices for the transformations, just as in the real case (see Leon, Chapter 4.2).

1.3 Linear Transformations and Matrices

Let V and W be vector spaces with scalars [F (real or complex numbers). Let L : V —— W be a
function. We say that L is a linear transformation if

L(a1v1 + O£2V2) =a1Lvi + asLve

for all vectors v and vo in V' and all scalars as and «o.

1.4 Inner Products and Unitary Transformations

The formula defining the usual inner product and norm on R” (see Leon, Section 5.4) needs to be
modified when we define an inner product on C". For a nonzero real number z we always have
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x? > 0. But this is not true for complex numbers, since i = —1. The way around this difficulty

is to use the fact that zz > 0 if z is a nonzero complex number. Thus we define the standard inner
product on C" to be

n
(u,v) = Z uty foru,ve C"
k=1

Just as in the real case we can write the inner product in terms of matrix multiplication of a row
vector (1 X n matrix) and a column vector (n x 1 matrix). For this we define the Hermitian transpose
vl = ¥7T. Likewise, if A is an m x n matrix, we write A" = AT. (Note that in MATLAB all
matrices are automatically assumed to have complex entries, and A’ gives the Hermitian transpose

of a matrix A.) Then we can express

H

(u,v)=v-u foru,veCn

With this definition we have
n
(wou) =3 |up[* =uu,
k=1
which is positive (unless u = 0, when it is zero). Thus we can define the norm ||u|| = /(u, u)

which measures the total size of a vector with complex components.

Definition 1.4.1. Let V' be a complex vector space. An inner product on V is a complex-valued
function (u, v) defined for all u, v € V that satisfies the following conditions:

(Positivity) (u,u) > 0 with equality if and only if u = 0.

(Conjugate Symmetry) (u,v) = (v, u).

(Linearity) (cu+ gv,w) = a(u,w)+ 3(v,w) forall u, v, w € V and complex numbers « and

3.
n

When V' = C" then the standard inner product defined above satisfies these conditions. Here is
another important example.

Example 1.4.2. Consider the complex vector space V' of all complex-valued continuous functions
on a finite interval [a, b]. Let w(z) be any continuous function on [a, b] that is strictly positive. (For
example, w(x) = (1 + 22)P for some fixed real number p.) Given two functions f and g in V/,
define

b -
(f.9) = [ f@)gla) wia)de. (13
To verify that this is an inner product, note that f(x)f(x) > 0, so we have (f, f) > 0. If (f, f) =0

then the same argument as in Leon, Section 5.4 (p. 261) shows that f(z) = 0 foralla < z < b.
The conjugate symmetry and linearity are obvious. ]
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Let V' be a complex vector space with a fixed inner product. The norm associated with an inner
product is ||u|| = y/(u, u), just as in the case of C". Two vectors u and v are called orthogonal if
(u,v) = 0, and we write u L v. For orthogonal vectors we have the Pythagorean Law (complex
version):

la+v|*=][ul[>+[]v|* whenu Lv

with the same proof as in the real case (see Leon, page 262). For any pair of vectors u, v with
v # 0, the vector projection of u onto v is given by

just as in the real case. Since (u — p) L p and u = (u — p) + p, the Pythagorean Law gives
[lul|* = [[u —pl” +|pl|%
Using this equation we obtain the Cauchy-Schwarz inequality
[(w, v)[ < [lul[[[v]] (1.4)

by the same argument as in Leon, page 265. From the Cauchy-Schwarz inequality we obtain the
triangle inequality
[lu+v|| < ||u||+||v]| forall vectorsu,v € V.

(see Leon, page 266).

Definition 1.4.3. A set of nonzero vectors v, vo, . . ., in an inner product space V is called orthog-
onal if vj L vy, for all j # k. If the set is orthogonal and each vector satisfies ||v;|| = 1 then the
set is called orthonormal. |

An orthonormal set of vectors is always linearly independent (see Leon, page 270). Assume
that {uy, ..., u,} is a finite orthonormal set. Let U be the subspace of V' spanned by this set of
vectors. Then dimU = n and {uy, ..., u,} is an orthonormal basis for W. Every vectoru € W
can be expressed in terms of this basis as

u=cu;+- - +cyu,, wherec; = (w,u; ).

(The formula for the coefficient c¢; follows by taking the inner product of u with u; and using
orthonormality.) Then

[[u]? = |er]® + - - + |en)? (Parseval’s Formula)
If v=dju + -+ dyu, is another vector in U, then
(u,v) = cidy + - - - + cpd,
(see Leon, page 272). For any vector v € V we define

Pv = <V7 u1>u1 + -+ <V7 un>un'
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Then Pv € U, since it is a linear combination of the vectors uz. Furthermore, v — Pv L U since

n
(v—Pv,u;) = (v,uy) Z v, ug) (ug, u;)
k=1

= (v,u;) — (v,u;)(uj,u;) =0

by orthogonality and the fact that ||u;|| = 1. We call Pv the orthogonal projection of v onto the
subspace U. By the Pythagorean Law,

IVIP = [IPY[[? +]|v = Pv]||? (1.5)
This implies that Pv is the vector in U that is closest to v (see Leon, Theorem 5.5.8).

Example 1.4.4 (Fourier Series). Let V' be the complex vector space of piecewise continuous complex-
valued functions f(z) on the interval 0 < z < 27. Define an inner product on V' by

1
2T

(fi9) = f (x)g(w)dz

The functions ¢, (x) = e for n € Z (the set of all integers) are in V, and they are an orthonormal
set of functions. To see this, let k£ # n and calculate

. =27
1 27 (k) eiln=kz |*
Ay = ——— =0
(On: Or) = o / ¢ T o (n—k)
=0
because ™! = 1 for all integers m. Thus ¢,, L ¢y. Furthermore, since e® = 1, we have

27
<¢n,¢n>:%/0 lde =1

Thus ||¢,|| = 1 and {¢y : k € Z} is an orthonormal set in V.
If f € V then the complex numbers

2 .
%:@%Fjaéf@fmﬂ (1.6)

are called the Fourier coefficients of f. It is an important result of Fourier analysis that f can be
represented by its Fourier series:
f=> cron (1.7
kEZ
This is analogous to the representation of a vector in C" in terms of an orthonormal basis for C™
(since ¢, = (f, ¢r)). Furthermore, the infinite series version of Parseval’s formula is valid:

1 2m
o [ @Pdr =Y e (18)

kEZ

In particular, the infinite series on the right side of (1.8) converges. (The convergence properties
of the series (1.7) and the proof of (1.8) require results from advanced calculus that will not be
discussed in this course).
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Let 7P, be the linear span of the set of functions {¢x(z) : |k| < n}. If f(z) € TP, then
¢k = 0 for |k| > n and the right side of (1.7) is a trigonometric polynomial

fl@) =Y crow(a)

—n<k<n
When f(z) is real-valued its Fourier coefficients ¢j have the property

Cl; = C—f,

since ¢ (z) = ¢_(x). For example, the formulas

1 - 1 -
sin(nz) = —e™' — —e™ ™!, cos(nx) = =e
21 21 2 2
show that the real-valued functions f,,(z) = sin(nx) and g, (z) = cos(nx) are in 7 P,, and have
Fourier series

1

1 . B
—enal | “gmnai

1 1 1 1
fn(z) = Z@z(iﬂ) - EQS—n(lL") ; gn(z) = §¢n($) + §¢—n($) (1.9)
For any function f € V and positive integer n, the trigonometric polynomial

Un(@) = > (for)en(@)
—n<k<n
is the projection of f(x) onto the subspace 7 P, since {¢r(x) : —n < k < n} is an orthonormal
basis for 7P,,. The function ¢, () gives the best approximationto f(x) (in the sense of the norm
[| - []), since we minimize the norm || f — ||, where ¥ is a trigonometric polynomial in 7 P,,, by

taking ) = 1,,. |
Definition 1.4.5. Ann xn matrix U is said to be a unitary matrix if the set {uy, . . ., u, } of columns
of U is orthonormal. |

The matrix U is unitary if and only if
(Uv,Uw) = (v,w) forallv,we C". (1.10)

To prove this, use the linearity of the inner product in each variable to see that (1.10) is satisfied for
all vectors v, w if and only if it is satisfied when v = e; and w = e;, (the standard basis vectors
for C™). Since the jth column of U is Ue; and the set {eq, ..., e,} is orthonormal, it follows that
(1.10) is equivalent to the statement that the columns of U are an orthonormal set.

An alternate characterization of unitary matrices is that UHU = I, where U denotes the
conjugate transpose matrix (the proof is the same as for real orthogonal matrices—see Leon, page
273). Hence a unitary matrix is invertible, with inverse U~ = UH.

Now let V' and W be finite-dimensional complex inner product spaces of the same dimension,
and let T" be a linear transformation from V' to W. We say that T' is a unitary transformation if

(Ta, Tv) = (u,v) forall vectors u,v € V. (1.11)

Note that in equation (1.11) the inner product on the left is for the space W, while the inner product
on the right is for the space V. Taking u = v, we see that ||[Tu|| = ||u|| for all u. Hence the null
space of T" is 0. Since V and W have the same dimension, 7" is represented by a square matrix
(relative to a choice of bases for V' and W). This matrix has no null space, so it is invertible. Thus
every unitary transformation is invertible.
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Example 1.4.6. Let V = W = C", and let the linear transformation 7" have matrix

U= [ulv"'vun]
relative to the standard basis ey, . . ., e, of C" (where e; has 1 in the jth entry and zero elsewhere).
Since the standard basis is orthonormal, we see from (1.11) that T is a unitary transformation if and
only if U is a unitary matrix. |

Example 1.4.7. Let V = 7P, be the space of trigonometric polynomials of degree at most 2 with
the inner product (1.3). Then the set of functions {¢_o, ¢_1, ¢o, ¢1, P2} is an orthonormal basis
for V. If f € V, define

Tf=1 co (1.12)

where ¢y, are the Fourier coefficients of f(x) defined by equation (1.6). Notice that there is no vari-
able z displayed in formula (1.12); T'f is a vector in C® with five numerical components, whereas
the continuous function f(x) is considered as a vector in the space V.

Since the Fourier coefficients depend linearly on f, it is clear that 7" is a linear transformation
from V' to C°. The basis function ¢y,(z) for 7P is tranformed by 7 into the standard basis vector
esy fork = —2,...,2, hence T is unitary. From equation (1.9) we see that the functions fo(x) =
sin(2z) and g2(x) = cos(2z) have transforms

—1

1
Ty = —
fo=3

—_ o O O
~
Q
N
Il
|
_ o O O =

Since T’ is unitary, it follows that

1 2w
%/0 sin(2x) cos(2x) dz = (f2,92) = (T'f2,T92) =0

1 1

2T
%/0 sin?(2z)de = (fo, fo) = (Tf2, Tfo) = 5

The two integrals on the left can be evaluated by double-angle formulas, of course, but this is not
necessary because we already know that 7" is unitary. |

1.5 Exercises

1. Given a complex number z = z + iy, let T'(z) = [ ‘; _:Cy ]

(a) Show that for any complex numbers z and w, the following matrix equalities hold:

T(z+w)=T(z2)+T(w) and T(zw)="T(z)T(w)
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(matrix addition and multiplication on the right sides of the equalities). Since matrix multi-
plication is associative, it follows that multiplication of complex numbers is also associative.

(b) Express T'(%) and |2|? in terms of the matrix T'(z).

w —z

2. Consider the set H of all complex 2 x 2 matrices of the form A = [ P ] , where w and

z are arbitrary complex numbers.

(a) Show that the sum and the product of two matrices in H are again in H, and any real
multiple of a matrix in H is in H.

(b) From (a) it follows that H is a real vector space. Find a basis for it. (HINT: Consider the
special cases where one of z or w is either 1 or i, and the other is zero.)

(c) Which matrices in H are invertible? (HINT: Calculate det A.)
(d) If a matrix in H is invertible, is the inverse matrix also in H?

(e)Is AB = BAforall A, B € H? (HINT: Calculate the products of the basis matrices from
(b).)

0

3. Let R = [1

_01 ] Find unit vectors u,v € C? such that Ru = iuand Rv = —iv.

Prove that u L v and construct a unitary matrix U such that U¥ RU = [ (1) _Oi ] .

4. Let V = C]—1, 1] (the continuous real-valued functions on the interval —1 < z < 1). Let U
be the set of all functions f € V such that f(—1) = 2f(1). True or False: U is a subspace.
Justify your answer.

5. Let P be the space of all polynomials of degree less than 3. Let f1(z) = z+2, fo(z) = x+3,
and f3(z) = 22 + =.

(a) True or False: { f1, fo, f3} spans Ps. Justify your answer.
(b) True or False: { f1, f2, f3} is a linearly independent set. Justify your answer.

6. Let Py be the space of all polynomials of degree less than 4. Let V' be the subspace of P
consisting of all polynomials f(z) such that f(0) = 0 and f(1) = 0. Give a basis for V.
Justify your answer by showing that your basis set satisfies the two conditions needed for a
basis. (HINT: Every function in V' is divisible by z(z — 1).)

7. Let P, be the space of all polynomials of degree less than 2 and P the space of all polyno-
mials of degree less than 3. Let L be the linear transformation from P, to P3 given by

Lf(z) =2f'(z) + 3z +4) f(x).

Calculate the action of L on the ordered basis {x, 1} for P» in terms of the ordered basis
{{L’z, x, 1} for Ps. Use this to find the matrix A for L relative to these ordered bases.
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Consider the complex vector space C? with the standard inner product (u,v) = vu. Let

51

u= and v = . Calculate (u, v).

2
3+4i

Consider the vector space C[0, 1] of continuous real-valued functions f(z) on 0 < z < 1,
with inner product

)= [ 1@t de
Let f(z) = 22 and g(z) = z.
(a) Calculate (f, g).
(b) Calculate || f|| and ||g||.
(c) Illustrate the Cauchy-Schwarz inequality with the functions f and g.
(d) Calculate the vector projection p of f onto g.
(e) Verify that the function p you found satisfies (f — p) L g.

Consider the vector space V' = C|[0, 1] of continuous real-valued functions f(z) on 0 < z <
1, with inner product

)= [ fga)d.
Let U be the subspace of V with basis {u1, us}, where u1(z) = 1 and up(z) = v/3(2z — 1).
(a) Show that {u1, us} is an orthonormal set of functions.
(b) Let f(z) = z%. Calculate the projection p(x) of f(z) onto U.

(c) Let f(z) = 2% as in (b). Suppose u(x) is any function in U. What choice of u gives the
minimum value for || f — ul|?



Chapter 2

Discrete Fourier Transform

2.1 Finite Fourier Transform

We shall call a piecewise continuous complex-valued function s(¢) of the real variable ¢ an analog
signal (think of ¢ as time and s(t) as measuring the intensity of a sound). We assume that s(¢) is of
finite duration, so that is zero outside some interval a < t < b. We shift and rescale the variable
t to make a = 0 and b = 2m. Next, we choose integers m < n and replace s(¢) by the best
approximation to s(¢) by trigonometric polynomials with frequencies in the range m < k < n:

Z cpelkt
m<k<n
The Fourier coefficients ¢ are obtained by integration:
1 /27r (t) —ikt dt
Ck = — s(t)e
K 27 Jo
The mean square approximation error is

1 2
ls=al* = 5= [ 15 = a®Pdt = ¥ Jei + Y Jeaf? @

k<m k>n

by Parseval’s equality (1.8). The right side of (2.1) is the tail of a convergent series, so ¢(¢) will be
a good approximation to s(¢) (on average) if the frequency band m < k < n is chosen sufficiently
wide.

For a given signal s(t) we fix a frequency band m < k < n so that the approximation error
(2.1) is small. Let N = n — m. We replace the functions s(¢) and ¢(t) by

fly=e""s(t) and p(t) = e ™q(t)

This frequency shift doesn’t change the approximation error (2.1), since |[e”!™| = 1. Since
e~ imteikt — oi(k—m)t the trigonometric polynomial p(t) has frequencies 0 < k < N:

Z dkeikt

0<k<N

11
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Here the Fourier coefficients are

1 21 .
d = — t —ikt dt 22
e=or ) 7 (t)e 2.2)
In signal processing applications there is no formula for f(t), so the integrals (2.2) must be
approximated using some numerical method. The simplest way to do this is to convert f into
a digital signal y € CN by sampling f at the N equal-spaced ¢ values tj = 2mj/N, for j =
0,1,...,N—1:

y[1] . :
y = : where y[j] = f(t;) forj=0,1,...,N — 1. (2.3)

y[N.— 1]

Here we are following the notation in Ripples for the value y[k] of the digital signal y at discrete

time k (note that the indexing of the components in y is different than the usual MATLAB indexing,

which would go from 1 to N). We call N the sampling rate; the choice of this sampling rate is

determined by the number of Fourier coefficients that we need to get a good representation of the

signal (more coefficients require a higher sampling rate). With this choice we have
At:tj—tj_1:27T/N, %:%

Hence we can approximate the integral (2.2) by the Riemann sum

1 N-1 ) 1 N-1 )
dom o D0 ft)e =3 ylilw 24)
j=0 j=0

where w = > 1/N = cos(2n /N) + i sin(27/N) is a primitive Nth root of unity.

Definition 2.1.1 (Fourier Matrix). Let Fyy be the N x N matrix with (j, k) entry w~G=D(¢=1),
where w = €271/N_ The entries in the first column of F' v are all 1. The second column consists
of the powers of w~"! from 0 to N — 1, the third column consists of the powers of w2 from 0 to

N —1, and so on. Since Fly is symmetric, the same description applies to the rows. |
For example, since e>71/2 = _1 the 2 x 2 Fourier matrix is
1 1
Fg—[l _1]. 2.5)
For N = 4 we have w = ¢*™'/* = i and w—' = —i. Hence the 4 x 4 Fourier matrix is

1 1 1 1

Fy = -t -l i‘. 2.6)

1 -1 1 -1
1 i -1 —i

(i) (1)t (=1)°
(=1)? (=1)° (=i

Let d € CV be the vector with components dg, d1, . . ., dx_1 given by (2.4). Then

— = = =
|
—
—~
|
—
S~—
S
—~
|
—
S—
w
|

—

—
~—
©

1
d=-—F 2.7
NIvy 2.7)
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Theorem 2.1.2. The matrix (1//N)Fy is unitary. Hence the matrix (1/N)Fx has inverse F y;,
and the digital signal vector y can be reconstructed from the sampled Fourier coefficient vector d
byy = Fnd.

Proof. To simplify the notation we label the columns of Fiy from 0 to N — 1. The kth column of
Fy is then
hk = [ 1 w_k w_zk e w_(N_l)k ]T

Hence the inner product of the jth and kth columns of Fy is

(hj,hy) = hi by =1+ wb7 4 ?*=9) gy (V=D G=) (2.8)
sincew = w~L. For j = k this gives (hj, h;) = N. Now suppose j # k and write u = w*~J.
Then the right side of (2.8) is a finite geometric series in powers of u:

N

_ 1—u
I

L+utu?+-+ :
1—-u

(Note that u # 1 because 0 < |j — k| < N and w” = 1 only when p is an integer multiple of N.)
But vV = wNU=*) = 1, 50 we conclude that (hj, hy) = 0 for j # k. These orthogonality relations
can be written in matrix form as
H
Fy(Fy)" = NIy, (2.9

where [y is the V x NN identity matrix. Since Fy is symmetric, we have (F N)H = F. Hence the
matrix (1/N)Fy has inverse F v, as claimed. Equation (2.9) can be rewritten as

(1/VN)Fy (1/VN)Fy = Iy
which shows that (1/4/N)Fy is a unitary matrix. [ |
Corollary 2.1.3.

(a) Let{ey,...,en} bethe standard basisfor CN. Setu; = (1/v/N)Fye;. Then {uy,...,un}
is an orthonormal basis for CN, called the Fourier basis.

(b) Lety € CN and setd = (1/N)Fyy. Then +||y||* = ||d]|~

Proof. (a): Note that u; is the jth column of the unitary matrix (1/v/N)Fy.

