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Abstract
We prove that the functional I, defined by
5P
_ p(RN
RN xRN
lg(z)—g(y)|>d

for p > 1 and § > 0, I-converges in LP(RY), as 6 goes to 0, for p > 1.
Hereafter | | denotes the Euclidean norm of RY. We also introduce a
criterion to recognize BV functions which is quite close to the classic
one based on the notion of essential variation on a.e. line.

1 Introduction

Recently, the following new characterization of Sobolev spaces is estab-
lished in [10, Theorem 2] and [3, Theorem 1].
Theorem 1 Let N > 1, 1 < p < +oo, and g € LP(RY). Then g €
WLP(RN) if and only if

lim Is5(g) < +oo.
0—04

Moreover,

1
lim Is5(g) = pKN’p/ |Dg(x)|Pdx, Vg€ Wl’p(RN),
RN

0—04

where Ky, is defined as follows

Knp= / le - o|Pdo, (1.1)
SN-1

for any e € SN1.
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We recall that when p =1,

a) If g € LY(RY) and lim;_o, Is(g) < +oo, then g € BV (RY) (see
3 12)).

b) 3g € WHH(R) such that lims_o, I5(g) = +oo (example communicated
to us by A. Ponce; see [10]).

This characterization is distinct from the one of J. Bourgain, H. Brezis,
and P. Mironescu [I] (see also [5]) but it is inspired by the results of [I].
Quantities similar to 5 appear in new estimates for the degree (see [2}, 111 [0]).
Further results related to Theorem (1| are presented in [12}[14] and in a recent
work of D. Chiron [7].

Let p > 1 and N > 1. Define, for g € LP(RY),

1
pKN,p/ |DglP dz if p> 1 and g € WIP(RY)
RN
J<g> = (resp. p=1landge€ BV(RN)),

+00 otherwise.

A natural question raised by H. Brezis (personal communication) is whether
(I5) T-converges in LP(RY) to J in the sense of E. De Giorgi for p > 1 (see
e.g. [4, O] for an introduction of I'-convergence). We recall that a family
(I5)5e(0,1) of functionals defined on LP(RY) T-converges in LP(RY), as § goes
to 0, to a functional I defined on LP(R™) if and only if the following two
conditions are satisfied:

(G1) For each g € LP(RY) and for every family (g5)se(0,1) € LP(R"Y) such
that gs converges to g in LP(RY) as § goes to 0, one has

?7m I5(gs) > 1(g).
—0

(G2) For each g € LP(RY), there exists a family (95)s5e(0,1) C LP(RYN) such
that g5 converges to g in LP(R"V) as § goes to 0, and

T T3(g5) < 1(g).

Surprisingly, (I5) does not I'-converge to J in LP(RY) for p > 1 but it
I'-converges to AJ for some 0 < A < 1; the same fact holds for the case
p = 1. More precisely, we have



Theorem 2 Let p > 1 and N > 1. Then (Is) T-converges in LP(RN) to I
defined by, for all g € LP(RN),

CNJ,/ |Dg|Pdx if p>1 and g € WHP(RV)
RN
I(g) = (resp. p=1 and g € BV (RY)),

400 otherwise.

Here the constant C,, is defined by (1.3)) below and satisfies
1
0<Cnp< 5KNJD. (1.2)

For p > 1 and N > 1, the definition of the constant Cy,, is the following

Cn,p :=inf ;ijﬂ(l) //2 P |N+p dx dy, (1.3)
|hs (x y)[>6

where the infimum is taken over all families of measurable functions (hs)se (0,1
defined on the unit open cube @ of RY such that hs converges to h(z) =
% in (Lebesgue) measure on @ as d goes to 0. One recalls here that a
family of measurable functions (hs)se(o,1) defined on a measurable set B of
RY is said to converge in measure on B to a measurable function h defined

on B if and only if for any € > 0,

lim |{& € B; hs(x) — h(x)| > £}| = 0.

Henceforth, for A a measurable subset of R, |A| denotes the Lebesgue
measure of A.

The proof of Theorem [2]is divided into three steps:

Step 1: Proof of Property (G2).

Claim 1: Let p > 1 and N > 1. Then for each g € W'P(RY) if p > 1, or
g € BV(RY) if p = 1, there exists a family (95)se0,1) C LP(RY) such that
gs converges to g in LP(RY) as & goes to 0, and

(@)Ia(ga) < I(g).

The main steps of the proof of Claim 1 for the case NV =1 are:



(a) We show that (Lemmal3) there exists a family (hs) in LP(0, 1) defined
for all § € (0,1) (not just for a sequence 9, — 0) such that hs converges
to h(x) =z in LP(0,1) and

i
50 //[o i |z — y\”“ dody = Crp
|h5((£ |>5

(b) We prove Claim 1 in the case ¢ is continuous and piecewise linear with
compact support (Lemma @ To this end, on each interval K where
g is linear, using (a) we can find a family of functions (hx ) C LP(K)
such that hy s converges to ¢ in LP(K) and

or /
. = _ P
o[ mmdedy = Culd )P IK]
\hK,(;(x hK§ |>5

for some xg € K. Then we glue these functions and construct a
function g5 on R. This is delicate since I is very sensitive to jumps.

(¢c) We deduce Claim 1 from (b) by using the fact that if g is as in Claim
1, then there exists a sequence of continuous and piecewise linear func-
tions with compact support (¢,,) such that ¢, converges to g in LP(R)
and || Dy || 1o w) converges to || Dglp»r) (when p = 1 the L'-norm is
replaced by the total mass).

The proof of Claim 1 in the general case follows from the same ideas as
in the proof of the one dimensional case, but it is more complicated (see

Section [3.2)).
Proof of Property (G2) follows from Claim 1 and the definition of I.

Step 2: Proof of Property (G1).

Claim 2: Let p > 1 and N > 1. Then for any g € W'P(RY) if p > 1 or
g € BV(RY) if p = 1, and for any family (96)5e(0,1) C LP(RN) such that gs
converges to g in LP(R™) as 6 goes to 0, one has

lim 75(g5) > I(g).
6—0
The proof of Claim 2 for the case p > 1 and N = 1 follows from the
definition of C, and the fact that any function in WP (R) is locally ap-
proximately linear in the sense of measure (see e.g. [8 Theorem 4 on page
223] and the remark below it). In the case p > 1 and N > 1, one uses



the same idea as in the proof of the one dimensional case. However, it is
more technical (see Section . When p = 1, we can not directly apply the
method used in the case p > 1. In this case, the proof relies on Lemma
and a new characterization of BV functions which we introduce in Section [l
(see Proposition . This criterion is based on and generalizes the notion
of the essential variation in the one dimensional case. It may be compared
with the classic one (see e.g. [8, Theorem 2 on page 220]), which is based
on the notion of the essential variation on a.e. line. The idea of the proof of
Claim 2 is roughly speaking the following: Let U be an open subset of RV
such that supp Dsg C U, Dsg denotes the singular part of the derivative of
g, and |U] is small. Then at each point = € supp Dsg, using the structure
theorem for BV functions (see e.g. [8, Theorem 1 on page 167]) and the
differentiation theorem of Radon measures (see e.g. [8, Theorem 1 on page
38]), one can find a closed cube @, C U center at x such that one of its
faces is orthogonal to Dg(z) and

Dg(z)
|Dg()|

Applying Lemma [28] Proposition [T}, and Besicovitch’s covering theorem, we
can control the mass of the singular part of the derivative of g (|| Dsg||(U)).
The L'-norm of the continuous part of the derivative of g outside U will be
controlled as in the case p > 1.

1Dg1[(Qz) ~ || Dg -

1(Qa)-

Claim 3: Let p > 1, N > 1, and g € LP(R"). Assume that there exists
a family (gs)se(0,1) C LP(RY) such that gs converges to g in LP(RY) and

lim 75(gs5) < +oo0.
6—0

Then g € WIP(RN) if p > 1 (resp. g € BV(RY) if p = 1); moreover

J(g) < Clim I5(g5),

for some C' > 0 depending only on N and p.

Claim 3 was proved in [12] (see [12, Theorem 3]); the proof in [12] relies
heavily on the ideas of [3]. Property (G1) now follows from Claims 2 and 3.

Step 3: Proof of (1.2).
Inequality (1.2) is proved in [I13]. However for the convenience of the

reader, we reproduce the proof.



Let ¢ and gs be defined on RN by

|| if |z| <1,
g(x) =

1/]z[*N  otherwise,

and
(k+1)0 ifko<|z|]<(k+1)dfor 0<Fk<[1/d],
gs\x) =
1/]z|*V  otherwise.
Here [1/4] denotes the largest integer less than 1/6. Then gs converges to

g in LP(RN) N L>®(RY) as 6 goes to 0. On the other hand, it is easy to see
that

/3] 5
lim [I5(g) — 1. > lim // v dr dy,
FO[ 5(9) — Is(gs)] Lim k;o Ty W

k6<|z|<(k+3)5
(k+3)5<|yle(k+2)s

1
lim I5(g) = KNJ,/ |Dg|? dz,
p RN

and

510
lim // ————dxdy > 0.
0—0 kz |.CC - y|N+p
k6 <|z|<(k+3)d
(k+32)0<|y|<(k+2)6

As a result, one obtains
— 1
lim I5(gs) < —Knp |Dg|P dz,
6—0 p RN

and therefore,

1
CN,p < EKN’p.

On the other hand, as a consequence of Claims 1 and 3, one has Cy, > 0.
This completes the proof of Step 3. 0

We do not know the explicit value of the constant C . But we have a
guest when N = 1. Let h and h,, be functions defined on (0,1) by h(z) =z



n (0,1) and hy(z) = 2L if 21 < o < % for 1 < k < n. An easy
computation shows that

1/nP
lim /n dr dy = c1p,
n—00 [0,1]2 |z —yp+t ’

|hn(x) hn(y)|>1/n

where

Clp =

s (1= o) ifp>1
2In2 if p=1.

Clearly,
Cl7p Z Cl7p'

The following open question is suggested.

Open question 1 Is C,, equal to c1,?

The results of this paper were announced in [I3].

The paper is organized as follows. In section [2, we prove some useful
lemmas which will be used many times later. Two of them are Lemmas
and [2] which are quite elementary but very useful. One of interesting ap-
plications of these lemmas are Lemma |3} This lemma and the idea used in
its proof plays an essential role in this paper. Section [3| which includes two
subsections, will be devoted to proving Claim 1. In the first subsection (Sec-
tion , we prove Claim 1 in the case N = 1. The proof of Claim 1 in the
case N > 2 will be given in the second subsection (Section . Section
with two subsection will be devoted to proving Claim 2 in the case p > 1.
The proof of Claim 2 in the case N =1 and N > 2 will be presented in the
first one and the second one respectively. To prove Claim 2 in the case p = 1,
one needs a new criterion to recognize BV functions. This criterion will be
introduced in Section bl The last section, which includes four subsections,
concerns the proof of Claim 2. Another definition of Cx; will be given in
the first subsection (Section [6.1)). This definition plays an important role
in this case. In the second subsection (Section , we give some useful
lemmas. The main goal of this part is to prove Lemma [28] which is one of
the main ingredients in the proof of Claim 2. The two last subsections will
be devoted to proving of Claim 2 in the one dimensional case and in the
general case.



2 Preliminary

In this section, we prove some useful lemmas which will be used later.

