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Abstract

In this paper, we study some properties of Sobolev spaces in the con-
text of the new characterizations given in [I1] [5] [13]. We establish some
results in the spirit of the Poincaré inequality, the Sobolev inequality,
and the Rellich-Kondrachov compactness theorem, where [,y [Vg|? dx is
replaced by some quantity of the type

6?
Is(g) = /RN/RN 7|x_y|N+pdxdy.

lg(z)—g(y)|>6

1 Introduction

We first recall some new characterizations of Sobolev spaces. The first one
is as follows

Proposition 1 [T1, Theorem 2] Let 1 < p < +o0o. Then

a. There exists a constant Cy, depending only on N and p such that

Is5(g) < C’N,p/ [Vg|Pde, Vé>0,Vge Wl’p(RN).
RN

b. If g € LP(RYN) satisfies

lim sup I5(g) < 400,
60—04

then g € WHP(RN),

c. Moreover, for any g € WHP(RYN),

1
lim I5(g) = fKN’p/ |Vg|? dx,
p RN

6—04
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where Ky, is defined by

Kn,= / le - o|P do, (1.1)
SN—-1

for any e € SN7L.

Remark 1 The conclusion in Assertion (b) of Proposition [I] also holds under
the weaker hypothesis as follows

liminf I5(g) < +o0.
6—>0+

This assertion was proved by J. Bourgain and H-M. Nguyen in [5]. Our proof is
totally different and more delicate than the one of Assertion (b) in Proposition [i]
given in [11].

The second one is a generalized version of Proposition [}

Proposition 2 [13, Theorem 1] Let 1 < p < 400 and (Fp,)nen be a sequence
of functions from [0, +00) into [0, +00) such that

i. F,(t) is a non-decreasing function with respect to t on [0,400), for all
n € N.

1
. / E,(t)t=®*Y dt =1, for alln € N.
0

iti. F,(t) converges uniformly to 0 on every compact subset of (0,+00) as n
goes to infinity.

Then

a. If g € WEP(RN), then for every n € N,

Fo(lg(z) — g(y)) / (
dedy < C E,(t)t~ P+1>dt/ VglP d
/RN Ry T —y[VP T ]RN| s de,

where Cy p, is a positive constant depending only on N and p.

b. If g € LP(RY) satisfies

- — 9
hnrgl"%f /]RN /RN ‘x - y|N+p dz dy < +00,

then g € WHP(RN) and

F(
liminf/ Ug(z) — 9(y)]) dxdy > KNp/ [Vg|P dx.
RN JRN N

n— oo |:17 — |N+p



c. Moreover, if

o0
limsup/ Fo(t)t= P dt < 400,
0

n—oo

then, for any g € WHP(RYN),

F
. (l9@) — 9(0))
n—oo JpN JRN |z —y|NFP

drdy =Ky Vg|? dx.
P RN

Here Ky is defined by (1.1)).

Remark 2 Proposition [I] follows from Proposition [2 by choosing

0 if0<t<d,,

T—o7 otherwise.

Remark 3 Hypotheses (i)-(iii) of the sequence (F),) are necessary. These were
discussed in [I3] Remark 4].

Thus it is natural to demand whether or not variants of the Poincaré inequal-
ity, the Sobolev inequality, and the Rellich-Kondrachov theorem hold in these
contexts. The answer is positive. The first result motivated by Proposition [I]
and the Sobolev inequality is the following

Theorem 1 Letv € LP(RN), 1 <p < N, and § > 0 such that
// |N+pd:cdy<+oo.
Jv(2)—v y)|>5

Then v € L1(RYN) with ¢ = —p Moreover, there exist three positive constants
C, C1 and Cy, depending only on N and p, such that

[ e < o (i)

[v|>68

M5 4 69){C10 < |v] < 025}|) . (1.3)

Remark 4 Fix v € C®(RY). Letting § go to 0 in (1.3), one recovers the
Sobolev inequality in the case 1 < p < N. When 1 < p < N, Theorem [I] is
strictly sharper than Sobolev’s imbedding, since I5(v) < Cn.p [pn [V|P dz for
all p > 1 and for all § > 0 (see Proposition [I]).

Remark 5 When p = N, one obtains that v € BMO(RY), the mean bounded
oscillation spaces, if Is(v) < 4+oo for some § > 0. Moreover, there exists a
positive constant C' such that

0| Baro —sup][]l lo(z) — v(y )|dxdy<0( 1Y (v )+5),

where supremun is taken over all the cubes of RY (see Theorem [3)).



A variant of Theorem [1|in the context of the fractional Sobolev spaces is as
follows.

