OPTIMAL CONSTANT IN A NEW ESTIMATE FOR THE
DEGREE

By

HoAlI-MINH NGUYEN

Abstract. In this paper, we prove the estimate

1
|degg| < C // ————dxdy, VgeCEN,sP),
Jsn Jsno |z —y|2N
lg(z)—g(y)|>6

for everyé € (0,4x), whereC = C(N) is a positive constant depending only on
N and{y = /2 +2/(N +1). We show that the constady; in this estimate is
optimal. We also present a class of maps friéfhinto S¥, strictly larger than
C(SN,S™), onwhich we can define the notion of degree and for which teeipus
inequality still holds.

1 Introduction

In [3], the authors proved that

(1.1) |degg| < C / / _ dedy, YgeCSY,sY),
svJsv o —yPN
lg(z)—g(y)|>6

for eacho < § < v/2, whereC = C(§, N) is a positive constant depending only on
N andé.

Here|z| denotes Euclidean norm offor » ¢ RV+!,

Estimate (1.1) was initially suggested by J. Bourgain, HeZis, and
P. Mironescu in [1]. This was proved in [2] in the cade= 1 and{ suffi-
ciently small. It is natural to ask whether (1.1) holds foesw0 < 6 < 2. In this
paper, we show that (1.1) holds if and onlpik § < /2 +2/(N + 1); moreover,
the constan€ in this assertion can be chosen independentby of

More precisely, set

2
1.2 =4/24+—.
(1.2) b TNTI

Our main result is the following
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Theorem 1. There exists a positive constant C = C(N), depending only on
N, such that for every g € C(S¥,S%) and every § € (0, (x),

1
1.3 d <C ——— dz dy.
(1.3) |deg g| < /SN/SN g e
lg(z)—g(y)|>6

Furthermore, there exists a sequence {g; } ren C C(S¥,S¥) such that

(1.4) deggr =1, Vk>1,

and

(1.5) lim / / Ty drdy = 0.
k—oo SN JSN —

lgn (z)— gk(y)|>€N
The following corollary is a consequence of (1.3) (in fadtjsi equivalent
to (1.3)).

Corollary 1. There exists a positive constant C' = C'(N), depending only on
N, such that for every g € C(S¥,S%),

|degg| < C / / T dr dy.
sy Jsn -

lg(z)— g(y)|>€N

In fact, from (1.3), we have

ldeg g| < Cy // ————dady, Y0<6<ly
SN JSN

lg(x)— g(y)\>5

for some positive constartt = C(N) depending only onV. Thus, applying
Lebesgue’s dominated convergence theorem, one gets

|degg|<Chmmf / / —— v drdy=C / / v dr dy.
SN JsN - SN JgN -

lg(z)— g(y)|>5 lg(x)— g(y)\>€N

More generally, we show that if € LOO(SN, S™) satisfies

(1.6) / / Ty drdy < +00
sy JsN -

lg(x)— g(y)\>5

for some0 < § < ¢y, then we can define the degreeyadis in [5] and, moreover,
assertion (1.3) holds, i.e.,

(1.7) |degg| < C / / Ty drdy
SN

lg(z)— g(y)|>5
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for some positive constant = C(N).

The proof of assertion (1.3) develops the idea used in [3]prove it, we first
follow the strategy used in [3]. Then we establish a “geneedl' version of [3,
Lemma 2.1] (Lemma 6). We note that [3, Lemma 2.1] plays an imamb role in
the proof of (1.1) (see [3]) and that it only holds fé< /2. Lemma 6 can be
seen as a “continuous" version of Corollary 4 which is a cqosace of Lemma 5.
We use Corollary 3 in the proof of Lemma 5. Corollary 3 is a dirnsequence
of Lemma 3, dealing with a nice geometric propertyséf, and Caratbodory’s
theorem (see [6]).

The idea of the construction of the sequefigg.cn satisfying (1.4) and (1.5)
is to construct continuous maps (k € N), homotopic to the identity map, whose
images are more and more concentrated on thé4et1 <i < N + 2}, where
Ay, ..., Anio, Which lie onS?, are vertices of &V +2)-vertex regular polyhedron.

The plan of the paper is as follows.

Section 2 discusses a weak version of assertion (1.3) ofréhed. In this
section, we show that there exists a positive constaatC (N, §), depending only
on N andd, such that

(1.8) |degg| < C / / ————dxdy, VgeC(SYSY)
SN JSN

lg(z)— g(y)|>5

In Section 3, we construct a sequengg}ren C C(SY,SY) satisfying (1.4)
and (1.5).

In Section 4, we prove that the constan{-€C(N,¢)) in (1.8) can be chosen
independently of. This completes the proof of Theorem 1.

Finally, in Section 5, we show that if ¢ L>(S",S¥) satisfies (1.6) for some
0 < § < Ly, thendegg is well-defined in a manner similar to the one as in [5].
Inequality (1.7) is also proved in this section.

2 Proof of assertion (1.8)

2.1 A useful lemma. We begin this section with the following lemma,
whose consequence (Corollary 2) is useful in the proof &)(1.

Lemmal. Letg € L>=(SY,S¥), D beameasurablesubset of SV with |D| > 0,
and X : D — [0, +o0) bea measurablefunction. Assumethat there exists a constant
B> 1suchthat1/3 < A(s) < g for every s € D and

1 2 ETN
- Sﬂ(N +2) 2
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Then
(2.1) meas ({(¢,7) € D x D |g(€) — g(n)| > 6}) > C|D|?
for some C' = C(4, 3, N).