Lemma 1 Let N > 1, p > 1, A be a measurable subset of RN, and f and
g be two measurable functions defined on A. Define h = min(f, g). Then

dz d dz d
g f], G

|>5 |>6

P ed 2.1
[funae =z

lg(x)—g(y)|>

where
B={z €A f(zr) <g(x)}
Moreover, if g is Lipschitz on A with a Lipschitz constant L, then

Ih(@)=h()|>6 HOS f(y)|>5
(2.2)

Hereafter in this paper, C' denotes a positive constant depending only on N
and p.
Proof: Take z and y in A. We have the following cases:
Case 1: f(x) > g(x) and f(y) > g(y). Then |h(z) — h(y)| = |g(x) — g(v)|
Case 2: f(z) > g(z) and f(y) < g(y).

)

Case 2.1: f(y) > g(x). Then |h(z) —h(y)| = f(y) —g(x) < |g(y) :
Case 2.2: f(y) < g(z). Then [h(z) —h(y)| = g(z) — f(y) < [f(2) — f(y)]-

Case 3: f(x) < g(x) and f(y) > g(v).

Case 3.1: g(y) > f(z). Then |h(zx) —h(y)| = g(y) — f(z) <
Case 3.2: g(y) < f(z). Then [h(z) —h(y)| = f(z) —g(y) <
) = h(y)l

)
Case 4: f(x) < g(z) and f(y) < g(y). Then |h(x

)
)



Thus

//A 7= y|N+p dwdy < //A |N+p da dy

|h(z)—h(y)|>0 f(y)|>5

dx dy.
//AZ\B2 |z — y|N+p

lg(x)—g(y)[>0

To obtain (2.2)) from (2.1)), one remarks that

// ® _ gzd 2// LA

—  _drdy < T _dzdy.
ang2 |z —yNtP v= Ax(A\B) T —yNTP Y
lg(z)

—g9(y)|>s lg(x)—g(y)|>6
and
// o dxdy < CLP|A\ B|
T N4 AT QY > )
Ax(A\B) T —y[NP
lg(x)—g(y)[>6
for any Lipschitz function g with a Lipschitz constant L. O

As a consequence of Lemma [T, one has

Lemma 2 Let N > 1, p > 1, A be a measurable subset of RN, and f and
g be two measurable functions defined on A. Define h = max(f,g). Then

dx dy < dx d
//A |:1:— |N+p v s //A |N+P S

|h(z)—h(y)|>6 f(y)|>5
dr d
//,42\32 Iw—y|N“’ v
lg(z)—g(y)|>0

where
B={z €A f(x) > g(x)}.
Moreover, if g is Lipschitz on A with a Lipschitz constant L, then

//A o — y|N+,, ey = //A |N+p dz dy + CLP|A\ B|.
[h(z)=h(y)|>6 f@)=f(v) |>6
(2.3)



Proof: Consider f = —f, § = -9, andﬁ = min(f, g). Then h=— max(f,g) =
—h. Applying Lemma (1| for f, §, and h, one gets

dx dy < dx d
//A |x—y|N+p r= //A |x—y|N+p e

|h(x)—h(y)|>0 )= f(y)|>0

dxd
//A?\B2 ’33—3/’N+p v

|g(z)—g(y)|>d

where . 3
B={xeA; f(z) <g(x)}.
This implies

//A2 |N+pdxdy //A2 |N+pdxdy

|h(z) h(y)|>5 f(y)|>5

dz d
//Az\Bz rx— |N+p e

lg(z)—g(y)|>d

since

B=B.

In the case that g is Lipschitz on A with a Lipschitz constant L, applying
also Lemma for f, g, and h, by the same manner as above, one gets (2.3]).
a

Here are some applications of these results.

Corollary 1 Let N > 1, p > 1, A be a measurable subset of RN, f be a
measurable function deﬁned on A, and m € R. Define h = min(f,m). Then

dx dy < dx d
//A |x—y|N+p = //A |x—y|N+P v

h(z)—h(y)|>6 FW)l>6

Proof: The corollary is a consequence of Lemma [I] O

Corollary 2 Let N > 1, p > 1, A be a measurable subset of RN, f be a
measurable function deﬁned on A, and m € R. Define h = max(f,m). Then

dz dy < dzd
//142 Ix—yIN“’ v = //Az IIE—yIN” e

|h(z)—h(y)[>6 )—fy)|>6

10



Proof: The corollary is a consequence of Lemma O

Corollary 3 Let N > 1, p > 1, A be a measurable subset of RN, f be
a measurable function defined on A, and mi,my € R, my < mo. Define
h = min(max(f, m1), mg). Then

dx dy < dz d
//A |x— |N+p = //A |x— |N+p v

|h(z)—h(y)|>6 )—f(y)|>8

Proof: The corollary is a consequence of Corollaries [T and O
Remark 1 Corollaries and [3| were observed and used in [I0] and [3].

Another useful application is as follows

Corollary 4 Let p > 1, A be a measurable subset of RN, f and g be
two measurable function defined on A, and ¢ be a positive number. Define
h = min(max(f,g — ¢), g + ¢). Suppose that g is Lipsichitz with a Lipschitz
constant L on A. Then

drdy < dd CL?|B
M mgms ], e
h(z)—h(y)|>d |>6

where

Bi={xc A; |f(z) — g(x)] > c}.

Proof: Let h; = max(f,g — ¢). Then applying Lemma [2| for f and g — ¢,
one gets

P
//A2 Py ’N+pd:vdy< //142 ‘N+pd:ndy—|—CL |B1],
y)l

|h1(z)—ha(y)[>6 | (z)— \>5

where

By ={x€ A f<g—c}
On the other hand, applying Lemma [I| for hy and g + ¢, one has
dx dy < d d LP|B
[, amaas [[, pomadscrim
|h(z)—h(y)|>6 [P (@)— h1(y)|>5
where

By:={zx € A; hy >g+c}.

11



Hence it follows that

dr dy <
//A v — |N+p v = //A
y)l

| dx dy
h(z)—h(y)|>d
+ CLP|By| + CLP|Bs|. (2.4)

EEr
)|>d

On the other hand, since h; = max(f, g — ¢), it follows from the definition
of By that
By :={x €A f>g+c}.

Hence,
|B1| + |Ba| = |B|.

Thus it follows from ([2.4]) that

da dy < ——g; dedy + CL7|B
S Emens ], g ieaovia

h(z)—h(y)|>d |>6

An important application of Corollary [ is the following

Corollary 5 Let p > 1, A be a measurable subset of RN, g be a Lipschitz
function defined on A, (6n)nen be a sequence of positive numbers converging
to 0, and (gn)nen be a sequence of measurable function defined on A such
that g, converges to g in measure in A. Then there exists a sequence of
measurable functions h, defined on A such that h, converges to g uniformly

on A and
. oF
B, e
[P (2 y)|>6n
< lim 752 dx d
= o ) o=y
|9n(1' |>5n

Proof: Since g, converges to g in measure in A, there exists a sequence of
positive numbers (¢, )pen converging to 0 such that

lim |A,| =0,

where
Ay = {z € A; |gala) — g(@)] > e},

12



Define h,, = min(max(gn, g — ¢n),g + ¢n). Applying Corollary [4, one has

iy o
— " dxdy < —  _dxdy+CL|A,|,
//A Ty W < //A g 40 T OLIA
)|

[hn (2) =R (y)|>6n |gn (@) —gn (¥)|>6n
where L is a Lipschitz constant of g. Therefore,

— Y4
= //Az oo
|hn (x y)|>0n

_ oF

< Ti e dad

= e //Az o=y
197 (2) =90 () [>6

g

Remark 2 Corollary 5| also holds if one replaces the consequence g, and 6,
by a family (gs)se(0,1) and (6)se(o,1) such that gs converges to g in measure.

Using Corollary [5, one can prove the following

Lemma 3 Let N > 1 and p > 1. Then there exists a family of measurable

N
functions (gs)sc(o,1y defined on Q such that gs converges to g(x) = %

uniformly on Q and

_ 5P

Tim / Y _dzdy<Cy,.

0—0 QxQ |l‘—y|N+p P
|9 (z)—gs(y)|>0

Remark 3 The idea used to prove Lemma [3] is the heart matter of the
method presented in this paper.

Proof: It is standard to see that there exist a sequence of positive numbers
(0r )ken converging to 0, and a sequence of measurable functions (gx)ren
converging to g in measure such that

_ o7
lgk (= Y)|>0k

Using Corollary [bl one may assume that g converges to g uniformly as k
goes to infinity. Set

¢ = max(sup |gr(z x)|, /4

zeQ

13



Define

g1, = min (maX (90.k(x), 9(0, 22, ..., 2N) + 2¢k), g(1,22,...,xN) — 2Ck>,
g2, = min (

max (gl,k(‘r)’g($laoa “e axN) +4Cl€))g(gjl) 17° . 'axN) - 4Ck>,

gN,k = min (maX (gn-1k(x), 9(21,...,2N-1,0) + 2N¢y),

g(xl,.. . ,JZN_l,l) - 2ch>

\

with the notation g, = gi, and set
Qe ={z = (z1,...,2n) eERN; ¢y <z <1—¢pforalll <i< N}
Then, since
g(x1, ... xiz1,0, i1, .., xN) + 2ic, < g(x) + 2icy,
{ g(z1,. .. xi1, 1,241, .., TN) — 2ic, > g(x) — 2icg,

it follows that

gik(x) > min(g;—1 x (), g(x) — 2icy,)
and

gik(r) < max(g;—1x(x), g(x) + 2icy)

Then, since g(z) — ¢ < gox(z) < g(x) + ¢k, one has
g(z) — 2icy, < gix(z) < g(x) + 2icy,
for 1 <i < N. This implies
g(z1, .., 21,0, 241, ..., xN) + 2ic, i 0 < x; < e,
gi(w) = { g(x1,. . i, Lmivn, .., an) — 2icg, if1—cp <x; <1,

since |Dg| = 1. Thus gy is Lipschitz on Q., with a Lipschitz constant 1
(= |Dygl), since the minimum and the maximum of two Lipschitz functions
are Lipschitz with a Lipschitz constant equal to the maximum of the ones
of these functions.

On the other hand, applying Corollary [3] one has

oy oy
—F ___dxdy < — = dxd
// o — y[Np Y= // o —y N

l9i,% (%) —gi,k(y)| >k lgi—1,6(2)—gi—1,1(Y) >0k

14



for all 1 < ¢ < N, which implies

& e
—* ___dxdy < — k ___dxd
// @ — y[NF W= // o — y[NFp T

lgn k(@) —gn,k (¥)]> 0% lgk () =gk (y) >k
(2.6)
Let (7%)ren be a strictly decreasing sequence such that 79 = 1 and 7, <
ciox for k > 1. For each 111 < § < 7, define m = %’“ and m = [m], the
largest integer less than m. Consider hs : ) — R defined as follows

hs(x) = Ehg(mx)

where hg : [0,m]N — R is defined by hs(y) \F SN (1 —dicy)li + g ()
where [; = [y;], the largest integer less than y;, and x = (x1,...,zy) with
x; = y; — [l;]. Then
mpP~N o
[, sopmea="% [ e
[ () s ()| > [0;m] N x[0m]™

hs(x)—hs (y) >0k
(2.7)
On the other hand,

5 (5p
// e |N+pdg“iy< Z // oy

5 x k

517
+ ZN // 7’ |N+pdxdy
aeN
1§§i§m an([U{n]N\Qa)
[he(x)—hs(y)| >0k

Hereafter in this proof,

Qo =Q+(—1,...,an—1):={x+(an —1,...,any —1); z € Q}.
for any o = (aq,...,an), a; € N, 1 < a; < m. Thus, it follows from (2.6)

that
o7 . o7
—F——drdy <m // —k ___dxdy
//[O,m]N |z —y|NP oy |z —yNFP

|hs () —hs (y) >0y, lgr (x) =gk (y)|>0k

D
+ Cm™ (ef, + 67), (2.8)

15



since

5p 6p
//2 7‘1;_ ‘Nﬂjd:ndy //2 7’ |N+pdxdy

|hs (z y)|>65 lgn k() =g,k (¥) >0k
and
5p D
Qax([0,mM\Qa)

|hs (2)—hs (y)| >0y,

for all @ = (aq, .. aN) a; € N, 1 < a; < m. The last inequality is a conse-
quence of the fact that hs is Lipschitz on the set {x € [0, m]"; dist(z, 0Q,) <
¢o } with a Lipschitz constant C' depending only on N since gy 4 is Lipschitz
on @), with a Lipschitz constant 1. Here

dist(z, A) := inf |z —
ist(, 4) := Inf |z =y,

for any z € RY and A c RY.

