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Abstract. In this paper, we prove the estimate

|deg g| ≤ C

ZSN ZSN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy, ∀ g ∈ C(SN,SN),

for everyδ ∈ (0, ℓN ), whereC = C(N) is a positive constant depending only on
N andℓN =

p
2 + 2/(N + 1). We show that the constantℓN in this estimate is

optimal. We also present a class of maps fromSN into SN, strictly larger than
C(SN,SN), on which we can define the notion of degree and for which the previous
inequality still holds.

1 Introduction

In [3], the authors proved that

(1.1) |deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy, ∀ g ∈ C(SN,SN),

for each0 < δ <
√

2, whereC = C(δ, N) is a positive constant depending only on
N andδ.

Here|x| denotes Euclidean norm ofx for x ∈ RN+1 .
Estimate (1.1) was initially suggested by J. Bourgain, H. Brezis, and

P. Mironescu in [1]. This was proved in [2] in the caseN = 1 and δ suffi-
ciently small. It is natural to ask whether (1.1) holds for every 0 < δ < 2. In this
paper, we show that (1.1) holds if and only if0 < δ <

√
2 + 2/(N + 1); moreover,

the constantC in this assertion can be chosen independently ofδ.
More precisely, set

(1.2) ℓN =

√
2 +

2

N + 1
.

Our main result is the following
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Theorem 1. There exists a positive constant C = C(N), depending only on

N , such that for every g ∈ C(SN,SN) and every δ ∈ (0, ℓN),

(1.3) |deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy.

Furthermore, there exists a sequence {gk}k∈N ⊂ C(SN,SN) such that

(1.4) deg gk = 1, ∀ k ≥ 1,

and

(1.5) lim
k→∞

∫SN

∫SN

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy = 0.

The following corollary is a consequence of (1.3) (in fact, it is equivalent
to (1.3)).

Corollary 1. There exists a positive constant C = C(N), depending only on

N , such that for every g ∈ C(SN,SN),

|deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|≥ℓN

1

|x − y|2N
dx dy.

In fact, from (1.3), we have

|deg g| ≤ CN

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy, ∀ 0 < δ < ℓN

for some positive constantC = C(N) depending only onN . Thus, applying
Lebesgue’s dominated convergence theorem, one gets

|deg g| ≤ C lim inf
δրℓN

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy = C

∫SN

∫SN

|g(x)−g(y)|≥ℓN

1

|x − y|2N
dx dy.

More generally, we show that ifg ∈ L∞(SN,SN) satisfies

(1.6)
∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy < +∞

for some0 < δ < ℓN , then we can define the degree ofg as in [5] and, moreover,
assertion (1.3) holds, i.e.,

(1.7) |deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy
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for some positive constantC = C(N).
The proof of assertion (1.3) develops the idea used in [3]. Toprove it, we first

follow the strategy used in [3]. Then we establish a “generalized" version of [3,
Lemma 2.1] (Lemma 6). We note that [3, Lemma 2.1] plays an important role in
the proof of (1.1) (see [3]) and that it only holds forδ <

√
2. Lemma 6 can be

seen as a “continuous" version of Corollary 4 which is a consequence of Lemma 5.
We use Corollary 3 in the proof of Lemma 5. Corollary 3 is a direct consequence
of Lemma 3, dealing with a nice geometric property ofSN, and Carath́eodory’s
theorem (see [6]).

The idea of the construction of the sequence(gk)k∈N satisfying (1.4) and (1.5)
is to construct continuous mapsgk (k ∈ N), homotopic to the identity map, whose
images are more and more concentrated on the set{Ai : 1 ≤ i ≤ N + 2}, where
A1, . . . , AN+2, which lie onSN, are vertices of a(N +2)-vertex regular polyhedron.

The plan of the paper is as follows.
Section 2 discusses a weak version of assertion (1.3) of Theorem 1. In this

section, we show that there exists a positive constantC = C(N, δ), depending only
onN andδ, such that

(1.8) |deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy, ∀ g ∈ C(SN,SN).

In Section 3, we construct a sequence{gk}k∈N ⊂ C(SN,SN) satisfying (1.4)
and (1.5).

In Section 4, we prove that the constant C(= C(N, δ)) in (1.8) can be chosen
independently ofδ. This completes the proof of Theorem 1.

Finally, in Section 5, we show that ifg ∈ L∞(SN,SN) satisfies (1.6) for some
0 < δ < ℓN , thendeg g is well-defined in a manner similar to the one as in [5].
Inequality (1.7) is also proved in this section.

2 Proof of assertion (1.8)

2.1 A useful lemma. We begin this section with the following lemma,
whose consequence (Corollary 2) is useful in the proof of (1.8).

Lemma 1. Let g ∈ L∞(SN,SN), D be a measurable subset of SN with |D| > 0,
and λ : D → [0, +∞) be a measurable function. Assume that there exists a constant

β ≥ 1 such that 1/β ≤ λ(s) ≤ β for every s ∈ D and

∣∣∣∣
∫

D

λ(s)g(s) ds

∣∣∣∣ ≤
1

8β(N + 2)

[
ℓ2
N −

(
ℓN + δ

2

)2
]

.



370 H.-M. NGUYEN

Then

(2.1) meas ({(ξ, η) ∈ D ×D : |g(ξ) − g(η)| > δ}) ≥ C|D|2

for some C = C(δ, β, N).

Henceforth,|D| denotes the Lebesgue measure ofD onSN for anyD measurable
subset ofSN.

Proof. Set 



α = 1
8β(N+2)

[
ℓ2
N −

(
ℓN+δ

2

)2]
,

ε1 = 1
16β2(N+2)

[
ℓ2
N −

(
ℓN+δ

2

)2]
,

ε = 1
16(N+2)

[
ℓ2
N −

(
ℓN +δ

2

)2]
.

Then

(2.2)
∣∣∣∣
∫

D

g(s) ds

∣∣∣∣ ≤ α

and

(2.3) ε = β2ε1 = βα/2.

Let Ω1, . . . , Ωk1 , be measurable subsets ofSN such thatSN =
⋃k1

i=1 Ωi,
Ωi ∩ Ωj = ∅ for every1 ≤ i 6= j ≤ k1, and diam(Ωi) ≤ ε1/2 for every1 ≤ i ≤ k1.
Set

(2.4) Di = g−1(Ωi) ∩ D, ∀ 1 ≤ i ≤ k1.

Define

(2.5) J =

{
1 ≤ i ≤ k1 : |Di| ≥

1

m1
|D|
}

,

where

(2.6) m1 = 32(N + 2)β2k1

/[
ℓ2
N −

(
ℓN + δ

2

)2
]

.