Henceforth|D| denotes the Lebesgue measuréadn S for anyD measurable
subset ofS V.

Proof. Set
2
a= 8/3(1\1/+2) [62 - (ZNQH) } )
2
51=W[€2 (“5%) }
2
e = woyy |G — (955) }
Then
(2.2) ][g(s)ds <a
D
and
(2.3) £ = 3%, = fa/2.

Let Qi,...,9,, be measurable subsets 8 such thatSV = Uf;lﬁi,
;N Q; =0 foreveryl <i# j <k, and diani€2;) < ¢,/2 for everyl <i < k;.
Set

(2.4) Dy =g Y QU)ND, V1<i<k.
Define
(2.5) J:{1<i<k1: |Di|>i|p|},
mi
where
2

Without loss of generality, we assume that {1,...,k} for somek < k.
Since{D;}*  is a partition ofD,

1 2o ds‘mz/ 9(6)ds + i Z/
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This implies

1 k
— s
X/

Thus, since ¢ J forall k < i < k; and|\(s)| < g for s € D, it follows from (2.2)
and (2.5) that

@2.7) ‘IDI Z/ 5)ds

For each, fix 4; € Q,. Then

(2.8) %i/p Ms)ds 4] <

1 k 1 k
‘Wz_;/p Me) (4 +‘ﬁ; | Als)gls)ds

Since dianiQ;) < e1/2 and 4, € Q;, it follows from (2.4) that A; — g(s)| < &, for
all s € D;. Thus, sinc¢)\(s)| < gforall s € D, we deduce from (2.7) and (2.8) that

< fp A(s)g(

o[y 3 [ e

=k+1

< a+ pki/m;.

s)ds A;| < (Be1 + o+ k1 /my)|D,

which shows that (smcke(s) >1/pforall s € D)

D
1 ) k b
Zc <(Ber+a+p 1/m1)23{;1 D)
where .
¢ = </Di)\(s)ds) /(;/DiA(S)CLS) :
Consequently,

< B(Ber + a+ Bk1/m1)
Ail < 1—k1/m1 '

On the other hand, sm@,eg 1/4andg > 1, it follows from (2.3) and (2.6) that

6(551+0¢+6k1/m1)_5+2£+£/2<5+25+5/2_4€
1—ki/my S 1-¢g/(28%) - 1-1/8 7

which yields
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Set .
A=A
=1
Then
1 In+6)\2
. < [ 2
(2.9) |A] < 4e ) 2 ( 5 )

By Caratteodory’s Theorem (see [6]), there exigts- J = {1,...,k} such that
cardl) < N +2 andA is a convex combination of4; : : € I}. We claim that
there exist, j € I such that

(2.10) A; — Aj| > (0 + tn)/2.
Without loss of generality, we assume that
I={1,...,N +2}.

Then take{d;}~+? such that; > 0 forall1 <i < N +2, ¥4, =1, and

N+2

A= Z d; A;.
=1

Itis possible to achieve this, sindes a convex combination g4, : 1 <i < N+2}.
For notational ease, assume as wellthat max{d; : i € I} and4, = (1,0,...,0).
Then since& N 1% d, = 1,

N+2

N +1
. > i <
(2.11) > s and Zd oo
Set
(2.12) vy=min{m (A;): 2<i< N+ 2},

wherer (.) denotes the first component of a pointifit!. Since|A| < 1/(N +2)
(see (2.9)) and, > 1/(N + 2) (see (2.11)), it follows from (2.12) that

(2.13) 7<0.

Thus, since

N+2 N+2

|7T1 |>Zdﬂ'1 >d1+’}/Zdu

1=2
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it follows from (2.9), (2.11) and (2.13) that
2 In+46 2
N 2
A simple computation yields

2
(2.14) y<l [e?v _ (eN;‘S)

1
A(N +2)

1 Nl
“N+2 Ny2"

1
N+1°

!

Takeig € {1,..., N + 2} such thatr; (A4;,) = v. Then
(2.15) A1 = AP = (1= + (1 -7") =2 - 2.

On the other hand, from (2.14) and the definitiort of(see (1.2)),

2 1 Iy +6\2 In +6\°
2oy >4 |2 — 2 (g2 —
L 2% ( 2 ) > Ix lﬁN ( > )

Thus
(2.16) 22y > (‘H;N)Q
Combining (2.15) and (2.16) yields

AL — A | > 5+2€N.

Sinceg > 1, it follows from the definition ot that
o (0
N 2

In—0
2 b
which shows that (sincg; € Q;, diam(2;) < e;/2 and|A; — A4;,| > &)

1

1 (In—0)(3n +0)
1S 6N+ 2)

~16(N +2) 4

Thus
e <

|z —yl > |A1 — Aj| — |2 — Ay — |y — Ajp |

S+
> 2N—81
> ‘”;N —€N2_‘5 =0, V(z,y) e x Q.

Therefore, from the construction ©f andD;,,,

meas ({(¢.7) € D x D |g(&) — g(n)| > 6}) > meas(D; x ;) > C|D[

373
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Remark 1. Estimate (2.10) can be seen as a perturbation of the resalhel
in Lemma 2. A sharper result is proved in Lemma 3.