Combining ([2.7)) and ([2.8)), one gets

//2 P ’Nﬂ)d;z:dy
|hs(x y)|>d

mP oy 2

lgr () —gr (y)| >

Therefore, it follows from (2.5)) that

lim dedy < C
520 //2 \x—y’Nﬂ’ T
|hs(x y)|>0

since limy_, oo 0 = limy_, o ¢ = 0.

It suffices to prove that hs converges to g uniformly on (). For each y €
[0,m]", set I; = [y;], the largest integer less than y;, and x = (z1,...,zxN)
with x; = y; — [l;]. Then

d 1 & i]\ili ,]\ifﬂz
T R 2o el + ) - Ltk Lt

|hs(y) —

16



However,

N N N
1 Z 1 li Z 1L
(1 — dicy)l; + =
4c ]\i il; ]\i T
< k Zz_l + |gN,k(517) _ Zz_l .
vN VN
Hence N
7 Z‘—1 Yi
h — === | < C(N)mcy.
hs(y) \/N | < C(N)mey,
Thus it follows since |+ hs(z) — L hs(z)| < C(N)/mfor allz € Q, 1/m < ¢y,
and limy_, ¢ = 0 that hg unlformly converges to g in Q. O

Lemma 4 Let N > 1 and p > 1. There exist a family of measurable func-
tions (gs)se(0,1) defined on Q and a family of positive numbers (cs)se(o0,1)

N .
converging to 0 such that cs > /9, |gs(x) — %] < 2Nc;s, gs s Lipschitz
on Qc; with a Lipschitz constant 1, and

. 5P

lim / ———dxdy < Cn,p.

6—0 QxQ |$—y|N+p P
lgs (x)—gs(y)|>6

Here Qs is defined by

Qs ::{m:(a;l,...,mN)eRN; s <xi<1l—cs foralll <i<N}.

N .
Proof: Define g(z) = % for r € Q. By Lemma there exists a family
of measurable functions (gs)se(o,1) such that gs converges uniformly to g in

@ and

_ 5P

li _— < )

50 //QXQ o — e WS O
l9s () —gs (y)|>

Define

cs = maX(zlelg 195(z) — g()|, V).

17



g1, = min (max (g5(2), (0,22, ... ) +265), (1,2, .. ww) = 265),
g2,5 = min (

max (91,5($)7g(x1707' . '7~7f']\/) +405),g(x1, 1... ,.TN) - 405)7

gN,s = min (max (gN_l,g(x),g(xl, oo, xN-1,0) + 2N65),

g(z1,...,xny-1,1) — 2N05>.

with the notation gos = gs. Then, as in the proof of Lemma |3 |gs(x) —
g(z)| < 2N¢s for x € Q, gn,s is Lipschitz on Q.; with a Lipschitz constant

1, and
— 0
i /L. T =y < Onp

lgn,s(h)(x)—gn,5(h)(y)| >k

3 Proof of Claim 1

3.1 Proof of Claim 1 in the case N =1

The following lemma is a consequence of Lemma [ This lemma will
be used in the proof of Lemma [6] which is the main point in the proof of
Claim 1 in the one dimensional case.

Lemma 5 Let g be an affine function defined on a nonempty bounded inter-
val (a,b) C R. Then there exists a family (gs5)se(o,1) and a family (cs5)se(o,1)
converging to 0 such that cs > /5, |gs(z) — g(x)| < 2l|¢|cs, | := b — a, for
all x € (a,b), g5 is constant on the interval (a,a + les) and on the interval
(b —lcs,b), and

—_— oP
B [[ L ey < Culd Voo
lgs(z)—gs(y)|>d

Proof: If g is constant on (a,b), take gs(x) = g(x) for all z € (a,b) and
¢s = V0. Otherwise, consider the function A : [0,1] — R defined by

g(lt +a) — g(a)

ht) = lg(lt+a) ~’

vVt e [0,1].

18



Then h(t) =t on [0,1]. Hence, by Lemma {4} there exists a family of mea-
surable functions (hs);se(0,1) and a family of positive numbers (cs);5¢(0,1) con-

verging to 0 such that cs > /8, |hs(t) — h(t)| < 2cs, hs is Lipschitz on (0, ¢5)
and (1 — ¢s, 1) with a Lipschitz constant 1, and

lim dedy < C
500 /ﬂuz m— WH‘”y b
|hs (2 y)|>6

Define g5 : [a,b] — R by

(o) =19/ hs () ala) Ve € ]

Then, since

|95(2) — g(2)| = Ulg'(z)] - |hs(t) — A(D)],
with ¢t = 224 it follows that |gs(z) — g(z)| < 2I|¢'|cs for all 2 € (a,b), g5 is
constant on the interval (a,a + lcs) and on the interval (b — lcs, b), and

— oP
i //[ b2 o —yprl dz dy < Chplg'P(b— a).
\95(2) g3 (1) [>6

g

Lemma 6 Let g be a continuous piecewise linear function on R with com-
pact support. Then there exists a family of measurable functions (95)56(071)
such that gs converges to g in LP(R) N L*(R), and

Tim I5(g5) < I(9).

Proof: Since g is a continuous piecewise linear function with compact sup-
port, there exist a; < az < --- < ay, such that g is affine on [a;,a;t+1],
1<i<m-—1,and g(x) =0if z < a3 or x > a,.

By Lemma |5} there exist a family of positive numbers (c;s5)se(0,1), 1 <
i <m— 1, converging to 0 and a family of measurable functions (h;s)sc(0,1)
such that ¢; 5 > V8, [his(z) — g(x)] < 20il|g||Loe(r)Cis, li = ais1 — i, hig is
constant on the interval (a;, a;+¢; 5l;) and on the 1nterval (@ir1—¢isli, aitr),

and
T 5P s /D
B s [ v

1
[ai,ai41])?
[hi,s(x)—hs 5 (y)|>0

19



Consider the continuous function gs defined by
his(z) if x € [a; + ¢isli/2, ai41 — ci5li/2],
gs(z)=4¢ 0 ifz <ay—eci5/20r x> am+cm_1s/2,

affine  otherwise.

Define

cs = Ssup ¢
1<i<m—1

Then, by the manner used to obtain estimate (2.8]), one has

5P
dx dy < / dx dy
//]R2 y’ | — ylpt! Z [ai,aiy1]? ‘.ZL' - y‘p-‘rl

lgs(z)—gs y)|>5 Ihzé (@) =hi,s(y)|>d

+C(g)(cs + 62).

Therefore, since limg_,gcs = 0,

Tim /\p

lgs (= gs(y)|>5

Finally, it follows from the definition of g5 that gs converges to ¢ in
LP(R) N L*°(R) since h; s converges to g uniformly on each [a;,a;11], 1 <
i <m— 1. O

Using Lemma [6] one can prove
Proof of Claim 1: Consider a sequence of functions (hg)reny € W1P(R)
such that hj is continuous piecewise linear with compact support, hi con-
verges to g in LP(R), as k goes to infinity, and limy_.. I(hg) = I(g). For

each k, by Lemma @ there exists a family of functions (g s)se(0,1) C LP(R)
such that hy s converges to hy in LP(R) N L*°(R) and

ﬁ Is(his) < I(hg).

Then there exists a strictly decreasing sequence of positive numbers (7)ren
converging to 0 such that 7o = 1 and

1
17k = il Lo@ynzoe(r) < %
1 V0 << Tg.
Is(hys) — I(hi) < o

20



Define g5 = hy 5 for 74,41 < 6 < 73,. Then g5 converges to g in LP(R)NL>*(R)
and o
Tim T5(g5) < 1(9)

3.2 Proof of Claim 1 in the case N > 2

The following lemma follows from the definition of Cy .

Lemma 7 Let Q be the image of the cube Q by a dilatation and a transla-
tion. Then

) ] oP ~
ll’lféljn’(l] //12 mdl’dy:CN,p’Q‘y
l95(2)—gs(y)|>d

where the infimum is taken over all families of measurable functions (gs)se(o,1)

defined on Q such that g5 converges to g(z) = % in measure as d goes

to 0.

Proof: Without loss of generality, one may assume that Q = aQ := {ax €
RN: 2z € Q}, for some positive constant a. Then, it follows from the change
of variables formula,

lim dx dy = a” lim dx d
500 //z Ix—leﬂ’ (R //z Ix—yIN“’ v
lgs (x y)|>d |hs(z)—hs(y)|>6

where hs : @ — R is defined by

hs(z) = gs(ax)/a, Vi eQ.

The rest of the proof is clear. Its detail is left for the reader. O

The following lemma deals with a covering result. The result is quite
classic for experts but the author can not find the reference for it. For the
convenience of the reader, the proof is presented.

Lemma 8 Let Q be a nonempty open subset of RN and B be a nonempty
bounded open subset of RN with |0B| = 0. Then there exists a collection
of open subsets of (Bj)ien such that B; C Q, B is the image of B by a
dilatation and a translation, B; N Bj = @ fori # j, and ),y | Bi| = [].
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Proof: Let B be an image of B by a dilatation and a translation such
that the closure of B is included in Q. Since B is open, |B| =c>0. Set
Qo = Q. Consider a collection (Q1)ien such that Q1; C Qo, Q1 is an
image of () by a dilatation and a translation, @1, N Q1,; = O for i # j,
and |Q] = Y,y |Qui|- The existence of this collection follows from [I5, the
assertion d in page 50]. Then there exists a collection of disjoint subsets
(B1,i)ien such that Bj; is an image of B by a translation and a dilatation,
Bl,i C Ql,i and |Bl,i‘7: C‘Ql,i" This implies that ZieN|B17i‘ = C‘Qo’.
Set Q1 = U;en(Q1,i \ B1i). Then Q1 is open and [Q1] = (1 — ¢)|Q0]| (since
|0B| = 0). Continuing this process, one finds collections of sets (Q ;)ien and
(Bk,i)ien, and an open subset €, of RY such that Qk,; and By ; are images
of @) and B respectively by a dilatation and a translation, Q; C Qp_1,
Qr,i N Qrj =D for i # j, 3 ien 1@kl = [Q—1], Bri C Qs |Brjil = ¢| Qi
and Qk = UieN(Qk,i \ Bk,i)' Set

)

m
am =2 > |Bril
k=1 ieN
Then since
m m—1 m—1
DD Bril =@ = > > 1Bril) + Y > |Bril
k=1 ieN k=1 ieN k=1 ieN
one has
am = c(|Q] — am-1) + am-1. (3.1)

It is easy to see that a,, is increasing and bounded from above. Hence a,,
converges to a. Thus from (3.1), a = |2|. The conclusion follows by taking
the collection (B k) k)en2- O

Let Ay, Ao, ..., Ap be disjoint open (N + 1)-simplices in RY such that
every coordinate component of any vertex of 4; is equaltoOor 1, A;NA; = O
for i # j,

Ai?