Without loss of generality, we assume thatJ = {1, . . . , k} for somek ≤ k1.
Since{Di}k1

i=1 is a partition ofD,

∫

D

λ(s)g(s) ds =
1

|D|
k∑

i=1

∫

Di

λ(s)g(s) ds +
1

|D|

k1∑

i=k+1

∫

Di

λ(s)g(s) ds.
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This implies

∣∣∣∣
1

|D|
k∑

i=1

∫

Di

λ(s)g(s) ds

∣∣∣∣ ≤
∣∣∣∣
∫

D

λ(s)g(s) ds

∣∣∣∣+
∣∣∣∣

1

|D|

k1∑

i=k+1

∫

Di

λ(s)g(s) ds

∣∣∣∣.

Thus, sincei 6∈ J for all k < i ≤ k1 and|λ(s)| ≤ β for s ∈ D, it follows from (2.2)
and (2.5) that

∣∣∣∣
1

|D|

k∑

i=1

∫

Di

λ(s)g(s) ds

∣∣∣∣ ≤ α + βk1/m1.(2.7)

For eachi, fix Ai ∈ Ωi. Then

(2.8)
∣∣∣∣

1

|D|

k∑

i=1

∫

Di

λ(s) ds Ai

∣∣∣∣ ≤

∣∣∣∣
1

|D|

k∑

i=1

∫

Di

λ(s) (Ai − g(s)) ds

∣∣∣∣+
∣∣∣∣

1

|D|

k∑

i=1

∫

Di

λ(s)g(s) ds

∣∣∣∣.

Since diam(Ωi) ≤ ε1/2 andAi ∈ Ωi, it follows from (2.4) that|Ai − g(s)| ≤ ε1 for
all s ∈ Di. Thus, since|λ(s)| ≤ β for all s ∈ D, we deduce from (2.7) and (2.8) that

∣∣∣∣
k∑

i=1

∫

Di

λ(s) ds Ai

∣∣∣∣ ≤ (βε1 + α + βk1/m1)|D|,

which shows that (sinceλ(s) ≥ 1/β for all s ∈ D)

∣∣∣∣
k∑

i=1

ciAi

∣∣∣∣ ≤ (βε1 + α + βk1/m1)
β|D|

∑k
i=1 |Di|

,

where

ci =

(∫

Di

λ(s) ds

)/(
k∑

i=1

∫

Di

λ(s) ds

)
.

Consequently, ∣∣∣∣
k∑

i=1

ciAi

∣∣∣∣ ≤
β(βε1 + α + βk1/m1)

1 − k1/m1
.

On the other hand, sinceε ≤ 1/4 andβ ≥ 1, it follows from (2.3) and (2.6) that

β(βε1 + α + βk1/m1)

1 − k1/m1
=

ε + 2ε + ε/2

1 − ε/(2β2)
≤ ε + 2ε + ε/2

1 − 1/8
= 4ε,

which yields
∣∣∣∣

k∑

i=1

ciAi

∣∣∣∣ ≤ 4ε.
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Set

A =

k∑

i=1

ciAi.

Then

(2.9) |A| ≤ 4ε =
1

4(N + 2)

[
ℓ2
N −

(
ℓN + δ

2

)2
]

.

By Carath́eodory’s Theorem (see [6]), there existsI ⊂ J = {1, . . . , k} such that
card(I) ≤ N + 2 andA is a convex combination of{Ai : i ∈ I}. We claim that
there existi, j ∈ I such that

(2.10) |Ai − Aj | ≥ (δ + ℓN)/2.

Without loss of generality, we assume that

I = {1, . . . , N + 2}.

Then take{di}N+2
i=1 such thatdi ≥ 0 for all 1 ≤ i ≤ N + 2,

∑N+2
i=1 di = 1, and

A =
N+2∑

i=1

di Ai.

It is possible to achieve this, sinceA is a convex combination of{Ai : 1 ≤ i ≤ N+2}.
For notational ease, assume as well thatd1 = max{di : i ∈ I} andA1 = (1, 0, . . . , 0).
Then since

∑N+2
i=1 di = 1,

(2.11) d1 ≥ 1

N + 2
and

N+2∑

i=2

di ≤
N + 1

N + 2
.

Set

(2.12) γ = min{π1(Ai) : 2 ≤ i ≤ N + 2},

whereπ1(.) denotes the first component of a point inRN+1 . Since|A| ≤ 1/(N + 2)

(see (2.9)) andd1 ≥ 1/(N + 2) (see (2.11)), it follows from (2.12) that

(2.13) γ ≤ 0.

Thus, since

|π1(A)| ≥
N+2∑

i=1

diπ1(Ai) ≥ d1 + γ

N+2∑

i=2

di,
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it follows from (2.9), (2.11) and (2.13) that

1

4(N + 2)

[
ℓ2
N −

(
ℓN + δ

2

)2
]
≥ 1

N + 2
+

N + 1

N + 2
γ.

A simple computation yields

(2.14) γ ≤ 1

4

[
ℓ2
N −

(
ℓN + δ

2

)2
]
− 1

N + 1
.

Takei0 ∈ {1, . . . , N + 2} such thatπ1(Ai0 ) = γ. Then

|A1 − Ai0 |2 = (1 − γ)2 + (1 − γ2) = 2 − 2γ.(2.15)

On the other hand, from (2.14) and the definition ofℓN (see (1.2)),

2 − 2γ ≥ 2 +
2

N + 1
− 1

2

[
ℓ2
N −

(
ℓN + δ

2

)2
]

> ℓ2
N −

[
ℓ2
N −

(
ℓN + δ

2

)2
]

.

Thus

2 − 2γ >

(
δ + ℓN

2

)2

.(2.16)

Combining (2.15) and (2.16) yields

|A1 − Ai0 | >
δ + ℓN

2
.

Sinceβ ≥ 1, it follows from the definition ofε1 that

ε1 ≤ 1

16(N + 2)

[
ℓ2
N −

(
ℓN + δ

2

)2
]

=
1

16(N + 2)

(ℓN − δ)(3ℓN + δ)

4
.

Thus
ε1 <

ℓN − δ

2
,

which shows that (sinceAi ∈ Ωi, diam(Ωi) ≤ ε1/2 and|A1 − Ai0 | > δ+ℓN

2 )

|x − y| ≥ |A1 − Ai0 | − |x − A1| − |y − Ai0 |

>
δ + ℓN

2
− ε1

>
δ + ℓN

2
− ℓN − δ

2
= δ, ∀ (x, y) ∈ Ω1 × Ωi0 .

Therefore, from the construction ofD1 andDi0 ,

meas ({(ξ, η) ∈ D ×D : |g(ξ) − g(η)| > δ}) ≥ meas(D1 ×Di0) ≥ C|D|2. �
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Remark 1. Estimate (2.10) can be seen as a perturbation of the result obtained
in Lemma 2. A sharper result is proved in Lemma 3.

