Subject Index

A

adjoint group 490, 497
adjoint representation 25, 54
differential of 54
irreducibility of 105
of subgroup 54
affine algebraic set 612
affine ring of 612
ascending chain property 621
dimension 621
graph of regular map 627
group structure on 484
incontractible decomposition of
irreducible 617
irreducible components 618
principal open subset 615
products of 616
rational function 622
reducible 617
regular functions on 612
regular map 615
smooth point 630
Zariski-closed subset 615
algebra
automorphism group of 46
conjugation on 324
derivation of 630
real form of 324
algebra of invariants 227
finite generation of 227
algebraic quotient 516
algebraic torus 39
centralizer 526
generator of 71
maximal 72
maximally 8 anisotropic 571

618

rank 39
rank of 70

o-split 541,543
0 anisotropic 571
alternating group 219

alternating tensors

anti-symmetric ~ see skew-symmetric

653

anticommutator 260

antipode 192
associative algebra
as Lie algebra

Lie bracket on

skew-commutative tensor product

tensor product
atlas 675

176

45
associated graded algebra
filtration on 661

gradationon 662
invertible elements in
668

665

real analytic 30

B

basic invariants 227

degrees of 228
basis

B-symplectic 7
B-isotropic 646
pseudo-orthonormal

bialgebra 191
Bianchi operator
bilinear form 3

453

isometry group of 3

nondegenerate

positive definite
signature of 5
skew-symmetric

3

4

6

45

5,8

662

667

709
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binary form 234

Borel fixed-point theorem 524
Borel subalgebra 122
opposite 158

Borel subgroup 524
conjugacy 524
eigenfunctions 553

open orbit 552

braid group 466

subgroup of pure braids 466
braid relations 461
branching law 364

box removal rule 366
multiplicity-free 364
open Borel orbit 556
branching multiplicity formula 371
branching pattern

n-fold 366

shape of 366

Brauer algebra

generators for 434
relations in 432

Brauer diagram 428
concatenation of 432
normalized 429

r-bar 428

Burnside’s theorem 182

C

canonical anticommutation relations 260
canonical commutation relations 278
Capelli identity 293, 300
Capelli theorem (abstract) 204
Cartan integers 100, 107, 121
Cartan matrix 100, 121
Cartan subalgebra 115
conjugacy of 122
regular element 122
Casimir operator 166, 173, 348
eigenfunctions of 348
on invariant functions 348
Cayley parameters 83
Cayley transform 46
central function 211
centralizer algebra 426
character 187
additive 215
fixed-point formula for 218
formal 344
of induced representation 217
rational 70
character formula
for commuting algebra 339

Subject Index

symmetric group 391
Weyl 331
C*” manifold 678
covering of 678
differential form on 683
open submanifold of 678
orientable 683
product of 678
submanifold of 682
tangent space 680
vector field on 682
classical group 11
automorphism 508
compact form of 65
conjugations on 65
connectedness of 82
involution 508
Lie algebraof 26
rank of 76
real forms of 65
reductivity of 169
unipotent generation of 79
classical Lie algebras 17
isomorphisms of 107
triangular decompositions of 104
Clebsch—-Gordan formula 339
Clifford algebra 302
associated graded algebra 310
basis for 307, 309
conjugationon 317
main antiautomorphism on 317
main involution on 303
matrix model for 307
real form of 325
simplicity of 307, 309
Clifford group 323
coassociativity 191
commutant 184
compact torus 355
complete contraction 248, 250
complete reducibility
representations of SL(2,C) 89
completely reducible representation
tensor product of 494
complex conjugation 63,324
relative to compact real form 354
comultiplication 191
conjugacy class
in symmetric group 212
regular semisimple element 529
conjugation action 49
O-twisted 506
contraction operator 429
convolution of functions 176