(b): Since vVNd = (1/v/N)Fyy and (1/4/N)Fly is a unitary matrix, the vectors v/Nd and y
have the same norm. |

Example 2.1.4. Suppose N = 4. The Fourier basis for C* is

u]; = <

—_
= = ==
DN | =
|
—
—_
|
—_
—_
—
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If we think of the standard basis e; as a sampled version of a signal, then the signal is localized in
time, since only one component of e; is nonzero. By contrast, all the entries in u; are nonzero, so
the Fourier matrix removes the time localization.

Lety =[1,2, —1, 0]”. Then

11 1 1 1 1/2
1, 1|1 o—i -1 2 | | (1-1)/2
d=7fy=711 21 1 4 —1 | T —1/2
1 i -1 —i 0 (1+1)/2

In this case 1||y[|?> = $[1 + 2%+ (—1)?] = 2/3 and

1
)P = [+ (1= D)+ i) + (-7 + 1+ DA - )] =2/3,
as predicted by Corollary 2.1.3. |

2.2 Discrete Periodic Signals and Convolution

Consider a finite digital signal y with IV values, say y[0], y[1], . .., ¥ [/V—1]. In the previous section
we viewed y as a column vector

1
y = yE | ecCV. (2.10)

y[N.— 1]

We will also think of digital signals as functions. A basic operation in signal processing is to take
a moving average of the signal. For example, we can replace each value y|[j] by the average of the
values y[j — 1] and y[j + 1]. This gives a new signal z with

alj] = (ol — 1]+ ylj + 1)) @1

There is a bug in formula (2.11), however. To calculate z[0] or z[ N — 1] we need the values y[—1]
and y[N], which aren’t available. We will solve this problem by using the periodic extension of y:

ylj+EN]=y[j] forj=0,1,...,N —1and all integers k (2.12)

Thus we set y[—1] = y[IV — 1] and y[N] = y[0], since =1 = N -1+ Nand N =0+ N. In
terms of modular arithmetic, we have y[m| = y[j] whenm = j (mod N). Now formula (2.11) is
well-defined. It can be written in a more cumbersome case-by-case way as

200] = SV = 1)+ (1), 2N~ 1] = S(y[N =2 +y[o]),

and )
2ljl = (vl — 1 +yli+1)) forj=1,...N-2



PERIODIC SIGNALS AND CONVOLUTION 15

For example, if y = [1, 2, —1, 0]7 as in Example 2.1.4, then
z[0)=(0+2)/2, z[l]=(1-1)/2, z[2]=(2+0)/2, z[3]=(-1+1)/2.
Define the shift operator S on periodic signals y of period IV by
Syljl=y[j—1] forj=0,1,...,N—1.

Here Sy[0] = y[N — 1], since y is periodic. It is clear from the definition that S is linear and
invertible:

S~y =yli+ 1.
We can write formula (2.11) as

7 = %(S—i—S‘l)y. (2.13)

It follows that formula (2.11) has satisfies the following:
(linearity) The output signal z depends linearly on the input signal y.

(shift invariance) If the input signal y is replaced by Sy, then the output signal z is also replaced
by Sz.

We now show that every shift-invariant linear transformation C' can be expressed as a linear
combination of powers of the shift operator S. We first observe that the property of shift-invariance
for C'is the same as

cSs=5C. (Shift Invariance)

In particular, any linear combination of powers of S is shift invariant. To prove the converse, we
identify the periodic signals of period N with C" by (2.10). Then S becomes a linear transformation
of CV. We calculate its matrix relative to the standard basis of CV as follows: Suppose the signal
y corresponds to the standard basis vector e;. Then y[j] = 1 if j + 1 = k, and otherwise y[j] = 0
(note the index shift by one). Since Sy[j] = y[j — 1], we see that Sy[j] = 1if j = kand Sy[j] =0
if j # k. This shows that

Ser=exy1 fork=1,2,....N

(for this formula to be valid we must label the basis vectors circularly modulo N: eny4+1 = eq,
en12 = eo and so on). We see that S acts as a circular permutation of the standard basis vectors.

Example 2.2.1. Suppose NV = 3. Then Se; = ey, Ses = e3, and Ses = e, so the matrix of the
shift operator S relative to the standard basis for C? is

S =

S = O

01
0 0
10
Notice that S%e; = e3, S%es = ej, and S%e3 = ey. Also S3 = I. Thus

Sl =5%2= =97,

_= o O

1
0
0

S = O

We have S~! = ST since {Se;, Ses, Ses} is an orthonormal basis for C3. |
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The general features of Example 2.2.1 are valid for the shift operator for any value of N.
Namely, SV = Iy and S~! = SN~!. The matrix of S relative to the standard basis for C% is
real and orthogonal, so in matrix form S~ = S7.

Theorem 2.2.2. Let S be the shift operator, viewed as an N x N matrix relative to the standard
basis for C. Suppose C'is any shift-invariant linear transformation of N -periodic signals. View
C as an N x N matrix relative to the standard basis for C and let the first column of C be
[CQ, Cly. .oy CN_1]T. Then

C:601—1—615—1—6252—I—"'—I—CN_lsN_l, (2.14)
where I denotes the N x N identity matrix.

Proof. The first column of C'is the vector C'ey, so this vector can be written in terms of the standard
basis as

Ce; =cpe; +c1ea +---+cy_1en. (2.15)
Now we calculate the columns Cey, of C for k = 2,..., N. Since C' is shift-invariant we have

Sk=1C' = C'S*~1. Thus if we multiply both sides of (2.15) by S*~! and use the property S*~le; =
ey, we obtain

Cek = C’Sk_lel
= SF'Ce
= S e+ a5 ey + S ey + -+ ey 15" len
= COek+Clsek—|—6252ek_|_..._|_CN_15N—1ek'

This shows that the kth column of the matrix C'is the same as the kth column of the matrix col +
1S +cS%+ -4+ en_1SVNlfork =1,..., N. Hence the two matrices are equal. [ |

Example 2.2.3. Suppose N = 3 and C = col + ¢1.5 + ¢25? is a 3 x 3 shift-invariant matrix. From
Example 2.2.1 we have

1 0 0 0 0 1 010 cp Ccy C1
C=¢c| 0 1 0|+c|1 0 O0|4+ec|0 01 = | c1 cog 2
0 01 010 1 0 0 co c1 ¢

Hence the successive columns of C' are obtained by circular permutation of the first column. Matri-
ces of this form are called circulant matrices. For example, when N = 4 the averaging operation
from (2.11) is given by the circulant matrix

010 1
1 . 1l1 010
C_§w+s)_§ 010 1
1 010
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‘We now obtain the connection between shift-invariant linear transformations and the Fourier

matrix. Let Fy = [hg hy

1

w2

w_(N_l)j

9

where w = e

++ hy_1]bethe N x N Fourier matrix with columns

2mi/N

Since S shifts the entries in h; down one place, with the last entry moved to the top, we have

w_(N_l).y ’UJ_]V‘7

1 w_]

Sh; = w =wl | 2
| wm (V=20 | (V-1

Define a diagonal matrix with the Nth roots of 1 on the diagonal:

1 0 0 0
0 w 0
Dy=1]0 0 w? 0 (2.16)
|00 0 w1
The calculation just made shows that
SFy = [ hy wh; w’hy wN"hy_; | = FyDy. 2.17)

By Theorem 2.1.2 the Fourier matrix is invertible. Hence multiplying (2.17) on the left by Fiy!, we
obtain

FN'SEy = Dy. (2.18)
‘We can summarize these calculations as follows:

Theorem 2.2.4. The N x N shift matrix S is diagonalized by the Fourier matrix Fy. The columns
of F are eigenvectors of S, and the eigenvalues of S are the N complex numbers wl for j =
0,1,..., N — 1 (the Nth roots of unity).

Combining the last two theorems gives us the main result of this section:

Theorem 2.2.5 (Diagonalization of Circulant Matrices). Suppose that C'isa N x N shift-invariant
(circulant) matrix. Write

C=col+c1S+cS%+-+ey_1SVT
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and define the polynomial p(z) = co+c12+co2? +- -+ en—12V"L. Then h; is an eigenvector for
C, with eigenvalue p(w?), for j = 0,1,..., N — 1. Hence C' is diagonalized by the Fourier matrix:

rp(1) 0 0o .- 0 ]
0 plw) 0 0
FN'CFy =p(Dy)=| O 0 pw? --- 0 (2.19)
L o o0 0 - pwhN7h) |

Proof. Since (2.18) implies that F’ ]QIS iy = D?V for all integers k, the matrix C' satisfies the
corresponding equation:

FN'CFEy = col +¢1Dy + oD%+ -+ en_1 DN
The right side of this equation is p(Dy). [

Example 2.2.6. Consider the 4 x 4 circulant matrix C' = (S + S~1) = 1(5 + %) from Example
2.2.3 (note that S~ = $3 since S* = I). Then p(z) = 3z + 32°. Since the fourth roots of 1 are
1,1, —1, —1i, the eigenvalues of C are

1
2

p(1) =1, p(i)=(1/2)(i +i%) =0,

p(=1) = (1/2)(-1+ (-1)*) = =1, p(=i)=(1/2)(=i+(=1)’) =0.
|

Now we return to the digital signal point of view. Let C be a linear shift-invariant operator on
signals periodic of period N. Then by Theorem 2.2.2 there are complex numbers cy, ..., cny_1 SO
that

C=col +c1S+c25%+ -+ eny_18V L

If we apply C' to a periodic signal y, then we get the signal
Cyljl = coylil + eryli =+ coylj = 2]+~ + enyayli — N + 1] (2.20)

for j =0,1,..., N — 1. This shows that C'y is a moving average of the original signal y, general-
izing the special case of (2.11). Define the function f [k] = ¢ for k = 0,1, ..., N — 1. Then (2.20)
can be written as

N-1
Cyljl= > flklylj— k. (2.21)
k=0

We call the function Cy the convolution (folding) of f and y and we write Cy = f xy. An
alternate statement of Theorem 2.2.2 is the following:

(Linear Shift-Invariant Filters) Every linear transformation of N-periodic signals y that is shift
invariant is given by the convolution (moving average) operationy — f xy for some function
f ontheset {0,1,..., N — 1} (the filter).
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‘We can now obtain the linear filter version of Theorem 2.2.5.

Definition 2.2.7 (Discrete Fourier Transform). If y is a periodic digital signal (of period N), then
the Fourier transform of y is the function
N-1
ylk] = > yljlw™* fork=0,1,...,N —1,
j=0
where w = €27 /N (note that the function ¥ is also periodic of period N). Thus if y is viewed as a
column vector in C%, then ¥ is the column vector Fyy. [ ]

The filter f corresponding to the circulant matrix C' in (2.14) is defined by f [k] = ¢ for
k=0,1,..., N — 1. The matrix-vector product C'y becomes the convolution f * y in the signal-
processing picture. We can restate the result of Theorem 2.2.4 in terms of the Fourier transform and
convolution as follows:

Theorem 2.2.8 (Diagonalization of Convolution Operators). Let Cy = f %y be the convolution
operator (2.21) on signals y that are periodic of period N. Then the Fourier transform of C'y is the
pointwise product:
Cylk] = f[k]y[k] fork=0,1,...,N—1. (2.22)

Proof. The columns of the Fourier matrix are eigenvectors for the circulant matrix C, and the
eigenvalues are the scalars f [k]. Thus when a vector is expressed in terms of the Fourier basis, C
acts on the kth component by multiplying by the eigenvalue f [k].

We can give a direct proof of this result, without using Theorem 2.2.4, as follows. By definition
of the finite Fourier transform, we have

- N—1 ' N—-1N-1 )
Frylk] =D (Fxy)jlu™ =3 > fli—y[Jw*
=0 7=0 1=0

fork =0,1,..., N — 1. Making the substitution m = j — [ and using the periodicity of f and y
so that the range of summationis 0 < m < N and 0 <[ < N, we obtain

- N-1N-1 N-1 N-1
Fovlt = 3 3 fpmlylw ™0 = 3 £l Yyt
m=0 1=0 m=0 1=0
= f[K3H
This proves (2.22). u

Example 2.2.9. Consider the averaging operator (2.11) from the beginning of this Section:

Cyljl = vl — 11+ ¥l + 1)),
where y is a periodic signal of length N. We can write this as C'y = f xy, where
£l1]=1/2, f[N—1]=1/2, and f[j]=0forj#1,N—1,
since C' = (1/2)(S+S~1) as in Example 2.2.6. In this case the polynomial p(z) = (1/2)(z+271)
and f[k] = (1/2)(w* + w™*). Thus

— 1
Cylk] = §(wk +w F)y[k] fork=0,1,....N—1.
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2.3 Fast Fourier Transform

The effectiveness of the discrete Fourier transform (DFT) as a computational tool depends on a
remarkable fast algorithm for calculating the matrix-vector product F,,v when n = 2¥ is a power
of 2 (similar fast algorithms exist for every highly composite number n, such as n = 2¥3™). The
Fast Fourier Transform (FFT) algorithm is based on the observation that the Fourier matrix F3,, can
be written as product of a permutation matrix (which has no arithmetic computational cost) and a
2 % 2 block matrix, where the blocks are F}, or a diagonal matrix multiplying F,.

Example 2.3.1. Consider n = 2. Recall that

1 1 1 1
1 1 1 -1 -1 i

Py [1_1], Fi=|, 70 7, |=[ho b hy by
1 1 =1 —i

Lety € C*. By the definition of matrix-vector multiplication we can write
Fyy = y[0lho + y[1]h{1] + y[2] h{2] + y3 h(3]

as a linear combination of the columns of the Fourier matrix. Rearrange this sum according to the
even and odd indices:

1 1 1 1
_ |1 =1 || vylo] I T S R It
1 -1 i =i
(2.23)
Define
y[0] y[1] > L0
even — ) odd = ) Dy = : .
Y lym] Yodd lym P70 i
Then, using block multiplication of matrices, we can write the formulas (2.23) as
Fy DyFy
0l h 2| h|2] = oven 5 1] h[1 h[3] = < odd -
y[0] ho + y[2] h[2] lFJy y[1]h[1] + ysh[3] l_D2F2]Ydd

The splitting of y into even/odd vectors of half length can be accomplished by the permuation matrix

P4:[e1 es3 €y e4}: 7 P4y:[yovon‘|'

Yodd

o O O+
O = O O
S O = O
o o O

The calculations above show that

Fyy = Fayeven + 122F2YOdd _ Fy 122F2 Py,
Foyeven — D2Foyodd Fy —DsyFy
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Hence the 4 x 4 Fourier matrix F; can be written in 2 X 2 block form:

Fy = [ Fy Dy ] ..

Fy, —DyFy
|
The same splitting into even and odd components works for the DFT of a signal
T
y=[yl0] y[] ... y[2n—-2] y[2n-1]]
of length 2n. Let
T T
Yeven = | ¥[0] ¥[2] ... y[2n—2] ], Yodd = [ ¥[1] y[3] ... y[2n—1] ] .
Here we are using the terms even and odd because we view y as a function on {0, 1,...,2n — 1};
the vector yeven contains components 1,3, ...,2n — 1 of the vector y when we use the MATLAB

indexing convention. The splitting of y into yeven and yoqq of half length is called downsampling;
it will play an important role in wavelet analysis in Chapters 3 and 4.

Write w = e271/2n — ¢™1/7 gnd 2 = w? = e271/? Then

2n—1
Fylj] = Y wtylk]
k=0
n—1 ) n—1 )
(splitinto even-odd) = Z w IRy [2k] 4 Z w kg2 4 1]
k=0 k=0
n—1 ) ) n—1 )
= Z Z_JkYOvon[k] + w_J Z Z_JkYOdd[k]
k=0 k=0

forj =0,1,2,...,2n — 1. This shows that
Fyny[j] = FaYeven[j] + w ™ Foyoaalj] forj=0,1,...,n—1

Since w™ = —1 and 2" = 1, we have w— (") = —=J and z~("+)*k = =3k Furthermore, the
functions F,,yeven and F},yoqq are periodic of period n. Thus

Fony[n+ j] = FpYevenls] — w7 Fuyoaalj] forj=0,1,...,n— 1.

We can write these formulas in block-matrix form, just as in the case n = 2. Let

1 0 0 0
0 wt 0 0

D, 0o 0 w? ... 0 (caution: w™ = —1). (2.24)
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Note that the diagonal of D, only contains half of the 2nth roots of 1; it is not the same as the
matrix Dy in equation (2.16) which has all Nth roots of 1. Let P, be the permutation matrix that
splits y into its even and odd components:

T y
even
P2n2[81 €3 ... €y 1 € eq ... e2n] , o Py = .
Yodd

Then, just as in the case n = 2, the equations for F5,,y can be written as

Fony = Fryeven + l:)nFnyodd _ F, l:)nFn
" Fnyeven — DnFnyodd F, —-D,F,

] Py (2.25)

Note: Equation (2.25) is incorrectly stated on page 285 of Leon, where the factor P, is on the
wrong side of the equation—for the case n = 2 that we considered above it happens that P, =
PE =P ! so the formula in Leon is correct in that case. For larger values of n the matrix P,
is orthogonal but not symmetric, and hence Pz_nl = P # P,,. Also, the matrix D,, in Leon’s
formula should have jth diagonal entry w%fnl rather than w1 (using Leon’s notation).

The Fast Fourier Transform algorithm calculates Fy when N is a power of 2 by iterating for-
mula (2.25). For example, when N = 256 = 2% then (2.25) expresses Fhsgy in terms of Flog
applied to signals of length 128. To calculate these Fourier transforms, we use (2.25) again to
express Fog in terms of Fg4 applied to signals of length 64, and so on until we are down to F5.

To determine the computational cost of the FFT algorithm, let n = 2%, and define ¢(k) be the
number of scalar multiplications needed to evaluate F},y for a signal of length n = 2F using the
FFT algorithm. When & = 1 then the entries in F5 are +1, so no multiplications are needed (just
sign changes). Hence ¢(1) = 0. If y is a signal of length 2n = 25+, then calculating I,y using
(2.25) requires 2¢(k) multiplications to obtain F,yeven and Fy,yoqd, followed by ok multiplications
to obtain ﬁnFnyodd. We are using the fact that l~)n is a diagonal matrix, so it only requires n
multiplications to calculate D,b for any vector b. The matrix P, just sorts the entries of y; no
arithmetic is needed to calculate P»,y. Thus

p(k+1) = 2p(k) + 2* (2.26)
We can calculate ¢(k) recursively from (2.26), starting with ¢(1) = 0:
P(2) =20(1)+2=2, ¢(3)=2¢(2)+2>=2-2% ¢(4) =2¢(3)+2°=3-2°
This suggests that
d(k) = (k—1)2*1  for all positive integers k = 1,2,3, . . . (2.27)

This formula, which we have just shown true for £ = 2, 3, and 4, is easily verified by induction:
assuming it true for k and using (2.26), we get

H(k+1) =2(k —1)28 1 4 ok = ok — ok 4 ok — Lok

so the formula is true for k£ + 1.
To appreciate the consequences of (2.27), note that direct evaluation of ),y as a matrix-vector
product requires n? = 22* scalar multiplications (n for each of the n components of y). Take
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k = 10 and n = 2'0 = 1024. Then direct evaluation of F},y as a matrix-vector product requires
n? = 229 = 1,048, 576 multiplications, whereas evaluation using the FFT only requires 9 - 29 =
4608 multiplications. This is a speedup by a factor of

220

9.9 — 228.

If we go to longer signals, such as n = 22° = 1,048, 576, then the speedup is by a factor of

240

(more than one hundred thousand times faster). The same sort of counting of the number of scalar
addition operations needed in the FFT shows a similar dramatic improvement over calculations us-
ing the standard matrix-vector product. Without the FFT algorithm digital signal processing would
be impractical.

2.4 Exercises

1. Let N be a positive integer and set w = €27 /N View the columns of the Fourier matrix Fy
as the functions hy, . .., hy_1 defined by hy[j] = w™7* (note that with this definition hy, is
automatically periodic of period IV.) Verify directly that each function hy, is an eigenfunction
for the shift operator .S, and determine the eigenvalue. Recall that .S acts on a periodic function
£ by SE[j] = fj— 1.

2. Let C be the linear shift-invariant transformation Cy[j] = y[j — 1] — 2y[j] + y[j + 1] for y
a function periodic of period V.
(a) Find the function f suchthat Cy = f xy. (HINT: Write C'in terms of the shift operator.)
(b) Find the Fourier transform of the function f in (a).