The following consequence of Lemma 1 is used in the proof of assertion (1.8).

Corollary 2. Let g ∈ L∞(SN,SN), x ∈ SN, and r ∈ (0, 2). Assume that

∣∣∣∣
∫

B(x,r)

g(s) ds

∣∣∣∣ ≤
1

8(N + 2)

[
ℓ2
N −

(
ℓN + δ

2

)2
]

,

where B(x, r) = {y ∈ SN : |y − x| ≤ r}.
Then

(2.17) meas
({

(ξ, η) ∈ [B(x, r)]2 : |g(ξ) − g(η)| > δ, |ξ − η| ≥ τr
})

≥ Cr2N

for some positive constants C = C(δ, N) and τ = τ(δ, N).

Proof. Applying Lemma 1 withD = B(x, r) andβ = 1, one gets

(2.18) meas
({

(ξ, η) ∈ [B(x, r)]2 : |g(ξ) − g(η)| > δ
})

≥ Cr2N ,

whereC = C(δ, N) > 0.
It is easy to see that

(2.19) meas
({

(ξ, η) ∈ [B(x, r)]2 : |ξ − η| ≤ τr
})

≤ CN τNr2N , ∀ τ > 0.

Chooseτ such thatCNτN = C/2. Then it follows from (2.18) and (2.19) that

meas
({

(ξ, η) ∈ [B(x, r)]2 : |g(ξ) − g(η)| > δ, |ξ − η| ≥ τr
})

≥ (C/2)r2N . �
2.2 Proof of assertion (1.8).
Step 1. Proof of (1.3) wheng ∈ Lip(SN,SN).
As in [3], consider the functionu : B → B, whereB =

{
X ∈ RN+1 : |X | ≤ 1

}
,

defined by

(2.20) u(X) =

∫

B(x,r)

g(s) ds, whenX 6= 0,

wherex =
X

|X | , r = 2(1 − |X |), and

u(0) =

∫SN

g(s) ds.

We recall thatB(x, r) =
{
y ∈ SN : |y − x| ≤ r

}
.
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For eachx ∈ SN, letρ(x) be the length of the largest radial interval coming from
x ∈ SN on which|u| > α (possiblyρ(x) = 1), whereα = 1

8(N+2)

[
ℓ2
N −

(
ℓN+δ

2

)2]
.

In [3], we proved that

(2.21) |deg g| ≤ C

αN+1|B|

∫SN

ρ(x)<1

dx

ρ(x)N
,

whereC = C(N) is a constant depending only onN .

Takex ∈ SN such thatρ(x) < 1. Then
∣∣∣∣
∫

B(x,2ρ(x))

g(s) ds

∣∣∣∣ = α.

Thus, by Corollary 2, there existsτ = τ(δ, N) > 0 such that
∫∫

[B(x,2ρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη & 1.

Here and below, the notationa . b means that there exists a constantcdepending
only onN andδ such thata ≤ cb. The notationa & b means thatb . a and the
notationa ≃ b means thata . b andb . a.

Hence
∫SN

ρ(x)<1

1

ρ(x)N
dx . ∫SN

1

ρ(x)N

∫∫

[B(x,2ρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη dx.(2.22)

On the other hand, using Fubini’s theorem, one gets

(2.23)
∫SN

1

ρ(x)N

∫∫

[B(x,2ρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη dx =

∫SN

∫SN

|g(ξ)−g(η)|>δ

1

|ξ − η|2N

∫SN

|x−ξ|≤2ρ(x)

|x−η|≤2ρ(x)

|ξ−η|≥τρ(x)

1

ρ(x)N
dx dξ dη.

However, if |x − ξ| ≤ 2ρ(x), |x − η| ≤ 2ρ(x) and |ξ − η| ≥ τρ(x), then|x − ξ| ≤
2|ξ − η|/τ and|ξ − η| ≤ |x − ξ| + |x − η| ≤ 4ρ(x).
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Thus
∫SN

|x−ξ|≤2ρ(x)

|x−η|≤2ρ(x)

|ξ−η|≥τρ(x)

1

ρ(x)N
dx ≤

∫SN

|x−ξ|≤2|ξ−η|/τ

|ξ−η|≤4ρ(x)

1

ρ(x)N
dx . 1.(2.24)

Combining (2.22), (2.23) and (2.24) yields
∫SN

ρ(x)<1

1

ρ(x)N
dx . ∫SN

∫SN

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη.(2.25)

Therefore, (1.8) follows from (2.21) and (2.25).

Step 2. Proof of (1.8) wheng is only a continuous function fromSN to SN.

The proof is the same as that of Step 2 in [3, Theorem 1.1].

3 Construction of a sequence {gk}k∈N satisfying
(1.4) and (1.5).

We first recall that there exists a regular polyhedronQN+2 which hasN + 2

vertices lying onSN and each of its edges has length equal toℓN =
√

2 + 2/(N + 1).

Let A1, A2, . . . ,AN+2 be the vertices of one of these polyhedrons. Set

F =

N+2⋃

i=1

ith-faceA1 · · ·Ai−1Ai+1 · · ·AN+2,

and

P : F → SN

X 7→ X

|X | ,

where theith-face A1 · · ·Ai−1Ai+1 · · ·AN+2 is, by definition, the set of all the
convex combinations of the pointsA1, . . . , Ai−1, Ai+1, . . . , AN+2. ThenP is a
one-to-one continuous mapping and its inverse mapping is continuous.

Set

Di = −Ai, ∀ 1 ≤ i ≤ N + 2,

and

Ωi =
{
P (X) : X ∈ ith-faceA1 · · ·Ai−1Ai+1 · · ·AN+2

}
.

Then

|Di − Dj | = ℓN , ∀ 1 ≤ i 6= j ≤ N + 2,
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and

(3.1) |x − Di| ≤
√

2, ∀x ∈ Ωi, ∀ 1 ≤ i ≤ N + 2.

Moreover, 


SN =

⋃N+2
i=1 Ωi,

|∂Ωi| = 0, ∀ 1 ≤ i ≤ N + 2.

Here∂Ωi denotes the boundary ofΩi corresponding to the usual topology onSN.
For eachx ∈ ∂Ωi, setγi

x = P ◦ γ̂i
X : [0, 1] → Ωi, whereX = P−1(x) and γ̂i

X

is the line connectingX andP−1(Di), i.e., γ̂i
X(t) = (1 − t)X + tP−1(Di) for all

t ∈ [0, 1].
Take

n = 2N + 1.

For eachk ≥ 1, setεk =
1

k + 1
and definegk as follows:

(3.2) gk(γi
x(t)) =






x if 0 ≤ t ≤ εk,

γi
x ((t − εk)/εn

k ) if εk < t ≤ εk + εn
k ,

Di if εk + εn
k < t ≤ 1,

for all x ∈ ∂Ωi, for all 1 ≤ i ≤ N + 2. Thengk : SN → SN is a continuous mapping
and is homotopic to the identity:

I : SN → SN.