=

Q=

1

1

and

N
Al—{x—(ml,...,xN)ERN;:L'i>0fora111§i§N, and in<1}.
i=1
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Lemma 9 We have

. oP
il [ g et = Ol

6—0
Al ><A1
l9s (z)—gs(y)|>0

where the infimum is taken over all families of measurable functions (gs)se(o,1)

N
defined on Ay such that gs converges to g(x) = % in measure as § goes
to 0. Moreover, there exists a family of measurable functions (hs)se(o,1) such

N .
that hs converges to % uniformly in A1 and

— &?
%1_1% // dedy:CN,le!.
A1 ><A1

|hs(x)—hs(y)|>6

Proof: Set

CN7p:1nf§1jH(1) //142 ’N—l—p dx dy,
y)|

|gs (z)— >5

where the infimum is taken over all families of measurable functions (gs)se(o,1)
N .
defined on A; such that gs converges to g(z) = % in measure as d goes

to 0.
First we claim that Cy, > Cp|A1]. In fact, let (95)s5e(0,1) be a family
ZN

. . 1 Xy .
of measurable functions which converges to ﬁl in measure on A;. By

Lemma |8 there exists a sequence of sets (Q;);en such that @; is the image
of @ by a dilation and a translation, @Q; N Q; = @ for i # j, Q; C Ay, and

| A :Z|Qi|'

€N
Applying Lemma [7], one has
5P
lim //l md$dyZCN,p‘Qi|-

6—0 2
lgs (x)—gs(y)|>d

This implies

lim O gedy>C Cv A
. N ) |
Fay //A? o — y[N+ Y = NI’%@J N.pl A1l

lgs (z)—g ( )[>6
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Thus

Cnp = Onpldal.
We claim that C’NJ) < CnplA1] and there exists a family of measur-
N
able functions (hs)se(o,1) defined on A; such that hs converges to %

uniformly on A, and

o f]y e = Call
lhs(z)—hs y)|>5

We prove this by contradiction. Suppose that this is not true. Then there
exists g > 0 such that

o /A 2 |Nﬂ, drdy > (Crp+eo)l A, (32)

‘h(; :7:) h§ |>5

for any family of measurable functions (hs)se(o,1) such that hs uniformly
converges to g on A;. Let (95)56(071) be a family of measurable functions

N
defined on @) such that gs converges to % uniformly on @ and

lgs(x)—g5(y)|>d

The existence of (gs)se(o,1) is affirmed by Lemma (3, From Lemma 8} there
exists a collection of sets (Aj;)ien such that A ; is the image of A; by a
dilatation and a translation for every i € N, A;; N A;; = O for i # j,

Al,i C @, and
‘Q| Z‘Al z’

1€EN
Then, as in the proof of Lemma [7} it follows from (3.2) that

%1_1)% //AQ ]:c—y|N+p dedy > (Cnp + €0)| A1)
lgs (z)—gs (y)|>6

This implies

5
6—0

2
lgs (x)—gs(y)|>d

5p
‘7dmdy> (Cnp = (Cnp +€0)|QI.

v —y[Nr €N
7
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This contradicts the choice of (gs). O

A generalized version of Lemma [0, which will be useful, is the following

Lemma 10 Let g be an affine function defined on Ay. Then

5P
inf lim // ——————dxdy = Cn,|DglP|A1],
A1><A1

lgs (x)—gs(y)|>d

where the infimum is taken over all families of measurable functions (gs)sec(o,1)
defined on Ai such that g5 converges to g in measure. Moreover, there ex-
ists a family of measurable functions (hs)se(o,1) defined on Ay such that hs
converges to g uniformly on Ay and

. 5P
1 — p
lim // P dr dy = Cn,p|Dg|P| A1].

A1 ><A1
|hs (z)—hs(y)|>0

Proof: Suppose that g(x) = (a, z)+c, for some a € RY and ¢ € R. Hereafter
(.,.) denotes the usual scalar product in RY. Without loss of generality,
suppose that |a] = 1 and ¢ = 0, since there is nothing to prove in the case
la]| = 0. Let R be a rotation such that g(Re) = V/N fore = (1,...,1) € RV,
Let (gs)se(o,1) be a family of measurable functions defined on R(Q) such that
gs converges to g in measure on R(Q). Define hy: Q@ — R and h: Q — R
as follows

hs(z) = gs(Rz) and h(z) =g(Rz), Yz Q.

Then hs converges to h in measure on @), |Dh| = 1, and h(e) = g(Re) =+/N.
Hence since by = --- = by = ﬁ if Zfilbi = /N and Z 1, it

zlz

N
follows that h(z) = % Thus, from the change of variables formula and
the definition of Cl p, one has

opP
R(Q)XR(Q
lgs(x)—gs(y )\>5

Consider a collection of sets (B;);en such that B; is an image of R(Q) by a
dilatation and a translation, B; N Bj = O for ¢ # j, B; C Ay, and

| A :Z|Bi|-

€N
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(see Lemma [§)). Let (gs) be a family of measurable functions such that gs
converges to ¢ in measure on A;. Then, as in the proof of Lemma [7] it
follows from (3.3]) that

;ijné //B2 |N+p dzdy > Cn p|Bil.

lgs (x gé(y)|>5

This implies
I / O drdy > CnylBil = CnglAil.  (3.4)
im ———dxdy > N =Cn .
5—0 A2 |z — y|NFP N ? P

lgs (x)— ga(y)|>5

It now suffices to prove that there exists a family of measurable functions
(95)5e(0,1) defined on A; such that gs converges to g uniformly in Ay, and

. 6P

' v < , .

5 /A% oy = Ol &
lgs (z)—gs (y)|>6

Let (hs)se(o,1) be a family of measurable function defined on @ such that h;s
converges to h uniformly on () and

— &P
B g s o
lhs(x)=hs (y)|>0

Define gs : R(Q) — R by gs(x) = hs(R™'z) for x € R(Q). Then g5 converges
to g uniformly in R((Q) and

_ 5P
fim / / — % drdy < Oy, (3.6)
-0/ Jr@)xr(@) |7 — yIN*P 8

lgs(x)—gs5(y)|>6

Using (3.6) and (3.4]), as in the proof of Lemma |§|, one has g5 uniformly
converges to g in A; and satisfies (3.5)). The detail is left to the reader. [

The following lemma plays the same role as Lemma [p] for the one dimen-
sional case.

Lemma 11 Let g be an affine function defined on Ay such that the normal
derivative g—g does not vanish along the boundary of Ay. Then there exists
a family of measurable functions (gs)se(o,1) defined on Ay and a family of
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positive numbers (cs)se(,1) converging to 0 such that cs > Vo, |gs(x) —
g(x)] <8N(1+ |Dgl)cs for all x € Ay, gs is Lipschitz on Ay ,, where

Ay s = {x € Ay; dist(x, AY) < ¢s5},

with a Lipschitz constant |Dg|, and

— 5P
. p
%1_11% // PERED dzdy < Cn p|Dg|P|A1].

Al ><A1
|hs(z)—hs(y)|>0

Proof: We adapt here the proof of Lemma [ By Lemma there ex-
ists a family of measurable functions (gs)se(0,1) such that gs converges to g
uniformly in A; as § goes to 0, and

_ 5P
3 — p
B [ el = CaatlAl
Al ><A1
lgs (x)—g5(y)|>d

Set
cs = max(||gs — gllL(ar), V), s = 2(|Dgles + cs),

and
90,6 = 95,
for § € (0,1). Fori =1,2, ..., N, define

(@) { max (gi_l,g(x),g(xl, ey Tie1, 0,541, .., TN) —i—ilg) if gTi > 0,
9,8 =

min (gi—l,é(x)ag(xlv i1, 0, T, 2N) — ’ilg) if l%]z <0.
Set e = (T T ) and define
max (gn5(2), 9(=(x)) + (N +1)l5) if 3¢ <0
gN+1, s(z e O
min (gn6(2), 9(2(x)) — (N + Dls)  if 52 > 0.

Here for each x € RN, 2(x) = x — (z,e)e+e, i.e. z(z) denotes the projection
of x on the hyperplane P which is orthogonal to e and contains e. Then, as
in the proof of Lemma (3| |g; s(x) — g(x)| < ils for x € A;. Thus

9@, 2im1,0, 2441, .. TN) +ils if@aTcgi >0
gzé( )_

. B
g(xla"'7xi—170axi+17"'7xN) — ils lfTi <0,
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for 1 <i < N, for any « € A; such that 0 < z; < ¢s, and

g(2(2)) + (N +1)l; it 2 <0

gN+16(2) = { g(z(@)) — (N +1)l5 if 32 >0,

where z(z) =z — (x,e)e + e, for any € Ay such that 0 < |z — z(x)| < ¢s.
Then gn+1,6 is Lipschitz on A; ., with a Lipschitz constant |Dg| (see the
proof of Lemma (3| for these arguments).

It now suffices to prove

— 5
ol e
A1 ><A1
lgn+1,6(x)—gn+1,5(y)|>d
_— 5"
A1 ><A1

l95(2)—gs(y)|>d
For 1 <i < N, since if 22 > 0,
%i_I)I(l) Hx € Ai; gic15(z) < g(z1,..., 21,0, 241, ..., xN) +ils} =0,
and

%in% Hz € Av; gim15(x) > g(z1, ..., 2i-1,0, 2541, ..., on) —ils}| =0,

if g—i < 0, it follows from Lemmas [1| and [2 that, for 1 <i < N,

- o
B
A1><A1
94,56 (®)—gi,6 (y)|>d
— oP
A1 ><A1

lgi—1,5(x)—gi—1,5(y)|>d
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Similarly,

- 5"
T
A1 ><A1
lgn+1,6(x)—gnN+1,6()[>6
- o
A1 ><A1

lgn,s(2)—gn,s(y)|>d

Thus (3.7) follows from (3.8)) and (3.9)). O

Using the same ideas as in the proof of Lemma one gets

Lemma 12 Let i € {1,...,m} and g be an affine function defined on A;
such that % # 0 along the boundary of A;. Then there exists a family
of measurable functions (gs)se(0,1) defined on A; and a family of positive

numbers (cs)se(o,1) converging to 0 such that cs > V6, lgs(z) — g(x)] <
8N(|Dg| + 1)cs for all x € A;, gs is Lipschitz on A; ., where

A; s = {x € Aj; dist(x, A7) < c5},

with a Lipschitz constant |Dg|, and
— 6P P
%12% // [z =y dz dy < Cnp|DglP|Ail.
AiXAZ‘

lgs (x)—gs(y)|>d

To approximate a smooth function by a continuous piecewise linear func-
tion and to be able to apply Lemma which plays a role as Lemma [3] in
the case N =1, one introduces the following

Definition 1 For each k € N, K is called a k-net of RY if and only if there
exist | € NV and i € {1,2,...,m} such that K = Q%Ai + 2%

Hereafter, for any two subsets A and B of RY and a real number ¢, one
defines
cA={ca cRY; ac A}

and
A+B:={a+beRY;ac Aandbc B}.

When B is a set containing only a vector v, one writes A + v instead of
A+ {v}.
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Definition 2 A continuous function g on RY is said to be a continuous
piecewise linear function defined on k-nets if and only if g is affine on each
k-net of RV,

A variant of Lemma [5| for the general case is the following

Lemma 13 Let K be a k-net of RN and g be an affine function defined on
K such that 6‘7 # 0 along the boundary of K. Then there exists a family
of measumble functzons (96)5e(0,1) defined on K and a family of positive

numbers (cs)se(o,1) converging to 0 such that cs > V6, lgs(x) — g(x)] <
273N (|Dg|+1)cs for allx € K, g5 is Lipschitz function on Kok, where

Koty = {z € K; dist(z, K°) < 2 Fes),

with a Lipschitz constant |Dg|, and

5P
i - P
%lf% // |z — y[N TP drdy < Cnp|Dgl?|K]|.