Proposition 3 Let v € LP(RY), p > 1, and s > 0 such that sp < N and
// W)l dx dy < 400. (1.4)
yeri
[v(@)—v(y)| >

Then v € LY(RN) with g = Np . Moreover, there exist two positive constants
C and X, depending only on N and p, such that

/ olrde < o] // |x_ |N+3i drdy| ™ “"+5<I|{5<|v\<m}\)

[v]>8 [v(z)—v(y)|>6

(1.5)

Remark 6 Letting § go to 0 in (|1.5)), one obtains the Sobolev inequality for
the fractional Sobolev space W*P(RY) with 0 < s < 1 and p > 1.

The second result inspired by Proposition [1] and the Rellich-Kondrachov
theorem (see also [2] Theorem 4]) is the following

Theorem 2 Let f, : RV — R be a bounded sequence of functions in LP(RY)
and &, be a sequence of positive numbers converging to 0 such that

liminf 75, (fn) —hnmlnf /RN /]RN |N+p dzx dy < +00.

n—oo
‘fn(w fn(y)|>6n

Then there exist a subsequence (fn,) of (fn) and f € LP(RN) such that f,,
converges to f in LIOC(RN). Moreover, f € WYP(RYN) for p > 1 resp. f €
BV (RY) for p =1 and there exists a positive constant C such that

/ [V IPdr < CliminfIs, (fn)- (1.6)
RN n— oo

One of the main ingredient in the proof of Theorems|[I] and 2]is the following

Theorem 3 Let f be a measurable function defined on a bounded cube Q C RN
into R. Then for each p > 1, there exists Cp n > 0 such that

// Y|P dx dy

// |N+p dxdy+5p\Q|2),V5>O. (1.7)
|f(z)— f(y)|>5




Remark 7 A variant of estimate (|1.7)) which was shown by J. Bourgain, H. Brezis,
and P. Mironesu when ¢ is small, p =1, and f € C'(I,R) in the one dimensional
case (see [3]) is as follows

1
fz dedy < C(|I? // —— —dxdy +6|I*),
//l v (|| 1JI |z —y|? ||)
leif (@) —eif W) |>5

where C' is a positive constant. The continuity of f is necessary in this case. In
the above inequality, the LHS can be bounded by the RHS for all § < v/3 up
to a constant depending only on d, and the constant /3 is optimal. These are
established in [7].

Remark 8 Theorem [3[is the heart of the matter in this paper. Estimate ((1.7)
can be seen as a variant of the Poincaré inequality. It implies directly the
assertion in Remark [l

In order to prove Theorem 1} one needs also some result (Proposition 4] in
the theory of sharp functions (see [16]) which will be recalled in Section

For what is motivated by Proposition [2| one has

Theorem 4 Let 1 < p < N, F : [0,400) — [0,+00) be a non-decreasing

function such that
1
+/ F()t= Pt g =1,
0
and v € LP(RN). Assume that

F(lo(z) = v(y)l)
/RN RN |lx — |N+P dz dy < +oo.

Then v € LYRYN) with ¢ = Np . Moreover, there exist three positive constants
C, C1, and Cy, depending only on N and p, such that

F(lv(z) —v(y)l)
C / v|?dz </ / dx d
ol RN JRN |$*y|N+p Y

[l>F (1
FOTHCF) < o] < CoF(1)}].

Theorem 5 Let 1 < p < N, F, : [0,4+00) — [0 +00) be a sequence of non-
decreasing functions such that lim, . F,(1) =

1
+/ F,(t)t= D g =1,
0

and f, : RN — R be a bounded sequence of functions in LP(RY). Assume that

. w([fn(@) = fa(y)])
hnrggéf/RN/RN \m— |N+p dz dy < +o0.




Then there exist a subsequence (fn,) of (fn) and f € LP(RY) such that f,,
converges to f in LY (RN).

Theorems [4] and [5| are prove by the same manner used as in the proof of
Theorems [ and 2] However in place of Theorem [3] one uses the following

Theorem 6 Let F : [0,+00) — [0,+00) be a non-decreasing function and Q be
a cube of RN. Then there exists a constant C > 0, depending only on N and p,
such that

(F(1)+/0 £t~ e+ dt //|f Y|P dz dy

<c (o [ [ £ wiﬁ”ddy+ﬂ>wﬁ)

As we will see, Theorem [f] is also a consequence of Theorem

Our paper is organized as follows. In Section [2] we will prove Theorem [3]
The heart of the matter is estimate (2.9). Theorems [1| and |3| will be proved in
Section [3] In Section [ we will prove Theorem [2 Finally, in Section [5] we will
prove Theorems [ [5] and [6}

2 Estimate in the spirit of the Poincaré inequal-
ity
2.1 Technical lemma

In this section, we prove a technical result which will be useful in the proof
of Theorem [3] Its proof is based on the ideas of J. Bourgain and H-M. Nguyen
in the proof of [5, Lemma 1].