(c) Suppose N = 4 and y corresponds to the vector y = [2315]T € C*. Calculate the
vectors corresponding to C'y and Cly.

0 01
3.Let S=| 1 0 O | be the matrix for the shift operator relative to the standard basis for
010
4 % x
C3. Suppose the matrix C' = | 7 * x* | satisfies C'S = SC.
5

(a) Write C' as a polynomial in .S. Use this to fill in the missing entries in C:
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(b) View vectors in C? as periodic functions y on the integers: y[j] = y|[j + 3] for all integers
j. Let T be the linear transformation on such functions corrsponding to the matrix C' above.
Give explicit formulas (in terms of y[0], y[1], and y[2]) for T’y [j] for j =0, 1, 2.

(c) Let F' be the 3 x 3 Fourier matrix, and let w = e2m1/3, Let C be the matrix in part (a).

M 0 O
Find complex numbers \g, A1, and Ao so that F “loF = 0 X O
0 0 X

Express your answer in terms of w and w? (no complex arithmetic is needed).

. Let n = 2F. Define (k) to be the number of scalar additions (or subtractions) needed to

calculate F},c by the Fast Fourier Transform (FFT) algorithm. Note that the product of a row
vector and a column vector, each with n components, needs n — 1 additions.

(a) Show that ¢(1) = 2 and that ¢(k 4+ 1) = 2¢(k) + 2(2F — 1).
(b) Use the recursion in (a) to calculate ¢ (k) for k = 2, 3, 4.
(c) Prove by induction that ¢ (k) < k2 for all positive integers k.

(d) Use the result in the notes and (c) to show that the total number of arithmetic opera-
tions (multiplications and additions) required for the FFT on vectors of size 2 is less than
(3/2)k2F.



Chapter 3

Finite Wavelet Transforms

3.1 Prediction and Update Transforms

Example 3.1.1. Consider the following digital signal s3[n] with 23 nonzero values (see Table 2.1
in Ripples):

n: 0 1 12] 3 4 5 6 7
sg[n]:| 56|40 | 8 |24 |48 |48 |40 | 16

There are two features of the signal that we want to analyze:

1. The overall trend of the signal. Notice that s3[4] = s3[5], so there is no change in the signal
when n goes from 4 to 5. Thus the value of s3 at n = 4 is a good predictor of the value at
n =>9.

2. The detail in the signal. Notice the big change in the signal when n goes from 6 to 7. The
fluctuations in the signal can be measured by the error when we predict the signal values for
odd n based on the values for even n.

To carry out this analysis we split the signal into two half-length signals
(83)even|] = s3[2n] and  (s3)oad[n] = s3[2n + 1]

by taking every other value of s3 (this is also called downsampling). We then calculate the level-two

trend: 1
2] = 5{ (59)evenln] + (83)oaaln]

(the average of the values of s3 at 2n and 2n + 1) and the level-two detail:
d2[n] = (53)0v0n[n] - 52[n]

(the difference between the value of s3 at 2n and the average of s3 at 2n and 2n + 1). These signals
of length 22 are given in the table below:

n: 0] 11]2]3 n: O(11]2]3
(S3)even|n] : | 56 | 8 | 48 | 40 || (s3)oaaln]: | 40 | 24 | 48 | 16
so[n] : 48 | 16 | 48 | 28 ds[n] : 8 | -8 0|12

25
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Notice the value d2[2] = 0 corresponding to s3[4] = s3[5] and the large value d2[3] corresponding
to the big change between s3[5] and s3[7].
We can repeat this analysis on the trend vector so: Define the level-one trend:

1

s1[] = 5{ (S2)evenln] + (s2)oaaln] |

and the level-one detail:
di[n] = (s2)even[n] — s1[n].

These signals of length 2! are given in the table below:

n: 0 1 n: 0 1
(52)0V0n[n] 1| 48 | 48 (52)odd[n] : | 16 | 28
s1[n] : 32 | 38 di[n] : 16 | 10

Finally, we repeat this analysis on the trend vector s;: Define the level-zero trend:

so[n] = %{(Sl)ovon[n] + (Sl)odd[n]}

and the level-zero detail:
do[n] = (s1)even[n] — s0[n].

These signals of length 2° are given in the table below:

n: 0 n: 0
(81)even|n] : | 32 || (S1)oad[n] : | 38
so[n] : 35 do[n] : -3

We can assemble this three-level decomposition into the following multiresolution analysis of the
original signal:

So d(] d1 d2
353 16]10[8[-8][0]12

(see Ripples, Table 2.1). We shall explain the utility of this decomposition in Section 3.2. |

In the multiresolution analysis in Example 3.1.1 the first entry sy[0] is the average of the original
signal:
35 = (56 +40 + 8 24 + 48 + 48 + 40 + 16)/8.

This is easy to check:

1

wn

S

=
Il
N =
)]

—

=,
Il
] =
0| =

3 7
Y safn] =2 sslnl.
n=0 n=0

We now introduce some linear algebra to understand the rest of this decomposition and its purpose.
Suppose x is a real-valued signal of length N = 2k with values x[0], x[1],...,x[N — 1]. We
identify x with the N x 1 column vector with these components (notice that we are indexing the
components from 0 to N — 1, whereas in MATLAB the indexing would go from 1 to V). Following
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the same pattern as for the fast Fourier transform, we split (downsample) x into even and odd signals
of length N/2:

Xeven|N] = X[2n] and Xoq4[n] =x[2n+1] forn=0,1,...,N/2—1

These formulas define a linear transformation that we denote by :
- | Xeven
x=
Xodd

When we make x into a column vector the transformation is given by the permutation matrix
Py in Section 2.3. We define to be the inverse permutation matrix (the transpose of ):

Xeven |
-
[ Xodd ]
Define the trend vector s and detail vector d of x just as in Example 3.1.1 by

1
s = 5 (Xovon + Xodd) and d = Xeyen — S

(notice that s and d are vectors with N /2 components). Let T, be the linear transformation on RN

given by
S
Tax = l d ]

(the subscript a is for analysis). We can rewrite the formulas for s and d as
2d = Xeyen — Xodd  and S = Xeyen — d

Hence we can factor T, as a product of and the following elementary linear transformations
(where I denotes the N/2 x N/2 identity matrix):

Xeven | | Xeven . I 0 Xeven o
[ od ] = [ Xodd — Xeven ] = [ N ] [ Xodd ] (Prediction)
S Xeven — d I 11 Xeven
[ —ad ] - [ —ad ] [ 0 1 ] [ —ad ] (Update)
S S I 0 S ..
ld]_[%@d)]_[o 11H2d] (Normalization)

We define N x N matrices P,

o)

and D (in 2 X 2 block form) by
1
=1 1 0
2 _
[ I]’ and D—[O_%I].

Tax:DUPx

Then
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(notice the order of multiplication of the factors). Thus we have factored T, as the product of
elementary matrices (the matrices for elementary row operations) to obtain a lifting block (see Fig.
3.1 in Ripples). The important point about elementary matrices is that they are invertible and the
inverses are also elementary matrices:

I 0 I —1ir I 0
-1 _ -1 _ 2 -1 _
e E A P AR P

Hence the factorization shows that T, is invertible with inverse
T-1 — p-ly-ip-t
2 = -

(see Fig. 3.4 in Ripples). We call the inverse matrix the synthesis matrix and write Ts = T, !. For
any signal x of length IV, we set y = T,x. Then we can reconstruct x from y by x = Tgy.

Example 3.1.2. Using block multiplication of matrices, we calculate

117 I
v, —oopfe] -3 | | ] |
and
Ts:P—lU‘lD‘1:l§ _ﬁ]

For example, if N = 4, then

10 1 0 10 00 1 1 0 0
T—l 01 0 1 0010 _ 110 01 1
a2 10 -1 0 01 00| 2|1 -10 0

101 0 -1 00 0 1] 0 01 -1

and ) )

1 0 00 10 1 0 10 1 0

T. — 0 010 o1 o 1] (1.0 -1 0
S 10100 10 -1 0o |01 0 1
100 0 1 01 0 -1 01 0 -1

The calculation of s; and d; from s, in Example 3.1.1 can then be obtained as the matrix-vector
product

1 1.0 O 48 32

st | _1jo 01 1 16 | | 38
ldll_TaSQ_g 1 -1 0 0]]|48| |16

0 01 -1 28 10

In the opposite direction, we can obtain so from s; and d; by

10 1 O 32 48

s T | S| Z 10 -1 0 38 | | 16

T ld | |01 0 1|16 |48

01 0 -1 10 28
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The matrices T, and Tg are called the one-scale Haar analysis and synthesis matrices (named
after the Hungarian mathematician A. Haar). There is an important pattern to observe in these
matrices: rows 2 and 4 of T, are obtained from rows 1 and 3 by shifting to the right by two
positions. Likewise, columns 2 and 4 of Ty are obtained from columns 1 and 3 by shifting down
by two positions. We will study this pattern in more detail later in connection with other wavelet
transforms. Notice also that 2T = T, and hence

(V2T,)(V2Ta)T = TyTy = 1.

Hence the normalized Haar transform /2T is an orthogonal matrix. ]

3.2 Multiple Scale Wavelet Transforms

In Example 3.1.1 we took a signal s3 of length 23 and transformed it into a trend s, and a detail d,
each of half the length. We then repeated this operation on the trend portion. We can describe this
algorithm in terms of the analysis matrices T, introduced in Section 3.1, as follows:

Write Tgk) for the 2% x 2* Haar analysis matrix:

1 l I(k—l) I(k—l)

9 | k=1  _yk=1) ] '

Here we use the notation 1(?) for the identity matrix of size 2P x 2P. The calculations in Example
3.1.1 can be written in block-matrix form as

TV =

N — @) 31 _ T 0 S2
i d2 ] - a  S3, d; = 0 1(2) d2 )
- 30 . NP 5
do = o 1M o d,
dl 0 0 I® || dy
. 2 -

In these formulas 0 denotes matrices of zeros of the appropriate sizes. We can describe the three-
scale analysis transformation by the following diagram (see also Fig. 3.7 in Ripples):

— 8p
s [
52, Tz(f) — dg
X — Tz(ig) —d;
— do

We can combine the transformations to obtain the multiresolution analysis of s3 in matrix form:

S0 (1)
Ta 0 0 (2)
30 =Ws;, whee WP =| o 10 0 [Ta ?z>]TES’> (3.1)

do
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(in equation (3.1) the matrix blocks are of different sizes, so the matrix multiplication cannot be
simplified while still in block form). We call ng) the three-scale Haar wavelet analysis matrix
(see equation (5.2) in Ripples for the explicit form of this matrix).

The three-scale Haar wavelet synthesis matrix ng) is the inverse of the three-scale analysis
matrix. Since the one-scale synthesis matrices are the inverses of the one-scale analysis matrices,
the factorization (3.1) implies that

> 2) [0 0 0]
w3 30 —s3, where W) =710 l TS 1?2) ] o IM o0 (3.2)
0 o o0 I¥
2

(see equation (5.1) in Ripples for the explicit form of this matrix). We can describe the three-scale
synthesis transformation by the following diagram (see also Fig. 3.8 in Ripples):

So —
| =L
dy — ng) 2)
d; — ng) — X
d2 —

The matrix Wég) = [hg - - - h7| has the following special structure:

=

o

|
e e e

=

=

Il

[—

=

O

Il

[
O OO O = =
OO DD OO O =

and
h; = S*h;, h; = S%hy, hg=S*hy, h; = S°hy,

where S is the 8 x 8 shift matrix (we are enumerating the columns by 0 to 7, just as we did for
the Fourier matrix). The vector hy describes a signal that is constantly 1 (the DC component). The
vector h; describes a signal that is 1 for four time units, then switches sign and is —1 for four time
units (slow AC component). The vector hy describes a signal that is 1 for two time units, switches
sign and is —1 for two time units, and then is zero (faster AC component). The vector hy describes a
signal that is 1 for one time unit, switches sign and is —1 for one time unit, and then is zero (fastest
AC component). The other vectors are shifts of these vectors by an even number of positions (see
Fig. 5.1 in Ripples).

To obtain the multiresolution representation of the original signal, recall that the product of a
matrix A and a vector b is the linear combination of the columns of A with coefficients the entries
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of b. Thus
S0
55 = W) jo = s0[0]ho + do[0]hy + {d1[0]hz + di [1]hs}
1
d, + {dg[O]h4 + dg[l]h5 + d2[2]h6 + d2[3]h7}

In this formula we build up the signal by taking the overall average s([0]hy, then adding the slow
fluctuation term dg[0]h;, followed by the faster and shorter fluctuations {d; [0]hy + d[1]h3}, and
finally the fastest and shortest fluctuations {d2[0]hs+d2[1]hs +d2[2]h+d2[3]h7 }. For the signal
in Example 3.1.1 the multiresolution representation is thus

s3 = 35hg — 3hy + {16hy + 10h3} + {8hy — 8hs + Ohg + 12h7} (3.3)

(see Table 2.1 in Ripples).

One of the main applications of the multiresolution representation is compression. We choose
a threshold e, and set to zero all coefficients in the multiresolution representation whose absolute
value is less than e. For example, if we apply this procedure with e = 4 to (3.3), we get the modified
signal

y = 35hg + {16hy + 10h3} + {8hy — 8hs + 12h7}

(see Fig. 2.1 and Table 2.2 of Ripples). Notice that the graphs of the modified signal and the
original signal are almost the same. To measure the relative difference between the two graphs, we
use the ratios of the energies (the square of the norms):

|Iss — yII”

relative compression error = 53] 2
83

For compression with e = 4 every entry in y happens to differ from the corresponding entry in s3
by +3, so the relative compression error is
3 +324+32 43243 4+32+3°+3°
562 4 402 + 82 + 242 + 482 4 482 + 402 + 162

= 0.0061 = 0.6%

If we apply this procedure with e = 9 to (3.3), we get the we get the modified signal
z = 35hg + 16hy + 10hs + 12hy.

(see Fig. 2.2 and Table 2.3 of Ripples). Now the graphs of the modified signal and the original
signal have the same general shape, but differ in details. The relative compression error is

52 4+ 1124+ 1124+ 52 +32 432432432

= 0.028 = 2.8%.
562 + 402 4 82 4 242 + 482 4 482 + 402 + 162 %

This is about five times larger than the compression error with e = 4. On the other hand, the signal
z only has four nonzero coefficients in its multiresolution representation, so we have compressed
the original signal by a ratio of 2 : 1 while still retaining its essential features.
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3.3 Discrete Wavelet Transform via Lifting

The general approach to discrete wavelet transforms that we are using is to split a signal of even
length NV into even and odd parts, apply successive prediction and update linear transformations to
the two parts of the signal, and finally apply a normalization; this procedure is called lifting (see
Ripples, Section 3.2).

CDF(2,2) Transform

In our first example of a discrete Wavelet transform of a signal x (the Haar Transform—Example
3.1.1), we predicted the value x[2n + 1] by the previous value x[2n]|. Now we modify this scheme
and predict x[2n+1] to be the average of the neighboring values x[2n] and x[2n+2]. The deviation
d from the predicted value is thus

d[n] = x[2n+1] — %(X[%] +x[2n +2]) = Xoda[n] — %(Xovon[n] + Xeven[n + 1])

(see Fig. 3.3 in Ripples). Notice that if x[n| = an + b is a linear function of n, then the deviation
d is zero.

There is a problem with the formula for d, however. The signal values are x[0], x[1], ...,
x[N — 1], and to calculate the last deviation d[/N/2] we need the value x[/N]. We shall avoid this
problem by extending the signal x to be periodic of period N:

x|k + N] = x[k] for all integers k.

(There are other solutions to this problem that are discussed in Ch. 10 of Ripples). Let S be the
N/2 x N/2 shift operator. Then Xeyen[n + 1] = (S _1xovon) [n]. Hence the formula for d can be
written in vector form as

1
d = X044 — 5 (Xovon + S_lxovon) (3.4)

Since Xeven and X,qq are periodic of period N/2, so is d:

d[k + N/2] = d[k] for all integers k.

Define the prediction transformation by P [ ):(CVOH ] = [ XC(;OH ] . From formula (3.4) we can
odd

write the matrix for P in block form as

I 0
P= l ~L(r+s71 I]

where I is the N/2 x N/2 identity matrix.
As the next step in the lifting procedure, we use the detail vector d to update Xeven and obtain
the trend vector s:

$[n] = Xeven )] + i(d[n] +dln—1)).

The choice of the constant % makes s and x have the same average value:

N/2-1 1 N—1

N Z s[n] :N Zx[n]
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(for a proof of this, see Ripples, p. 18). The formula for s can be written in vector form as
1
S = Xeven + 1 (d+ Sd) (3.5)

Since Xeven and d are periodic of period N/2, so is s:

slk + N/2] = s[k] for all integers k.

Define the update transformation by U [ XO(‘i’O“ ] =

3 ] . From formula (3.5) we can write the

matrix for U in block form as

| T I+ )
U‘lo I

where I is the N/2 x N/2 identity matrix.

The final step in the lifting process is a normalization D [ 3 ] =

[0/
(

1/\/§)d].ThusDis

given by the diagonal matrix

0 (1/v2)I

The one-scale CDF(2,2) analysis transform is the product of these transformations:

T, = DUP. (3.6)

Example 3.3.1 (CDF(2,2) Analysis Transform). Suppose N = 4. In this case S = S —1 and

D:[ﬂf 0 ]

11
-1 _
I+S —ll 1].Hence
1 0 00 10%%
0 1 0 0 o1 L 1L
P = 1 1 and U = 4 4
-5 —53 10 0010
-1 301 0001
Thus we find (with the aid of MATLAB) that
\/§\Of 0 0 10 11 1 000
0 2 0 0 11 0 100
01 5 £ ,
= 1 1
Ta 0 0 % 0 00 1 0 _% _%10
0 0 0 s [Looo1 -1 -3 01
31 -1 1 o
1 11 31| |wm
22| -1 2 -1 0| | wvo
-1 0 -1 2 Vi

The rows of T, are related as follows:
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1. The row u; is obtained by shifting the previous row ug to the right two positions (and using
periodic wraparound).

2. The row v is obtained by shifting the previous row v to the right two positions (and using
periodic wraparound).

We already saw this pattern in the Haar transform, and we will show in Section 3.4 that it holds for
all one-scale wavelet analysis matrices. |

As in the case of the Haar transform, it is easy to construct the inverse (synthesis) transform Ty
by inverting the prediction, update, and normalization transforms:

1 I 0 | I —ia+8) a0
Pl_l%([+s_1) I]’ Ul_lo Y ’ Dl_l 0 \/511’

Hence we obtain the one-scale CDF(2,2) synthesis transform as

T, = P—lU—lD—l. (3.7)

Example 3.3.2 (CDF(2,2) Synthesis Transform). Suppose N = 4. Then we calculate (with the aid
of MATLAB) that

1 000 10 -+ -1 %(1)00
0100 0 1 -1 _1 0 - 0 0
Ts_%%10 00 1 o 0{)5\/50
1 1loo 00 0 1 0 0 0 2
2 0 -1 -1
V21 3—1_[ﬁ~~~
_402—1—1_0“1"0"1}
11 -1 3

The columns of Ty are related as follows:
1. The column u; is obtained by shifting tig down two positions (and using periodic wraparound).
2. The column v is obtained by shifting vy down two positions (and using periodic wraparound).

We already saw this pattern in the Haar transform; we will show in Section 3.4 that it holds for all
one-scale wavelet synthesis matrices. ]

The CDF(2,2) discrete wavelet transform that we have just constructed is part of a family of
transforms called the Cohen-Daubechies-Feauveau wavelets (in the Uvi-Wave implementation they
are called w-spline wavelets); see Section 3.6 of Ripples for more examples of these transforms.
The analysis matrices for these transforms are not orthogonal, unlike the case of the (normalized)
Haar transform, so the columns of the synthesis matrix are quite different from the rows of the
analysis matrix. However, this family of transforms is very easy to create (the matrices have simple
rational coefficents related to the binomial coefficients), and these transforms have many desirable
properties relating to smoothness and feature detection.
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Daubechies 4 Transform

Our next example of a wavelet transform is orthogonal and is one of an infinite family of orthogonal
wavelet transforms. !