K><K
|hs(x)—hs(y)|>6

Proof: Without loss of generality, one may assume that K = 2% A; for some
1 <i<m. Set gi(z) = 2Fg(27%z) for x € A;. Then by Lemma there
exist a family of measurable functions (g,s)sc(o,1) and a family (cs)se(o,1)
converging to 0 such that cs > V4, |gr.s(x) — gx(2)] < 8N(|Dg| + 1)cs for
all x € A;, gis is Lipschitz on A; ., with a Lipschitz constant |Dg| (since
|Dg| = |Dgl), and

S 5P
i - p .
lim // P— dx dy < Onp|DglP| Ail.

Z>< 1
l9k,5 () —gr,s (y)|>d

Set gs(x) = 2 % gy 5(2¥z) for x € K. Then |gs — g| < 27¥*3N(|Dg| + 1)cs on
K, gs is Lipschitz on Ky-k., with a Lipschitz constant |Dg| (since [Dgs| =
[Dgs), and

_ 5P

li —————dz dy < DgP|K]|.

(51—I>I%) //[(XK |.’E—y|N+p €T y_ CN7P| g’ ‘ ’
l9s (x)—gs (y)|>d

A variant of Lemma [] for the general case is the following
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Lemma 14 Let g be a continuous piecewise linear function on k-nets with
compact support such that on each k-net ngz # 0 along the boundary of
that k-net unless g is constant on this one. Then there exists a family of
measurable functions (gs)se(o,1) C LP(RN) such that gs converges to g in
LP(RN) N L®(RYN), and

- 5P

- P

%I_I% // P— dxdySC'N,p/RNDm dx.
RN xRN

lgs (z)—gs(y)|>0
Proof: For each k-net Kj;, if g is not constant on K;, by Lemma there
exist a family of measurable functions (h; s)s¢(0,1) defined on K; and a family
of positive numbers (¢; 5)56(0 1) converging to 0 such that ¢; 5 > V3, 3, |his(x)—
g(z)] < 27N (||Dgllcc + 1)cis for @ € K;, hys is Lipschitz on Kip-ke, 5
with a Lipschitz constant ||Dgl| e g~y, and

5P
. < P gy,
%m}) //K2 =g dxdy_C'N,p/Ki |Dg|P dx
15( 16(y)|>5

Hereafter in this proof, for 7 > 0,
K;; :={z € K;; dist(z, Kj) > 7}.

If g is constant on K, define h;s = g on K;, ¢; 5 = V8. Then there exists
a family of measurable functions (95)56(0 1) such that gs = h;s on each
K;9-1-1¢, 5, 95 is Lipschitz on RV \ UK, i2-ke; s With a Lipschitz constant
(HDgHoo 1) for some C = C(N) > 0, and supp gs; C suppg + By- Feg

cs = sup; ¢; 5. Here for any r > 0, we denote

B, = {z € RY; [a| <r}.

or oP
/= \N+pd”y<z // o=y Y

RN xRN
h; >4
195 (2) g5 (1) >6 5(0) e (4)

Hence

+C(k, g)(cs + %),

since

v o
_— < p .
// ey <O (c(;(HDgHOO LP 2%@)

K;x(RN\K;)
95 (2)—g5(y)|>6
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This implies

. 5P
. p
%13(1) // 7@ — drdy < Cnp /RN |Dgl|? dx.

RN xRN
lgs (x)—gs(y)|>d

We are now ready to prove

Proof of Claim 1: Let (g,,)nen be a sequence of smooth function with com-
pact support in R such that g, converges to g in LP(RY) and || Dg,|| LP(RN)
converges to || Dg||r»m~y (When p =1, the L'-norm is replaced by the total
mass). For each n € N, let (gx.n)ren be a sequence of functions defined on
RY such that Jk,n is a continuous piecewise linear function with compact
support defined on k-nets, gy, converges to g, in Wl’p(RN ). Without loss
of generality, one may assume that 8(99# # 0 along the boundary of on each
k-net unless gy, is constant on this one. Applying Lemma one finds a
family (gsxn)se0,1) C LP(RY) such that gs,k,n converges to g, in LP(RV),
as § goes to 0, and

hnlLﬂgdhn>§(ijj/ LDgthdx-
0—0 RN

The rest of the proof, which is quite standard, is left to the reader (see the
argument in the proof for the case N = 1). O

Remark 4 Using the same method as in the proof of Claim 1, we also
prove that for any U open subset of RV with Lipschitz boundary, for each
g€ WHP(U) (p > 1), there exists a family of measurable functions (g5)se(o,1)
defined on U such that g5 converges to g in LP(U) and

lim // v drdy < CNp/ |Dg|? dx.
0—0 U2 —

l9s () —9gs(y) \>5

4 Proof of Claim 2 in the case p > 1

4.1 Proof of Claim 2 in the case p > 1 and N =1

The proof of Claim 2 in the case p > 1 and N = 1 is heavily based on
the following lemma, which is a consequence of the definition of Cy .
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Lemma 15 any e > 0, there exist three positive numbers o1 (), 52(5), and
d3(e) such that if g is a measurable function defined on [0, 1],

[{z € [0,1]; g(x) — 2| > d1(e)}] < da(e),

and § < d3(¢), then

5P
//[0 12 W drdy 2 Crp—e.

lg(z)—g(y)|>6

Proof: We prove this lemma by contradiction. Suppose it is not true. Then
there exist a positive number £¢, a sequence of measurable functions (g )ren
defined on [0, 1], and a sequence (dx)ken converging to 0 such that

1 1
{z € [0,1]; [gr(2) — 2| > 2} < 7,
k k
and
ng(gk) < CLP —¢gp, VkeN.
Thus gj, converges to x in measure and
lim I5, (g9x) < C1p — €o.
k—oo
This contradicts the definition of Cf 4. O

As a consequence of Lemma one has

Lemma 16 For any e > 0, there exist three positive numbers 61, d2, and o3
depending only on € such that if g is a measurable function on |a,b],

{z € [a,b]; [9(z) — (c(x = 2z0) + d)| > |c|(b—a)di}| < (b—a)ds,  (4.1)

for some g € R, and § < |c|(b— a)d3 then

op
//[ b2 dedy > (Cl,p_5)|6‘p(b—a).
Ig(:v)fg(’y)\>5

Proof: Let 0; = 6,(¢), d2 = 02(¢), and 03 = d3(¢), where §;(¢) is a positive
constant corresponding to € in Lemma for i« = 1,2,3. Without loss of
generality, one may assume that ¢ > 0 and d = 0. Then

{z € [a,0]; [n(2) — (z — )] > 61(e) (b — a)}| < d2(e) (b — a),
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where h : [a,b] — R is defined by

h(z) = 9lx) + cc(azo — a)’ Va € la,b].

Consider h; : [0,1] — R defined as follows

h((b—a)t+ a)

vt e [0,1].
Then 5 .

{t € 0,15 [ha(t) — t] > d1(e)}] < da(e).
Hence applying Lemma one has

5P
9 - -
//[0,1]2 |t — s[pt1 dtds > (C1p —€),
|h1(t)—h1(s)|>0

for all & < §3. This implies

op
———dxdy > — P(p—
//[a,b]z |z — y|pt+! ray = (Cl,p e)|cfP( a),
lg(z)—g(y)|>d
for all § < ¢(b — a)ds. .
Using Lemma [T6] one can prove

Proof of Claim 2: Fix ¢ > 0 (arbitrary) and let J; be a positive constant
corresponding to € in Lemma [16] for : = 1,2, 3.

For m € Ny, define

1

z+h
;h/ 9'(s) — ¢'()|Pds — 0 as h — 0

Am = {ac € [-m,m]

1 /
and — < |g'(x)] < m}.

Then
lim |g'|P dz = 0.

m—00 JR\A,,

Hence there exist m € N1 and an open set U C R such that R\ A,, C U
and

/ g'|Pdx < e. (4.2)
U
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Set
B =R\ U.

Then B,, is a compact subset of R. Fix x € B,,. Then z € A,,. Thus
Jh, € (0,1) such that

min{dy, e}

1
om

z+h
h/ lg'(s) — ¢'(z)|P ds| < Vh € [—hg,hy,
x

Since B, C UweBm (x — hg,x + hy) and By, is a compact subset of R, there
exist ¢; € By, and [a;,b;] for all 1 < i < k for some k£ € N such that
[ai,bi] C [Ci - hc“Ci + hci], c € (ai,bi), (ai,bi) N (aj,bj) = @ for i # j,
and By, C Uy<;<xlas,bi]. In fact, consider a family {(z; — ha,, x; + ha;) le
which satifies

B C Uf:l(xi - hﬂ&i’xi + hﬂﬁz‘)v
1 < T < - < g,

(@i — hay, xi + hay) € Uj;éi(xj — hg;, @ + hay).

Set
C1 = X1,
a; = w1 — hgy,
b1 =x1 + hg, if 1 4+ hyy < 22, 1+ T2 otherwise,
(o = x2,
ag = max(by,xa — hy,),
by = xa + hg, if v + hy, < 3, T2+ T3 otherwise,

Cp = Tk,
ap = max(by_1, ) — hg,),

b = xk, +hxk~

Then the family {c;, [a;, b;]}%_, verifies the properties.

‘We have
9(z) = g'(ci)(x — &) + glei) + o(x — ),
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where |o(z — ¢;)] < 2%\37 — ¢;|. Thus

o) ~ ()& — €2) + 9(e]| < - fbi = al, V€ (a ).

On the other hand, since g5 converges to g in measure,

d
[ € [as,bil 95 (2) = 9(@)| > 5 -1bi = @il < dalbi — ),

when ¢ is sufficiently small. Then

{z € [ai, bi]; |gs(x) — ¢ (ci)(x — i) + g(ei)]] > %’bi — ai|}| < 62|b; — a;l.

Applying Lemma one has

lim //[ b]? Ix— |P+1 dx dy > [C1p — €](bi — ai)|g'(c:) P,

6—0
lgs (z)—gs(y)|>d

which implies

k
lim //R — ‘pHd:cdyzgclp €] (b — as)lg'(c))”

6—0
lgs (x)—gs(y)|>6

However,

bi bi
/ 9" ()P do <(bi — ai)lg'(ci)” + Cp/ 19'(x) — g'(c)) P da

<(bi — ai)lg' (ci)|P + Cp(bi — az)e/m.

Hence

li dx dy > |C "(2)Pdx — Cpe. (4.3
lim //R ey 2 [Cry - ]/mlg(w)! v~ Cpe. (43)
lgs (= y)|>0

Therefore, since € > 0 is arbitrary, it follows from (4.2)) and . ) that

|95 (z)—gs(y |>‘S
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4.2 Proof of Claim 2 in the case p > 1 and N > 2

The proof of Claim 2 in the case p > 1 and N > 2 follows the ideas
used in the proof for the case p > 1 and N = 1. However, the proof is more
complicated.

Lemma 17 For any € > 0, there exist three positive numbers 61(€), da(e),
and d3(g) such that if g is a measurable function defined on Q,

N
D s T

N | > d1(e)}] < da(e),

{z € Q; |g(x) —

and § < 83(e), then

//2 |.CC— |N+pd.%'dy>CNp

)—g(y)|>d

Proof: The proof is the same as the one of Lemma O

To obtain a generalized version of Lemma one needs the following

Lemma 18 Let g be an affine function defined on QQ. Then

. oP
lnféljné //2 W dx dy = CN7p|Dg|p’
)—95(y)

l9s (z)—gs(y)|>0

where the infimum is taken over all families of measurable functions (gs)se(o,1)
defined on Q such that g5 converges to g in measure. Moreover, there ex-
ists a family of measurable functions (hs)sc(,1) defined on Q such that hs
converges to g uniformly in QQ and

Tim — p
) //2 yx_ yN+p dwdy = Cnp|Dgl".
|hs (@) —hs (y)|>6

Proof: The proof is similar to the one of Lemma O

A generalized version of Lemma [17]is as follows.