Thus

(3.3) deg gk = 1.

Set (for notational ease)




Ω1
i =

{
γi

x(t) : x ∈ ∂Ωi, εk + εn
k < t ≤ 1

}
,

Ω2
i =

{
γi

x(t) : x ∈ ∂Ωi, εk < t ≤ εk + εn
k

}
,

Ω3
i =

{
γi

x(t) : x ∈ ∂Ωi, 0 ≤ t ≤ εk

}
,

∀ 1 ≤ i ≤ N + 2.

Step 1. Estimate of
∫∫

Ωi×Ωi

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy,

for 1 ≤ i ≤ N + 2.
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Sincegk(x) = Di for all x ∈ Ω1
i , it follows from (3.1) that

|gk(x) − gk(y)| <
√

2, ∀ (x, y) ∈ Ω1
i × Ωi.

This implies
∫∫

Ω1
i
×Ωi

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy = 0.

Thus, since{Ωl
i}1≤l≤3 is a partition ofΩi,
∫∫

Ωi×Ωi

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy =

∫∫

(Ω2
i
∪Ω3

i
)×(Ω2

i
∪Ω3

i
)

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy.(3.4)

Sinceγi
ξ(t) is continuous with respect toξ andt for all (ξ, t) ∈ ∂Ωi × [0, 1] and

diam
({

γi
ξ(t) : t ∈ [0, 1]

})
<

√
2 < ℓN , there exists a constantδ(N) such that

(3.5) if |ξ − η| < δ(N), then|γi
ξ(t) − γi

η(s)| < ℓN , ∀ (ξ, η) ∈ ∂Ωi, ∀ s, t ∈ [0, 1].

Define the mappingGi as

Gi : Ωi \ {Di} −→ ∂Ωi

x 7−→ Gi(x),

whereGi(x) ∈ ∂Ωi is the point such thatP−1(x) is a convex combination of
P−1(Gi(x)) andP−1(Di). Then, sinceGi is a continuous map onΩi \ {Di}, there
exists a constantC such that

(3.6) if |x−y| < C, then|Gi(x)−Gi(y)| < δ(N), ∀ (x, y) ∈ (Ω2
i ∪Ω3

i )×(Ω2
i ∪Ω3

i ).

Henceforth in this proof,C denotes a positive constant depending only onN .
On the other hand, for each(x, y) ∈ (Ω2

i ∪ Ω3
i ) × (Ω2

i ∪ Ω3
i ), it follows from the

definition ofgk that there exist somes, t ∈ [0, 1] such that

(3.7) gk(x) = γGi(x)(t) and gk(y) = γGi(y)(s).

Hence, combining (3.5)–(3.7) yields that|gk(x)−gk(y)| ≤ ℓN whenever|x−y| ≤ C

andx, y ∈ Ω2
i ∪ Ω3

i .
Thus, since|Ω2

i ∪ Ω3
i | . εk, one deduces that

∫∫

(Ω2
i
∪Ω3

i
)×(Ω2

i
∪Ω3

i
)

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy =

∫∫

(Ω2
i
∪Ω3

i
)×(Ω2

i
∪Ω3

i
)

|gk(x)−gk(y)|>ℓN

|x−y|≥C

1

|x − y|2N
dx dy . ε2

k.(3.8)
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Combining (3.4) and (3.8) yields
∫∫

Ωi×Ωi

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy . ε2

k.(3.9)

Step 2. Estimate of ∫∫

Ωi×Ωj

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy,

for 1 ≤ i 6= j ≤ N + 2.
Since|Di − Dj | = ℓN , gk(x) = Di andgk(y) = Dj for all (x, y) ∈ Ω1

i × Ω1
j ,

∫∫

Ω1
i
×Ω1

j

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy = 0.(3.10)

On the other hand, since|Ω2
i | . εn

k and |x − y| & εk for all (x, y) ∈ Ω2
i × Ωj, we

infer that
∫∫

Ω2
i
×Ωj

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy . εn−2N

k = εk.(3.11)

SetΓij = ∂Ωi ∩ ∂Ωj. Then

|z − Di| <
√

2, ∀ z ∈ Γij .

Hence|z − Di| < ℓN for all z ∈ Ωj such that dist(z, Γij) ≤ C.
This implies (since|Ω3

i | . εk)

(3.12)
∫∫

Ω1
i
×Ω3

j

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy . εk.

Combining (3.10)–(3.12) yields
∫∫

Ωi×Ωj

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy . εk.(3.13)

Thus it follows from (3.9) and (3.13) that
∫∫SN×SN

|gk(x)−gk(y)|>ℓN

1

|x − y|2N
dx dy . εk.(3.14)
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Therefore, from (3.3) and (3.14), the sequence{gk}k∈N satisfies (1.4)
and (1.5). �

Remark 2. Given anyϕ ∈ C(R \ {0}), the estimate

(3.15) |deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>ℓN

ϕ(|x − y|) dx dy, ∀ g ∈ C(SN,SN),

whereC is a positive constant independent ofg, fails. To see this, one can use the
same construction of a sequence{gk}k∈N as above with an appropriate choice of
n.

Remark 3. Theorem 1 shows that the conditionδ <
√

2 is optimal, if we want
a condition independent ofN (see [3]).

Remark 4. In [4] H. Brezis raised the following interesting question related
to the behavior of the constantC = C(δ, N) asδ goes to0, in the estimate (1.8).
Does there exist a positive constantC = C(N) such that

|deg g| ≤ C

∫SN

∫SN

|g(x)−g(y)|>δ

δN

|x − y|2N
dx dy, ∀ g ∈ C(SN,SN), ∀ 0 < δ < 1?

4 Proof of assertion (1.3)

In this section, we prove that the constantC = C(δ, N) in (1.8) can be chosen
independently ofδ. This completes the proof of Theorem 1. We first prove some
preliminary results.

4.1 Preliminaries. We begin this section with the following lemma, which
deals with a nice geometric property ofSN. The idea of the proof has al-
ready appeared in the proof of Lemma 1. In this section,O denotes the point
(0, . . . , 0) ∈ RN+1 and conv(.) denotes the convex hull of a subset ofRN+1 .

Lemma 2. Let Ai ∈ SN, 1 ≤ i ≤ N +2, be such that O is a convex combination
of {Ai}N+2

i=1 . Then there exist 1 ≤ i, j ≤ N + 2 such that

|Ai − Aj | ≥ ℓN .