After splitting the signal x of even length N > 4 into Xeyen and Xoq4, We perform an update
operation to define the first trend s(*) (see Ripples formula 3.18):

sW[n] = x[2n] + V3x[2n + 1] = Xeven|n] + V3Xoda[n)- (3.8)

[ (1)
Define the first update transformation by Uy Heven ] = [ S ] . From formula (3.8) we can
Xodd Xodd

write the matrix for U7 in block form as

S lo0 I

Ul_'l \/311

where [ is the N/2 x N/2 identity matrix. Next, we predict x,qq[n] using two adjacent values of
.
s\:

prediction of x,qq[n] = i {\/55(1)[”] + (V3 —-2)sWn - 1]} ,

where s is extended to be periodic of period N /2. The difference between the prediction and the
actual value is the (unnormalized) detail dV) (see Ripples formula 3.19):

1
dM = xoqq — 1 {\/33(1) + (V3 - 2)55(1)} : (3.9)

We have written this equation in vector form; S is the N/2 x N/2 shift matrix. Define the prediction
(1) (1)

transformation by P [ i ] = [ 3(1) ] . From formula (3.9) we can write the matrix for P in
odd

block form as

1 0
P= .
s 1]
As the next step in the lifting procedure, we use the detail vector d(!) to update the first trend
s(1) and obtain the second trend s(®) (see Ripples formula 3.20):
sPn] =sWn] —dVn +1].
The formula for s(2) can be written in vector form as
s =gl — g=1q)., (3.10)
) s s(2)
Define the second update transformation by Us an | =1 qo |- From formula (3.10) we can
write the matrix for Us in block form as

I —§-1
w-[1 5]

!This family of transforms was created by Ingrid Daubechies, who was a mathematics professor at Rutgers in the
early 1990’s and is now a professor at Princeton.
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(2)
The final step in the lifting process is a normalization [ 3 ] =D [ 3(1) ] , where D is the

diagonal matrix

\/g—l

sl 0 ]
V3+1 :

0 s 1

Note that % . % = 1, so det D = 1. The one-scale Daub4 analysis transform is defined to
be the product of these transformations:

T, = DUgPUl.

The complicated numerical coefficients in the Daub4 transform are required to obtain the fol-
lowing result:

D=

Theorem 3.3.3. The Daub4 wavelet analysis matrix is orthogonal.

Proof. We calculate (using N/2 x N/2 blocks) that

lp g -1 I 0

B = I -S I V31

DUPU, = { 0 3{\?751[][0 I ][-‘@I—@S I][O I
2

1
12

wherea =14+ v3,b=3+3,c =3 — V3,andd = 1 — /3. Thus

Tl = (DU [ ] (DURPUL)'

1 [ (al +¢S7Y) (b +dS7Y) ]

(3.11)

(al +cS™Y) (bI+dS™)
—(bI+dS) (al+cS) |’

32 | —(bI+dS) (al +cS) (bl +dS™Y)  (al + ¢S)

(al +¢S~Y) —(bI +dS) ]

since the permutation matrix is orthogonal. Carrying out the block multiplication, we find
that
1

T.T,; = 5

0 al +B(S+ 8571

ol +3(S+ S 0 ]

where o = a? + b? 4 ¢® + d? and 8 = ac + bd. An easy calculation shows that & = 32 and 3 = 0.
Hence T, T} is the identity matrix. |

Example 3.3.4. When N = 4 then from (3.11) we find that the Daub4 analysis matrix is

a c b d a b c d

1 c a d b — 1 c d a b

Ta = 42| =b —d a c 42| b a —d ¢
—-d —-b ¢ a —d ¢ —-b a

(since right multiplication by interchanges columns 2 and 3). Note that the second row is
obtained from the first row by shifting right two places (with wraparound). The same relation holds
between the third and fourth rows. Also, the third row is obtained from the second row by reversing
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the entries and inserting alternating signs; this procedure on vectors of even length automatically
produces a pair of orthogonal vectors.
Since the Daub4 analysis matrix is orthogonal, the synthesis matrix is the transpose:

a ¢ —b —d
1
T, — b d a c
44/2 | ¢ a —d —b
d b c a
The columns of Tg have the same pattern as the rows of T\,. |

3.4 Wavelet Bases

A general one-scale periodic wavelet analysis transform matrix (implemented through the lifting
procedure) is of the form

T, = D - (product of updates and predictions) - . (3.12)

If T, is of size N x N with NV even, then the update and prediction transformations are matrices
in unit block-triangular form. The nonzero off-diagonal blocks are linear combinations of (positive
and negative) powers of the N/2 x N/2 shift matrix S (see the examples of CDF transforms on
page 24 of Ripples). Recall from Section 2.2 that a polynomial p(.S) in the shift matrix S is called
a circulant matrix. Hence the update matrices U and the prediction matrices P are in N/2 x N/2

block form
I Gy _ I 0

where C; = pi(S) and Cy = py(S) are circulant matrices. The normalization matrix is D =

al 0

0 pI

The factored form (3.12) shows that T, is an invertible matrix. Products and sums of circulant

matrices are still circulant matrices, so the product of the update, prediction, and normalization
transforms has the block form

T, — [ Cii Ci2

with a3 # 0 (there can be several update and prediction matrices).

o O ] , where C;; = p;;(S) isa N/2 x N/2 circulant matrix. ~ (3.13)
21 C22

Likewise, the inverse (synthesis) matrix has the block form

Cii Cha ~ ~ . . .
Ts = ~ ~ , here C;; = p;;(S N/2x N/2 lant matrix. (3.14
s [ Cor G where Cj; = p;;(S)isa N/ /2 circulant matrix. (3.14)
Example 3.4.1. For the Daub4 analysis transform, we found in (3.11) that
Cii=a+cS™, Cia=b+dS™', Cy=-b—-dS, Cyw=a+cS,

where
_ 1+/3 _ 3+V3 _ 3—/3 _1-/3
a= %, =9 ¢TI and d—4\/§.
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Since this transform is orthogonal, the inverse matrix is the transpose. Thus CN’ij = (C’j-)T in this
case.
For the CDF(2,2) analysis transform we have

T V2I 0 | 1(I+89)
: 0 (1/v)I I
1 | =S7t+61—-5 2I+2S
42 | —2I-2871 41

For the CDF(2,2) synthesis transform we have

I 0 :
l —2(I+87h I]
]

B I 0|1 —1I+9) (1/vV/2)I 0
T, = [%(Hs—l) IHO I 0 VoI |
1 41 —2I — 28
- m 21 +2571 —S‘1+6I—S]

We return to a general wavelet transform of real /N-periodic signals, where N = 2m is even.
Let T, be a one-scale wavelet analysis matrix given by a formula of the type (3.12). Write T, in
terms of its rows as

Uo
. Um—1 . U
o[V
L Vm—1 |

where u;, v; are 1 x IV row vectors and U, V are m x [N matrices. Let Ts be the inverse synthesis
matrix. We write Tg in terms of its columns as

Ts:[ﬁo ﬁm—l 60 Gm_l}:[fj \7},

where 1, v; are NV x 1 column vectors and U, V are N x m matrices. The matrix inverse property
T,Ts = I can be expressed as the biorthogonality relations
lljﬁk = 5[] — k‘], lquk = 0,
Vjﬁk = 0, quk = 5[] — k‘],
forj,k=0,1,...,m — 1, where §[n] = 1 if n = 0 and d[n] = 0 if n # 0. These relations are the
same as the matrix equations
UU = I, UV=0,
VU =0, VV=I,

where I is the m x m identity matrix. When T4, is an orthogonal matrix (as for the Haar or Daub4
transforms) we have U = UT and V = VT. In general, these matrices are all different.
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We now show that the matrix T, is completely determined by the row vectors ug and vy.
Likewise, the matrix Tg is completely determined by the column vectors ug and v5. (We have
already seen this pattern in the Haar, CDF(2,2) and Daub4 transforms.)

Theorem 3.4.2. Let Sy be the N x N shift matrix (N = 2m). Thenfork=1,...,m —1

u, = ug(Sy) —2k (shift components of g to right 2k positions with wraparound),
vi = vo(Sn) 2k (shift components of vy to right 2k positions with wraparound).
Likewise,
u = (S N)%ﬁo (shift components of Uy down 2k positions with wraparound),
vi = (8 N)%Vo (shift components of Vo down 2k positions with wraparound).

Proof. The key point is the relation between shifting and splitting (or merging). Let x € RV,
Shifting the components of x down by two positions (with wraparound) is the same as shifting the
even and odd parts of x down by one position (with wraparound). Thus

- 2 Sxovon
split |[(Sy)“x =
s = | T |,
where S is the m x m shift matrix. We can write this relation in matrix terms as

[soit] (Sx)2 = l o ] [soit]. (3.15)

Now we write T, as in (3.13) and use (3.15) to calculate

Cii Ci2

2 . 2 | Ci1 Ch2 S 0 .
Ta(Sn)" = [021 022] [spit] (Sw) —[021 Co | [0 s | [P
1 CnS Cr28 — | S 0 Ci1 Ci2 .
N [ Co1S €S ] st} = [ 0o s ] [ Co1 Ca ] '
Here we have used the fundamental property C;;S = SCj; of a circulant matrix. Thus

o | S 0
Ta(Sy) —[0 S]Ta (3.16)

Now write T, in terms of the matrices U, V and apply the last equation:

NMENIN

Carrying out the block multiplication on each side of this equation, we see that

usy)2] [ su
Vi |- v ]
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Hence
SU =TU(Sy)?> and SV =V(Sy)%

(Remember that U and V are of size m x N, so all the matrix products in these equations are
defined.) Since left multiplication by .S shifts the rows of U and V down one position, we obtain

U1 ug(Sn)? Vin—1 vo(Sn)?

u uy (Sn)?2 v v1(Sn)?

o | _ 1(.N) i G 1(.N) 3.17)
Up—2 um—l(SN)2 Vm—2 Vm—l(SN)2

Matching up the rows in equations (3.17) and multiplying each row on the right by (Sy)~2, we see
that

u = uO(SN)_z, u2:ul(SN)_2:uO(SN)_4,...

vy = Vo(SN)_z, V2:V1(SN)_2:V0(SN)_4,...

Multiplying a row vector u on the right by (Sy)~?2 shifts the components of u to the right two
positions (with periodic wraparound). This proves that the rows of T, follow the pattern asserted
by Theorem 3.4.2.
The proof for the inverse matrix T follows the same pattern. Taking inverses in (3.16), we
obtain the relation
S0 ]

) o
(SN) Ts =Ts l 0 g1

Writing T in block form, we obtain
~ - ~ St 0
—92 .
sofo v]=[o V][5 O]
Carrying out the block multiplication on each side of this equation, we see that
[ (53) 720 (Sy)?V | =] Ust Vs |

Hence N N N N
(Sy)2U=US"1' and (Sy)2Vv=Vs!

Since right multiplication by S~ shifts the columns of U and V to the right one position, we find
that

[ (50280 (S0 e (S0Pt | = [ Gy 8o o s |
[ (SW)72% (SW)72¥ - (S 2V | = [Fmer Vo o Yms |
Matching up columns in these equations and multiplying on the left by (S )2, we obtain

= (Sy)*ug, U= (Sn)*ur = (Sy)*d,...
Vi = (Sn) Vo, Vo= (Sn)?vi=(Sn)'Vo,...
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This proves that the columns of T follow the pattern asserted by Theorem 3.4.2. |

Given x € R, we define the one-scale trend vector s and detail vector d in R™ using the

analysis matrix Tj:
S Ux

From Theorem 3.4.2 these vectors have components that are products of the even shifts of the row
vectors ug and v with the column vector x:

T T
s = [ uox upS’x --- ueS?m3%x } and d= [ vox voSix - vpS?mT2x
We can then reconstruct x from s and d by the synthesis matrix:
S ~ ~ S - <
x_Tsld]—[U V][d]—UM—Vd. (3.18)

Define the trend subspace to be the column space of U and the detail subspace to be the column
space of V. Then

Us = (upx) 0o + (upS?x) SHg + - - - + (up S 2x) 522, (3.19)
is in the trend subspace and
Vd = (vox)Vo + (voS2x) S + - - - + (voS?2x) 5225, (3.20)

is in the detail subspace. Decomposition (3.18) expresses RY as the direct sum of the trend and
detail subspaces.

Example 3.4.3. Consider the CDF(2,2) transform with N = 4. From Examples 3.3.1 and 3.3.2 we

have
31 -1 1 2 0 -1 -1
1 | -11 31 1 |11 3 -1
Ta_g\/§ 12 -1 0| @™ Ts 9v/2 0 2 -1 -1
10 -1 2 11 -1 3

Then the trend subspace is the span of the vectors [

0]

of the vectors [ ‘ [ ‘ Suppose x = [ ; ‘ (linearly increasing entries). Then s =

3
9 ~ ~
_1_ — _1_ _ .
25 [ 10 ] andd = \/— . We can decompose x = Us + Vd (sum of trend and detail),
where
2 0 0.5 -1 —0.5
~ 211 10 | 1 1.5 ~ 41 -1 —0.5
Us=Slo| T35 |2 25| Y475 21|~ | -0s
1 1 1.5 3 1.5
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Recall that we constructed the CDF(2,2) transform so that the trend would be an exact fit to linear
signals. In this example we see the effect of periodic wraparound: the trend component Us linearly
increases (just like the signal x) until the last entry, which then goes down because of periodicity.
The detail component Vd is small but not zero. |

3.5 Two-dimensional Wavelet Transforms

Images as Matrices

A two-dimensional black and white image can be digitized as a matrix X of size M x N by imposing
a rectangular grid with M horizontal strips and N vertical strips on the image. Each rectangle in
the grid is called a pixel (picture element) and is given a numerical value (grayscale) corresponding
to the average darkness or brightness of the image in the pixel. With eight bit encoding the numbers
range from O to 255 with O for black and 255 for white. The origin of coordinates is placed at the
upper left-hand corner of the image and the vertical axis points down. Thus the entry X[z, j]in X
encodes the average grayscale level of the pixel that is ¢ units down and j units to the right of the
upper left-hand corner of the image (this system of coordinates agrees with the usual labeling of
matrix entries).
For example, we can digitize the image

HEn 0 240 O 0
0 0 240 240
0 240 0 240
m0o0mn 0 240 240 O

R 00 .
EOE O by the matrix X =

(We are making the white squares slightly gray by encoding them using 240 instead of 255.) We
shall only consider the case M = N in the following.

One-scale 2D Wavelet Transform

Let X be an NV x N matrix that encodes a grayscale image (assume N is even). Let W, be the
N x N one-scale analysis matrix for a wavelet transform (such as Haar, CDF(2,2), or Daub4). The
transform of X is defined to be

Y = W, XW/.
There are three ways to describe Y:
1. Write X = [ X1 XN } in terms of its columns and set
Z=W.X=|Wax; - Waxy

The columns of Z are the wavelet transforms of the columns of X, and Y = ZW] =
(WaZT)T. Thus the rows of Y are the wavelet transforms of the rows of Z.

2. Write XT = [ X7 - XN } in terms of its columns (these are the rows of X) and set

~ T
Z=XW; =(WX")T= [ Waki -+ WXy
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The rows of Z are the wavelet transforms of the rows of X,and Y = Waz. Thus the columns
of Y are the wavelet transforms of the columns of Z.

5 , where U consists of the N/2 trend rows and 'V consists of the N /2
detail rows (see Theorem 3.4.2). Then

T T
Y:[U]X[UT VT]:[UXU UXV ]:[YSS st]' G2

3. Write W, =

A% vxut vxvT Yas Yad
Example 3.5.1. Take W, = % 1 . to be the (unnormalized) 2 x 2 Haar transform matrix
and X = [ @ b ] Then
c d

(a+b+c+d) (a—b+c—d)
(a—c+b—d) (a—b—c+d)

=il allea]h Sl

Thus we see that

Yss = i(a +b+c+d) (overall average)

Yaa = i[(a —b)+ (c—d)] (average of column-to-column differences)
Yas = i[(a —c¢)+ (b—d)] (average of row-to-row differences)

Yaa = i[(a —b) — (c—d)] (column difference of row differences)

Let Wy = W ! be the one-scale synthesis matrix for the wavelet transform. Then the original
matrix X can be reconstructed from the transform Y:

X =WW,XWIW! =w, yw?!

Write Wy = [ U Vv } in terms of the trend and detail columns (as in Theorem 3.4.2). and use the
block decomposition of Y in (3.21). Then

o X7 Yss st ijT
X = [UV} Yas Ydd]lf/T]
= UY U +UYqVE + VYUY + VY gqVT (3.22)

We call (3.22) the multiresolution decomposition of X. Descriptions 1. and 2. above of Y show
that the four matrices in the decomposition (3.22) carry the following information about the image
encoded by X:
Xgs = U Yssﬁ T column and row trend (overall features of image)
Xsd
de
Xgd = T7Ydd\~/T column and row detail (diagonal edges of image)

UYsqV"  column trend and row detail (vertical edges of image)

VYqasUT  column detail and row trend (horizontal edges of image)
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] and

(see Figures 6.3 and 6.4 in Ripples).

1
1

1
-1

1

Example 3.5.2. Take W, in Example 3.5.1. Then Wy = [ 1

],andsoﬁ: [

. 1 14 2

V—[_ll.SupposeX—[ 40 . Then
y_1[t 114 2)[1 1] [5 4
401 -1 4 0 1 -1 |3 2]

The multiresolution decomposition of X is

iB

5007 +40VT 4+ 3vUT 4 2vVT
11 1 -1

o33l 2]

Xss + Xsd + de + de'

1
-1

1
-1

=[]

If we represent a matrix entry 1 by a white box and a matrix entry —1 by a black box, then this last
equation can be displayed as

o O
X—5DD

DD—I—2
I

+4 o . +3 J u
O m m O
The coefficient 5 is the average of the four entries in X, and it multiplies the matrix with all entries

white. The other three matrices detect the pattern of vertical, horizontal, and diagonal detail in X.
|

Example 3.5.3. For a slightly more complicated example, take W, to be the (unnormalized) 4 x 4
Haar transform matrix and take X to be the matrix at the beginning of this section:

1 1 0 O 0 240 O 0
Wa:% (1) —1 (1) (1)  X= 8 220 230 338
0 01 -1 0 240 240 0
Then we calculate (with the aid of MATLAB) that
60 120 —60 0
Y = WaXW, = 16200 —11230 _—16200 8
0 0 0 —120
Hence the four submatrices of Y are
Yos = [ 16200 gg ] » Ysd = [ —_16200 8 ]  Yds = [ 600 _1)20 ] ) Ydd = [ _(?0 —?20 ] '
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The synthesis matrix is

10 1 0 1 0 1
1 0 —1 0 ~ 1 0 = —1
W = 01 0 1 andso U = 0o 1| V= 0
0 1 0 —1 0 1 0
The multiresolution decomposition (calculated with the aid of MATLAB) is
~| 60 120 | =7  ~| —60 0 | o7
X Ulmo 120 | YU —120 O]V
~| 60 —120 | =1 & | —60 0 ~T
+V 0 0 U +V 0 —120 ] \%
- Xss + Xsd + de + de7
where the components are
[ 60 60 120 120 —60 —60 0 O
) S 60 60 120 120 X —60 —60 0 O
s 120 120 120 120 |’ sd —120 —-120 0 O
| 120 120 120 120 —120 —120 0 O
[ 60 60 —120 —120 —60 60 0
—60 —60 120 120 60 —60 0
Xas = 0 0 0 o | Zad 0 0 —120
. O 0 0 0 0 0 120

45

_ -0 O

120
—120

Comparing these four matrices with the original image, we see that X4 gives the overall pattern
(darker in the upper-left portion, lighter elsewhere), Xsq emphasizes the vertical edges, X 45 em-

phasizes the horizontal edges, and X qq emphasizes the diagonal features.

Multi-scale 2D Wavelet Transform

The multiscale 2D wavelet tranform is obtained by the same pyramid algorithm used for one-
dimensional signals: the three submatrices containing detail information are saved, and the pure

trend submatrix is subjected to further wavelet transforms.