The following consequence of Lemma 1 is used in the proof séd®n (1.8).

Corollary 2. Let g € L>(S",8V), 2 ¢ S¥,and r € (0,2). Assume that

2
£ atsyas g - (25)
B(z,r) 2

where B(z,r) = {y e SV : |y — x| <r}.
Then

1
< —_
= 8(N +2)

(217)  meas ({(€,n) € [Ble.r)? : |9(&) — g(n) > 6. | —n| > 7r}) > Or2V
for some positive constants C' = C(6, N) and 7 = 7(6, N).

Proof. Applying Lemma 1 withD = B(z,r) andg = 1, one gets
(2.18) meas ({(&,7) € [B(z,r)]* : [g(§) —g(n)| > 6}) > Cr*N,

whereC' = C(6,N) > 0.
It is easy to see that

(2.19) meas ({(¢,n) € [B(z,r)]*: € —n| < 7r}) < CytVr2N V7 >0.
Chooser such thaC 7" = C/2. Then it follows from (2.18) and (2.19) that

meas ({(&,n) € [B(z,r)]” : |g(&) — g()| > 6, [¢ —n| = 7r}) = (C/2)r*N. O

2.2 Proof of assertion (1.8).

Step 1. Proof of (1.3) whery € Lip(S¥,S™).

As in [3], consider the function : B — B, whereB = {X € R¥*! : [X| < 1},
defined by

(2.20) u(X) sz( } g(s)ds, whenxX #£0,

wherez = % r=2(1-|X]),and

u(0) = 72 gls)ds.

We recall thatB(z,r) = {y € SV : |y — x| < r}.
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For each: € SV, letp(z) be the length of the largest radial interval coming from

z € SV on which|u| > « (possiblyp(z) = 1), wherea = gy [62 (€N2+5)2}.
In [3], we proved that

dx

_Cc
oNHIB| Jsv p(x)N
plz)<1

(2.21) deg g| <

whereC = C(N) is a constant depending only én
Takez € SV such thap(z) < 1. Then

f g(s) ds
B(x,20(x))

Thus, by Corollary 2, there exists= 7(5, N) > 0 such that

= Q.

1
———dédn>1
€ —n2N a2
[B(z,2p(x))]?
lg(&)—g(m)| >0
[E=n|>Tp(z)

Here and below, the notatian< » means that there exists a constatgpending
only on N andé such thatz < ¢b. The notatiorn > b means thab < « and the
notationa ~ b means that < b andb < a.

Hence
1
(2.22) / ——dz < / // d€ dndzx.
sy p(x)N sv p(x |2N
p(x)<1 [B(z,2p(x
l9(&)— g(n)|>5
[€=n|>Tp(x)

On the other hand, using Fubini’s theorem, one gets

L e

[B(z,2p(x
1 / 1
ot — _dzdd.
/SN /SN [E=nPN  Jsv o pla)V

[9(§)— g(n)|>5
[€=n|>7p(z)
[9(§)—g(n)|>0 |[z—¢|<2p()
|z—n|<2p(x)

|€=nl=7p(x)

(2.23)

dédndx =

However, if |z — &] < 2p(z), |z —n| < 2p(z) and| — n] > 7p(x), thenjz — ¢] <
21§ —nl/mand|§ —n| < [z —&|+ |z —n| < 4p(z).
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Thus
1 1
(2.24) / dr < / dr < 1.
v p@)N sx  p@)N
|z—¢[<2p(x) |z—&[<2[€=n|/T
|z—n|<2p(z) [€—n|<4p(z)
[E=n|>Tp(z)

Combining (2.22), (2.23) and (2.24) yields

(2.25) /SN e /SN/SN |2N de dn.

p(z)<1 n)|>d

Therefore, (1.8) follows from (2.21) and (2.25).
Step 2. Proof of (1.8) wheny is only a continuous function fro®" to SV.
The proof is the same as that of Step 2 in [3, Theorem 1.1].

3 Construction of a sequence {g;},. satisfying
(1.4) and (1.5).

We first recall that there exists a regular polyhedépxn ., which hasnN + 2
vertices lying or§ ¥ and each of its edges has length equélte- /2 +2/(N + 1).
Let A;, Ao, ..., Any2 be the vertices of one of these polyhedrons. Set

N+2
F= U ih-faceA; - Ai_1Aip1 - Anya,
i=1
and
P:F -8V
X— —,
| X
where theit"'-face A, --- A;,_1A; 1 ---An.o iS, by definition, the set of all the
convex combinations of the points, ..., A;_1, Aix1, ..., Ayio. ThenP is a
one-to-one continuous mapping and its inverse mappingnsramus.
Set
D;=—A4;, V1<i<N+2,

and
Q; = {P(X) X € ith-faceAl .- 'AiflAiJrl .- ‘AN+2} .

Then
|D; —Dj| =tNn, V1<i#j<N+2
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and
(3.1) lt —Di| <V2, VzeQ, V1<i<N+2.

Moreover,

N+2
SN = Uz’:l £,
|09 =0,V1<i<N+2.

Hered(); denotes the boundary €f corresponding to the usual topology ®.
For eachr € 09, sety! = Po4% : [0,1] — Q;, whereX = P~1(z) and4i
is the line connectingd and P~!(D;), i.e.,4%(t) = (1 — )X + tP~Y(D;) for all
t €0,1].
Take
n=2N+1.