Proof. SinceO is a convex combination ofAi, there exist{di}N+2
i=1 such that

di ≥ 0, for all 1 ≤ i ≤ N + 2,
∑N+2

i=1 di = 1, and

(4.1) O =

N+2∑

i=1

di Ai.
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Without loss of generality, we assume thatd1 = max{di : 1 ≤ i ≤ N + 2} and
A1 = (1, 0, . . . , 0). Then, since

∑N+2
i=1 di = 1,

(4.2) d1 ≥ 1

N + 2
and

N+2∑

i=2

di ≤
N + 1

N + 2
.

Set
γ = min{π1(Ai) : 2 ≤ i ≤ N + 2},

where as beforeπ1(.) denotes the first component of a point inRN+1 . Then it is
easy to see that

(4.3) γ ≤ 0.

Thus, since

0 =

N+2∑

i=1

diπ1(Ai) ≥ d1 + γ

N+2∑

i=2

di,

it follows from (4.1), (4.2) and (4.3) that

0 ≥ 1

N + 2
+

N + 1

N + 2
γ.

A simple computation yields

γ ≤ − 1

N + 1
.

Takei0 ∈ {1, . . . , N + 2} such thatπ1(Ai0 ) = γ. Then

|A1 − Ai0 |2 = (1 − γ)2 + (1 − γ2) = 2 − 2γ ≥ 2 +
2

N + 1
.

Therefore,|A1 − Ai0 | ≥ ℓN �
The following result is an important improvement of Lemma 2,which is used

in the proof of Lemma 5.

Lemma 3. Let Ai ∈ SN, 1 ≤ i ≤ N + 2. Assume that there exists a convex
combination A of {Ai}N+2

i=1 such that |A| ≤ 1
N+1 . Then there exist 1 ≤ i, j ≤ N + 2,

such that

|Ai − Aj | ≥ ℓN .

Proof. Set
K = conv({Ai : 1 ≤ i ≤ N + 2}) .

ThenK is a convex, closed, and non-empty subset ofRN+1 .
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If O ∈ K, then applying Lemma 2, one has

|Ai − Aj | ≥ ℓN ,

for some1 ≤ i, j ≤ N + 2.

We now suppose thatO 6∈ K. Let H be the projection ofO ontoK, i.e.,

1

2
|H |2 =

1

2
min
X∈K

|X |2.

Let P be the hyperplane containingH such thatOH is orthogonal toP. SetS= P ∩ SN.

Then H is the center ofS; moreover, H is also a convex combination of
{Ai : 1 ≤ i ≤ N + 2, Ai ∈ P}. Applying Lemma 2, one gets

|Ai − Aj |2 ≥ (1 − |H |2)(2 + 2/N).

for some1 ≤ i, j ≤ N + 2. On the other hand,

|H | ≤ |A| ≤ 1/(N + 1).

Thus

|Ai − Aj |2 ≥ (2 + 2/(N + 1)),

which shows that

|Ai − Aj | ≥ ℓN ,

for some1 ≤ i, j ≤ N + 2. �
Remark 5. It is easy to see that the condition|A| ≤ 1

N+1 in Lemma 3 is
optimal.

The following result is a consequenceof Lemma 3 and Carathéodory’sTheorem
(see [6]).

Corollary 3. Let I be a nonempty set and Ai ∈ SN, for all i ∈ I. Assume that

there exists A ∈ conv ({Ai : i ∈ I}), such that |A| ≤ 1
N+1 . Then

|Ai − Aj | ≥ ℓN

for some i, j ∈ I.
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Proof. SinceA ∈ conv({Ai; i ∈ I}), by Carath́eodory’s Theorem, there exist
{im}N+2

m=1 ⊂ I such thatA is a convex combination of{Aim
}N+2

m=1. Thus, applying
Lemma 2, one has

|Ail
− Aim

| ≥ ℓN ,

for some1 ≤ l, m ≤ N + 2. �
Another geometric property ofSN is given in the following lemma

Lemma 4. Let Ai ∈ SN, 1 ≤ i ≤ N + 2. Then there exist 1 ≤ i 6= j ≤ N + 2

such that

|Ai − Aj | ≤ ℓN .

Proof. We prove this by contradiction. Suppose that

|Ai − Aj | > ℓN , ∀ 1 ≤ i 6= j ≤ N + 2.

Then, from (1.2),

|Ai|2 − 2Ai.Aj + |Aj |2 > 2 +
2

N + 1
, ∀ 1 ≤ i 6= j ≤ N + 2,

whereAi.Aj denotes the scalar product ofAi andAj. Consequently,

Ai.Aj < − 1

N + 1
, ∀ 1 ≤ i 6= j ≤ N + 2.

This implies, for all1 ≤ i ≤ N + 2,

N+2∑

j=1

Ai.Aj =

N+2∑

j=1

j 6=i

Ai.Aj + |Ai|2 < −N + 1

N + 1
+ 1 = 0.

Thus ∣∣∣∣
N+2∑

i=1

Ai

∣∣∣∣
2

=

N+2∑

i=1

N+2∑

j=1

Ai.Aj < 0.

We have a contradiction. �
We now introduce some positive constants depending only onN which are used

later.

Define

(4.4) cN = 1 − sup
t∈[ 1

N+1 ,1]

s∈[−1, 1
2(N+1)

]

√
1 − s2

√
1 − s2 + (t − s)

2
> 0.
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Next fix C(N) andbN ∈ N, two positive constants depending only onN such that

|B(x, r)| ≥ C(N)rN , ∀x ∈ SN, ∀ 0 < r < 1,

and

(4.5) |SN| < C(N)bN

[
cN

2(N + 1)

]N

,

wherecN is defined by (4.4).
The next lemma has a consequence (Corollary 4) which is useful in the proof

of Lemma 6.

Lemma 5. Let k ∈ N+ and Ai ∈ SN for all 1 ≤ i ≤ k. Assume that k ≥
16bN(N + 1) and

(4.6)
∣∣∣∣

k∑

i=1

1

k
Ai

∣∣∣∣ ≤
1

16(N + 1)
.

Then there exists 1 ≤ i0 ≤ k such that

card ({1 ≤ i ≤ k : |Ai − Ai0 | ≥ ℓN}) ≥ k

4bN(N + 1)
.

Proof. SetI = {i ∈ N : 1 ≤ i ≤ k} and

Un = {i ∈ I : |Ai − An| ≥ ℓN} , ∀n ∈ I.

We argue by contradiction. Suppose that

(4.7) card(Ui) <
k

4bN(N + 1)
, ∀ i ∈ I.

Takein ∈ I andVn ⊂ I, 1 ≤ n ≤ bN , such thati1 = 1, V1 = I \ Ui1 , in+1 ∈ I \ Vn

satisfies

dist(O, conv({Aim
: 1 ≤ m ≤ n + 1})) =

min
j∈I\Vn

dist(O, conv({Aim
: 1 ≤ m ≤ n} ∪ {Aj})) ,

and
Vn+1 = Vn ∪ Uin+1 ,

for all 1 ≤ n < bN (sincek ≥ 16bN(N + 1), it follows from (4.7) thatI \ Vn 6= ∅,
for all 1 ≤ n ≤ bN ).