Subject Index

coroot 97,106,117,118

coroot lattice 361

counit 191

covariant 546
defined by highest weight vector 547
of k arguments 551

curvature tensor 311,452
decomposition under orthogonal group

458
first Bianchi identity 452
Ricci 456
Riemann—Christoffel 453
scalar 456

space of 453
Weyl conformal 457
cycle decomposition 222
cyclic vector 148

D

derivation
of algebra 40
derived series 519
determinantal ideal 559
alternating 562
symmetric 561
determinantal variety 559
alternating 562
irreducibility 565
symmetric 560
diagonal map 179
Dirac operator 311
division algebra 9
dominant index 229
dominant integral weight 141
dominant map 626
differential criterion 632
dominant term 229
double commutant theorem 184
double interlacing condition 365, 382
doubly transitive action 219
dual orthogonality relations 213
dual reductive pair 399
dual representation 51
highest weight 158
duality correspondence 196
in Weyl algebra 279
on harmonic tensors 436
Schur-Weyl and GL,-GL; 406
duality theorem 196
Dynkin diagram 100
connected subgraph of 107

E

elementary matrix 31
elementary skew-symmetric function
Engel’s theorem 114,493
Euler operator

on exterior algebra 260
expansion operator 429
exponetial map 28
exterior algebra 666

universal mapping property 666
exterior product 259
extreme k-tensor 451
extreme vector 148

F

Ferrers diagram 366
depth 366
skew 418

FFT (first fundamental theorem) 238
tensor version 246

filtration degree 280

fixed points 217

flag manifolds 503
full flags 504
isotropic flags 504

flip operator 461

Fourier transform
for finite group 207
inversion formula 209
of central function 213
of irreducible character 213
on finite field 215

free group 466

Frobenius reciprocity 216, 548

fundamental weights 134
classical Lie algebras 140
in terms of simple roots 146

G

Gauss decomposition 540
real form 542

Gelfand—Cetlin basis 368

graded lexicographic order 229

Grassmann manifold 502
Pliicker coordinates on
quadric 503

group algebra 176

503,519

H

half-spin representation 316

711

359
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harmonic extreme k-tensors 437
harmonic polynomial 230, 236, 287
harmonic skew tensor 271
harmonic tensors 435

decomposition under orthogonal group

442, 447

decomposition under symplectic group

441

height of root 100, 121
Heisenberg group 223
Hermite reciprocity 189
Hermitian form 8

positive definite 8

quaternionic 10

signature of 8
Hermitian inner product 172
highest root 100
highest vector variety 564
Hilbert basis theorem 612
Hilbert Nullstellensatz 613
Hilbert series 228, 236, 661, 668
homomorphism

differential of 30
Hopf algebra 179, 192
Howe duality 281

I
ideal
ascending chain condition 612
finitely generated 612
graded 662
homogeneous 597
prime 617

insertion operator 461
integral element (over subring) 619
interior product 259
interlacing condition (for weights) 364
intertwining operator 177
invariant bilinear form 53
on classical Lie algebra 97
invariant measure 172
invariant polynomial
on M, (C) 255
invariant subspace 177
involution 354
involutory automorphism 36
irreducible representation
Cartan product of 273
highest weight of dual 161
lowest weight 158
lowest-weight vector 158
orthogonal 159, 162
symplectic 159, 162

Subject Index

isotropic subspace 646
isotropic vector 646
isotypic subspace 184,546

J

Jacobi identity 668

Jacobson density theorem 181

jeude taquin 423

Jones polynomial 474

Jordan decomposition 644, 645
in algebraic group 58
nilpotent component 60
semisimple component 60
unipotent component 60

K

Killing form 112
Kostka coefficients 368,419

L

L-R skew tableau 419
lattice 92
Levi-Civita connection 452
Lie algebra 668
Cartan subalgebra 115
Cartan’s criterion for solvability 110
classical 17
derived algebra 109
general linear 14
graded 123
nilpotent 114
nilpotent elements of 60
of algebraic torus 42
of linear algebraic group 41
of orthogonal group 72
of symplectic group 72
quaternionic general 16
quaternionic special 16
quaternionic unitary 16
reductive 138
semisimple 106, 112
semisimple elements of 60
simple 105, 111
solvable 109
special linear 14
symplectic 15
toral subalgebra 115,571
universal enveloping algebra 177, 669
Lie group 687
exponential map 689
homogeneous space 692