Lemma 19 For any € > 0, there exist three positive numbers 51(5), d2(e),
and 63(¢) such that if g is a measurable function defined on @,

[{z € Qs lg(2) — ((a,2) + )| > d1(e)}] < d2(e),
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for some a € RN and b € R such that |a| = 1, and § < d3(c), then

oP
//2 dedyZCNm—&

lg(z)—g(y)|>6

We recall here that {.,.) denotes the usual scalar product in RN,

Proof: We prove this by contradiction. Suppose this is not true. Then
there exist €9 > 0, a sequence of measurable functions (g, )nen, a sequence
(an)nen C RY, a sequence (by)nen C R, and a sequence (3, )nen converging
to 0 such that |a,| =1,

o€ Qs lgn(e) = (a2} +bu)] > 1} < =

and

on
//2 mdl‘dy<0]\/’7p—€0.
|9n (2)=gn(y)|>0n

Without loss of generality, one may assume that b, = 0 for n € N. Since
lan| = 1, there exist a € RY and a subsequence (a,, ) of (a,) such that a,,
converges to a and |a| = 1. Then g,, converges to (a,.) in measure on @

and
// L dedy < Cn,—¢
2 o — y[ Ve S S e TR
|gnk (iﬂ)—gnk (y)‘>5nk
This contradicts Lemma I8 O

The following lemma, which is a variant of Lemmal[I6]in high dimensional
cases, is a consequence of Lemma

Lemma 20 Let ¢ > 0 and Q be the image of Q by a translation and a
dilatation. Let | be the length of any edge of Q. Then there exist three
positive numbers 1, d2, and 83 depending only on € such that if g is a
measurable function defined on Q,

{z € Q; l9(z) — ((a, — x0) + b)| > l|a|61}] < &|Q),
and & < lla|d3, for some a € RN, zg € RN, and b € R, then

or ~
I —— > — p X
/f2 ‘.’IJ . y‘N_H, dx dy = (CNaP 5)‘a| ’Q|

lg(z)—g(y)|>d
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Proof: The proof is similar to the one of Lemma For the convenience
of the reader, we present the proof in detail. Let &, = 0 (€), 62 = 52(5), and
83 = b3(¢), where §;(¢) is a positive constant corresponding to & in Lemma 19
for 1 = 1,2,3. Without loss of generality, one may assume that b = 0 and
la| > 0. Let 7 € RY be such that

Q=1Q+.
Then . R X .
{z € @; [h(x) = (a,z —7)| > 01(e)l}] < d2(e)[Q,
where @ = a/|a| and h : Q — R defined by

g(a) + {a,z0 = 1)

hle) = al

Define hy : Q@ — R as follows

h(ly + )

hi(y) = ] ;

Then R 3
{y € Q; [hi(y) — (@, y)| > d1(e)}| < da(e).

Applying Lemma one has

//2 P |N+pdxdyZ(CN7p—5),

[h1(x)—h1(y)|>6
for all 6 < d3. This implies
oP e
I, =S dedy> Cxy =)@l
l9(z)=g(y)[>6

for all § < I|a|ds. O
Using Lemma one can prove

Proof of Claim 2: For z € RY and r > 0, let Q(x,r) denote the open
cube center at x with the length of each its edge equal to 27, i.e.

Qz,7) :=={y=(y1,...,yn) € RY; |y — x| <rforall 1 <i<N}.
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Forn =1, 2, 3, ..., we let P, be the set of all z € R" whose coordinates
are integral multiples of 27", and we let £2,, be the collection of all 27" open
cubes with corners at points of P,. For z € RY, set

To(z) ==  sup |Dg(y) — Dg(x)|P dy,
Q' eQyk>n; J Q!
zeq)’
and )
pn(x) := sup f lg(y) — g(x) — Dg(x)(y — x)| dy.
o<r<1/27n TJQ(x,r)

For each m € N, consider the set
A = {w € [=m,m] Vi1 /m < |Dg(x)| < m, lim pu () =0,
n—oo

and lim 7,(x) = O}.

n—oo

Then it follows from [8, Theorem 1 page 228, the theory of maximal func-
tions, and Egorov’s theorem that there exist m € N, and a compact set
By, C Ay, such that p, and 7, converge to 0 uniformly on B,,, and

/ |Dg|P dx < 5/ |Dg? dx. (4.4)
RN\ B, RN

Fix ¢ > 0 (arbitrary), let 01, d2, and d3 be three positive constants
corresponding to € in Lemma [20]. Take k such that py(z) and 75 (z) are less
than e for all x € B,,, where 1 is a small constant defined later. Let J
be the collection of Q' € Q. such that Q' N B,, # . Choose ; sufficiently
small (g1 = e1(g,m, d1,82)). Then for Q' € J and = € Q' N By, one has

0 1 1)
{v € Q'l9(y) — 9(x) = Dy(a)(y — 2)| > 5 -|Q'I¥} < |,
since pi(z) < €1, and

Do@PIQ1 2 (1<) | gl iy (4.5)

since 73,(z) < €1 and |Dg(z)| > L. Since g5 converges to g in measure, we
have

0 1 1)
v € Qlosty) —9(w)| > o -1Q1¥} < F1Q,
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when § small. This implies

o1 1
{y € @'slgs(y) — 9(x) = Dg()(y — 2)| > —|Q'|V} < 6/Q,
when § small. Hence, applying Lemma one gets

' oP /
i ffL st O = IDgQ)

lgs (2)—gs (y)|>6
which implies, by .,

i
6—0 2

|N+ dedy > (Cyp—e)(1—¢) /Q’ |Dg|P dy. (4.6)

|z —
lgs(z)—g5(y)|>0
Thus since
lim // dx dy > 11m // dx dy,
5—0 IRNXRN |z — y|N+p Q,EJ 6—0 2 |z — Z/’N“’
lgs (= (y)|>o lgs(z)—gs ()| >0

it follows from and (| . ) that

lim // 7+dxdy > (Cnp—e)(1— 6)2/ |Dg|? d.
5—0 ]RNXRN |z — y|NFP RN

lgs(z)—gs(y)|>0

Therefore, since € > 0 is arbitrary,

5P
lim // —————dxdy > Cn / DglP dzx.
5—0 RN xRN [T —y[NFP P RN‘ |
lgs (x)—gs(y)|>d

Remark 5 In fact, we proved that

lim // drdy > Cyn / Dgl|P dz,
§—0 U><U |z — |N+ » J, 1Pl
g5 (2)—g5(y)|>6

for any p > 1, for any ¢ € W'P(U) and for any family of measurable
functions (95)56(0,1) such that gs converges to g in measure. The proof also
shows that

5

lim // 0 gedy>C / Dag| dz,

5—0 vxu |z =yl N U| |
105 (2)— 95 (9)] >6

for any g € BV(U) and for any family of measurable functions (gs)se(o,1)
such that gs converges to g in measure.
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5 A criterion to recognize BV functions

In this section, we introduce a criterion to recognize BV functions which
will be useful in the proof of Claim 2 in the case p = 1. We first present the
following notation, which is motivated from the one of Lebesgue points.

Definition 3 Let g € Ll(Hf\il(ai,bi)) (a; < b;) and t € (ay,b1). Then the
surface x1 =t is said to be a Lebesgue surface of g if and only if for almost
every 2’ € Hij\iQ(ai, b;), (t,2') is a Lebesgue point of g, the restriction of g on
the surface x1 = ¢ is integrable with respect to (N — 1)-Hausdorff measure,
and

lim ][ / lg(s,2") — g(t,2")|dz' ds = 0.
8—>0+
P T (s be)
For ¢ = 2,..., N, we also define the notion of the Lesbegue surface for

surfaces x; =t with ¢ € (a;, b;) by the similar manner.

Using the theory of maximal functions (see e.g. [16]) and Fubini’s theo-
rem, one can prove

Lemma 21 Let g € LYY (ai, b)) and i € {1,...,N}. Then for almost
every t € (a;,b;), the surface x; =t is a Lebesgue surface of g.

Proof: Without loss of generality, one may suppose that ¢ = 1. It suffices
to prove, for any 7 > 0,
t+e
{t € (a1,b1); 6l_i}r(r)l+ f / lg(s,2") —g(t,2")|dz' ds > T} < 7. (5.1)
e T o (ai bi)

We follow the idea used in the theory of maximal functions (see e.g. [16,
page 8]). Define

t+e

Mg )= s [ s s

e>0;
(t—e,t+e)C(a1,br) EE TN 5 (as,b:)

for each ¢ € (a1,b1). As in the theory of maximal functions, one has

C
{t € (a1,b1); Mg(t,1) > 7} < — / lg| dx. (5.2)
ITiL, (aibi)
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Let f be a continuous function on [, [a;, b;] such that

/ |f —gldx < %72, (5.3)

Hi:lN(ai,bi)
where C is the constant in (5.2)). Then

lim ][ / |f(s,2") — f(t,2))]dZ' ds = 0,

Hence it follows that

tte
{t € (a1,b1); hm ][ / —g(t, 2| d2 ds > 7}
e Ty (aib)
tte
C {t € (a1,b1); lir&][ / [(g—f)(s,2") = (g—f)(t,2')|d" ds > T}.
eI 5 (asbi)
Thus from ) and ., one has
tte
{t € (a1,b1); hm ][ / —g(t,2")|dz' ds > T} < 7.
TTi 5 (ai bi)
This completes the proof of . O

The following definition will be used in Proposition [1| which deals with
a criterion to recognize BV functions.

Definition 4 Let g € L! (HZ 1(a;,b;)). The essential variation of g in the
first direction is defined as follows

eSSV gv = Sup Z / H—lu g(thﬂj/)‘dfﬂl )
i= Z[a“b]

where the supremum is taken over all finite partitions {a; < t; < .-+ <
tm+1 < b1} such that the surface x; = t is a Lebesgue surface of ¢ for
1 <k<m+1 For2<j <N, we also define essV (g,j) the essential
variation of ¢ in the j' direction by the similar manner.
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The following proposition gives a way to recognize BV functions.

Proposition 1 Let g € Ll(Hl 1(ai,b;)). Then g € BV(HZ 1(ai, b;)) if and
only if
essV(g,j) < 400, V1<j<N.

Moreover, for g € BV(HZ 1(ai, b7)),

N

essV(g.j) = IDg - e;|([J(ai, b)), ¥1<j<N.
=1

Here Dg - ej denotes the derivative of g with respect to the variable x; and
IDg - ¢TI, (ai, b)) denotes its total mass.

Proof: Suppose that essV(g,7) < +oo for all 1 < j < N. One claims that
g € BV([TY,(ai, b)) and

N
IDg - e;l| (] [(ai, b:)) < essV(g,5), V1<j<N. (5.4)
i=1

Let (pe) be the standard sequence of smooth mollifiers in R. Fix ¢ > 0 and

set ge(z fR x1 — 8,2")pe(8) ds. Choose any a1 +& < t1 < -+ < typy1 <
by —e. One has
m
> [ bt d) - getna)|
k=
1Yl b

= Z / '/ p=(8)[g(ths1 — s,2") — gty — s,2")] ds| da’
1 —€

[T, ai,bi]

IA

m €
S [ [ st — o) — gl — .0 ds
k=1 i -

ﬁ\;2 [a’ivbi}

(5.5)

On the other hand, for almost every t € (ay,b1), the surface x1 = t is a
Lebesgue surface of g (see Proposition . Hence

Z / / pe(8)|g(thsr — s, 2") — g(ty, — s,2")| dsdx’ < essV(g,1).
—&
z 2[‘117 i

(5.6)
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Combining ([5.5)) and ( . yields

bl —€&
/ / |Dg. - e1|dz’ ds < essV (g, 1).