Let the image matrix X be of size N x N, where now N is a multiple of 4, and let

(1) (1)
Yss' Y
Y(l) _ [ sd —|
1 1
v vy |

S

be the one-scale transform of X. Let Wz(f) be the N/2 x N/2 wavelet analysis matrix and write

v v
WEY(WI)T = N

2 2
Yol Y
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where each block matrix is of size N/4 x N/4. The two-scale transform Y ) of X is obtained by
replacing the block Yéé) in Y@ by this block matrix form of Wg)Yéé) (Wz(f))T:

¥l
v | Ly v
1 1
v

(see Fig. 6.5 of Ripples). The inverse transformation begins with

ve y®
Y = w T weyT,

2 2
Yol Y

where Wéz) is the N/2 x N/2 synthesis matrix. Then X is reconstructed from the one-scale
transform Y1) using the N x N synthesis matrix Wy as before. If N /4 is even, then this procedure

can be continued by applying a 2D wavelet transform to Yég) (see Figures 6.6 and 6.7 of Ripples).

Example 3.5.4. Take X as in Example 3.5.3. Then the Haar transform of the one-scale trend

)
111 1 60 120 1 1 | 106 -15
411 -1 120 120 1 -1 | | =15 =15 |°

Hence the two-scale Haar transform of X is

. 1) .
submatrix Yés is

105 —-15 —60 0
-15 -15 —-120 0
60 —120 —60 0

0 0 0 —120

v —

3.6 Exercises

1. Let x be a real-valued function on {0, 1,2,3}. Extend x to be a periodic function on the
integers of period 4. Define a trend function s and a detail function d by the following lifting
step formulas for n = 0, 1:

din] = x[2n+1] —x[2n] — 2x[2n + 2]
s[n] = x[2n]+d[n]+ 3d[n — 1]

(a) Suppose x = [ 4, 7, 0, 3]. Calculate d[0], d[1], s[0], and s[1].
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(b) Let Xoyen = x[0] and Xgqq = x[1] . Identify s and d with column vectors in
x[2] x[3]
Xeven Xeven

R? as usual. Let P be the prediction linear transformation: P < = d . Write
odd
down the matrix for P. First give the matrix in 2 x 2 block form (using the shift matrix .S),
and then give the 4 X 4 numerical matrix.
even

(c) Let U be the update linear transformation: U x d = 3 . Write down the matrix

for U. First give the matrix in 2 X 2 block form (using the shift matrix S), and then give the
4 % 4 numerical matrix.

2. Show that the coefficients in the Daub4 transform satisfya+b+c+d =8anda+c =b+d
(see Example 3.3.4). Use this to calculate the transform T,x when x is the constant signal
[1111]". Find the trend vector s and the detail vector d. Check that ||x||? = ||s||? + ||d]|?.

3. Suppose A, B, C, D are m x m circulant matrices that satisfy AD — BC' = zI, where z # 0
is a complex number.

(a) Show that the 2m x 2m matrix [

] is invertible with inverse 2z~ ! [ D -B ]

C D - A

(b) Use the result from (a) to obtain the formula for the CDF(2,2) synthesis transform from
the analysis transform (see Example 3.4.1).

4. The CDF(3,1) wavelet transform of a vector x of length [NV (even) consists of the following
lifting steps (in the order given) with a final normalization:
1
First update Uy : s(l)[n] = Xeven|N] — gxodd[n —1]

— %(95(1)[71] +3sWn+1))

Prediction P:  dW[n] = x,4a[n]
Second update Us: s [n] = s(l)[n] + %d(l)[n]

(a) Draw a flow-chart for this transform (as in Ripples).

(1)
(b) Let Uy be the first update transformation: U Xeven | _ | S . Write down the
Xodd Xodd
matrix for P in 2 x 2 block form using the N/2 x N/2 identity matrix I and shift matrix S.
. . s() s(M) . .
(c) Let P be the prediction transformation: P < =1 q0 |- Write down the matrix
odd

for P in 2 x 2 block form using the N/2 x N/2 identity matrix I and shift matrix S.

(1) (2)
(d) Let U be the second update linear transformation: U, [ 3(1) ] = [ 3(1) ] . Write down

the matrix for Us in 2 x 2 block form.

5. Consider the CDF(3,1) wavelet transform on RS.
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(a) The one-step analysis matrix T is

2 -3 3 -1 0 0 1

Fill in the missing entries.

(b) The one-step synthesis matrix T is

4v2

— O O = W W
o

Fill in the missing entries.

1
6. The unnormalized 2 x 2 Haar analysis matrix is W, = 3 [ 1 _1 ] .

(a) Calculate the one-scale Haar wavelet transform Y of the matrix X =

2 4
0 8 |°

(b) Calculate the multiresolution representation X = Xgs + Xga + Xds + Xad-



Chapter 4

Wavelet Transforms by Two-channel
Filter Banks

4.1 Finite Signals and the z-Transform

Let x be areal-valued function on the integers Z. Assume that x has finite support: there are integers
p < g sothatx[n] = 0 when n < p or n > ¢q. We call such a function a signal. If x # 0 and we
choose p, g so that x[p| # 0 and x[q] # 0, then we call the integer ¢ — p + 1 the length of the signal
(the zero signal has length 0).

Define dy, (the unit impulse at k) by

1 ifn=%k,
dkln] = .
0 ifn#k.

Every signal x can be written uniquely as a linear combination of unit impulses:
X = Z x[k]k -
kEZ

The set of all signals is a real vector space (infinite-dimensional) with a basis given by the unit
impulses.
Let x be a signal. We define the z-fransform of x to be

X(z) = Z x[n]z™" where z € C and z # 0.
neZ
Since x has finite support, there are only a finite number of nonzero terms in the sum, and X (z)
is a Laurent polynomial (finite linear combination of positive and negative powers of z). Suppose
x[n] = 0 for n < p and for n > ¢. Then we can write the z-transform of x as
X(2)=x[p] =P +x[p+1] 2777 4+ x[g] 27

(the sum has at most ¢ — p + 1 nonzero terms).

When z = e'“ has absolute value 1 (with w real), then 2™ = e~ "™ and

X(e'v) = Z x[n]e” 1™ (finite Fourier series).
neZ

In signal-processing language w is the frequency variable, whereas n is the discrete time variable.

49
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Example 4.1.1. Suppose the nonzero values of x are x[—1] = 2, x[0] = 3, and x[2] = 4. Then
x = 20_1 + 30g + 462,

and x is a signal of length 2 — (—1) + 1 = 4 (note that x[1] = 0). The z-transform of x is
X(2) =22+ 3 +4272. When z = e'“ then the z-transform becomes the finite Fourier series:

X(e') =2e' + 3 4 4e21¥
|

The transformation from x to X (z) is linear: adding signals x and y or multiplying x by a
real number corresponds to the same operations on the z-transforms X (z) and Y (z). Every finite
Laurent polynomial with real coefficients is the z transform of a unique signal.

Given signals x and y, we define their inner product to be

(x,y)=>_ x[n]y[n]

nel

(by the finite support condition, there are only finitely many nonzero terms in the sum).
Define the energy ||x]|? of x by

[1x[* = (x, x) = > _ x[n]*.

ne’l

The energy in x is expressed in terms of the z-transform by Parseval’s relation:
R N iwy(2
2 = 5 [ X ()R @)

This follows from equation (1.8) because the function f(w) = X (e'*) has Fourier coefficients
x[—n]:

1 21 . 1 2m (K
_ Flw)e™ ™ dw = Zx[k] {%/0 e~ L(ktn)w dw} = x[—n]

27 Jo -

(the integral in brackets is zero except when k 4+ n = 0, and then itis 1).

Discrete Fourier Transform and z-Transform

Let x be a finite signal. Assume that p < ¢ are integers so that all the nonzero values of x[n]
occur for p < n < ¢, and that x[p] # 0, x[q] # 0. Thus x has length ¢ — p + 1. Fix any integer
N > g — p+ 1. Then we define the N-periodic extension of x as follows: Every integer n can be
expressed uniquely as n = k +mN wherep < k < p+ N and m € Z. We define

_ ) x[K] ifp<k<gq,
XPOLN[’“WN]_{ 0 ifg<k<p+N.
This definition makes sense because ¢ < p+ N (since ¢ —p < N). Itis clear that xpe; y[n + N| =
Xper,N[12] for all n € Z.
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We identify xpcr ;v With the N-component column vector

Xper,v [0]
Xper,v [1]

Xper, N[N — 1]

Notice that we have inserted zeros in the vector Xper, v as needed to obtain a vector with /N com-
ponents (this is called zero padding). The N-periodic signal has the same energy as the original
signal:

| [%per, v |[* = ||| |?
since both vectors have the same nonzero entries.

Theorem 4.1.2. The discrete Fourier transform of Xper N is obtained by sampling the z-transform
X (z) at the Nth roots of unity (going counterclockwise around the unit circle):

Rpern[k] = X(wF)  fork=0,1,...,N — 1, where w = ¢*71F/N.

Proof. The discrete Fourier transform of an N-periodic function can be calculated by summing over
any set of representatives of the integers modulo N. If we use the set p < n < p + N and the
definition of Xper, v, We obtain

Sl = Y Kyl w
p<n<p+N
= Z x[n] w™™* = X (w").
p<n<gq

Notice that in the second sum we only need the values p < n < gsince ¢ < p+ N and x[n] = 0

forg<n<p+ N. |

Example 4.1.3. Suppose x is the function in Example 4.1.1. Then p = —1 and ¢ = 2, so we can

make an N-periodic extension of x for any integer N > 4. The 4-periodic extension has values
Xper,d[0] =3,  Xpera[l] =0, Xpera[2] =4, Xpera[3] = —2

(the value at 3 is x[—1] since 3 = —1 + 4). Since e>" /4 = i, we have

Rperalk] = X (i%) fork=0,1,2,3

in this case. For this example X (z) = 2z + 3 + 4272 thus Theorem 4.1.2 shows that Xper,4
corresponds to the column vector

X(1) 9 9
X(i) | | 21+43—-4 | | -1+2i
X(-1) | | -243+4 | 5
X(—1) —2i+3-4 -1 -2i

We can also define a 5-periodic extension of x. In this case
Xpor,5[0] =3, Xpor,5[1] =0, Xpor,5[2] =4, Xpor,5[3] =0, Xpor,5[4] = -2,

since 3 = —2 (mod 5) and 4 = —1 (mod 5). Note that Xper5[3] # Xper,4[3]. [ |



52 MATH 357 CLASS NOTES

Convolution

If x and y are finite signals, we define their convolution x * y as the function
(xxy)nl= > xjlylkl.
jt+k=n
The summation over the pairs (j, k) in this equation can be written in two forms:

(x*y)n] =D x[n— Kly[k] = Y _x[jly[n - j].

keZ jez

The convolution product can be described in words as follows: take the function x[j]y[k] of the two
(discrete) variables (7, k) and add the values of this function at all integer points along the diagonal
line j+k = n. If |n| is sufficiently large, this diagonal line does not intersect the set of points where
x[7]y[k] # 0, and hence x * y[n] = 0 in this case. Thus x * y is a finite signal. From the definition
weseethat X x y =y * X.
If x = J, and y = J, are unit impulses, then the function x[j]y[k| is zero except when j = p
and k£ = ¢. Hence we get
Op * 0g = Op1q 4.2)

in this case. In general, if x[j] = 0 for j < p or j > ¢ then
(x*y)n] = > x[jlyln—jl.
P<j<q

This shows that the value of x * y at n depends on the values of y between n — p and n — ¢g. There
is no wraparound in this formula, however, and it is not the same as the circular convolution of
periodic extensions of x and y defined in Section 2.2.

Example 4.1.4. Take x[n] = 1/3 forn = —1,0, 1 and zero otherwise. Then

(e )ln] = 5(yln— 1]+ yla] + yln+ 1)

is amoving average. If y[n] = 0 for n < 0 and n > 7, for example, then (x xy)[n] = 0 forn < —1
and n > 8. However (x x y)[—1] # 0 and (x * y)[8] # 0, in general, even though y[—1] = 0 and
y[8] = 0. Thus convolution with x spreads out the support of y. |

Here is one of the most important properties of convolution.

Theorem 4.1.5. Let x and y be functions on Z. with finite support. Then the z-transform of X x y is
the pointwise product X (2)Y (2) of the z-transforms.

Proof. The definition of convolution can be written in terms of unit impulses as

xxy =Y X[ply[gbpiq-

Since the z-transform of the unit impulse 6,44 is 27779 = 27279, we see that the z-transform of
Xk yis

> x[plylglz P71 = X (2)Y (2).

p.q
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Shift Operator

We define the shift operator .S applied to a function x on Z by
(Sx)[n] =x[n—1] forneZ

(the minus sign appears in the formula so that the graph of Sx is obtained by shifting the graph of x
to the right one unit). From the definition of convolution we see that Sx = §; * x. More generally,
for any integer k we have

Skx = 6 % x.

Hence the shift-invariant linear transformation 3, a;S* acts by convolution with the function
>k ar0k. This has the following important consequence:

Theorem 4.1.6. Let x be a signal. Then the z-transform of Sx is 2~ X (). More generally, the
z-transform of a linear combination ", axS*x of shifts of x is (¥, axz~%) X (2).

Proof. The unit impulse at k obviously has z-transform z~*. Since
Z apSkx = Z apo * X,
k k

the theorem follows from Theorem 4.1.5. |

Periodic Shift Operator

Now that we have used the symbol S to denote the shift operator on nonperiodic signals, we will
write Sy to denote the shift operator on periodic functions of period NV, to avoid confusion.

Suppose x is a signal such that x[n] = 0 when n < p or n > ¢. Fix N > ¢ — p. Then it is easy
to check that

SNXpor,N = (Sx)por,N- 4.3)

This follows from a basic property of modular arithmetic: if a = b (mod N),thena+1=0b+1
(mod N). For example, the signal x = 303 + 494 + 5J5 + 6¢ has length 4. If we take N = 4, then

T
Xper,4 corresponds to the column vector u = [ 4 5 6 3 } (the positions of the components of

u are determined by reading the subscripts on the unit impulse functions modulo 4). The shifted
(nonperiodic) signal
Sx = 304 + 405 + 5dg + 607

T
also has length 4 and (SX)per,4 corresponds to the column vector [ 3 4 5 6 } = S,u (note
the wraparound).

Theorem 4.1.7. The discrete Fourier transform of SNXper, N is obtained by sampling 271X (2) at
the Nth roots of unity.

Proof. Set w = e?™1/N and y = Sx. From Theorem 4.1.2 we have
Yper N [k] = Y (") = w X (w*) = w ™ Rper, n[K].

Now apply (4.3). |
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4.2 Wavelet Transforms and Polyphase Matrices

We now construct some linear transformations on the vector space of signals that are fundamental
for digital signal processing and wavelet theory.

Downsampling and Upsampling

Let x be a signal. The downsampling by 2 of x is the signal
x2|[n] =x[2n] forn € Z.

This defines a linear transformation: x = X3|. We denote the z-transform of x3| by X5 (z). It
is given by the formula

Xoy(2) = Z x[2n] z7" (4.4)

n

The upsampling by 2 of x is the signal

] x[m] ifn =2miseven,
X g
21 0 ifnisodd.

This defines a linear transformation: x = x21. We denote the z-transform of xa1 by Xo1(2). It
is given by the formulas

Xoy(z) = Z x[n] 272" = X (2?). 4.5)

n

The signal x21 is a stretched version of x (with zeros interlaced); we recover x from x21 by down-

sampling:
Fix—x

Thus the transformation is a left inverse to the transformation . In the opposite order, we
have
if n is even

_ Jx[n]
( X) [n] = {0 if n is odd. “0

Hence x is the projection of x onto the signals that are zero at all odd integers. If x[n] = 0

when n is even, then x = 0. Thus is not a right inverse to and neither

nor are invertible linear transformations on the vector space of signals. (This is a significant
change from the finite-dimensional case of [V-periodic signals).

Example 4.2.1. Suppose the nonzero values of x are x[—1] = 2, x[0] = 3, x[1] = 4, and x[2] = 1.
Then the nonzero values of x| are x2|[0] = 3 and xg[1] = 1. The z-transforms are

X(2)=224+3+42""427% and Xo(2)=3+2"".
If we set y = x5, then the nonzero values of yo1 are y21[0] = 3 and y21[2] = 1. Thus
Yar(z) = Y(:2) = 3+ 27

(the even terms in X (2)). [
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Even-Odd Splitting

In performing a wavelet decomposition of a periodic function x on Z of even period N, the first
operation was to split X into Xeven and X,q4. We can do a similar splitting for a nonperiodic signal

x. Define
X0 = x and x; = S‘lx,

(the operator S~! shifts x left by one unit). This splitting corresponds to the flow chart

ERE
/

N\
=R - x

We can reconstruct x from x( and x7:

X = XO—I—SX1. 4.7

This relation corresponds to the flow chart

X0 —)
[+]—x
/
xi = [21] =[]

To prove (4.7), note from (4.6) that

if n is even,

="
2 Xpln| =
0 0  ifnisodd.

Likewise,

(le) [n] = (xl) [n—1] = ( S_lx) [n—1] = {

since (S~1x)[n — 1] = x[n]. Thus the two vectors on the right side of (4.7) fit together like a zipper
to give the values of x[n] for all n. From (4.7) we have the perfect reconstruction formula

X = X—I—SS_IX 4.8)

This formula corresponds to the lazy wavelet transform:

22— x [z

0 if n is even,

x[n] ifnisodd,

/

HH xi — [z1] —=[5]
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The signal is split into even/odd parts that are immediately recombined without further transforma-
tion.

The z-transforms of xg and x; are given by

Xo(z) = Zx[2n]z_":Xgl(z)

n

Xi(z) = Zx[2n +1]z7" = (zX(z))zl

n

(see Fig. 7.1 in Ripples). Notice in the second formula that we multiply by z before downsampling.
We can express Xo(z) and X (z) directly in terms of X (z) by introducing the variable z'/2:

S1/2

Xo(2) = < {X () + X (=13} and Xi(2) = T{X(zl/z)—X(—zl/z)}. (4.9)

N | —

The notation in (4.9) means that we substitute z!/2 in z-transform of x and simplify by the usual
algebraic rules for exponents:

(z1/2)n :zn/2 and (_z1/2)n _ (_1)nzn/2'
To verify the correctness of (4.9), observe that the terms with n odd cancel in the formula for X(z),
whereas the terms with n = 2m even contribute x[2m]z~"". Likewise, in the formula for X (z) the
terms with n even cancel, whereas the terms with n = 2m + 1 odd contribute

x[2m + 1]2"/227m7 Y2 = x[2m + 1]z7™.

Thus (4.9) follows from these observations.
The z-transform version of equation (4.7) is

X(2) = Xo(2)21 + 271 (X1(2)21) = Xo(2%) + 271 X1(2%) (4.10)
(see Fig. 7.2 in Ripples). Notice in this equation that we multiply by z~! after upsampling.

Example 4.2.2. Suppose the nonzero values of x are x[—3] = 2, x[0] = 3, x[1] = 4, and x[2] = 1.
Then X (2) = 223 + 3 + 427! + 272 and we have

Xo(2) = X(2)9=3+271,
Xi(2) = (2X(2))y = (224—1—32:—1—4—1—2_1)2l =222 44

(notice the shift of the exponents). We recover X (z) by (4.10):

Xo(22) + 271 X1(2H) = B3+ 272) + 271 (220 +4) = X (2).
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Lifting and the Polyphase Matrix

We return to the one-scale analysis and synthesis wavelet transformations. The formulas for analysis
and synthesis transforms (such as CDF(2,2) and Daub4) are all expressed in terms of the shift op-
erator S (but without the assumption of periodicity)—see Ripples, §3.6. The splitting of a periodic
signal of period N into even and odd signals of period N/2 is now replaced by the downsampling
of the signal x into the pair of signals xg and x; (this is called the polyphase decomposition of the
signal). Since S becomes the operator of multiplication by z~! when we use z-transforms, it is easy
to calculate the prediction and update steps in terms of the z-transforms of X (z) and X (z).