Subject Index

homomorphism of 688
inner automorphism 690
invariant measure 693
left-invariant vector field 688
Lie algebra of 689
Lie subgroup 688
modular function 694
product 688
simply connected 322
unimodular 694
volume form on homogeneous space 696
Lie—Kolchin theorem 520
linear algebraic group 35,479
algebraic action of 500
as Lie group 44
Borel subgroup 524
character group 500
commutator subgroup 519,520
complex conjugationon 63
connected 81,480,481, 496
covering homomorphism 321
defined over R 62
Gauss decomposition 540
homogeneous space 501
image under homomorphism 482
involutive automorphism 506
irreducible components 480
isomorphism of 38
orbit 500
parabolic subgroup 531
product of 38
quotient by normal subgroup 489
R-rational points of 62
real form of 64
reductive 163,495
semisimple elementin 60
semisimple elements 490
simply connected 321
subgroup 481
unipotent 493
unipotent element in 60
unipotent generation 496
unipotent radical 494
linear transformation
matrix of 2
trace of 14
Littlewood—Richardson
coefficients 402, 551
rule 418,420,422
local ring 638

M

manifold

713

c* 678

real analytic 30
map

c* 679

rational 623
real analytic 30
Markov move
type I (conjugation) 467
type II (adjunction) 468
Maschke’s theorem 166
matrix
Cholesky decomposition 655
elementary 176
Gauss decomposition 654
principal minors of 654
semisimple 644
skew Cholsky decomposition 658
unipotent 645
maximal abelian subspace 567
maximal algebraic torus
conjugacy of 75
in classical group 73
normalizer of 128
maximal compact torus
conjugacy of 358
in classical group 356
normalizer of 527
minimal central idempotent
in group algebra of &, 416
mixed tensors 650
module
composition series 187
for associative algebra 177
homomorphism 177
Jordan—-Holder series 187
semisimplification of 188
multiplicity-free G-space 546

N

Nakayama’s lemma 600
nilpotent matrix 56

Noether normalization lemma 620
Noetherian ring 612

nullcone 564

(0]

one-parameter subgroup 22
opposite unipotent group 549
oriented braids 466
oriented link 467
orthogonal group 4

generated by reflections 316
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indefinite 4
orthogonal Lie algebra

embedding into Clifford algebra 313
outer multiplicity 333

P

p-vector 501
decomposable 501
isotropic 272
partition 389
dominance order 390
dual 392
G-admissible 438
hook 406
labeling irreducible representations 407
lexicographic order 390
of integer 212
parts of 222
partition function 371
B; root system 372
partition of unity 679
permutation
cycle length 212
matrix 129
Pfaffian 656
irreducibility of 659
principal 297
Pieri’s rule 403, 420
Pin group 318
Plancherel formula 210
Poincaré-Birkhoff—Witt theorem 670
polarization identity 651
positive roots 99, 119
in terms of simple roots 106
indecomposable 119
positive Weyl chamber 136
projective algebraic set 635
cone over 635
products of 637
projective linear group 490
projective space 635
homogeneous coordinates 635
inhomogeneous coordinates 636

Q

g-binomial coefficient 189
quadratic form
discriminant 517
quasiprojective algebraic set 636
closed diagonal 637,639
local ring 639
products of 637

regular map 639
smooth 641

smooth point 641

quaternions 9

as real Clifford algebra
general linear group 10

vector space over
R

reciprocity law
for S, 390

9

Frobenius 216, 548

Hermite 189
seesaw 401
reductive group

polar decomposition

regular element 346
semisimple 347,529

regular function 36
invariant 346

on principal open set 61

regular map 38

differential of 629

regular weight 141
representation
character of 187

completely reducible

conjugation action

49

contragredient 51,178

defining 51
degree 51,182, 1
differential of 49
direct sum 52
dual 51,178
equivalent 48,17
faithful 177
fundamental 268

99

7

generating function 550

group 47
half-spin 314

Subject Index

327

537

7

108, 163, 169, 182

highest-weight 148, 149

induced 216,548
intertwining map
invariant subspace

48
48

irreducible 48, 177

isotypic decomposi
left multiplication

tion
206

locally regular 48, 546
matrix coefficients of 47
multiplicative group C*
multiplicity in tensor product 334
multiplicity of irreducible

multiplicity-free

546

546

57

186



Subject Index

of additive group C 57
of associative algebra 177
of smallest dimension 340
outer tensor product 197
permutation 218
primary decomposition 186
quotient 48
reducible 48
regular 47
restricted 216
skew-symmetric powers of 179
spectrum of 186
spherical 553
spin 314
symmetric powers of 179
tensor product 52, 178
representative function 48, 208
resolution of the identity 58,212, 644
restricted roots 567
Ricci contraction 455
root 93
root lattice 138, 139
root order 137, 148
root reflection 132,134
generation of Weyl group by 133
root space 93
commutation relations 96
decomposition 93
root string 98, 107
length of 98
root system 93
dominant roots 161
P-extreme element 155
@-saturated set 155
index of connection 146
of classical Lie algebra 99
simply laced 145
root vector 93