1 .
For each: > 1, setg;, = Tl and defingy, as follows:

(3.2) gk(v2() = 4 v ((t —er)/ef) ifex <t <ep+ef,
D; if€k+8z<t§1,

forall 2z € 99, forall1 <i < N +2. Theng, : SV — SV is a continuous mapping
and is homotopic to the identity:

Z:8N —sh
Thus
(3.3) deg gr = 1.
Set (for notational ease)

Qb ={7i(t) i 2 €0, e +e} <t <1},
OF = {7i(t) : 2 €0, e, <t <ep+ep}, VI<i<N+2.
QF = {7i(t) 2 €0, 0<t <},

1
// |z — y[2N de dy,

Qi XQi
lgk (@) =gk (y)|>€N

Step 1. Estimate of

fori1 <:< N +2.
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Sincegy(z) = D; for all z € O}, it follows from (3.1) that

k() — gr(y)| < V2, V(z,y) € QU x Q.

1
= A

Qll X Q,;
|9k () =gk (y)|>€N

This implies

Thus, sincgQ!};<<3 is a partition of;,

1 1
(3.4) // 7|x—y|2N dr dy = // 7|a:—y|2N dz dy.

Qi xQ; (Q2003) x (22UN3)
lgr () =gk (y)| >N lgi (2)— g1 (¥)| >N

Sincevg(t) is continuous with respect tpandt for all (¢,¢) € 9; x [0, 1] and
diam({yg(t) 1t €0, 1]}) < /2 < Iy, there exists a constaftV) such that
(8.5) if[¢ —nl < d(N), then|yi(t) — v, (s)| <y, V(&n) € 0, Vs,tel0,1].

Define the mapping:; as

G;: U \{D;} — 09;
x — G;(x),

where G;(z) € 09, is the point such thaP~!(z) is a convex combination of
P~YG;(z)) andP~1(D;). Then, sinces; is a continuous map of; \ {D;}, there
exists a constar such that

(3.6) if [x—y| < C, then|Gi(x)—Gi(y)| < 5(N), ¥ (z.y) € (BUQY)x (Q2U02).

Henceforth in this proof¢’ denotes a positive constant depending onlyzon
On the other hand, for each, y) € (Q? UQ?) x (Q7 U Q3), it follows from the
definition of g, that there exist somet € [0, 1] such that

(3.7 96(2) =Yg, (1) and  gr(y) = va, () (5)-

Hence, combining (3.5)—(3.7) yields that(z) — g1 (v)| < ¢x whenevetz—y| < C
andz, y € Q2 UQ3.
Thus, sinceQ? U Q7| < &, one deduces that

1 1
(3.8) / ————~—drdy = ———drdy < &5
oy PRl
(QFUQ) x (Q7U0P) (Q2U03) x (Q2U03)
lgk (#) =gk (y)[ >N lgr () =gk (y)| >N

lz—y|>C
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Combining (3.4) and (3.8) yields

1

Qi XQZ‘
lgr (z) =gk (y) >N

1
// 7|a:—y|2N dx dy,

Qi X Qj
lgr () =gk (y)|>€N

Step 2. Estimate of

for1 <i#j<N+2.
Since|D; — Dj| = {n, gr(x) = D; andgx(y) = D; for all (z,y) € Q} x QJ,

1

lg (z) =gk (y)[> N

On the other hand, sind@?| < e} and|z — y| > ¢ for all (z,y) € Q2 x Q;, we
infer that

1 L
(311) // md$dy5€k 2N:Ek.

Qf XQJ'
lgr (2) =gk (y)|>€N

Set].—‘ij =00; N 6QJ Then
|Z—DZ‘|<\/§, VZGPZ‘j.

Hence|z — D;| < (y for all z € ©; such that dist, I';;) < C.
This implies (sinceQ?| < &)

1

lg () =gk (y)[> N

Combining (3.10)—(3.12) yields

1
(3.13) // mdwdy,fsk.

Q,;XQj
L9 () —gr (y)|>EN

Thus it follows from (3.9) and (3.13) that

1

SNxSN
[gk () =gk (y)[>€N
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Therefore, from (3.3) and (3.14), the sequengg},., satisfies (1.4)
and (1.5). O

Remark 2. Given anyp € C(R\ {0}), the estimate

(3.15) |[degg| < C / / o(|lz —y|)dedy, Yge OSSN, 8N,
SN

‘>ZN

whereC' is a positive constant independentofails. To see this, one can use the
same construction of a sequereg}.cn as above with an appropriate choice of
n.

Remark 3. Theorem 1 shows that the conditi®r: /2 is optimal, if we want
a condition independent o¥ (see [3]).

Remark 4. In [4] H. Brezis raised the following interesting questiaiated
to the behavior of the constaat= C(d, N) asé goes ta0, in the estimate (1.8).
Does there exist a positive constaht C'(V) such that

|degg| < C // Ty dr dy, Vge oSN, sM), Vo< <1?
sy JsN

lg(z)— g(y)|>5

4  Proof of assertion (1.3)

In this section, we prove that the constaht C(6, N) in (1.8) can be chosen
independently of. This completes the proof of Theorem 1. We first prove some
preliminary results.