1+€
z 2[04'“171}
This implies
N
1Dg - ex||(] [(ai b)) < ess V(g, 1),
=1
Similarly,
N
1Dg - e |([[(as b)) < essV(g.5), ¥2<j<N.
=1

Therefore, g € BV(HZ 1(ai, b)) and (5.4).
We now suppose that g € BV ([T (as,b;)). One claims that

N
essV(g,7) < | Dg - ejll(] J(ai b)), vV1<j<AN. (5.7)
=1

In fact, consider a partition of {a; < t; < -+ < tp41 < b1} with each
surface x1 = t; is a Lebesgue surface of g. Then

Z / lg(ths1,2') — g(tg, 2")| da’

k=1
175 [as.bi]

:limz / |9 (trg1, ") — ge(tr, )| da’

e—0
Hz 2[0’171) ]

However,

s tm+1+6
> 192 (b1, 27) — g (th, ') da’ < / / Dg. - e1| da.

k=1_n t1—e N
[TiZalai.bi] [Tilolai.bi]

and
N

tmi1+e
/ / Dge - e1] dz < | Dg - ex| ([ [ (s, bi).
t

1=e i=1

175 [ai.bi]
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Thus it follows that

N

> / |9(tkr1,2') — g(tk,2')| da’ < | Dg - ex||(] J (i, 03)),
k=1_n =1
Hi:Q[aivbi]

which implies
N

essV(g,1) < ||Dg - exl|(] [ (@i, bi))-
i=1

Similarly,

N
essV(g,5) < [Dg- e (] [(ai,b:)), V2<j<N.

=1

Thus (5.7)) is proved.
The conclusion of Proposition (1] now follows from (5.4]) and (5.7)). O

6 The proof of Claim 2 in the case p =1

6.1 Another definition of Cy
Define

oo )
bN71 = lnf%ljn’(l) //2 dedy
lgs (z)—gs (y)|>0

where the infimum is taken over all family of measurable functions (gs)se(o,1)
such that gs converges to H1 in measure as § goes to 0. Here and afterwards

2
H.(z) := H(x1 — ¢, ) for any ¢ € R, where H is the function defined by

H( ) 0 if xq1 <0,
xr) =
1 otherwise.

We have

Proposition 2
byi1=Cn.

To see this, we first prove
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Lemma 22 Let (gs)se(o,1) be a family of measurable functions defined on Q
such that gs converges to g = x1 in measure on @ as § goes to 0. Then

lim dedy > C
50 /2 Isc—lf”1 s

lgs (x)—gs(y)|>d

Proof: See Remark [B O
On the other hand, one has

Lemma 23 There exist a sequence of measurable functions () and a se-
quence of positive numbers (1) converging to 0 such that vy converges to
g = x1 in measure on Q, and

-

li 7(1 d by .

lim // . ey = b
[ ()= (y) [>Tk

Proof: From the definition of by ;, there exist a sequence (d) converging
to 0 and a sequence of measurable functions (gi) converging in measure to
Hi as k goes to infinity such that

2

. Ok

g (%) —gr (y)|>d%

Since g converges to Hi in measure, there exists a sequence of positive

2
numbers (c)ren converging to 0 such that

- Hz e @slgr(e) — Hi(w)| = e}
lim 2 =0. (6.2)
k—oo Cj
Set
Ck if 21 < % — Ck,
- 1
hp(z) = 1+c¢ if 1y > 3,
1 1
—(z1 — = + ¢x) + ¢ otherwise,
Ck 2
and
—Ck, if 11 < %,
_ ] 1
ha () = 1—¢ if 11 > 5 + ¢,
1 1

a(xl - 5) — ¢ otherwise.
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Define
g1, = min (max(gr, ha k), hik),

and
g2, = min (max(gy ), 1 — cx).

Then g2 ;(x) = ¢, for all « such that z; < % — ¢k, gok(x) =1 —c¢p for all
with 21 > % + ¢, and

5
' % drdy =Dy .
i // o — [V Y = PN (63)

|92, () —g2,k (y)[>0k

In fact, it suffices to prove (6.3). By Corollary

Ok Ok
R — < 7d d
// A // s Jp—y VY

g2,k (2) =92,k (¥) >k 91,5 (2) =91,k (¥) >0k
(6.4)
Since | Dhy (z)| < = and |Dhg ()| < é for all x € @, it follows from (/6.2)),
and Lemmas [I and [2] that

- 5
Bl e

|91,k (%) —g1,k(y) >0k

— O

g (%) —gr (y)|> 0%

Combining (6.1)), (6.4), and (6.5)) yields

Ok
lim — L _dxdy <bpyi.
koo //2 o — VL T = P
|92,k (2)—g2,k (y) >0k

From the definition of by 1, this implies (6.3]).
Define hy : @ — R by
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and set € = 0 /(1 — ¢x). Then e converges to 0 as k goes to infinity, and

_— Ek
o / / s oy W
|k (@

y)|[>ek

— Ok
=L, o=y ey,

g (%) —gr (y) >0

which implies, from ([6.3)),

- Ek
|h (z)—hi (y)[>ek

For each n € N (arbitrary), consider the sequence fi : @ — R defined as
follows

1 i 1 1, ) i 1+ 1 )
= S — if — <i<n-1.
fr(zx) nhk(ﬂfl n+2 Qn,x)—i—nl xle[n, - ], V0O<i<n
We claim that
) €k/n B

[ fr( fk(y)|>€k/"

and

/Q | fi(@) — z1]dz < % (6.8)

Indeed, is clear from the definition of f; and the fact that 0 <
hi(x) <1 for all x € Q. It suffices to prove (6.7)). One has

Ex/n ex/n
//2 o ‘N_Hd:cdy Z // 7’m_y’N+1dmdy

| fi (@)= Fr ()| >en/n wi€ly, o
yle[l 7.+1
[ fro(z)— fk(y)|>€k/n

€k/n
+Z // o=y

1 6[7, 1+1]
gL,

n

[ fr(x)—fr(y)[>er/n
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On the other hand, since hy(z) = 0 if 21 < § —cg, hi(z) = 1if 21 > § + ¢y,
and c¢; converges to 0 as k goes to infinity, it follows from the definition of

fr and that

ex/n 1 €k
// oy W= // e v ey

el 5 nely L ped
916[271211 T1€[5— ﬁ»%Jrﬁ
[ fr(z)—fr(y)|>en/n [Pk (z) =Ry (y)|>ek
lim // k drdy =bpy1,
k—o00 | |N+1 ’
116[%—% §+ 1
z1€l5-55.5+ 55
[Pk () —hi (y)|>ek
and /
. Ek/Nn
lim ———dzdy = 0.
o // |z — y[NH Yy
:t1€ 7. 7,+1]
ylg[;vltl]
| fr (@)= fr(y)[>er/n
Hence

er/n
—————=drdy=D>b
//2 o — yVFT T T BN

| f1(2)—fr (W) >er/n
which is (6.7)).

From ([6.7) and , there exist a sequence (1} )xeN converging to g = 1
in measure and a sequence (7 )ren converging to 0 such that

-

li 7(1 d by .

tim // . ey = b
[ ()= (y) [>Tk

As a consequence of Lemmas [22] and one has

Corollary 6
Cni < bpyi.

Similarly,
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Lemma 24 There exist a sequence of measurable functions () and a se-
quence of positive numbers (1) converging to 0 such that vy converges to
H1 in measure on Q and

2

i}

li 7dd Cni.

lim //2 oy ey = O
|k (z

Y)[>7k

Proof: Let (g,) be a sequence of functions defined on @ as follows

0 if I S % — %,
gn(x) =< nlz1—3+2] ifl-L<ay <], VneN
1 otherwise,

For each n, there exists a family of measurable functions (g,,5)se(0,1) defined
on @ such that g, s converges to g, in measure and

5
I L
30 //2 oy = O

|gn § —9n, 5 ‘>5

(see Remark [4).

Therefore, there exist a sequence of measurable functions (¢) and a
sequence of positive numbers (d) converging to 0 such that v converges to
H1 in measure on () and

2

) )
[k (

Y)[>7k

O
As a consequence of Lemma [24] and the definition of by 1, one gets

Corollary 7
by1 < Cnj.

Remark 6 This corollary can also be deduced from Lemma

We are ready to give

Proof of Proposition [2} Proposition is a direct consequence of Corollar-
ies [6] and [T O

o1



6.2 Some useful lemmas

In this section, we prove some useful lemmas which are needed in the
proof of Claim 2 in the case p = 1. Our main goal is to prove Lemma [28
From the definition of by 1, one has

Lemma 25 For any € > 0, there exist three positives numbers 01, 02, and
83 such that if g € LY(Q),

Hr € @Q; |g(w) — Hi(x)| > 1} < d2,

1
2

and § < &3, then

o
_— >byi —e.
M, izt

lgs(z)—gs(y)|>6

Proof: This proof is similar to the one of Lemma The detail is left to
the reader. 0

As a consequence of Lemma one has

Lemma 26 For any € > 0, there exist three positives numbers 01, d2, and
83 such that if g € LYY [ai, bi]) (a; < b;),

N

N
o € [Tlas bl l9(e) = (H, oy () + )| > lelor}] < &2 [ [0 — o),
=1 =1

and 6 < |c|os, for some ¢ and d in R, then

o
// dedyz |C‘(bN71—€).

17 lasbi] xTT2  as,bi)
lg(z)—g(y)|>

Proof: Let 01, d2, and J3 be three positive constants corresponding to &
in Lemma Without loss of generality, one may assume that ¢ > 0 and
d = 0. Define h : [[Y,[a:, b;] — R as follows

g9(z) Al
h == v i, il
@)= 22 voe]Jlob
Then

N

N
{z € []lai, bil; |h(x) — H,  n-m (@) > 61} < 82 [J(bi — ai).
i=1

=1
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Define hy : Q — R by
hl(t) = h((bl — al)tl +ai,..., (bN — aN)tN + CLN), Vit e Q.

Then
{t € Qs [ (t) —
Applying Lemma [25, one has

1)
TN > _
// g dds 2 (b —e), VO <4y,
|P1(t)—=h1(s)[>6

()] > 61} < b

H,
2

which implies

o
// mdxdyzc(b]\[’l_s),

Hflil [a:,bi] Xnévzl [a:,bi]
lg(z)—g(y)|>d

for all § < cds. O

The following lemma plays an important role in the proof of Lemma

Lemma 27 Let (gs5)s5e(0,1) C LMTTY [ai, bi]). Assume that gs(z) < O for x
with 1 < ay + 6 and gs(x) > ¢ for x such that x1 > by — 5. Then

)
lim // T g drdy = cby .
5—0 |z —y|VH '

T2 fai ba) X T2 [as bs]
lg(x)—g(y)|>6

Proof: Without loss of generality, by Corollary |3, one may assume that
gs(x) = 0 for all z such that 1 < a1 + ¢ and g(x) = ¢ for all x such that
r1 > by — 6. For e > 0, let & be a posmve constant corresponding to
¢ in Lemma Set Qs = [a1 — 262 Lopy + b b Hij\iQ[ai,bi]. Define
h5 : Q5 — R by

0 if z1 € (a1 — b%sl,al),
hs(z) =< gs(x) if z1 € (a1,b1),
c if z1 € (bl, b1 + leE;“ )

Then, applying Lemma [25| for the function hg, one has

//2 |x_ |N+1 dxdyzc(bNyl—E),
|hs (x y)[>d
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which implies, since gs(z) = 0 if 21 < a1 + 6 and gs(x) = cif 1 > by — 9,

0
// de dy ZC(bN’l — 5)

TT2 fai i) X TT 2 [as bi]
lgs5(x)—gs(y)|>d

O a) g L
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when ¢ is small. Hence
1)
li ———— —dxdy > c(by1 —€).
o f] izt
vazl[%bi]XHfV:ﬂaubi]
lgs (x)—gs(y)|>d
Therefore,
1)
li ———dxdy >cb
17 @ bi] xTT7L  [as,bi]
lgs (x)—gs(y)|>d
since € > 0 is arbitrary. O

The following lemma plays a crucial role in the proof of Claim 2 in the
case p = 1.

