640:152: { 61,72783,9} Answers to version A of the First Exam 2/21/2009

Here are answers that would earn full credit. Other methods may also be valid.

1. A region R in the first quadrant of the plane is bounded by the y-axis, y = %azz, and
y=9-—2z.

a) Sketch R on the coordinate axes displayed to the right. Be sure to label the region R.
Answer Shown to the right.

b) The region R is revolved around the y-axis. Compute the volume of the resulting solid.

Answer Using shells, the volume is f03 21z (9 — 2z — 32°)dz = 2m fo 9z — 2z — Lol dr =

2r (2% — §m3 - Lot

|0 27 (232 — 2(32) — ;31). The next page has an alternate answer.
2. The graph of a function f(z) on the interval [1, 7] is shown below.

a) Write the Simpson’s Rule approximation for f1 z)dzr with n = 6 subintervals. No
arithmetic needs to be done, but all function evaluatlons should be performed (therefore an
expression like f(3) should not appear in the final answer). v
Answer Az is 1. The answer is 3(f(1) +4f(2) + 2f(3) + 4f(4) +2f(5) 5/ i my i
+4f(6) + f(7)) whichis £(2+4-4+2-54+4-2+2-1+4-0+1). /AR
b) Suppose that for all z in [1,7], |f"(z)| < 25 and |f*(z)| < 50. Find
a bound for the possible error of the approximation written in part a).
Again, the final answer need not be “simplified” arithmetically.

Answer The Simpson’s Rule error bound uses K. Since K4 = 50, N = 6,

s T LN
b=17,and a = 1, the error is at most 50Gr—1)” ! N /
| | | | | | X

180-64

3. Verify that [, 2252544 dz = Y In(2) - 4r.

Answer Use partial fractions.

2
SrShett Ay BetC Alz? +1>w+(g§jl+)c><w+l> implies that 522 — 3z +4 = A(z? + 1) + (Bz + O)(z + 1).

Then x = —1 gives A = % = 6. Considering the z2 coefficients shows that 5 = A+B so B = —1. Then the z
coefficients tell us that —3 = B+C and C = —2. Therefore we need to antidifferentiate i + i +12 The first
term is just 61n(z+1) and the second term is —3 In(z? + 1) — 2 arctan(z) (for [ — Py da: use the substitution
u = z? 4+ 1). Now the definite integral: 6In(z + 1) — 1 In(z® + 1) — 2arctan(z )|0 =6In(2) —iIn(2)—2-%

given by the £ = 1 terms. The z = 0 terms are all 0. This result equals the suggested answer.

Graph of y = f(z)

4. Compute [ (ln z)? dx.

Answer First we compute [(Inz)?dz using integration by parts. Here u = (Inz)? and dv = dz so that
du = 21nm( ) dz and v = z. Then wv — [ vdu becomes z(Inz)? — 2 [Inzdz. Now we compute [Inzdz
again using integration by parts with 4 = Inz and dv = dx so du = * zdz and v = z. The result, uv— Jvdu,is
zlnz— [1dz = zlnz—2z+C. Now put things together, but be careful about signs and 2’s. An antlderlvatlve

3
of (Inz)? is z(Inz)? — 2zxInz + 22. The value of the definite integral must be z(lnz)? —2zlnz + 2x|22 =
(e3(3%) — 2e3(3) + 2e3) — (€2(2%) — 2¢%(2) + 2€?). If you must “simplify” this, the result is 5e* — 2e”.

5. Compute ° _L_dz. Show in some way that the value of this integral is less than 2
1 34e

2.
Answer Try the substitution w = 3 + €. Then dw = €” dz so dx = 2% = 4% Now [ 7L dz becomes
I w(w 3y dw. Split up w(w 3y using partial fractions: m 44 B = % sol = A(w—3)+Buw.
Then w = 0 shows that A = —1 and w = 3 shows that B = 1. The antiderivative is —3 In(w) + 1 In(w —

3)+C = —%1n(3+ez)+ tIn(3 +e” —3)+C Now —%ln(3+er)+%ln(3+ez—3)|i =—:In(3+¢€) +

tIn(e®) — (-3 In(3+e') + $1In(e')) = 2 4+ 1 (In(3+¢e) —In(3 + €%)). Since In is increasing, what’s inside

the parentheses is negative, and the result is less than 3 Another explanation is that 3—— + - is positive and
less than i 3 always, and the interval has length 2, so the total integral will be less than 2 3

OVER



(13)
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6. Compute the average value of (sec ))3 tan(z) on the interval [0, Z]. Is the answer larger than 2?
Answer We compute fo (sec(z )) an(z) dz. First the antiderivative, usmg w = secx so dw = sec:z:tanx dx

etc.: [ (sec(x))3ta.n(a:) dz = [ (sec(z )2 (sec(z) tan(z)) dz = (sec( )) + C. The integralis § — 1 =1
since sec(0) = 1 and sec(%) = 2 If we divide by % the result is ; the average value. This is larger than 2
since 3.5 > 3.14159 ... . (The average value is ~ 2.228, fairly close to 2. Evidence is needed!)