Lemma 1 Let p > 1 and f be a measurable function defined on a bounded
interval I into R. Suppose that there exist 0 < 7 < = , c1 < c2, and two non-
empty sub-intervals Iy and Iy of I such that

{rel; fla) <} 27| and {x €Iy f(x) > ca} > 7|13
Then there exists a positive constant C, depending only p and T, such that

oP
e I
| [ e vz Clea =Pl Wh e 0.0),
[f (@)= f(y)|>6

T2((;27(;1) ‘11 ‘12

_ \
where g = 555> min{ VIRRIIE }.



Proof. By scaling and translating, we can assume as well that I = [0,1],
c1 =0, and ¢; = 1. Take § € (0,%)min{|[l|,|12\} and K € Z4 such that
§ < 27K < 26. Denote

1 3
J:{jeZ+;f<j2‘K<f}.

4 4
Then 1
|J|22K_1—2zg. (2.1)
For each j, define the following sets
Aj={zc[0,1); (j - 1)27F < fz) < j27 7},
Bj = U Aj/, and Cj = U Aj/,
J'<j Jj'>3
so that B; x C; C [|f(2) = f(y)] = 27%] C [If (z) = f(y)] > 4].
Since the collection (A;) is disjoint, it follows from (2.1) that
1
card(G) > 2572 — 3 ~ 5 (2.2)

where G is defined by
G={jeJ;|Aj| <275}

For each j € G, set A\1; = |A;| > 0 (see [I3| Lemma 3]) and consider the
function 1;(t) defined as follows

4 4 4 4
P (t) = |t — ;Al,j,t + ;Al,j] NBj|, Vte [;Auv 1-— ;Al’j].

We claim that there exist s1,; and so; in [2A;;,1 — 2 ;] such that

T¢j(51,j)>7/2 and Ti(s24)

1— /2. 2.3
8AL 8\, 7/ (2.3)

We prove this by contradiction. Suppose that

Then 8
1100 Bl < 7N/2 4+~ g
However,
Dy B B



This implies
|Il ﬂBj| < T|Il‘.

This contradicts to |11 N B,;| > |Iy N By| > 7|I1].

Thus there exists s1,; € [2A1;,1—2\y;] such that %ft]) > 7/2. Similarly,
there exists sa; € [2A1;,1 — 2A; ;] such that %ﬁi” < 1—17/2. Since 9; is a
continuous function on [£A; ;,1 — £X; ;], it follows from (2.3) that there exists

t1; € [2A1,1— %)y 5] such that
T, (t1,4)
9 < NI ] /9.
s 8An; T ™/

By the same method used as in [5, Lemma 1] (see also [I3] Lemma 4]), there
exists t; and A; such that

t:— Xt +2iN]NB;
rjpe =220 i+ ENINBI (2.4)
8\,
and . i A
t,_,)\,’t, ESViNg! .
7/64 < Tllt = A5 b + ZA1 0 Al <1/8. (2.5)

8\
The rest of the proof now follows from the one of [5, Lemma 1.

Set A = infjce Aj (A > 0 since G is finite). Suppose G = J-_, I,,, where I,,,
is defined as follows

Ly={jeG 2" A<\ <2™\}, Vm>1.
Then, from ,
1
Z card(I,,) 2 5 (2.6)

For each m (1 <m < n), since A; N Ay = 0 for j # k, it follows from (2.5) that
there exists .J,,, C I, such that

om+3 )
a) card(J,,) 2 card(l,) and b)[t; —¢;| > , Vi jedn.  (2.7)
T

Then, from (2.7}b) and the definition of I,,,
4 4 4 4
[tz‘ — =X, t; + *)\i] N [tj — *)\j,tj + */\j] = (Z), Vl,j € Jm, (28)
T T T T

and

| =

Z card(Jpm) 2
m=1



Set Uy := 0 and, for m=1,2,...,n,

={jeJm;|[- 4Aj7t+4A]\Um 1|>( 7/4

2},

Un = ( U [tj - ;/\jvtj + ;/\J]) UUp—1,
JELm
am = card(J,,) and b, = card(L,,).

From ([2.8]) and the definitions of J,,, and L,,,

m—1
T .
—2m= (g — b, <§ 2'b;
4 ( )= i=1

which shows that

m—1

8 i—m
Consequently,
n n n m-—1 n
S an <> b ZZz“mb_Zb + 230 3 e,
m=1 m=1 m=1 =1 =1 m=i+1

Since Y ;7 27" = 1, it follows from from (2.6)) and .-a that

n n

Shnz Y anz s

m=1 m=1

Therefore, it is easy to see that

1
// |z — y[ptt e dy
IxI

If (@)= f(y)|>6

v
ﬁM:

1
zL: // 7|wfy|p“ dx dy

([t =Xt +4X \Upm —1)?

reB;,ycC;
" 1
> >
m=1
which yields the conclusion of Lemma O

2.2 Proof of Theorem [3] in the one dimensional case

In this section, we prove the following estimate

//|f Yl dudy < Cy |I|p+1 // e dudy + 9°T),

f(z)— f(y)|>5
(2.9)



for any p > 1 and for any measurable function f defined on a bounded interval
I into R. Here C), denotes a positive constant depending only on p.