Lemma 28 Letg € LYY, (ai, b)) and (g(;)(;e(o 1y C LMTTY [ai, 03]) (a; <
bi) such that gs converges to g in measure on Hi:l[aZ7 bi]. Then for any t
and ty in (a1,b1) such that the surface x1 = t; (i = 1,2) is a Lebesque
surface of g, one has

) )
lim // dedyZbN,l / ’9@2’ ) (tla )|dx

0—0
[(t1,t2) XI5 (@4,b4)]? Hfig(aiybi)
|95 (2)—gs (y)| >0
Proof: Fix 7 > 0 (arbitrary). Let A be the set of all elements 2’ €
1Y, [as, bs] such that (f1,z') is a Lebesgue point of g, 4, (t2,2)) is a
Lebesgue point of g, —,, and, (t1,2') and (t2,2') are Lebesgue points of
g. For each 2/ € A, let Q'(2') € RV~! be an open cube center at 2’ such
that

(0 Ky € Q'(); lg(tr,y) —g(tr, )| = 7/2} < 7|Q'(2)],

6.9
(i) / i) = ot )y’ < v (6.9)
Q/ Z/
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(1) Hy' € @) lg(te, y) — g(t2, 2)| = 7/2} < 7]Q'(2)],

(i) F o lattan/) = glta ' < (6.10)
)
and
{(@1,9) € (1t +20) x Q(): lg(an,y/) — gltr, )| > 7/2)]
< A 1Q (), o
{(@1.9) € (b2 — 20, 12) x Q(2); lg(n, o) — gt 2)] > 7/2}]
< A 1Q(),

where [ = %]Q’(z’)]ﬁ

Since gs converges to g in measure, it follows from (6.11]) that, when ¢
is small,

(1) Kz, y) € (bt +20) x Q'(2); |gs(a1, ') — g(t1, 2)| = 7}
< 271Q'(2)],
(it) H(z1,9) € (t2 — 21, t2) x Q'(2'); [gs(z1,9) — g(t2, 2)| = T}|

< 2711Q' ().
(6.12)
One claims that

. o
im ] g

[(t1,t2) x Q' (2")]?
lgs(2)—gs(y)|>6

> byl = C7llg(te, ') — g(t1, 2)||Q'(2")| = CT|Q' ()]
(6.13)

In fact, without loss of generality, one may assume that g(t1, 2") < g(te, 2’)+
3r and g(t1,2") < gs(z) < g(t2,2") (by Corollary [3)). Define f1 : (t1,t2) X
Q'(#') — R by

g(tr,2") +7 if y1 <t +1,
fily) = g(ta, ') if y1 >t + 21,

9(t272/)—£l7(t172’/)—7'(y1 — 1) +g(t1,2') + 7 otherwise.

and set
his = min(gs, f1).
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Then, from (6.12}i), after applying Lemma! one gets

1) 1)
// PRI R e // |—y|N+1d“””dy

[(t1,t2)xQ'(2")]? [(t1,t2)xQ' (2
|P1,s(x)—=h1,5(y)|>0 lgs (z)—gs(y )\>5
+ Clg(te, 2') — g(t1, 2)|Q' ()],

(6.14)

since f1,5 is a Lipschitz function with a Lipschitz constant w.

Define
g1.6 = max(g(t1,2') + 7, h1s).
Applying Corollary [2], one has

) )
// 7]27—(74]1\’“ dx dy < // 7\3?—?4\1\7“ dz dy.

[(t1,t2)x Q' (2")] [(t1,t2) xQ’ (2")]?
lg1,5(x)—g1, 5(y)\>6 |h1,5(z)—h1,5(y)|>0
(6.15)

Combining (6.14) and (6.15) yields

1) )
// 7‘$_y‘N+1d:Udy< // 7‘ _y‘Ndedy

[(t1,t2)xQ'(2")]? [(t1,t2)xQ' (2
l91,5(x)—91,5(y)|>d lgs (z)— ga(y)|>5
+ C1lg(te, 2') — g(t1, 2)]|Q' ().
(6.16)
Similarly, define g : (t1,t2) X Q'(2') — R by
g(t1,2") if y1 <to — 2,
fQ(y) - g(tQ,Z/)—T if 1 ZtQ_la

g(t2,z/)*!l](tlyzl)*7(y1 — 79+ 2l) + g(t1,2') otherwise,

and set hg 5 = max(gy s, f2) and ga s = min(hg 5, g(t2,2") — 7). Then

1) 1)
// [z =y < // o v

[(t1,t2) x Q' (2")]? [(f1,t2)x Q' (2
lg2,5(x)—g2,5(y)| >0 l91,5()—g1, 5(y)|>5
+ Crlg(t2, ") — g(t1, 2)]|Q"(2)].

(6.17)
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Combining (6.16|) and (6.17) yields

TN drdy < 7 g e dy
|z —y| |z =yl

[(t1,t2) x Q' (2")]?
lgs (z)—gs(y)|>d

[(t1,t2)x Q' (2')]?
lg2,5(x)—g2,5(y)| >0

+ C1lg(te, 2') — g(t1,2")]|Q' ()]

(6.18)
On the other hand, by Lemma

. 0
ilm // W dx dy > by,i[g(ta, 2") — g(t1, 2') = 27]|Q"(<")].
—0 -
tl,tQ XQ'(Z
lg2,5 (2)—g2,5(y )\>5

(6.19)

Hence combining (6.18]) and - 6.19) yields (6.13]
On the other hand, from (6.9}ii), ﬂ-n ), and (6.13)), one has

1)
lim // ———dxd
6—0 | - y|N+1 Y

tl,tg)XQ LI)’ ]2
lgs (z)—gs (y)|>6

> by [l - CT1] / lg(t, z") — g(t1,2")|da’ — C7|Q' ()]
Q' (x')

Therefore, applying Besicovitch’s covering theorem, one has

)
lim // ———dxdy
6—0 ‘1’ - y’N+1

[(tl,tg XH,L 2((11, i }2
lgs(z)—gs(y)|>0

>bni[l —CT1] / lg(ta, 2") — g(t1,2")| da’ —CTH o(bi — a;).
Hi\ég[azﬁbi]
Since 7 > 0 is arbitrary, one has

)
lim / / —° _drdy
6—0 |J3 - y|N+1

[(tl,tg XH az, 1 }2
lgs (z)— 95( )|>6

> bN,l / ’g(t%x ) (tlv )‘dl’

N, las,bi]
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0

Remark 7 It is surprising that the inequality in Lemma [28] involves the
constant Cy 1 (since by = Cn,1), although Cy; is defined by a process
depending on a smooth function.

6.3 Proof of Claim 2 in the case p=1and N =1

For each ¢ > 0, consider a set of intervals {(a;, b;)}¥_; such that b; < a;41

(ap = bp = —o0 and agy1 = bgy1 = +00), a; and b; are Lebesgue points of
g for 1 <i<k,

k
> lg(bi) = g(as)| = (1 —€)|[Dugl, (6.20)
=1
and
/ Dagldo > (1<) [ |Duglda. (6.21)
R\U 1(au ’L) R

We recall here that D,g and Dgg are respectively the absolutely continuous
part and the singular part of the derivative Dg of g.

One has (see Remark

lim // T drdy > C 1/ |Dog|dx. (6.22)
(5—>0 bz,al_‘_l |"Ll - y| ( Z,(Zi+1)

lgs(x)—g5(y)|>d

On the other hand, by Lemma [6.23

lim // dz d Zb bi — a;)|. 6.23
2 Sl ‘x_y‘g y = builg(b) —gla)l.  (6.23)

y)|>5

Hence combining (6.20)), (6.21)), (6.22)), and (6.23)), one obtains

lim // dl‘dy>C1 1| Dyl
5—0 R2 " -

lgs(z)— >5

since € > 0 is arbitrary and by ; = C11 (see Proposition . Il
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6.4 Proof of Claim 2 in the case p=1and N > 2

We recall that for each g € BV (RY), ||Dg|| is a Radon measure on RV
and there exist a || Dg||-measurable function o : R — RY such that

lo(z)| = 1{|Dg| a.e.,

/ fdivwz—/ v-od|Dgll, Ve CLRY:RY)
RN RN

(see e.g. [8, Theorem 1 on page 167]). Set
A = supp D,g.

Then |A| = 0 and for ||Dg|| a.e. © € A, one has, by [8, Theorem 1 on page
39],

o 1D9 - 0(@)|(Q@.0(@). 1) _
DG ot ) .

Hereafter for any (z,0,7) € RY x S¥=1 x (0, +00), Q(z,0,7) denotes the
closed cube center at x with the length of its sides equal to 2r such that one
of its faces is orthogonal to 0. Let B be the set of all x € A such that
is satisfied. Then

1Dgll(B) = [[Dg||(A)-
Fix £ > 0 (arbitrary). Let U be the open subset of R"V such that A C U and

1Dagll(U) < e[ Dagll(RY). (6.25)

Thus by Besicovitch’s covering theorem, there exists a family of cubes
(Q(x,0(x;),7i))ien such that z; € B,

Qxs,0(xi), 1) N Q(xj,0(xy),r;) =, fori#j, (6.26)
|Dg - o(z:)[[(Q(zi, 0 (i), 7))

DglQno@)r))  — & (6.27)
U Q(xi,0(x;), ) C U, (6.28)
iEN
and
IDgl|(B) < |1 Dgll(| ) Q(zi, o (i), 7))
ieN
Thus )
1Dgll(4) = +— > |IDg - o () [(Q(xi, o (xi), 7))

1€N
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Take k sufficiently big such that
D IDg - o(2)||Q(zi, o (wi),ri) < (1+¢ ZIIDQ o (z:)|[(Q(zs, o (i), 73))-
1€EN
Then
1Dgl|(A

(Qx4,0(x;),74)). (6.29)

From (/6.26)) and (6.28), there exists 7 > 0 sufficiently small such that
Q(zi,o(xs), 1+ 7)) N Q(zj,0(zj), (1 +7)rj) =0, fori#j,

and
k
U Q(xi, o (i), 1+ 7)ri) C U.

Thus it follows from (6.25)) that

k
1Dagll (| Q(iy o (), (1 4+ 7)r)) < el| Dagl|(RY). (6.30)
i=1

Applying Lemma [28 and Proposition [I} one has

. )
[Q(zi,0(%i),(1+7)r)]?
lgs(z)—g5(y)|>0

Hence it follows from (6.29)) that

1+4¢ 0
< i ———dxdy. 31
baall Dyl (4) < 1 lim i e dedy. (631)

UE_, Q(zi,o (i), (147)r)]2
lgs(x)—gs(y)|>0

On the other hand, one gets (see Remark

k
Dagl R\ [|J Q@i o (i), (1 +7)ri)])
=1
. 1)

[RM\UL, Qaio(ea)(14m)r)]]
lgs (z)—gs(y)|>d
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Combining ((6.30)), (6.31)), and (6.32)) yields

)
lim // g drdy
6—0 |$ - y|N+1

RN xRN
lgs (x)—g5(y)|>6
1—¢
> 1 [OnalDagll(®Y) + by 1| Degl| (®Y)]

Therefore, since € > 0 is arbitrary and by = Cn,1 (see Proposition ,

%Ia(ga) > I(g).
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