Example 4.2.3 (CDF(2,2)). This transform consists of a prediction step, followed by an update and

a normalization:
yo | _ | V2I 0 I i(1+59) I 0] xo
yi| | 0 @/V2)I||0 I —LI+5Y) 1| | x

Thus the CDF(2,2) analysis transform becomes a matrix multiplication

Yo(z) Xo(z)
=H,(z ,
l Yi(2) ] »(2) l X (2)
on the vector of z-transforms of the downsampled signal. Here the analysis polyphase matrix Hy(z)

is defined by
B 1 ra+27h 1 0
Hy(z) = [ 1/\/_ [ T H_%(Hz) 1]

—24+6—2"1 (242271
8 —(2 4+ 22) 4 '

N

The inverse transform is obtained by inverting the individual lifting steps:

xo | I 0|1 -1+9) (1/\/_)1 0
xi | | sI+S7H) T[]0 I I y1
In terms of z-transforms, this transformation becomes
Xo(2) Yo(z)
=G,z ,
lxxz)] ol >ln<z>
where the synthesis polyphase matrix G (z) is defined by

_ L0l =31+ [ 1/vV2 0
Gp(z) = l%(l—l—z) 1“0 Y H 0 \/51
V2
8

4 —(2+2z7h)
(2+22) (—z2+6—271)
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Since Gy (z) is the inverse matrix to H,(z), the formula for G,(z) can be obtained directly from
the formula for H,,(z) using Cramer’s Rule:

-1
[ a b ] — 1 [ d —b ] where § = ad — be. 4.11)
c d 0| —¢c a

(the lifting-step factorization of H,,(z) shows that it has determinant one). We will use this formula
for the inverse of a 2 X 2 matrix several times. |

The general one-scale wavelet analysis and synthesis transforms are of the same form as the
CDF(2,2) transform (see the discussion on p. 67 of Ripples). The analysis polyphase matrix is a
product

. K 0 1 Fl(z) 1 0 . H(](](Z) H(]l(z)
Hy(2) = l 0 1/k ] l 0 1 Fuz) 1|~ | Holz) Hu) |@ @12
where Fi(2),..., Fi(z) and H;j(z) are Laurent polynomials and x # 0 (there may be several

prediction and update factors). The signal x is downsampled into xg and x; and this pair of signals
is transformed into the pair y( and y;, whose z-transforms are

Yo(z) Xo(2)
=H,(z .
lw)] »l )lxmz)
This transformation is described by the flow chart
— Xol2) — — Yo(2)
X(z) H,(2)

N
—> — Xi(z) — — Y(z2)

Notice that the polyphase matrix acts on the z-transform of the signal after the signal has been split,
and the splitting involves a time shift in one channel.

The inverse transform is obtained using the synthesis polyphase matrix:

_ a1 o 1 Az [ 1k 0
GP(Z)‘HP(Z“—[—FM 1]"'[0 i H 0 K]'

The flow chart for the inverse transform is

Y(](Z) N — Xo(z) —
N

G, (2) — X(2)
/!

Yi(z) — — X4(2) — —>

Notice that the inverse polyphase matrix acts on the two z-transforms before they are upsampled,
shifted, and combined.
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We can calculate G, (z) directly from the four Laurent polynomials in the matrix H,(z) using

Cramer’s rule:
_ | Hu(2) —Hol(z)
G;D(Z) - [ _Hl(](Z) H(](](Z) ] (413)

(note that the normalization matrix has been chosen to ensure det H,(z) = 1). The perfect recon-

struction (PR) property holds:
Xo(2) | _ Yo(2)
B RSl

4.3 Filter Banks and Modulation Matrices

The definition of wavelet transforms using the lifting method and the polyphase matrix assures that
the PR property always holds, since each step of the lifting process (prediction, update, normaliza-
tion) uses an invertible elementary matrix. However, this approach doesn’t explain how the lifting
steps are chosen to obtain desirable properties in the wavelet transform, such as separation of trend
and detail. To understand this aspect, we need an alternate description of wavelet transforms using
ideas from signal processing (low-pass and high-pass filters).

FIR Filters

Let h be a fixed signal. The linear transformation 7" defined by
Tx =hxx, forallsignals x,

is called a finite impulse response filter (FIR filter). If we take x = §g (the unit impulse at 0), then

T50 Zhn— 50 h[ ]

by definition of dg. Thus h is uniquely determined by 7" and is called the impulse response function
of the filter. Since h has finite support, it follows that 7'x also has finite support for every signal
x. Write H(z) for the z-transform of h. Then the z-transform of T'x is H(z)X (z) by Theorem
4.1.5. Thus the action of the filter on the z-transform is to multiply by the function H (z). Parseval’s
relation (4.1) gives

x| = / )21 X ()2 duw. (4.14)

This shows, for example, that if |H (e!“)| = 1 for 0 < w < 2m, then ||Tx||?> = ||x||? (thus T is
energy-preserving in this case).

Example 4.3.1. The transformation SP, where S is the shift operator and p is an integer, is a FIR
filter, with h = ¢,,:

(0p * x) 25 x[n — k] = x[n — p] = (SPx)[n] (4.15)
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The z-transform of &, is z~P. Since [e!?*| = 1 for 0 < w < 27, we have ||§, * x||? = ||x]|* by
(4.14); this is obvious (without z-transforms) in this case since

16, x[[> =) |x[n —p]I> = Y x[n]|* = [|x]*

If T' is any FIR filter with impulse response function h, then 7" is a linear combination of powers of
the shift operator:

7= hfp]s”

(this follows from (4.15) because h = - h[p]d,). Thus FIR filters are the linear transformations
of nonperiodic signals that are analogous to [N x N circulant matrices acting on N -periodic signals
(see Theorem 2.2.2). [ |

Two-channel Filter Banks

A two-channel analysis filter uses two FIR filters with impulse responses hg (low pass) and hy (high
pass) to transform the input signal x into

Tax = [ z(l] ] , whereyo=[2/]hg*x and y;=[21]hi*x. (4.16)

Since convolution and downsampling are linear processes, this gives a linear transformation T,
whose output is the pair of signals yg, y1:

[bot] — [21] — ¥

N
] — 2] — »n

Thus the entire signal first passes through each filter separately and then the two filtered signals are
downsampled (see Fig. 7.4 in Ripples). By contrast, in the lifting procedure the operations are in
the opposite order and there is a shift on one branch.

Since the z-transform of hg * x is Hy(z) X (z) and the z-transform of hy * x is H;(z) X (z), we
can use (4.9) to express the z-transforms of yg and y; as

Yo(z) = %{Ho(zm)X(zl/?)+H0(_z1/2)X(_z1/2)}7
Yi(z) = %{Hl(zl/2)X(z1/2)_|_H1(_Z1/2)X(_z1/2)}'

Define the analysis modulation matrix

4.17)
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(the entries in this matrix are Laurent polynomials). Then the formulas for Yp(z) and Y (z) can be
combined into a single vector-matrix equation

Yo(2) | _ X(2'7?)
2 l Y(ll(z) ] = H,,(z/?) l X ] : (4.18)

The term modulation is used to describe the matrix H,,,(z) because replacing z by —z corresponds
to a half band frequency modulation (shift in frequency) w — w + 7 when z = e'“. The entries
Hy(—z) and H;(—z) in the second column of H,,(z) are frequency modulations by 7 of the entries
in the first column.

A two-channel synthesis filter uses two FIR filters with impulse responses gg (low pass) and g
(high pass) to transform a pair of input signals yg, y1 into

%= T, [ 4 ] — o+ (o) + &1+ (FT]w1) .19)

Since upsampling and convolution are linear processes, this gives a linear transformation Ts whose
output we have denoted as X:

vo — [21] — 5]
N

Tsi —))fz
/

yi — [21] —[e]

Thus each signal is first upsampled and then filtered (see Fig. 7.4 in Ripples). By contrast, for the
polyphase synthesis transform the operations are in the opposite order and there is a shift in one
branch.

Since the z-transform of yo is Yo(2?) and the z-transform of y1 is Y1(2?), it follows
that the z-transform of X is

X(2) = Go(2)Yo(2%) + Gi(2)Y1 (57).

If we apply the analysis transform T, to a signal x and then apply the synthesis transform T
to Tax, we obtain a signal X. We want to express the z-transform X (z) of the output in terms of
the z-transform X (z) of the input. We have just calculated that

X(z) = Go(2)Yo(z%) +Gi(2),
X(=2) = Go(-2)Yo(z*) + Gi(—2)Y1(2?)

(since (—2)? = 22). We can write this pair of equations in matrix form as

X N Yo(22)
20 a1 |

where

(4.20)
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is called the synthesis modulation matrix. Notice that the entries Go(—z) and G1(—z) in the second
row of G,,,(z) are frequency modulations by 7 of the entries in the first row.
From (4.18) we know that

vo(:2) | _ X(2)
2 l vi(-2) ] = Hn(2) l X(-2) ] |

Hence the z-transforms of the input x and output X of a two-channel analysis-synthesis filter bank

are related by _
2[ X(2) ] = G (2)Hp(2) ?E"’_)z) ] . @.21)

We say that the filter bank has the perfect reconstruction (PR) property if x = X for all signals x.

Theorem 4.3.2. The perfect reconstruction property holds if and only if the modulation matrices
satisfy G, (2)Hy, (2) = 21. In this case H,,,(2) G, (2) = 21.

Proof. Suppose Gy, (z)H,,(z) = 2I. Then it follows from (4.21) that PR holds. Also, since
G, (2) = 2H,,(2) 7! (as a 2 x 2 matrix), we also have H,,(2)G,,(z) = 21.
Conversely, if PR holds, take x = §p. Then X (z) = 1 and (4.21) implies that

1 1

2 l 1 ] = G (2)H(2) l 1 ] . (4.22)

Now take x = &;. Then X (2) = 2~! and (4.21) implies that
z71 ] B
2 l 1| = G (2)Hn(2) 1]

Multiply this equation by z to obtain

1] 1

2 1= G (2)Hp(2) 1 ] . (4.23)

Adding and subtracting equations (4.22) and (4.23), we find that

Gn(2)H,,(2) [ 0l = 2 [ (1) ] and G, (2)Hy,(2) [ (1) ] =2 [ (1) ]

Hence G,,(2)H,,,(z) = 2I. This shows that H,,(z) is an invertible matrix with inverse G, ().
Thus we also have H,,(2)G,,(z) = 21. [ |

To obtain the main result on PR filter banks, we need the following algebraic lemma:

Lemma 4.3.3. Suppose g(z) and h(z) are Laurent polynomials such that g(z)h(z) = ¢ (a nonzero
complex number). Then g(z) and h(z) are monomials.

Proof. We can write g(z) = ¢, 2™ + -+ - + ¢p2" , where m < n, ¢, # 0, and ¢,, # 0. Likewise
h(z) = dpzP + - - - + dy29 where p < ¢, d, # 0, and d,; # 0. The product is

g(2)h(2) = cmdpz™ P + -+ 4 cpd 2"

By assumption the right side of this equation is a constant c. Hence m+p =n+q¢ =0, m =n,
and p = q. Thus g(z) = ¢,2" and h(z) = d_, 2z~ ", where ¢, d_,, = c. [ |
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Theorem 4.3.4. Suppose hy and hy are FIR filters. These filters are the analysis part of a two-
channel FIR filter bank with perfect reconstruction if and only if the corresponding modulation
matrix H,,(z) satisfies

det H,,(2) = cz?**1 (¢ £ 0 a constant and k an integer). (4.24)

When (4.24) is satisfied then the synthesis filters go and g in the filter bank are uniquely determined
by the analysis filters:

2 2
—Hq(— d G = ———
am ) e A= g

where d(z) = det H,,,(2) = Ho(2)H1(—2) — Ho(—2)H1(2).

Go(z) = Ho(=2), (4.25)

Proof. Suppose that there exist FIR filters gy and g; so that the synthesis filter bank with these filters
and the analysis filter bank with filters hg and h; give perfect reconstruction. Then the modulation
matrices satisfy G, (z)H,,(z) = 21 by Theorem 4.3.2. Hence

det G, (2) det H,,,(2) = det(21) = 4.

Lemma 4.3.3 implies that d(z) = det H,,,(2) is a nonzero monomial. Since d(—z) = —d(z), it
must be a monomial of odd degree. Furthermore, G, (2) = 2H,,(2) !, so by Cramer’s rule
G(](Z) Gl(z) _ 2 Hl(—z) —H(](—Z) (4 26)
Go(=2) Gi(=2) | d(z) | —Hi(2)  Ho(2) '
Comparing entries in these matrices yields equations (4.25).
Conversely, if det H,,(z) is a monomial, then we can define Laurent polynomials G(z) and
G1(z) by (4.25). The synthesis modulation matrix is then given by (4.26) and the PR condition is
satisfied. |

Equations (4.25) show that the low pass synthesis filter gy is obtained from the high pass analysis
filter h; by the following operations:

e half-band frequency shift: when z = e'* then —z = e! @+ (recall that for discrete signals
the frequency range is 0 < w < 27);

e time shift: multiplication of z-transforms by z~(2*1) corresponds in the time domain to
applying the operator S —(2k+1),

e rescaling: multiplication by a constant.

The high pass synthesis filter g; is obtained from the low pass analysis filter hy in the same way.

Construction of PR Filter Banks

The terminology low pass and high pass for the filters in a filter bank describes their frequency
response. An ideal pair of filters hg (low pass) and h; (high pass) would have z-transforms that
satisfy

: 1 hen 0 < w < L, : 0 hen0 <w < L,
Hy(elwy =4 Wieno=w and Hy(elw)y={ U= 4.27)
0 whenL <w<m, 1 whenL <w <.
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where L is the crossover frequency (0 < L < m) between the two filters. (Note that the real-valued
filter h has a Fourier transform satisfying H(e~'%) = H(el¥); since the Fourier transform is
periodic of period 27 we only need to specify it in the range 0 < w < 7.) For such filters, the filtered
signal hg*x only has low frequencies (|w| < L), since its Fourier transform Hy(e'“) X (e'¢) is zero
when L < |w| < 7. Likewise, the filtered signal h; * x only has high frequencies (L < |w| < ).

However, the filters described by (4.27) have an infinite number of nonzero coefficients, since

L :
ho[n) 1 / KU sin(nL)
—L

2 nmw

and sin(nL) # 0 for infinitely many integers n (recall that 0 < L < ).
To obtain FIR filters we must allow some overlap between the low and high frequency bands;
the partial separation into high and low frequencies is made by requiring that

Hy(z) = (14 2)Pp(z) and Hi(z) = (1—2)%(z) (4.28)

for some positive integers p and ¢, where ¢(z) and v (z) are Laurent polynomials with ¢(—1) # 0
and ¢ (1) # 0. This ensures that Hy(z) vanishes at z = —1 (w = 7) to order p and H;(z) vanishes
at z = 1 (w = 0) to order q. A large value of p means that Hy(e!“) stays very close to zero when
w is near 7, while a large value of ¢ means that H;(e'*) stays very close to zero when w is near
0. Thus hg will be a low pass filter, and h; will be a high pass filter. We can describe this low
frequency/high frequency separation property in terms of the modulation matrix:

H,,(1) is a diagonal matrix <= Hyp(—1) =0and H;(1) =0

To obtain a two-channel PR filter bank, the Laurent polynomials ¢(z) and ¢ (z) must be chosen
so that (4.24) holds. Write

Q(2) = Ho(2)Hi(—2) = (1 + 2)" p(2)y(~2).

Then Q(z) — Q(—z) is twice the sum of the odd-degree terms in ()(z); thus the PR condition (4.24)
is the same as

Q(z) contains exactly one term of odd degree. (4.29)

Example 4.3.5. Take p(z) = ¢(2) =landp =¢ = 1. Then Hy(z) =1+ zand Hi(z) =1 — z;
thus Q(2) = (1+2)? = 1+ 22+ 22 in this case. Hence condition (4.29) is satisfied, and hg, h; are
the analysis filters for a PR filter bank. Up to a normalizing factor, this is the Haar transform (see
Example 4.5.2). Graphs of | Hy(e'*)| and | H;(e!%)| are shown in Ripples, Fig. 7.5. [ |

Example 4.3.6. Take ©(z) = ¢(z) = 1 and p+ ¢ > 2. In this case
Q2) =L+ 2P 1 =1+ (p+q)z+ -+ (p+q)PTI7 + 2P0
If p + ¢ is even, then (p + ¢)2P*9~! has odd degree, whereas if p + ¢ is odd, then 2P has odd

degree. So when p + g > 2 the polynomial Q(z) has two or more terms of odd degree. Hence
condition (4.29) is not satisfied, and hg, h; cannot be the analysis filters for a PR filter bank. |
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Example 4.3.7. We modify Example 4.3.6 by taking p(z) = 1 + bz + c2%, ¢(2) = 1, and p = 2,
q = 2, where b and c are real parameters to be determined. Then Hy(z) = (1 + 2)2(1 + bz + c2?)
and Hy(z) = (1 — 2)?; thus

Q(2) =1+ 2)*(1+bz+cz?) = (1 + 42+ 622 +42° + 2 (1 + bz + ¢2?).
The terms of odd degree in Q)(z) are
(de+b)25 + (4 +6b+4c) 2> + (44 1)z

So if we take b = —4 and ¢ = 1, then condition (4.29) is satisfied, and hg, h; are the analysis filters
for a PR filter bank. We have

Ho(z) = (1421 —42+42%)=1-22-62% -2+ 2,
Hi(z) = (1-2)%=1-2z+2°

After applying normalizing factors and multiplying Hy(z) by z=2 (a time shift that preserves the
PR property), we obtain the analysis filters of the CDF(2,2) transform (see Example 4.5.3). Graphs
of |Ho(e!*)| and | Hy(e')| are shown in Ripples, Fig. 7.7. [

4.4 Constructing PR Filter Banks

To construct a two-channel FIR filter bank with the PR property, it suffices to specify two of the
four filters. In Section 4.3 we used the low-pass and high-pass analysis filters hg, h;, and expressed
the PR condition as (4.29). We can also express the PR condition in terms of the low-pass analysis
and synthesis filters, as follows:

Theorem 4.4.1. Suppose hy and gy are FIR filters. These filters are the low-pass part of a two-
channel FIR filter bank with perfect reconstruction if and only if Hy(—1) = 0, Go(—1) = 0, and

H(](Z)G(](Z) + H(](—Z)G(](—Z) = 2. (4.30)
Conversely, if condition (4.30) is satisfied, define FIR filters hy and g1 by
Hi(2) = 2Go(—2) and G1(z) = 27 Hy(—2). (4.31)

Then hy and g1 are high-pass filters, and the set of filters hy, hy (analysis) and g, g1 (synthesis)
give a PR filter bank.

Proof. The left side of (4.30) is the upper left entry in the matrix H,,(2)G,(z). If hg and g are
low-pass filters for a PR filter bank, then H,,(2) G, (z) = 21, and hence (4.30) holds. Conversely,
assume condition (4.30) holds and define H;(z) and G1(z) by (4.31). Then Hi(1) = Go(—1) =0
and G1(1) = Hp(—1) = 0, so hy and g; are high-pass FIR filters. We calculate

Ho(2)Hyi(—2) — Ho(—2)Hi1(2) = —2{Ho(2)Go(2) + Ho(—2)Go(—2)} = —2z.

Hence the filter bank has the PR property by Theorem 4.3.4. |



66 MATH 357 CLASS NOTES

Suppose that hy and go are FIR low-pass filters. Since Hp(—1) = 0 and Go(—1) = 0, we
can write Hy(z) = (14 2)Pp(z) and Go(z) = (1 + 2)%)(z), where p, ¢ are positive integers and
©(z), (=) are Laurent polynomials that do not vanish at z = —1. The PR condition (4.30) can be
expressed as

I+2)"f(z2)+ (1 —2)"f(—2) =2, (4.32)
where n = p + g and f(2) = ¢(2)¥(z) does not vanish at z = —1.

It will be useful to make a quadratic change of variable

y=—(—2z+2-2"1 = (-42)"1(1-2)? (4.33)

B~ =

(notice that y is unchanged when z is replaced by z~1). To understand the choice of this transfor-
mation, we observe that when z = e'“ then

B 1 " ey eiw/2_e—iw/2 2 L aw
y—Z(—e +2—e )—(2—Z) —SIDE
Thus 1 — y = cos? % The values z = 1 (w = 0) and 2 = —1 (w = ) correspond to y = 0 and
y = 1. Furthermore,
1
L—y=1(+2+27) =) (1+2)% (4.34)

Thus the replacement of z by —z (frequency modulation by 7) corresponds to replacing y by 1 — y.
We now prove the following key algebraic result:

Proposition 4.4.2 (Bezout’s Theorem). For every integern > 1 there is a unique polynomial B, (y)
of degree n — 1 that satisfies

Y"Bn(1—y)+ (1 —y)"Bn(y) = 1. (4.35)
It is given by
nin+1 n+k—1 2n—-1\ ,_
Bn(y)=1+ny+%y2+'“+< L )yk—l—"-—|—<n_1>y L 436

Furthermore, B, (y) > 0 for all y > 0.