4.1 Preliminaries. We begin this section with the following lemma, which
deals with a nice geometric property 8f. The idea of the proof has al-
ready appeared in the proof of Lemma 1. In this secti@rdenotes the point
(0,...,0) € RN*! and cony.) denotes the convex hull of a subsetdf!.

Lemma2. Let 4, € SV, 1< i< N+2, besuchthat O isaconvex combination
of {4,} 1%, Thenthereexist 1 < i,j < N + 2 such that

|A; — Aj| > Uy

N+2

Proof. SinceO is a convex combination of;, there exist{d;},_;” such that

d; >0,forall1 <i<N+2, YN ?d,=1,and

N+-2

(4.1) O=)> dA.
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Without loss of generality, we assume tlat= max{d; : 1 <i < N + 2} and
Ay = (1,0,...,0). Then, sinc& " d; =1,

N+2

1 N+1
. > i <
4.2) dl,NJrz and Zd Yo

Set
vy=min{m(A;): 2<i< N+ 2},

where as before; (.) denotes the first component of a pointiN+!. Then it is
easy to see that

4.3) v <0.

Thus, since

N+2 N+2

O—de ) >di+y Y di,

1=2

it follows from (4.1), (4.2) and (4.3) that

A simple computation yields

< -
T=TNT1

Takeip € {1,...,N + 2} such thatr, (A;,) = v. Then

2
A 2 1—~)? 1—7)=2—-2v>24 ——
1= A = (L= + (L =12 =2 -2y 2 24+ .

Therefore|4A; — A;,| > In O
The following result is an important improvement of Lemmandjch is used
in the proof of Lemma 5.

Lemma3. Let 4, e SV, 1 <i< N+ 2 Assume that there exists a convex
combination A of {4;},"1? suchthat |A| < 1%+. Thenthereexist1 <i,j < N +2,
such that

+1
|A; — Aj| > In.

Proof. Set
K=conv({4;: 1<i<N+2}).

ThenK is a convex, closed, and non-empty subset’of!.
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If O € K, then applying Lemma 2, one has
|A; — Aj| > Uy,

for somel <i,j < N + 2.
We now suppose thal ¢ K. Let H be the projection o ontoK, i.e.,

1,9

S =

Let P be the hyperplane containirig such thaD H is orthogonal t@. Set
S=PnsV

Then H is the center ofS; moreover, H is also a convex combination of
{4;,:1<i< N+2 A; € P}. Applying Lemma 2, one gets

[Ai = A5 > (1~ [H[*)(2 + 2/N).
for somel <i,j < N + 2. On the other hand,
|H| < |A[<1/(N+1).

Thus
|[4; — Aj1* > (24 2/(N + 1)),

which shows that
|A; — Aj| > Uy,

forsomel <i,j < N +2. 0

Remark 5. It is easy to see that the conditiod| < 5 in Lemma 3 is
optimal.

The following resultis a consequence of Lemma 3 and Caaatbry’s Theorem
(see [6]).

Corollary 3. Let I beanonempty set and 4; € SY, for all i € I. Assume that
there exists A € conv ({4; : i € I}), suchthat |A| < w45. Then
|Ai — Aj| > Un

for somei,j € I.
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Proof. SinceA € conV{A4;; i € I}), by Caratleodory’s Theorem, there exist
{im}Y 2 c I such thatd is a convex combination df4,,, }) >, Thus, applying
Lemma 2, one has

Tm

|A;, — A, | >IN,
forsomel <I,m < N + 2. O

Another geometric property 6" is given in the following lemma

Lemmad4. Let A; € SV, 1<i< N +2. Thenthereexist1 <i# j <N +2
such that
|A; — Aj] < Un.

Proof. We prove this by contradiction. Suppose that
|A; — Aj| > by, V1I<i#j<N+2
Then, from (1.2),

|Al‘|2—2Al‘.AJ‘+|AJ‘|2>2+ V].SZ#]SN-FZ

2
N+1’
whereA;.A; denotes the scalar product.éf andA;. Consequently,

A A; < — VI<i#j<N+2.

1
N+1’
This implies, foralll <i: < N + 2,

N+2 N+2

N+1
ZA A _ZA A+ AP < ——++1 0.
J#v
Thus
N+2 2 N+2 N+2
=> ) A4 <o.
i=1 j=1
We have a contradiction. O

We now introduce some positive constants depending only aich are used
later.

Define
i
(4.4) ey =1-— sup i > 0.
telxt 1] 1—s2+ (t—s)2

s€[—1, 2(N+1)]
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Next fix C(N) andby € N, two positive constants depending only 8rsuch that
|B(z,7)| > C(N)rN, VzeSN Vo<r<l,

and

c N
(4.5) SY] < C(V )b [Q(N—ﬁl)] |

wherecy is defined by (4.4).
The next lemma has a consequence (Corollary 4) which is Lisettoe proof
of Lemma 6.