S

Satake diagram 575
Schur duality 200
Schur orthogonality relations 208, 360
Schur’s lemma 180, 208
Schur—Weyl duality 202, 389
seesaw pair 400
semidirect product of groups 130
semisimple Lie algebra
Borel subalgebra 121
Cartan’s criterion 112
completely reducible 169
elementary automorphism 122
Weyl basis 354

715

Weyl group 134
semisimple Lie group
compact form 354
SFT (second fundamental theorem) 242, 557
general linear group 559
orthogonal group 561
symplectic group 563
shape
transposed 392
simple roots 99
conjugacy under Weyl group 147
decomposable 121
indecomposable 121
skew Schur function 423
skew-commutativity 667
skew-Hermitian form
isometry group of 11
quaternionic 11
solvable group 519
space of spinors 303
special linear group 3
special orthogonal groups
indefinite 6
spectrum
of representation 338
spherical harmonics 287, 565
spherical representations
classical groups 587
spherical subgroup 552
spin group 318
compact real form of 326
Lie algebra of 320
low-rank isomorphisms 322,327
maximal torus in 320
real forms of 326
spin representation 316
standard coordinates 31
strictly dominant monomial 395
strongly regular 529
substitution principle 20
symmetric algebra 663
universal mapping property 664
symmetric group 200
branching rule 404
character table 396, 398
dimension of irreducible module 391
Frobenius character formula 395
hook representation 406
hook-length formula 393
representation on k-tensors 200
standard representation 219, 220
symmetric polynomial
elementary 228
power sum 235,395
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symmetric space indefinite quaternionic 10
rank 571 of Hermitian form 8
symmetric tensor 651 special 7
T special indefinite 8
tableau 407 v
column group 408 Vandermonde determinant 71,76
column skew symmetrizer 409 Vandermonde matrix 71
row group 408 vector field 630
row symmetrizer 408 left invariant 33,41
row word 419 regular 40
semistandard 367,419 vector space
semistandard skew 418 real form of 323
shape 407 volume form 684
size 407
standard 414 w
standard basis for G* 414
Young symmetrizer 411 weight 148
tangent space 40, 628 singular 359
tangent vector 40, 628 weight lattice 138, 139
Taylor’s formula 56 of classical group 92
TDS triple 84,90 weight multiplicity 333
associated to root 96 Freudenthal recurrence formula 353
in classical Lie algebra 97 Kostant’s formula 372
tensor algebra 663 weight space 85, 138, 148
universal mapping property 663 stability property 388
tensor contraction 650 Weyl algebra 278
tensor product 647 Weyl character formula 331
universal mapping property 647 Weyl denominator formula 332, 343
theorem of the highest weight 150 Weyl dimension formula 336
0-admissible weight 574 Weyl function 330, 343
topological group 18 Weyl group 128, 526
automorphism 19 elementary skew-symmetric function 343
closed subgroup 18 fundamental domain 137
homomorphism 18 longest element of 133
inner automorphism 19 of classical group 129
isomorphism 18 orbits on weight lattice 143
Lie group structure on 29 skew-symmetric function 342
topological space symmetric function 342
C* n-atlason 675 symmetric space 591
C> structure on 677 Weyl integral formula 358
n-chart for 675 coordinate form of 361
transcendence basis 620 Weyl module 413
transcendence degree 620 orthogonal group 443, 449
translation maps 18 symplectic group 441
two-partition 250 Weyl symbol 280
U Y
uncertainty principle 214 Yang—Baxter equation 462
unimodal function 91
unipotent matrix 56 z

itari ick 172
unitarian tric 7 Zariski topology 615
unitary group 7 o

indefinite 7 on projective space 635
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