Proof. The uniqueness is easy: If B(y) and B(y) are polynomials of degree n— 1 that satisfy (4.35),
then C(y) = B(y) — B(y) satisfies

y"C(1—y)+ (1 —-y)"Cly) =0.

Hence C(y) = —y" {(1 —y) "C(1 — y)} vanishes to order n at y = 0. Since C(y) is a polynomial
of degree n — 1, this order of vanishing is only possible if C'(y) = 0.

The formula for B, (y) (assuming existence) uses a similar argument: Multiply equation (4.35)
by (1 — y)~" and regroup the terms:

(1-y)™" —Bu(y) =y"D(y)
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where D(y) = (1 — y) "B, (1 — y). This equation shows that

(%)kmy) - (%)k 1y

fork =0,1,...,n — 1. Hence the right side of (4.36) is the Taylor polynomial of B,,(y) of degree
n — 1 around y = 0. But B,,(y), having degree n — 1, is equal to this Taylor polynomial. Since
all the binomial coefficients in this polynomial are positive and the constant term is 1, we see from
(4.36) that B, (y) > 0 for all y > 0. We shall prove the existence of B,,(y) at the end of this section.
|

=nn+1)---(n+k—1)

y=0

We now apply Bezout’s Theorem to construct the CDF(p,q) family of wavelet transforms, where
p and q are positive integers and p + ¢ = 2n is even. Using (4.33) and (4.34), we write the Bezout
equation (4.35) in terms of z as

(1+2)"(42) "By <#> + (1 2)2"(—42)""B, <Z+24i> — 1.

Thus if we define
2
Hy(z) = 2£p(1 + 2)P 4.37)
V2 _ —z+2—z71
G(](Z) = 2_(](1 + Z)qZ (p+q)/2B(p+q)/2 f (438)

then the low-pass filters hy and g satisfy the conditions of Theorem 4.4.1 (the factors of V2 are
needed to change the right side of the Bezout equation from 1 to 2). Taking the high-pass filters to
have 2 transforms H1(z) = 2Go(—z) and G1(2) = 2~ Hy(—2), as in (4.31), we obtain the filters
for the CDF(p,q) transform (see Example 4.5.3 for the CDF(2,2) filters). The parameters (p, q)
give the orders of vanishing of Hy(z) and Go(z) at z = —1.

Remark. Both factors of 1/2 can be put on one of the CDF low-pass filters; when this is done all
the filter coefficients become rational numbers with denominators that are powers of 2 (bit shifts),
since the polynomial B,,(y) has integer coefficients.

Example 4.4.3 (CDF(3,1) Transform). Take p = 3 and ¢ = 1 in (4.37). Then (p + ¢)/2 = 2 and
By(y) =1+ 2y. Since —z + 2 — 271 = —271(2 — 1)%, we have

—z+4+2—271 1
B2 <Z—|_—z> =1- 52«'—1(2«'— 1)2 =

1 {—z—|—4—z_1}.

1
2

Thus the low-pass filters have z transforms

Hy(z) = g(z—l—l)g:g{g—l—?@z—l—ﬁiz—l—l}
Go(z) = g(z+1)z_2{—z+4—z_1}:g{—l—l—?.z_l—l—?.z_z—z_g}.
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The high-pass filters have z transforms

Hi(2) = zGO(—Z):Q{—z—ii—I—ZSz_l—i—z_z}

4
Gi(z) = 2z 'Hy(-2) = g{ — 22 4+32-3+271)

Thus the filters all have length four and are the following linear combinations of unit impulses:

V2

hy = (5_3 +30_0+36_1+ 50) h; = ( —d0_1— 30+ 361 + 52)

gy = (—50—|—351—|—352—53) g1 = (_5—2‘1’35—1_350"1'51)

“e
SRR

Completion of proof of Bezout’s Theorem. To prove the existence of B, (y) we only have to find
polynomials c¢(y) and d(y) of degree at most n — 1 that satisfy

c(y)y" +d(y)(1—y)" =1. (4.39)

Once we have such polynomials, then B(y) = (c(1 — y) + d(y)) has degree at most n — 1 and
will satisfy (4.35).
The existence of ¢(y) and d(y) follows from the Euclidean division algorithm for polynomials.

It is convenient to express this algorithm in terms of upper triangular and lower triangular matrices
n

Y
(I—y)"
We illustrate the method with the case n = 2. First we choose a unit lower trangular matrix
(prediction step) to reduce the degree of the second component of the vector:

et =[]

Next, we use a unit upper-triangular matrix (update step), chosen to reduce the degree of the first

component:
1 3y vl | g
0 1 || 1-2 122y |-

We repeat with a unit lower-triangular matrix (prediction step) chosen to lower the degree of the

second component:
10 %y _ %y
4 1 1—2y 1|

We stop at this point, since the second component of the vector is now a constant. Combining these
transformations, we have

L L)

applied to the column vector
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Write the product of the prediction and update matrices as

L L ]
4 1 0 1 -1 1 cly) d(y) |’

where the entries a(y), b(y), ¢(y), d(y) are polynomials of degree at most 1. Since

a(y) b(y) v _ | v
cly) dy) || A=y? | [ 1 |
it follows that ¢(y)y? + d(y)(1 — y)? = 1, as needed. Notice that we only need the existence of
the polynomials ¢(y) and d(y) and the fact that they are of degree n — 1 = 1, but not any explicit
formula for them.
The general case follows the same pattern. Let f(y) and ¢g(y) be polynomials of degrees m and

n. If m > n, there is a polynomial h(y) of degree m — n so that f(y) — g(y)h(y) has degree less
than m — n (this is the Euclidean division algorithm). We can express this in matrix form as

1 OHQ(y)]:[ 9(y) ]
=h(y) 1 || f(y) fy) —gyhy) |

If m < n, we divide g(y) by f(y) and use a unit upper triangular matrix to replace the component

g(y) by g(y) — f(y)h(y). Starting with g(y) = y™ and f(y) = (1 — y)", we repeat this process
until we have transformed one component of the vector into a constant. Multiplying all the unit

upper/lower triangular matrices, we obtain a 2 x 2 matrix with determinant 1 and entries that are
polynomials of degree at most n, such that

a(y) b(y) y" _ | e
cly) dly) || A—y)" a |’

where « is a constant and ¢(y) is a polynomial of degree at least one. (We multiply by the rotation

1 0 if necessary to ensure that « is the second component.) By Cramer’s rule,

dly) —b(y) || »() | _ y" '

—c(y)  aly) a (1—-y)"
Hence the polynomial d(y) has degree at most n — 1, since d(y)p(y) — ab(y) = y™ and b(y) has
degree at most n. Furthermore, we have the relation ¢(y)y" +d(y)(1—y)"™ = «, and hence ¢(y) also
has degree at most n — 1. The constant o cannot be zero: as we showed in the proof of uniqueness,

that would force d(y) = 0 (since the degree of d(y) is at most n — 1), and hence ¢(y) = 0. But then
the matrix

matrix [

would have determinant zero, which is a contradiction. Thus we can divide ¢(y) and d(y) by « to
obtain relation (4.39). |
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4.5 Comparison of Lifting and Filter Banks

A one-scale wavelet analysis transform can be implemented in two ways:

Lifting: The signal x is split by downsampling into xo = [2 | |x and x; = S~1x. Then lifting

steps (predictions, updates, and a normalization) are applied to [ io ] to give an output [ zo ] .
1 1

The z-transform of the output is

Yo(z) Xo(2) 1 X (212) + X (—21/2)
[ Yfl](z) ] = Hp(Z) [ X(l](z) ] = §Hp(z) [ Z1/2X(Z1/2) —Z1/2X(—z1/2) ] )

is the polyphase analysis matrix. Replacing z by 22 in these
Hiolz) Hu(2) polyp y p gz by

Yo(2%) 1 o | 11 X(2)
=-H
[ Y1 (22) 2 p(=) z —z X(—2)
Two-channel Filter Bank: First the signal x is filtered by hy and by h;. Then the two filtered
yo | _ (ho *x)
y1 (hy *xx)

Yo(e) | _ 1] Ho(sY)X(212) + Ho(—212)X (—21/2)
YVi(z) |~ 2| Hi(z2YH)X(2Y?) + Hi(—2'/2) X (—21/?)

where H,,(z) = [ Hyo(z) Hoi(2) ]

equations, we get

(4.40)

signals are downsampled to give the output [ ] . The z-transform of the

output is

Replacing z by 22 in this equation, we get the relation

l QE?; ] = %Hm(z) l )?((_Zz)) ] , 4.41)

where H,,(z) is the modulation analysis matrix.

Theorem 4.5.1. Let H,(z) be the polyphase matrix for a one-scale wavelet analysis transform
obtained by the lifting procedure. Define

H,,(z) = Hy(z%) l Lo ] . (4.42)

Then H,,(z) is the analysis modulation matrix for a two-channel filter bank with perfect recon-
struction. The analysis filters for this filter bank have z-transforms

Ho(z) = Hoo(2?) + 2Ho1(2%) and Hy(z) = Hyo(2?) + zHy1(2?). (4.43)
The synthesis filters have z-transforms

Go(2) = —(e2) " {Hio(z?) = zHu()}  and  Gi(2) = (c2)™ { Hoo(2?) — 2Hor ()}
(4.44)
where ¢ = det H,(2?) is a nonzero real constant.
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Proof. By definition

H (Z _ HOO(Zz) + ZH(]l(Zz) H(](](Zz) — ZH(]l(Zz)
m ng(zz) + ZH11(Z2) ng(zz) — ZH11(Z2)

This is the analysis modulation matrix for the filters defined by equations (4.43). Its determinant is
—2z det H,(z). But a polyphase matrix obtained by the lifting procedure is the product of upper and
lower triangular matrices of determinant 1 and a diagonal normalization matrix whose determinant
is a nonzero constant c. Now apply Theorem 4.3.4. |

Example 4.5.2 (Haar Transform). The (unnormalized) polyphase matrix of the Haar transform is

H,(z) =1 [ 1 _1 ] . Hence the modulation matrix is

111 1 1 1 1
Hm(z):§l1 —1][73 —z]:§

(1+ 2) and Hy(z) = 3(1 — 2). These are the z-transforms of the filters hy =
h; = %(50 — 0_1) that take averages and differences of adjacent signal values.
= —1/2, equations (4.25) give

1+2z 1—=z2
1—-2z 1+z

Thus Hy(z) = 3
(60 + 6_1) and
Since det H,(2)

Go(z) =2:""Hy(—2)=1+2"" and Gi(2) = —22""Hy(—2)=1-2"".
These are the z-transforms of the filters gg = dg + 1 and g1 = dy — 61. |
Example 4.5.3 (CDF(2,2) Transform). The polyphase matrix of the CDF(2,2) transform is

V2 l (—2+6—271) (242271 ]

Hy(2) =51 Zato 4

(see Example 4.2.3). Hence the modulation matrix is

V2 (2246-272) (2427 |11

Hin(2) = 8 [ —(2 +22?%) 4 ] [ z —z
V2 (2242246422 —272) (2222462271 —272)
8 (=222 + 42 — 2) (=222 — 42 —2) '

Thus the analysis filters have z-transforms Hy(z) = @(—z2 +224+6+22"1—272)and Hy(2) =
3@(—2732 + 4z — 2). These are the z-transforms of the filters
V2 V2

hy = ?(—5_2 +25_1 + 659 + 201 — (52) and h; = ?(—25_2 +40_1 — 2(50).

From the factored form of H,,(z) in Example 4.2.3 we see that det H,(z) = 1. Hence equations
(4.25) give

Go(z) = —2z71Hi(—2)= g@z +442271)  and
Gi(z) = z7'Hy(—2) = Q(—z — 246271 —2272 - 273).

8
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These are the z-transforms of the filters

V2

2
g0 = ?(25_1 + 469 + 251) and g = %(—5_1 — 209 + 667 — 209 — 53)
|

The converse to Theorem 4.5.1 is also true: Given a two-channel filter bank with perfect re-
construction, we define the analysis polyphase matrix by (4.42). The PR condition that d(z) =
det H,,(z) be a nonzero monomial allows us to reduce to the case of a matrix with determinant
1. Then H,(2) can be factored into a product of a diagonal matrix diag[c c~!] (for some constant
¢ # 0) and upper-triangular or lower-triangular matrices with 1 in the diagonal positions and zero
or a Laurent polynomial in the off-diagonal positions. Each of the factors corresponds to a lifting
step (prediction, update, or normalization).

Factoring the polyphase matrix is carried out by the familiar elementary row operation steps
(Gaussian elimination), but using arithmetic with Laurent polynomials instead of complex numbers,
as we already did in Section 4.4 for the proof of Proposition 4.4.2 (Bezout’s Theorem). There is a
significant complication: in carrying out row reduction of a matrix with real (or complex) entries,
we can divide a row by any nonzero element in the matrix. However, when the matrix has entries
that are Laurent polynomials, we can only divide by matrix elements that are pure monomials cz™
with ¢ # 0 (by Lemma 4.3.3 these are the only invertible Laurent polynomials). In other words, if
we define the degree of a nonzero Laurent polynomial

f(z) =apz’ +---+a2z? (wherep < ¢, ap, # 0, and a, # 0)

to be deg(f) = ¢ — p, then 1/f(z) is a Laurent polynomial if and only if deg(f) = 0. The way
around this complication is to use the Euclidean division algorithm with remainder for Laurent
polynomials: when deg(f) > deg(g) > 0, then we can write f(z) = g(z)h(z) + r(z), where
h(z) and r(z) are Laurent polynomials and deg(r) < deg(g). Repeated application of this division
algorithm allows us to reduce the degree of the remainder to zero, and then division by the remainder
is possible.

We illustrate the process with the following example (see Chapter 12 of Ripples for more details
and examples).

Example 4.5.4 (Factoring a Polyphase Matrix). Consider the filter bank with filters

1 1 1 3 1
Ho(z) = =22+ 24+ - =—(2+1)? and Hy(z)=-"+ 2"+

1—2
2 2 2 42 47

z

These filters satisfy the lowpass/highpass conditions Hy(—1) = 0 and H;(1) = 0. Furthermore,

3 3 1 _
Hy(z)Hi(—2) = —gzz —Z- T g? 2

has exactly one term of odd degree, so the PR condition is satisfied. By (4.43) we calculate that
polyphase matrix for this filter bank is

32+ 1) 1 ] _ [ Hoo(z) Hoi(z) ] ‘
(_% _|_%z—1) %z_l Hyo(z) Hii(z)
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The modulation matrix has determinant Hy(z)H;(—z) — Ho(—z)H1(z) = —2z, and the polyphase
matrix has determinant 1.

To factor this polyphase matrix, we use the row-reduction method (Gaussian elimination), as
implemented by elementary matrices.

We begin by dividing H1(z) by Hoo(z) (with remainder). This is done by a unit lower trian-
gular matrix multiplication:

1 0 (Az+1) 1 (z+1) 1
S0 1 (=3 +171) 3271 B 271 2,71 |

In the new matrix the element in the lower left position is now invertible (as a Laurent polynomial),
so we divide it into Hy(z). This is done by an unit upper triangular matrix multiplication:

B E .

0 1 21 2,71 -1 9yl

Now both entries in the first column of the resulting matrix are invertible (as Laurent polynomials),
so we can make the lower left entry zero by another unit lower triangular matrix multiplication, just
as we would for a matrix of real numbers:

1 0 T (—z+1)
—2271 1 271 2271

Finally, we factor this upper triangular matrix as a diagonal matrix times a unit upper triangular

matrix:
3 (—z+1) Loll1 (—22+2)
0 2 0 2 0 1

Thus the polyphase matrix factors as

) 1 0 1 1,2 1 0 %0 1 (—22+2)
o] L

Here we have moved the unit upper/lower triangular matrices to the right side of (4.45) using the

relations
[1 f(z)]_lzll —f(z)] and [ 1 0]_1:[ 1 0]
0 1 0 1 f(z) 1 —f(z) 1

(where f(z) is any Laurent polynomial). Finally, we can move the diagonal matrix D = diag[1, 2]
in the factorization (4.45) to the left using the relations

D_1[1 f(z)]Dzll 4f(z)] and D_ll 1 O]D:[11 0]
f 1 '

B 3 (—z+1)
_lo 2

[\

N[

(4.45)

0 1 0 1 (2) 1 f(z) 1

This gives the final factorization of the polyphase matrix:

e 1 071 222 101 (2242
o= [ L

= DPRUPU;.




74 MATH 357 CLASS NOTES

This factorization means that the filter bank can be implemented as follows. The signal x is splitinto
Xeven|[n] = x[2n] and x,q4[n] = x[2n + 1]. Then the pair of signals Xeyen and X,qq are transformed
into the trend s and detail d by the following lifting steps:

(First Update) U : s(l)[n] = Xeven|N| + 2Xodd[n] — 2Xoda[n + 1]
(First Prediction) P;: dM[n] = %S(l)[n — 1] 4 Xodd[7]
(Second Update) Us: sP[n] = sM[n] +2dV[n + 2]

(Second Prediction) P, : d® [n] = —%s@) [n—1]+ d(l)[n]
(Normalization) D : s[n] = %S(z) [n], d[n] = 2d®[n]

(recall that the shift operator (Sy)[n] = y[n — 1] corresponds to multiplication by z~1). [

4.6 Trend-Detail Decomposition for PR Filter Banks

Assume we have a two-channel FIR filter bank with perfect reconstruction (PR). Let hy (lowpass)
and h; (highpass) be the analysis filters and let gy and g; be the corresponding synthesis filters.
(Recall that the PR property implies that the synthesis filters are uniquely determined by the analysis
filters.)

The analysis part of the filter bank takes an input signal x and passes it through the filters hg
and h;. Then the two filtered signals are downsampled to give the output

[
yi | (hl*x) '

The synthesis part of the filter bank takes the pair of signals y and y1, upsamples each of them,
passes yo and y1 through the synthesis filters, and then adds the result to give the output

X =go* ([21]yo0) + &1 * ([21]y1)

The signal processing, which is usually a nonlinear operation (such as setting small values to zero),
occurs between the analysis and synthesis stages, and an input x produces an output x:

[hoe] = [21] — — [21] — [&07]
/ Signal AN

X Processing — X
Steps

N\
] 1) — — [

When the signal processing is absent, then X = x and the PR property can be stated in the time
domain as

x:go*((ho*x))—i—gl*((hl*x)):xs—l—xd (4.46)

trend detail
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for all signals x. Here the trend part x; contains the low-frequency information in the signal,
whereas the detail part x4 carries the high-frequency information. The analogous formula for peri-
odic signals is (3.18).

Since convolution can be viewed as forming a moving average, formula (4.46) expresses x as
a linear combination of shifts of the synthesis filters gy and g;. To make this precise, we need a
formula for the linear transformations x — x, and x — x,.

If h is a FIR filter we write h for the time-reversed filter:

hlk] = h[—k] fork € Z.

Then the z-transform of h is H(z7'). Note that if z = ¢!* then z~! = ¢~ %, so time reversal
corresponds to frequency reversal. Recall that the inner product of signals x and y is

(x,y) =Y x[k] y[k]

k

Lemma 4.6.1. Suppose h and g are FIR filters. Then for every signal x

g * ((h*x)) = Z<Sszl, x) §%"g (4.47)

m
Here S is the right-shift operator and the coefficients (S*™h, x) are zero for |m| sufficiently large.