Lemmab5. Letk € Ny and A; € SN for all 1 < i < k. Assume that & >
16bn(N + 1) and

(4.6)

Then thereexists 1 < iy < k such that

k

1<i<k:|A— Ayl > P —
card ({1 0 <k |Ai = Ay 2 () 2 s

Proof. Set/ ={ieN:1<i<k}and
U,={iel:|A —A, >IN}, Vnel

We argue by contradiction. Suppose that

k
4.7 cardql;) < ——, € 1.
@.7) cGU)<4bN(N+1) vie
Takei, e TandV,, C I,1 <n <by,suchthat; =1,V; =TI\ U, int1 €I\ V,

satisfies

dist(O,conv({4;, : 1<m<n-+1})) =

min dist(O,conv({4;,, : 1 <m <n}U{A4;})),
JEI\V,
and
Vg1 =V, UT;

il
forall 1 < n < by (sincek > 16by(N + 1), it follows from (4.7) that/ \ V,, # 0,
forall 1 <mn <by).
Set
on, = dist(O,conv({A4;, : 1 <m <n})).
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Then, sinceA A; | <ty foralll <m,n < by, it follows by Corollary 3 that

1
. > —

Ai | >en/(N+1)foralll <m <n <by, Wherecy is

V1 S n,§ bN.

We claim that A
defined by (4.4).
In fact, suppose that

Tm

(4.9) |A; — A | <en/(N+1) forsomel <m <n<by.

Let H,, be the projection o onto con\{4;,, : 1 <m < n — 1}). Without loss of
generality, we assume th&t, = (h,,,0,...,0) andh, > 0. Then

Hy (A, —H,) >0, V1<i<n-—1.

Thus, from (4.8) and (4.9), this implies

(4.10) Op > hn —cn/(N+1) > hy — cnhy.
Therefore, .
N> - 1 .
7T1(Az)72(N+1), VZEI\VTL,l
To see this, suppose that(4;) < m forsomei € I\ V,,_1. Then

(4.11) dist(O,conv({4;,, : 1 <m <n—1}U{4;})) <dist(O, H,A;).
HereH, A; denotes the segment whose end pointsitgrandA,, i.e.,
H, A= {tH, + (1 —t)A; : 0<t <1}.
Thus, from (4.4) and (4.8),
(4.12) dist(O, H, A;) < ha(1 — cw).
Combining (4.10), (4.11), and (4.12) yields
dist(O,conv({4;, : 1<m <n—1}UA;)) < 0p.

This contradicts the definition @f,. Thus
1

(413) 7T1(AZ‘) 2 m, Viel \ anl.
Hence one deduces from (4.7) and (4.13) that
(4.14)

k—cardV,-1) by k

1
> —A;| > N :
= 46; YT 2(N+ 1) k Abn(N +1)

1
> A~

1€I\Vp_1

k1
25
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On the other hand, sinde> 16b5(N + 1) andn < by, it follows from (4.7) that

k k 2k
— _ > — _— = _— > —
kocardVoy) 2k —bv ey =k~ s 2 3
Thus, from (4.14), one has
k
1
ZA;
27

i=1

N S S 1
T3(N+1) 4N+1) 12(N+1)

(4.15)

This contradicts (4.6). Hence

|A;, — A | >en/(N+1), V1I<m#n<by.

. . bn
Thus we obtain afamlls{B (Aim, %)} ) such that

1=

CN CN
3 - . y — p— < < .
B(Alma2(N+1)>mB(A%L’2(N+1)> @7 Vlim#nibN

Therefore,

c N
ISV > C(N)by {%Ni]jrl)] :

This contradicts the choice 6f. O

Remark 6. Applying Corollary 3, we deduce from (4.6) that there exist
1 < i,j < k such that|4, — A;| > ¢x. However, under the condition (4.6),
Lemma 5 gives more information: There exists < iy < k such that
card({1 <i<k:|A; — A, | > In}) > Cnk wheneverk is sufficiently big, where
C\y is a positive constant depending only 8n

Corollary 4. Let k € Ny and 4; € SV, for 1 < i < k. Assume that k >
100by (N + 1) and

1
4.1 —A; -
(4.16) ;k | = 6N+ 1)
Then
k2
)1 <ii< = Al > > .
card ({(5,7) : 1S 6,5 <k, |4 = Ail 2 In}) 2 5057y
Proof. Set
I={ieN:1<i<k}
and

U,={iel:|A —-A, >IN}, Vnel
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By Lemma 5, there existis € I such that

k

Y>>
card(Uin) = v

Suppose that there exigt, 1 < m < n (n < m) such that,, # i, for
m # L and cardU;,,) > gy Set

I, ={im:1<m<n}.

One has
1 k 1 1
4.17 A; = —A; - A;.
( ) , Z k—n ~ k—n Z k Z k—n
i€\, iel i€l
Sincen < gy, it follows that
k 1 2 1
. —A;| < =
(4.18) ’kj—n 2 P 64N +1) 32(N+1)

icl
(by (4.16)) and

n 1
< < .
“k—n " 32(N+1)

(4.19) ) kflnAi

ic€l,

Combining (4.17), (4.18), and (4.19) yields

1 1
3 Al< — "
Lo ke 16(N +1)

Thus, sincen < m andk > 100bx(N + 1), it follows thatk — n > k/2 and

k—n > 16bn(N + 1). Hence, by Lemma 5, there exists; € I\ I,, such that

k
card(U;,.,) > SN D

Therefore, there exist,, 1 <m < 50(]$+1), such that,, # i; for I # m and

) = 7]6 V1i<m< 7]6 .
) 7
"= 8by(N + 1) 50(N + 1)

card(U;
Consequently,

k2

) 1<i,j < i — Aj| > >
Card({(7’7]) ].7 %)= k7 |A AJ| ‘€N}) 1000b?V(N+ 1)2 O

The following result is a continuous version of Corollary 4.
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Lemma®. Letg € L>=(S¥,S¥), D beameasurablesubset of SV with |D| > 0,
and X : D — [0, +o0) bea measurablefunction. Assumethat there exists a constant
B> 1suchthat 1/8 < \(s) < 3 for every s € D and

1
S 28BN+ 1)

[ Aets)ds

Then
meas ({(£,7) € D x D: [g(€) — g(n)| > 8}) > C|D?

for someC = C(3,N).