Set
δn = dist(O, conv({Aim

: 1 ≤ m ≤ n})) .
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Then, since|Aim
− Ain

| < ℓN for all 1 ≤ m, n ≤ bN , it follows by Corollary 3 that

(4.8) δn ≥ 1

N + 1
, ∀ 1 ≤ n ≤ bN .

We claim that|Aim
− Ain

| ≥ cN/(N + 1) for all 1 ≤ m < n ≤ bN , wherecN is
defined by (4.4).

In fact, suppose that

(4.9) |Aim
− Ain

| < cN/(N + 1) for some 1 ≤ m < n ≤ bN .

Let Hn be the projection ofO onto conv({Aim
: 1 ≤ m ≤ n − 1}). Without loss of

generality, we assume thatHn = (hn, 0, . . . , 0) andhn ≥ 0. Then

Hn.(Ail
− Hn) ≥ 0, ∀ 1 ≤ l ≤ n − 1.

Thus, from (4.8) and (4.9), this implies

(4.10) δn > hn − cN/(N + 1) ≥ hn − cNhn.

Therefore,

π1(Ai) ≥
1

2(N + 1)
, ∀ i ∈ I \ Vn−1.

To see this, suppose thatπ1(Ai) < 1
2(N+1) , for somei ∈ I \ Vn−1. Then

dist(O, conv({Aim
: 1 ≤ m ≤ n − 1} ∪ {Ai})) ≤ dist(O, HnAi) .(4.11)

HereHnAi denotes the segment whose end points areHn andAi, i.e.,

HnAi = {tHn + (1 − t)Ai : 0 ≤ t ≤ 1} .

Thus, from (4.4) and (4.8),

dist(O, HnAi) ≤ hn(1 − cN ).(4.12)

Combining (4.10), (4.11), and (4.12) yields

dist(O, conv({Aim
: 1 ≤ m ≤ n − 1} ∪ Ai)) < δn.

This contradicts the definition ofδn. Thus

(4.13) π1(Ai) ≥
1

2(N + 1)
, ∀ i ∈ I \ Vn−1.

Hence one deduces from (4.7) and (4.13) that
(4.14)∣∣∣∣

k∑

i=1

1

k
Ai

∣∣∣∣ ≥
∣∣∣∣
∑

i∈I\Vn−1

1

k
Ai

∣∣∣∣−
∣∣∣∣
∑

i∈Vn−1

1

k
Ai

∣∣∣∣ ≥
k − card(Vn−1)

2(N + 1)
− bN

k

k

4bN(N + 1)
.
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On the other hand, sincek ≥ 16bN(N + 1) andn ≤ bN , it follows from (4.7) that

k − card(Vn−1) ≥ k − bN
k

4bN(N + 1)
= k − k

4(N + 1)
≥ 2k

3
.

Thus, from (4.14), one has

(4.15)
∣∣∣∣

k∑

i=1

1

k
Ai

∣∣∣∣ ≥
1

3(N + 1)
− 1

4(N + 1)
=

1

12(N + 1)
.

This contradicts (4.6). Hence

|Aim
− Ain

| ≥ cN/(N + 1), ∀ 1 ≤ m 6= n ≤ bN .

Thus we obtain a family
{

B
(
Aim

, cN

2(N+1)

)}bN

i=1
such that

B

(
Aim

,
cN

2(N + 1)

)
∩ B

(
Ain

,
cN

2(N + 1)

)
= ∅, ∀ 1 ≤ m 6= n ≤ bN .

Therefore,

|SN| ≥ C(N)bN

[
cN

2(N + 1)

]N

.

This contradicts the choice ofbN . �
Remark 6. Applying Corollary 3, we deduce from (4.6) that there exist

1 ≤ i, j ≤ k such that|Ai − Aj | ≥ ℓN . However, under the condition (4.6),
Lemma 5 gives more information: There exists1 ≤ i0 ≤ k such that
card({1 ≤ i ≤ k : |Ai − Ai0 | ≥ ℓN}) ≥ CNk wheneverk is sufficiently big, where
CN is a positive constant depending only onN .

Corollary 4. Let k ∈ N+ and Ai ∈ SN, for 1 ≤ i ≤ k. Assume that k ≥
100bN(N + 1) and

(4.16)
∣∣∣∣

k∑

i=1

1

k
Ai

∣∣∣∣ ≤
1

64(N + 1)
.

Then

card ({(i, j) : 1 ≤ i, j ≤ k, |Ai − Aj | ≥ ℓN}) ≥ k2

1000b2
N(N + 1)2

.

Proof. Set
I = {i ∈ N : 1 ≤ i ≤ k}

and
Un = {i ∈ I : |Ai − An| ≥ ℓN} , ∀n ∈ I.
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By Lemma 5, there existsi1 ∈ I such that

card(Ui1) ≥
k

4bN(N + 1)
.

Suppose that there existim, 1 ≤ m ≤ n (n < k
50(N+1) ), such thatim 6= il for

m 6= l and card(Uim
) ≥ 1

8bN (N+1) . Set

In = {im : 1 ≤ m ≤ n} .

One has
∑

i∈I\In

1

k − n
Ai =

k

k − n

∑

i∈I

1

k
Ai −

∑

i∈In

1

k − n
Ai.(4.17)

Sincen < k
50(N+1) , it follows that

(4.18)
∣∣∣∣

k

k − n

∑

i∈I

1

k
Ai

∣∣∣∣ ≤
2

64(N + 1)
=

1

32(N + 1)

(by (4.16)) and

(4.19)
∣∣∣∣
∑

i∈In

1

k − n
Ai

∣∣∣∣ ≤
n

k − n
≤ 1

32(N + 1)
.

Combining (4.17), (4.18), and (4.19) yields
∣∣∣∣
∑

i∈I\In

1

k − n
Ai

∣∣∣∣ ≤
1

16(N + 1)
.

Thus, sincen < k
50(N+1) andk ≥ 100bN(N + 1), it follows thatk − n ≥ k/2 and

k − n ≥ 16bN(N + 1). Hence, by Lemma 5, there existsin+1 ∈ I \ In such that

card
(
Uin+1

)
≥ k

8bN(N + 1)
.

Therefore, there existim, 1 ≤ m ≤ k
50(N+1) , such thatim 6= il for l 6= m and

card(Uim
) ≥ k

8bN(N + 1)
, ∀ 1 ≤ m ≤ k

50(N + 1)
.