Proof. Recall that the linear transformation (downsampling followed by upsampling)
projects a signal y onto its even part:

|} ylk] ifkiseven
[21][24]y[K = { 0 if kis odd.
Hence

g+ ([21][21](h*x))[n] = > g(n—2m)(h*x)[2m]

m

= {3 hi2m — K)x[K] }(5*"g)
m k

= Y (57", x) ($*"g)[n],

m

which proves (4.47). Since x is a signal and h is a FIR filter, there is an integer N so that x[k] = 0
and h[k] = 0 for |k| > N. Hence

($*™h, x) = > h[2m — k]x[k].
|k|<N

Now take |m| > N and |k| < N. Then |2m — k| > 2|m| — |k| > 2N — N = N, and so
h[2m — k] = 0. Thus h[2m — k]x[k] = 0 and hence {S?"*h, x) = 0. [ |
Applying Lemma 4.6.1 to equation (4.46) we obtain the generalization to nonperiodic signals

of the trend/detail decomposition for periodic signals (equations (3.19) and (3.20)) that was proved
in Section 3.4:
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Theorem 4.6.2. For the one-scale PR wavelet transform defined by the FIR analysis filters hg, hy
and synthesis filters g, g1, the trend (low-frequency) component of a signal X is

xs = Y _{(5*"hy, x) $*"'g (4.48)

and the detail (high-frequency) component of the signal X is

=) ($*"hy, x) S*"gy. (4.49)

m

Every signal x has a decomposition x = Xz + X.

Example 4.6.3 (CDF(2,2) Transform). For the CDF(2,2) transform, the filters are

ho = ~— (—0_2+20_1 + 680 + 26 — d2) hy =~ (—20_5 +45_1 — 20p)

go = (201 + 430 + 201) g1 = (—0-1— 280 + 68 — 262 — d3)

el
SERIE

(see Example 4.5.3). The normalization factors v/2/8 can be combined to give a single normal-
ization of 1/32 (binary shift) in the analysis filters, for example. Then all arithmetic on a rational
signal becomes rational.

As an example of the expansion in Theorem 4.6.2, take x = dg. Then

(§%™hy, 6g) = S?™hg[0] = h[—2m] = h[2m].

Thus the trend component of g is

> (S*™hy, do) S*Mge = Y ho[2m] S*"gy =

ﬁ {—5_280 + 6go — Szgo}

1

16( 0_3 —20_9 +56_ 1—1—1250—1—551—252—53)

Likewise, the detail component of dy is

- 1
;wzmhl,ém SPmgy = Z hy [2m] $*"g; = ™

0_3+20_9—56_ 1—1—450—551-1—252—1—53)

{—25_22%1 - 2g1}

16(

It is clear that these two components add to dp. The sum of the trend entries is 1, while the detail
component oscillates and the sum of its entries is 0 (see Figure 4.1, where we have drawn the
piecewise linear graphs that interpolate the values of the trend and detail at integer times). |

We now describe the trend-detail decomposition in Theorem 4.6.2 from the point of view of
linear algebra, generalizing the case of periodic signals treated in Section 3.4.

Theorem 4.6.4. For a PR filter bank, the set of all even-shifted filters {S*™gy, S*"g, : m,n € Z}
is linearly independent. Hence the decomposition of a signal x into a trend x4 in equation (4.48)
and a detail x4 in equation (4.49) is unique.
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=a —= o =2 a —a —2 o 2 a

Figure 4.1: Trend and Detail for CDF(2,2) Decomposition of §g

Proof. Suppose some finite linear combination of the even-shifted filters adds up to zero:
Z Cmszmgo + Z dnSQ"gl =0.
m n
Taking the z-transform of the left side of this equation, we obtain the relation

©(2)Go(2) +1(2)Gi(2) =0,

where ¢(z) = 3, cmz 2™ and ¥(z) = 3, d,z~2". Since the Laurent polynomials ¢ and ¢ only
have even powers of z, they satisfy ¢(z) = ¢(—z) and ¢/(z) = ¥ (—z). Hence we get another linear
relation

©(2)Go(—2) +¢¥(2)G1(—=2) = 0.

These two relations can be written in matrix-vector form as

G (2) [ 2’28 ] = [ 8 ] , (4.50)

where G, (z) is the synthesis modulation matrix for the filter bank. From the PR property we know
that G, (z) is an invertible matrix. Hence the only solution to equation (4.50) is ¢(2) = 0, ¢(z) =
0. This means that all the coefficents c,,, = 0 and d,, = 0, which proves linear independence. |

Corollary 4.6.5. The shifted synthesis filters satisfy the biorthogonality relations

(S%™hg, S*go) = S (§%mhy, $%"gy) =0 4.51)
(§%mh, $%"g;) =0 (S?™hy, S*g1) = Sn (4.52)

for all integers m,n (where 6,,,, = 1 and 6, , = 0 for m # n).
Proof. By Theorem 4.6.2 the signal x = 52"gg has a trend-detail decomposition

5%"gy =Y (S*"hg, S*"go) S go + Y _ (S¥"hy, S7go) 57 "gs.

m



78 MATH 357 CLASS NOTES

But by Theorem 4.6.4 we know that this decomposition is unique. Hence all the coefficents on the
right side of this equation must be zero, except for the coefficient of S?"gg, which must be one.
This gives the biorthogonality relations (4.51). Now take the signal x = S$?"g; and apply the same
argument to get the the biorthogonality relations (4.52). |

Example 4.6.6 (CDF(2,2) Transform). For the CDF(2,2) transform in Example 4.6.3,

hy = ( —0_9+20_1+ 60y + 261 — 52)7 fll = ( — 200 + 461 — 252)’

g0 =

%%
I

(20_1 + 480 + 261), g1 = (=81 — 280+ 661 — 262 — J3)

The biorthogonality relations (4.51) and (4.51) can be checked directly (with some tedious calcula-
tions) using the orthogonality of the unit impulses. For example, (S?™hy, go) = 0if |m| > 2 since
the supports of S2"h and g are disjoint in this case. When there is overlapping of supports, then
cancellation produces biorthogonality:

(ho,go) = 31—2(2-2—1—4-6—1—2-2):1, <si2f10,g0>:31—2((—1)-4+2-2):0,
(hrg) = 55((-2) (-2)+4:6+(-2)- (-2) =1

(hog1) = o5((=2) (-1)+2:6+6:(~2)+2- (-1)) =0,

(higo) = ((-2)-4+4-2)=0

4.7 Orthogonal Filter Banks

Assume we have a two-channel FIR filter bank with perfect reconstruction. Let hy and h; be
analysis filters and let g and g; be the synthesis filters.

Definition 4.7.1. The filter bank is orthogonal if gy = flo and g1 = h; (the synthesis filters are the
time-reversed analysis filters).

The term orthogonal is justified by Corollary 4.6.5, since the biorthogonality relations now become
orthogonality relations:

(S*"go, S*"g0) = S (S*"gy, S*'go) =0 (4.53)

(S, 5¥"g1) =0 (S*Mg1, S*"g1) = dmn (4.54)
In this case the one-scale wavelet decomposition is x = x4 + x4 with trend x; and detail x4 given
by

xs = > (S*"gy, x)S*™gy and xq= > (S*"gy, x)S*"g;.

meZ meZ

Thus the set of vectors {S?™gg, S?"g; : m,n € Z} is an orthonormal basis for the vector space of
signals. The trend component of the signal is orthogonal to the detail component, and the wavelet
transform is energy-preserving:

[el? = [l P+ [1xal > = D [(5*™go, x)°+ D [(5*"g1, x)[°
meZ meZ
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by Parseval’s relation for an orthonormal basis.

Theorem 4.7.2. A two-channel filter bank is orthogonal if and only if the analysis modulation
matrix H,,(z) satisfies
H,,(2)H,,(z )T = 2I. (4.55)

Proof. The definition (4.7.1) of orthogonality can be stated in terms of z transforms as
G(](Z) = H(](Z_l) and Gl(z) = Hl(z_l).

This means that the synthesis and analysis modulation matrices satisfy G,,,(z) = H,,(2~!)T. By
Theorem 4.3.2 the PR property is equivalent to H,,(2)G,,(z) = 2I. Hence the filter bank is
orthogonal if and only if (4.55) holds. |

When z = e'“ with w real, then z~! = e~!“ = Z (complex conjugate). Since the Laurent

polynomials Hy(z) and H;(z) have real coefficients, it follows that
Hy(e™'%) = Hp(elw) and Hi(e™'¥) = Hy(elw).

Thus H,,(z~H7T = H,,(2) " when z = ¢“. So condition (4.55) for an orthogonal filter bank
implies that the matrix (1/v/2)H,,(e!%) is unitary for all real w. (The converse is also true and
easy to prove.)

Example 4.7.3 (Haar). For the Haar wavelet transform, the normalized analysis modulation matrix
is
142 1—-2

Hon(2) l—2z 14z

1
V2
(see Example 4.5.2). In this case

b
H,(z1) =7

and we calculate that H,,(2)H,, (2~ )T = 2I. Thus the normalized Haar transform is orthogonal.
|

14271 1—271
1—21 14271 |

We now can prove that a two-channel FIR orthogonal filter bank is determined by the low pass
analysis filter (which must satisfy a single quadratic relation) and the time shift between the low
pass and high pass channel:

Theorem 4.7.4. Let hy be a FIR filter with Hy(—1) = 0.

(1) If hg is the low pass analysis filter for an orthogonal PR filter bank then its z-transform
satisfies
Hy(2)Ho(z™1) 4+ Ho(—2)Ho(—271) = 2. (4.56)

(2) Conversely, if condition (4.56) is satisfied, let L = 2k + 1 be an odd integer and let hy be the
FIR filter with z-transform
Hi(z) = 2l Hy(—271). (4.57)
Define gy = hg and g1 = hy. Then the two-channel FIR filter bank with analysis filters hy,
h, and synthesis filters g, g1 has the perfect reconstruction property and is orthogonal.
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Proof. For any filter bank with the PR property, the synthesis modulation matrix satisfies G, (z) =
2H,,,(z) L. If the filter bank is orthogonal, then (4.55) implies that

Gn(z) =H,,(z"HT.

Comparing matrix entries on each side of this equation, we see that Go(z) = Hy(z~!). Thus
equation (4.30 in Theorem 4.4.1 becomes equation (4.56), proving part (1).
For the converse, we take Go(z) = Ho(z7') and d(z) = —2z in Theorem 4.4.1; this gives

Hi(z) = 2XGo(—2) = Y Hoy(—z7Y) and Gi(2) = 2 L Hy(—2) = Hi(z7Y)

The synthesis modulation matrix is thus G, (z) = H,,(27!)", so the filter bank is orthogonal, by
Theorem 4.7.2. |

Construction of Orthogonal Filter Banks

Recall that if h is a nonzero signal, then the length of h is n — m + 1, where m is the smallest
integer such that h[m| # 0, and h[n] is the largest integer such that hin]| # 0.

Lemma 4.7.5. Let hy be a FIR lowpass filter (Hy(—1) = 0). If Hy(z) satisfies (4.56) then hy has
even length.

Proof. Since Hy(—1) = 0, the length of hy must be greater than one. Write Hy(z) = a2z~ ™ +
oo+ apz” ", where a,, # 0, a, # 0, and m < n. Then

HO(z)HO(z_l) = amanz” " 4+ amanzn—m’
(—1)_m+"H0(—z)H0(—z_1) = Amap2" "+t aman2” ",

where the omitted terms on the right are linear combinations of z” withm —n <p <n —m. If
m—n were even, then (—1)""~" = 1 and adding these equations could not produce a constant. This
would violate equation (4.56). Hence m — n must be odd, and so m — n + 1, which is the length of
hg, must be even. |

Suppose hy is a low pass filter such that Hy(z) satisfies (4.56) and is not a monomial. Then hg
has even length 2K > 2. If Hy(2) satisfies (4.56) then so does 27Hy(z) and z?Hy(2~1) for any
integer ¢ (multiplying by 27 gives a time shift). Both of these filters vanish at z = —1 and hence are
low pass. So we may assume that

Hy(z) = ho[0] + ho[1] 271 4+ - - - + hy[2K — 1] 272K+ (4.58)

with hg[0] # 0 and hg[2K — 1] # 0. Set P(z) = Hy(2)Ho(27!) (the power spectral response
function for the filter). Since the filter hy is real, its z-transform satisfies Hy(z) = H(z). Hence

P(e'®) = Ho(e'“)Hy(e™ ') = |Ho(e'*)|".
Thus P(z) satisfies the following conditions:

symmetry: P(z) = P(z7!) and P(2) = cz7 265+ ... 4 22K~ with ¢ # 0.
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positivity: P(e'“) > 0for0 < w < 7.
half-band: P(z) + P(—z) = 2 (the only even term in P(z) is the constant term 2).
low pass: P(—1) = 0.

We already know how to construct a Laurent polynomial that satisfies these four conditions: Let
Brk (y) be the Bezout polynomial (4.36) of degree K — 1. Since the binomial coefficients in Bx (y)
are all positive, we have Bi (y) > 0 for all y > 0. Now set

1
yzz(—z+2—z_l)

(see equation (4.33)). When z = ¢!% theny = sin® % > 0. Thus the Laurent polynomial

—z—|—2—z_1>

1 (4.59)

P = 20— ) 1) = 200+ 2% (42) e
(which we used to construct the CDF(p,q) filters in Section 4.4) satisfies the symmetry condition,
the positivity condition, and the low pass condition. The half-band condition (4.56) follows from
the Bezout equation (4.39); note that we have multiplied By (y) by 2.

The second step is to factor P(z) = Ho(z)Ho(z~!). The symmetry and positivity conditions
ensure that this can always be done, theoretically (the positivity condition implies that the roots z
with |z| = 1 have even multiplicity, whereas by the symmetry condition every root z with |z| # 1
is paired with the root z~! outside the unit circle). However obtaining the factorization involves
finding all complex roots of P(z); this is a difficult numerical calculation when K is large since the
roots can occur in clusters.

After we have found Hy(z), then we obtain the high pass filter by (4.57):

Hi(z) = 2" Ho(—27"),

where L can be any odd integer. Suppose Hy(z) is given by (4.58). If we choose L = —2K + 1,
then

Hi(z) = —hg[2K — 1]+ ho[2K — 2] 271 — - — ho[1]2 72572 4 h[0] 27251 (4.60)

Thus h; is obtained from hg by reversing the nonzero coefficients and inserting alternating +. For
example, if hg = adg + bd1 + cda + dds has length four, then

h, = —ddg + cd1 — bds + ads 4.61)

Example 4.7.6 (Haar). Take K = 1in (4.59). Since B;(y) = 1, we get

P(z) = 514+ 2P = S0+ 2)(1+27)
Thus P(z) = Ho(z)Ho(z~1), where
Ho(z) = %(1 +2)

is the low pass filter for the normalized Haar transform. |
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Example 4.7.7 (Daub4). Take K = 2 in (4.59). Then

—z+4+2—271 1
B2 <Z—|_—z> =1- 52«'—1(2«'— 1)2 =

1 {—z—|—4—z_1},

1
2
as in Example 4.4.3. Thus

1
= E(z—l— 242 D2 (—z 44271,

P(z)
The second step is to factor P(z). Let
Hyo(z) = (z4+2+ 27 YH (a2 + B2) = a2 + 2a + )22 + (o + 26)z + 5.
Then H) satisfies the low-pass condition Hy(—1) = 0. If we choose the coefficients « and 3 so that
16(az® + B2) (B2 +az?) = —24+4— 27!
then we will have the factorization Hy(z)Ho(z71) = P(z). Since
(az? 4+ B2)(fz  +az?) = afz+a® + 2+ afz,

we obtain the pair of quadratic equations a? + 32 = 1/4 and a8 = —1/16 for a and 3 (the four
points of intersection of a circle with the two branches of a hyperbola). It is easy to check that the

pair
L=V ﬁ—1+\/§
42T 42

satisfies both equations.! Then 2a+ 3 = (3 — v/3)/(4v/2) and a + 28 = (3 +1/3)/(4v/2). Hence

4V2Hy(2) = d23 + c2* 4+ bz + a,

wherea =1+ V3,b=34+v3,¢c=3—+3,andd = 1 — /3. Now use equation (3.11) for the
polyphase matrix of the Daub4 transform:

1 (a+ cz) (b+dz)
Hy(2) = 4/2 [ —(b+dz7Y) (a+czh) ]

(recall that the shift operator S becomes multiplication by z~* on z-transforms). Hence by Theorem

4.5.1 the modulation matrix for the Daub4 analysis transform is
H,(:) — 1 (a+cz?)  (b+d2?) 11
" o422 | —(b+dz?) (atcz?) z —z

1| (dP+ePtbzta)  x
42 | (az—b+cz7t —dz7?) «

'By symmetry the other points of intersection are (—cv, —3), (3, @), and (=3, —cv).
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(where the second column is the modulation of the first column). Thus H(z) is the z-transform of
the Daub4 low pass filter:

1
hy = m(dé_g +cd_o+bo_1 + (150)

of length 4 (Ripples, equation 7.76). The high pass filter is obtained by reversing the coefficients,
alternating the signs, and shifting, as in (4.61):

h; = (a6_1 — bdg + ¢cd1 — d52)

1
4v/2

4.8 Exercises
1. Let x and y be the signals that are the following linear combinations of unit impulses:

x =30_1 + 269 — 561 + 409, y = 79y + 601

(a) Express x2| and (x2] )21 as linear combinations of unit impulses.
(b) Calculate the z-transforms X(z) and Y (z).
(c) Use the result of (b) to calculate the z-transform of the signal w = x x y.

(d) Let yper,4a be the periodic extension of y of period 4. Use your calculation in (b) to
evaluate the discrete Fourier transform (DFT) ¥ per 4[k] for k =0, 1, 2, 3.
2. Consider the lazy wavelet transform in Section 4.2.

(a) Find the analysis and synthesis filters, the modulation matrix, and the polyphase matrix
for this transform.

(b) Do the filters for this transform satisfy the low pass and high pass conditions?

3. Let the FIR filters hg and h; have z-transforms
Ho(z) =(142)(1+az) and Hi(z)=(1-2)(1+bz),

where a and b are constants. (Notice that @ = 0 and b = 0 give the filters for the Haar
transform).

(a) Find all values of a and b so that det H,, (z) is a nonzero monomial, where H,, (z) is the

modulation matrix for these filters.

(b) With Hy(z) determined as in part (a), find the FIR synthesis filters g and g that go with
hg and h; to give a two-channel PR filter bank.
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Let the FIR filters hy and h; have z-transforms

Ho(z) = (1+2)® and Hi(z) = (1 —2)(1+ bz +c2?).
(a) Find the values of the constants b and ¢ so that det H,,,(z) is a nonzero monomial, where

H,,,(z) is the modulation matrix for these filters.

(b) With H;(z) determined as in part (a), find the synthesis filters gy and g; that go with hy
and h; to give a two-channel PR filter bank.

271 —5 0 1

. Factor [ L3 ] = [ Lo ] [ L g(z) ] with f(z), g(z) Laurent polynomials.

flz) 1

Consider a two-channel filter bank having FIR analysis filters hg (lowpass) and h; (highpass)
with z-transforms Hy(z) and H;(z). Suppose the polyphase matrix H,(z) for the analysis

filter bank is H,,(z) = fjgzz g .

(a) Find Hy(z) and Hi(z) and show that the lowpass/highpass conditions Hy(—1) = 0 and
H,(1) = 0 are satisfied.

(b) Show that the condition for PR satisfied and find the synthesis filters g and g; .

. Consider a two-channel filter bank having FIR analysis filters hy (lowpass) and h; (highpass)

with z-transforms Hy(z) and H;(z). Suppose the polyphase matrix H,(z) for the analysis

filter bank is H,(z) = 1 i . 21__;2

(a) Find Hy(z) and H;(z) and determine whether the lowpass/highpass conditions Hy(—1) =
0 and H;(1) = 0 are satisfied.

(b) Is the condition for PR satisfied by these filters?

. (a) Find the z-transforms of the low-pass filters for the CDF(3,1) transform (see Section 4.4).

(b) Find the polyphase matrix for the CDF(3,1) transform.

(c) Show that the formulas on page 24 of Ripples give a factorization of the polyphase matrix
in part (a) into lifting steps.

Let x = §;. Follow the method of Example 4.6.6 to find the decomposition of x into a trend
s and detail d for the CDF(2,2) transform. (Notice that s and d are not obtained by shifting
the trend/detail vectors for dj.)

Let x = §p. Follow the method of Example 4.6.6 to find the decomposition of x into a trend
s and detail d for the CDF(3,1) transform (see Example 4.4.3 for the filters).