Proof. Let Qi,...,Q, be the measurable subsets $3f such thatS" =
U, , QN Q, =0, foreachl <i # j < ki, and

: : 1 In—10
diam(©;) <mm{12862(N+1)’ 3 }

for everyl <i < k;. Set

Di=g ' (U)ND, VI1<i<k.

We assume as well that
|D;| >0, V1<i<k,

for somek < k,. TakeA; € D,;. Then

k k
;/DL A(s) dsA; ; o A(s)g(s)ds

which shows (since/s < A(s) < g for all s € D) that

k

> [ M)ale) - 49 s,

i=1

< +

k
ZciAi < ﬂj[ A(s)g(s) ds| + 3> maxdiam((;),
i1 D !
where .
¢ = </Di )\(s)ds) /(;/D A(s) dS) :
Consequently,

& 1
iAi s o
; G S SN T
Without loss of generality, suppose that 1 < i < k, is a rational number
(otherwise, we may approximatg 1 < i < k, by rational numbers). Suppose that

¢i =pi/q, pi € Ny andg € N; (¢ > N), forall 1 < i < k. We as well assume that
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pi = 1forall 1 <i < k (if not, takeQ’, 1 < j < p;, such that J7”, Q/ = Q; and
fD7 s) ds approximates /¢, whereD? = ¢=1(Q/), andA? = 4;, for 1 < j < p;).
Thus we now suppose that= 1/k forall 1 <i < k, andk > 100bx (N +1). Then

1 1
DT P —
—k 64(N + 1)
Applying Corollary 4, one has
(4.20) card{(i,j) : 1<i,j <k, |4 — A;| > n}) > Onk®,

On the other hand, sineg=1/k and1/8 < A\(s) < g for s € D, one sees from
the definition ofc; that

1 B8]
ECS T
which shows
(4.21) = 27Dl

Since; N Q; = 0 for i # j, combining (4.20) and (4.21) yields

meaf{{(]},y) x € QY € Qj, |A1 - AJ| > KN}) > CNk2ﬁ4/€2|D|2 CN75|D|2.
Therefore, since dia(®;) < ({y — §)/3, it follows that
meas ({(¢,7) € D x D : |g(€) — g(n)| > 6}) > Cn p|D|*. O

4.2 Proof of assertion (1.3).

Step 1. Proof of assertion (1.3) whene Lip(SY,S%).

As in [3], consider the function : B — B, whereB = {X € RV : [X| < 1},
defined by

(4.22) u(X) zf g(s)ds, whenX #£0,
B(z,r)
wherex = X/|X|, r = 2(1 — | X|), and

u0) = ofs)as.

For eachw € SV, let p(x) be the length of the largest radial interval coming
fromz € SV on which|u| > m (possiblyp(z) = 1).
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Thus, as in [3], one has

(4.23) degg| < C /
SN

pz)<1

HereafterC denotes a constant depending onlyrnn this proof. Taker € SV
such thap(x) < 1. Then

1

s)ds| = ———.
7[B(w,2p(:r))g( ) ‘ 128(N + 1)
Applying Lemma 6, one has

meas{ (¢, 1) € [B(x, 2p(x))]” : [9(€) — g(n)| = 6} > Cp(x)*N
Hence there exists a constant 7(N), depending only oV, such that
meas{ (¢, 1) € [B(x,2p(x))]” : [9(€) — g9(n)| = 6,6 — 7 > 7p(x) } > Cp(x)*

This implies

(4.24) dg dn > C.

[2N
[B(z,2p(x))]?
[g(§)—g(n)|>d
|€=n|>Tp(z)

Combining (4.23) and (4.24) yields

1 1

[B(z,2p(x))]?
lg(&)—g(m)]>é
[E=nl=Tp(x)
A computation gives
d <C dé d
|deg g /SN/SN |2N§77
lg(&)— g(n)|>5

Step 2. Proof of assertion (1.3) whenis merely a continuous function frof
to SV,
The proof is the same as the proof of the Step 2 of [3, Theoréin 1. O

5 General class of mapsfrom SV into SV

In this section, we study the classpf L>(S",S") satisfying (1.6) for some
0<d</ty.

5.1 Definition of degg when g € L>*(S™,S¥) satisfies (1.6) for some
0<d</ln. Wefirstrecall a classical result.
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Lemma 7 (cf. [7, Chapter 4]) Let g € L>(S¥,SV) and § € (0, +o0). Assume

that
/ / v drdy < +oo.
sN sN -
\>6
Then
[B(z,r)]?
lg(&)—g(m)|>é
Define for each > 0,
(5.1) gr () :][ g(s)ds, YaxecSV
B(z,r)

The following result is a consequence of Lemmas 6 and 7.