7. Compute [ \/f—j? de.
Answer If z = sin6, 1 — 22 = cos§ and dz = cos0df so [ \/f”j?dx = [(sin@)?df = L [1— cos(260) db =
%(9 - s1n(20)) +C = (0 - 25"‘(9%7005(9)) + C = (6 — sin(8) cos(d)) + C = 3 (arcsin(z) — zv1 — 22) + C.

8. A pyramid, shown to the right, has a square base which has side length 100 feet. The
height of the pyramid is 200 feet. The density of the construction material is 300 lbs
per cubic foot. How much work must be done to raise the material from ground level
(the base of the pyramid) and build the pyramid?

Answer Measure distance, y, from the top of the pyramid. A
T slice which is dy thick must be lifted 200 — y feet. The volume,
y dv, is S%dy (square Cross- section) Analysis of similar triangles

shows that 1*50 = 200 so that § = % and dV = v Y- dy. The weight
200 of this slice is (300)% dy and it must be lifted 200 —y feet. So the
T == work to lift this slice is (23%) (200 — y)y? dy = (2%9) (200y% — y?) dy

200
200-y, ft-lbs. Then the total work is fzoo (299) (200y% —y*) dy = (2P (ﬁgﬁ - ?{1—4) .

3 which is

300) ( (200 200*
" (299) ((T) 200% — ) ft-1bs (unnecessary simplification: 100 ft-lbs, almost exciting).

Brief answers to other versions

1. In A the curve and line intersect at (3,3), and the integral for the volume is fo 2773:(9 2z — )d:c
For B the intersection is (2,4) and the 1ntegra1 is fo 2nz((8 — 2%) — 2z) dz. For C the 1ntersect10n is
(2,4) and the integral is f02 2nz((8 — 2z) — $2°) dz. For D the intersection is (3,6) and the integral is
f03 2rz((9 — §2°) — 2z) dz.

The volume can also be computed dy but this needs two integrals in all versions. For version A the volume

is fo (3y) dy + f3 ( ) dy. The dy and dx methods for A both result in the answer 2 37, although I

needed several attempts to get this agreement! Other “simplified” answers, if you must have them, are: 43077

for B, 2247r for C, and 17177 for D. You are specifically advised that such simplification is not required!

2. In A, Az is 1 (as it is in all versions). The approximation is %(2+4-4+2-5+4-2+2-1 +4-0+ 1)

and the error bound, KfégN‘i) , is 501(87(;614)5. For B, these are $(1+4-0+2-1+4-2+2-5+4-4+2) and
6%7&6125 , respectively. For C, theseare $(3+4-1+2-0+4-3+2-4+4-5+4) and 651(87(;6125 , respectively.
For D, these are 1 (4 +4-5+2-4+4-3+2- 0+4 1+ 3) and 55(7—1)° respectively.
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3. In A, the partial fraction decomposition is = +1 + 27 1

z+3
D it is —z+1+ 27T

4. The integrand is the same in all versions, and the evaluation is similar. A’s value is 5e* — 2¢?, B’s value
is 10e* — 5e3, C’s value is 10e* — 5e3, and D’s value is 5e® — 2¢2.

5. The antiderivative is similar in all versions as is the logic for the requested inequality. Where A’s answer
has —1 In(3+e” )+ In(3+e*—3)+C = —% In(3+e”)+ 1 In(e )+C B would have — In(5+€%)+1 In(e®) +C,
C would have —1 ln(5 +€®) + Ln(e®) + C and D would have —1 In(7 + €%) + 1 ln( *)+C,

6 and 7 are the same in all versions.

8. The answer for A is (220) ((@) 200° — 2°) fi-Ibs. The answer for B is (£59) ((249) 240° — 24°) fe-Ibs. The

answer for C is (29 ((150) 1503 — ) ft-Ibs. The answer for D is (29 ((%) 1803 — #) ft-1bs.