Consequently,

card({(i, j) : 1 ≤ i, j ≤ k, |Ai − Aj | ≥ ℓN}) ≥ k2

1000b2
N(N + 1)2

. �
The following result is a continuous version of Corollary 4.
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Lemma 6. Let g ∈ L∞(SN,SN), D be a measurable subset of SN with |D| > 0,

and λ : D → [0, +∞) be a measurable function. Assume that there exists a constant
β ≥ 1 such that 1/β ≤ λ(s) ≤ β for every s ∈ D and

∣∣∣∣
∫

D

λ(s)g(s) ds

∣∣∣∣ ≤
1

128β(N + 1)
.

Then
meas ({(ξ, η) ∈ D ×D : |g(ξ) − g(η)| > δ}) ≥ C|D|2

for some C = C(β, N).

Proof. Let Ω1, . . . , Ωk1 be the measurable subsets ofSN such thatSN =⋃k1

i=1 Ωi, Ωi ∩ Ωj = ∅, for each1 ≤ i 6= j ≤ k1, and

diam(Ωi) < min
{

1

128β2(N + 1)
,
ℓN − δ

3

}

for every1 ≤ i ≤ k1. Set

Di = g−1(Ωi) ∩ D, ∀ 1 ≤ i ≤ k1.

We assume as well that
|Di| > 0, ∀ 1 ≤ i ≤ k,

for somek ≤ k1. TakeAi ∈ Di. Then

∣∣∣∣
k∑

i=1

∫

Di

λ(s) dsAi

∣∣∣∣ ≤
∣∣∣∣

k∑

i=1

∫

Di

λ(s)g(s) ds

∣∣∣∣+
∣∣∣∣

k∑

i=1

∫

Di

λ(s)(g(s) − Ai) ds

∣∣∣∣,

which shows (since1/β ≤ λ(s) ≤ β for all s ∈ D) that

∣∣∣∣
k∑

i=1

ciAi

∣∣∣∣ ≤ β

∣∣∣∣
∫

D

λ(s)g(s) ds

∣∣∣∣+ β2 max
i

diam(Ωi),

where

ci =

(∫

Di

λ(s) ds

)/(
k∑

i=1

∫

Di

λ(s) ds

)
.

Consequently,
∣∣∣∣

k∑

i=1

ciAi

∣∣∣∣ <
1

64(N + 1)
.

Without loss of generality, suppose thatci, 1 ≤ i ≤ k, is a rational number
(otherwise, we may approximateci, 1 ≤ i ≤ k, by rational numbers). Suppose that
ci = pi/q, pi ∈ N+ andq ∈ N+ (q ≫ N ), for all 1 ≤ i ≤ k. We as well assume that
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pi = 1 for all 1 ≤ i ≤ k (if not, takeΩj
i , 1 ≤ j ≤ pi, such that

⋃pi

j=1 Ωj
i = Ωi and∫

Dj

i

λ(s) ds approximates1/q, whereDj
i = g−1(Ωj

i ), andAj
i = Ai, for 1 ≤ j ≤ pi).

Thus we now suppose thatci = 1/k for all 1 ≤ i ≤ k, andk ≥ 100bN(N + 1). Then

∣∣∣∣
k∑

i=1

1

k
Ai

∣∣∣∣ <
1

64(N + 1)
.

Applying Corollary 4, one has

(4.20) card({(i, j) : 1 ≤ i, j ≤ k, |Ai − Aj | ≥ ℓN}) ≥ CNk2.

On the other hand, sinceci = 1/k and1/β ≤ λ(s) ≤ β for s ∈ D, one sees from
the definition ofci that

1

k
= ci ≤

β2|Ωi|
|D| ,

which shows

(4.21) |Ωi| ≥
1

β2k
|D|.

SinceΩi ∩ Ωj = ∅ for i 6= j, combining (4.20) and (4.21) yields

meas({(x, y) : x ∈ Ωi, y ∈ Ωj , |Ai − Aj | ≥ ℓN}) ≥ CNk2 1

β4k2
|D|2 = CN,β|D|2.

Therefore, since diam(Ωi) ≤ (ℓN − δ)/3, it follows that

meas ({(ξ, η) ∈ D ×D : |g(ξ) − g(η)| > δ}) ≥ CN,β|D|2. �
4.2 Proof of assertion (1.3).
Step 1. Proof of assertion (1.3) wheng ∈ Lip(SN,SN).

As in [3], consider the functionu : B → B, whereB =
{
X ∈ RN+1 : |X | ≤ 1

}
,

defined by

(4.22) u(X) =

∫

B(x,r)

g(s) ds, whenX 6= 0,

wherex = X/|X |, r = 2(1 − |X |), and

u(0) =

∫SN

g(s) ds.

For eachx ∈ SN, let ρ(x) be the length of the largest radial interval coming
from x ∈ SN on which|u| > 1

128(N+1) (possiblyρ(x) = 1).
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Thus, as in [3], one has

(4.23) |deg g| ≤ C

∫SN

ρ(x)<1

dx

ρ(x)N
.

HereafterC denotes a constant depending only onN in this proof. Takex ∈ SN

such thatρ(x) < 1. Then
∣∣∣∣
∫

B(x,2ρ(x))

g(s) ds

∣∣∣∣ =
1

128(N + 1)
.

Applying Lemma 6, one has

meas
{
(ξ, η) ∈ [B(x, 2ρ(x))]2 : |g(ξ) − g(η)| ≥ δ

}
≥ Cρ(x)2N .

Hence there exists a constantτ = τ(N), depending only onN , such that

meas
{
(ξ, η) ∈ [B(x, 2ρ(x))]2 : |g(ξ) − g(η)| ≥ δ, |ξ − τ | ≥ τρ(x)

}
≥ Cρ(x)2N .

This implies
∫∫

[B(x,2ρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη ≥ C.(4.24)

Combining (4.23) and (4.24) yields

|deg g| ≤ C

∫SN

1

ρ(x)N

∫∫

[B(x,2ρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη dx.

A computation gives

|deg g| ≤ C

∫SN

∫SN

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη.

Step 2. Proof of assertion (1.3) wheng is merely a continuous function fromSN

to SN.
The proof is the same as the proof of the Step 2 of [3, Theorem 1.1]. �
5 General class of maps from SN into SN

In this section, we study the class ofg ∈ L∞(SN,SN) satisfying (1.6) for some
0 < δ < ℓN .

5.1 Definition of deg g when g ∈ L∞(SN,SN) satisfies (1.6) for some
0 < δ < ℓN . We first recall a classical result.
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Lemma 7 (cf. [7, Chapter 4]). Let g ∈ L∞(SN,SN) and δ ∈ (0, +∞). Assume

that ∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy < +∞.

Then
lim
r→0

sup
x∈SN

∫∫

[B(x,r)]2

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη = 0.

Define for eachr > 0,

(5.1) gr(x) =

∫

B(x,r)

g(s) ds, ∀x ∈ SN.