Corollary 5. Letg € LOO(SN,SN) and § € (0, /). Assume that

/ / TN drdy < +o0.
SN JsN -

lg(x)— g(y)\>5

Then there exists a positive constant r, such that

1
lgr(2)| > Ve e SV, V0 < r <1,

|2 128(N +1)’
where g, is defined by (5.1).

Proof. The proofis by contradiction. Suppose that there existgjaesgce of
positive number$r,, },,.ex With lim 7, = 0, and a sequence of poirts, } ,en € SV

such that )

902 ()] < g+ 1)

Then by Lemma 6,

lim inf // |2N dé dn > 0.

[B wnyrn

lg(€)—g(n )\>5
However, this contradicts the fact (see Lemma 7) that

[B(z,r)]?
lg(&)—g(n)|>d
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We now introduce the following
Definition Let g € L>=(S™,SY) be such that

1
———dzdy < .
/S/g PR
lg(z)—g(y)|>d

Take0 < r < ro, Wherer, is the constant in Corollary 5; thén,.(x)| > 0 for all
z € SV, Set

~ gr() N
5.2 () = , VxeS?,
(5-2) 5@ = 10,
and define
(5.3) deg g = deg g,,

forany0 < r < rp.

Sinceyg, is continuousdeg g, is well-defined. Furthermore, using the deforma-
tion gy, (1), 0 <t < 1, we havedeg g, = degg,- for every0 < r,r" < ry. Thus
deg g is well-defined by (5.3). This definition in the cage VMO (S¥,S¥) was
presented in [5]. A survey of degree theory for mapgiMO(S?,S¥) can be also
found there.

5.2 Proof of Inequality (1.7). Taker = ry/2 anda < 1/4 (« depends
only on N) sufficiently small to be defined later. Herg denotes the constant
in Corollary 5. Considef,, € C'(S¥, S¥) such thatdeg g, , = degg, and
|Gr.0 — rllLo(s¥) < @, Whereg, is defined by (5.2). As in the definition afandp
with respect to the magpin Step 1 of the proof of assertion (1.8), we definand
p for the mapg,. ., (for notational ease).

Recall (see [3]) that

C dx
54 deg gro| < ——— —
(5.4) | €g gr, | OéN+1|B| ~/SN p(a:)N

plz)<1

for someC = C(N).
Fix z € S¥ such thap(x) < 1. Then from the definition of,

][ Gr.a(y) dy’ = .
B(z,2p(z))

Since||gr.o — grll L= (s~ < o, it follows from (5.5) that

(5.5)

(5.6)

f ﬁr(y)dy‘ <a+a=2a
B(z,20(2))
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Sincea < 1/4, this implies

(5.7)

1
£ awal<;
Bean@)

On the other hand, by Corollary 5,

£ atsyas
B(y,r)
Combining (5.2), (5.7), and (5.8) yields

1 N
' T - Z PP YZC TR .
(5.8) l9- ()| o TvES

(5.9) r < pla).

Since

~ 1 g(y)
(OdE = — dy de,
7{3@,%@»9(5) = B2 Joane fBM RG] Aa

it follows by Fubini’s theorem that

1
>-10 9r(§) d€ = =~ A dy,
610 f 5@k o [ Awwd
where
1 1

5.11 ) — .
o W)= B / TRGIS

[E—y|<r

|~z <2p(x)

Combining (5.8), (5.9), and (5.11) yields

(5.12) IA(y)| ~ 1, if y € B(x,2p(x)).

On the other hand, fdr < ¢t < 1, we have from (5.10)

/ AY)9(y) dy} <
B(z,2p(z)+tr)

~/B(:r,2p(w)) 5(8) d{' N ' / Ay)g(y) dy|-

B(x,2p(2)+r)\ B(x,2p(x) +tr)

Thus it follows from (5.6), (5.9), (5.11), and (5.12) that

{|/\(y)| (1—t)N, if ly—a|=2p(x)+tr, YO<t<l,

f A(y)g(y)dy‘ Sa+ (1= vo<t<l
B(z,2p(z)+tr)
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Applying Lemma 6 withg = sup 1 B ~@0-t"N)yandD =
ly—x|=2p(z)+sr )‘(y)
0<s<t

B(z,2p(x) + tr), after fixing ¢ sufficiently near tol (0 < ¢ < 1) and taking
a=(1-t)N*! one has

meas{(¢,n) € B(x,2p(z) +tr) : |g(€) — g(n)| > 6} 2 [B(, 2p(x) + tr)|*.

Thus, just as in the proof of Corollary 5, there exists a pasitonstant = 7(N)
such that

1
(5.13) / Wdf dn z 1

[B(z,2p(x)+tr)]?
[g(&)—g(n)|>d
[€=n|>Tp(x)

On the other hand, from (5.9), there exists a congtant(N), depending only
on N, such thatp(x) > 2p(x) + r. Thus, it follows from (5.13) that

(5.14) // ﬁdédnzl

[B(=,kp(x))]?
[g(&)—g(n)|>d
[€=nl=Tp(x)

Combining (5.4) and (5.14) yields

. 1

- §/ // —  __dtdnds.

) N Oh €=l
(B(w,kp(2)))?

[g(§)—g(n)|>d
|E=n|>Tp(z)

A computation yields

deg Gr.a de dn.
|deg Gr.a| < /gN/gN |2N§77

\>6

Therefore, inequality (1.7) follows, sinceg g = deg g, = deg gr.q- O
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