The following result is a consequence of Lemmas 6 and 7.

Corollary 5. Let g ∈ L∞(SN,SN) and δ ∈ (0, ℓN). Assume that
∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy < +∞.

Then there exists a positive constant r0 such that

|gr(x)| ≥ 1

128(N + 1)
, ∀x ∈ SN, ∀ 0 < r < r0,

where gr is defined by (5.1).

Proof. The proof is by contradiction. Suppose that there exists a sequence of
positive numbers{rn}n∈Nwith lim

n→∞
rn = 0, and a sequence of points{xn}n∈N ⊂ SN

such that
|grn

(xn)| <
1

128(N + 1)
.

Then by Lemma 6,

lim inf
n→∞

∫∫

[B(xn,rn)]2

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη > 0.

However, this contradicts the fact (see Lemma 7) that

lim
r→0

sup
x∈SN

∫∫

[B(x,r)]2

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη = 0. �
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We now introduce the following
Definition Let g ∈ L∞(SN,SN) be such that

∫SN

∫SN

|g(x)−g(y)|>δ

1

|x − y|2N
dx dy < +∞.

Take0 < r < r0, wherer0 is the constant in Corollary 5; then|gr(x)| > 0 for all
x ∈ SN. Set

(5.2) g̃r(x) =
gr(x)

|gr(x)| , ∀x ∈ SN,

and define

(5.3) deg g = deg g̃r,

for any0 < r < r0.
Sinceg̃r is continuous,deg g̃r is well-defined. Furthermore, using the deforma-

tion g̃tr+(1−t)r′ , 0 ≤ t ≤ 1, we havedeg g̃r = deg g̃r′ for every0 < r, r′ < r0. Thus
deg g is well-defined by (5.3). This definition in the caseg ∈ VMO(SN,SN) was
presented in [5]. A survey of degree theory for maps inV MO(SN,SN) can be also
found there.

5.2 Proof of Inequality (1.7). Taker = r0/2 andα ≤ 1/4 (α depends
only on N ) sufficiently small to be defined later. Herer0 denotes the constant
in Corollary 5. Consider̃gr,α ∈ C1(SN, SN) such thatdeg g̃r,α = deg g̃r and
||g̃r,α − g̃r||L∞(SN) ≤ α, wherẽgr is defined by (5.2). As in the definition ofu andρ

with respect to the mapg in Step 1 of the proof of assertion (1.8), we defineu and
ρ for the map̃gr,α (for notational ease).

Recall (see [3]) that

(5.4) |deg g̃r,α| ≤
C

αN+1|B|

∫SN

ρ(x)<1

dx

ρ(x)N

for someC = C(N).
Fix x ∈ SN such thatρ(x) < 1. Then from the definition ofρ,

(5.5)
∣∣∣∣
∫

B(x,2ρ(x))

g̃r,α(y) dy

∣∣∣∣ = α.

Since‖g̃r,α − g̃r‖L∞(SN) ≤ α, it follows from (5.5) that

(5.6)
∣∣∣∣
∫

B(x,2ρ(x))

g̃r(y) dy

∣∣∣∣ ≤ α + α = 2α.
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Sinceα ≤ 1/4, this implies

(5.7)
∣∣∣∣
∫

B(x,2ρ(x))

g̃r(y) dy

∣∣∣∣ ≤
1

2
.

On the other hand, by Corollary 5,

(5.8) |gr(y)| =

∣∣∣∣
∫

B(y,r)

g(s) ds

∣∣∣∣ ≥
1

128(N + 1)
, ∀ y ∈ SN.

Combining (5.2), (5.7), and (5.8) yields

(5.9) r . ρ(x).

Since
∫

B(x,2ρ(x))

g̃r(ξ) dξ =
1

|B(x, 2ρ(x))|

∫

B(x,2ρ(x))

∫

B(ξ,r)

g(y)

|gr(ξ)|
dy dξ,

it follows by Fubini’s theorem that

(5.10)
∫

B(x,2ρ(x))

g̃r(ξ) dξ =
1

|B(x, 2ρ(x))|

∫

B(x,2ρ(x)+r)

λ(y)g(y) dy,

where

(5.11) λ(y) =
1

|B(x, r)|

∫

|ξ−y|≤r

|ξ−x|≤2ρ(x)

1

|gr(ξ)|
dξ.

Combining (5.8), (5.9), and (5.11) yields

(5.12)

{
|λ(y)| ≃ (1 − t)N , if |y − x| = 2ρ(x) + tr, ∀ 0 < t < 1,

|λ(y)| ≃ 1, if y ∈ B(x, 2ρ(x)).

On the other hand, for0 < t < 1, we have from (5.10)

∣∣∣∣
∫

B(x,2ρ(x)+tr)

λ(y)g(y) dy

∣∣∣∣ ≤
∣∣∣∣
∫

B(x,2ρ(x))

g̃r(ξ) dξ

∣∣∣∣+
∣∣∣∣

∫

B(x,2ρ(x)+r)\B(x,2ρ(x)+tr)

λ(y)g(y) dy

∣∣∣∣.

Thus it follows from (5.6), (5.9), (5.11), and (5.12) that
∣∣∣∣
∫

B(x,2ρ(x)+tr)

λ(y)g(y) dy

∣∣∣∣ . α + (1 − t)N+1, ∀ 0 < t < 1.
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Applying Lemma 6 withβ = sup
|y−x|=2ρ(x)+sr

0<s<t

1

λ(y)
(β ≃ (1 − t)−N ) and D =

B(x, 2ρ(x) + tr), after fixing t sufficiently near to1 (0 < t < 1) and taking
α = (1 − t)N+1, one has

meas{(ξ, η) ∈ B(x, 2ρ(x) + tr) : |g(ξ) − g(η)| > δ} & |B(x, 2ρ(x) + tr)|2.

Thus, just as in the proof of Corollary 5, there exists a positive constantτ = τ(N)

such that

(5.13)
∫∫

[B(x,2ρ(x)+tr)]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη & 1.

On the other hand, from (5.9), there exists a constantk = k(N), depending only
onN , such thatkρ(x) ≥ 2ρ(x) + r. Thus, it follows from (5.13) that

(5.14)
∫∫

[B(x,kρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη & 1.

Combining (5.4) and (5.14) yields

|deg g̃r,α| . ∫SN

1

ρ(x)N

∫∫

[B(x,kρ(x))]2

|g(ξ)−g(η)|>δ

|ξ−η|≥τρ(x)

1

|ξ − η|2N
dξ dη dx.

A computation yields

|deg g̃r,α| . ∫SN

∫SN

|g(ξ)−g(η)|>δ

1

|ξ − η|2N
dξ dη.

Therefore, inequality (1.7) follows, sincedeg g = deg g̃r = deg g̃r,α. �
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