Observe that if we define the function

fa=({V(=A)NA,

then
|fa(z) = fa)| < |f(z) — f(y)l.
Hence, for all A > 0 and § > 0,

oP
// | ST drdy < // |p+1 dx dy.

|fa(z)—Ffa(y)|>d £ () f(y)|>5

Thus without loss of generality, one may assume that f € L>([).

By scaling, one may assume that I = [0, 1] and

// f(z) — f()P dz dy = 6a,, (2.10)

where a, = max{as p,a2,p,4}, a1, and ag, are positive constants which will be
defined later.

Set
2
o= —.

3

Consider f : [0,2] :— R an extension by reflection of f, i.e.,

. f(2) if x € [0,1],
f(x){ f2—x) ifze (1,2,

and define g : [0,2] — S! by

g(x) = ei-f(g”), vV € 0,2].

xT+T
Case 1: There exist z € I and 0 < r < 1 such that ][ g(s)ds| < aq :=
a+1 . Ql i
. Then there exist z; and z5 in S' such that |21 — 22| 2 1,
72—z
{ve@asnilom-a< B2 20
and

{ve warnilo -al < 252 20

10



This was observed in [4] and [12]. Thus, by Lemma [I] ' there exists dp ~ 1 such
that

// |p+1d33dy21, V0 <4 < do.
lg(z)—g(y) |>5
Since
/ / da:dy<4 / / ‘erl drdy, Y§&>0,
g(z)— gy)|>5 g(z)— g(y)|>5
this implies
/ / =gt dedy 21, V0<d<dp. (2.11)
g(z)—g y)|>5
x+r
Case 2: ][ g(s)ds| > aq, for all z, r € 1.

Case 2.1: f is continuous.

We claim that

m//i |,,Hd:cdysz, V0 <4< 1. (2.12)

g(z)—yg u)|>5

where b, = C.of, C; is the positive constant less than 1 in Lemma [I| corre-

sponding to 7 = 5%~

We will prove this by contradiction. Suppose that there exists 0 < §p < 1

such that
// Ty y|1’+1 dx dy < by. (2.13)

lg(z)—g(y)|>d0

Define 7 : Q — R2, where Q = I? as follows

x+r
a(x,r) :]l g(s)ds, V(z,r)€qQ.

Then

@(X)|>a, YXeQ. (2.14)
Set 1)

wX)= A2 yx Q.

W =g 7A@

Let 9 be the continuous lifting of u in @, i.e. e’¥ = u, such that

P(x,0) = f(z), Vxel.

11



Then, for all (z,y) € I?,
[f (@)= ()l < |¥(2,0)=(z, D]+ [z, 1) =y, D]+]¢(y, 1) =¥ (y, 0). (2.15)
We first remark that
[(x,1) —(y, )] S 1. (2.16)
We now estimate [t (x,0) — 9(z,1)|. Take k € Z such that
2kt < p(x,1) — (x,0) < 2k7 + 27. (2.17)

Without loss of generality, assume that & > 0 and v (z,0) = 0. Thus it follows
from (2.29) that there exist 0 < t] < to < -+ < tog—1 < tor < 1 such that

v(x,tom—1) = 2mmw —m,
Vi<m<k.
Q/J(xa t?m) = 2m7r,
Hence it follows from ([2.14)) that
Tt+tom—1
g1(s)ds < —a,
Fattam V1i<m<k. (2.18)
][ q1(s)ds > a,

We claim that 5

0g > ————1
From ‘- 18a one has

(07

Hs € (x + tam—2, + tam—1); 91(s) < —a/2}| > 5 tom—1,
0’ @ (2.19)

{s € (z+tam—1,2 + tam); g1(8) > a/2}| > tom.-

2—«

In fact, set g = |{s € (v + tam—1,% + tam); 91(s) > &/2}|/(t2m — tam—1). Then
since

T+tam Tt+tom—1 T+tom T+tom
atoy, = / gds = / gds+/ gds = —atgm,l—i—/ gds,
T T THtom—1 T+tom—1
it follows that
o
p(tom — tom—1) + 5(1 — ) (tam — tam—1) — atom—1 > atom,.
Hence

p a(tam + tam—1)
T (2= a)(tam — tam—1)’

12



which yields

o
s € (x + tam—1, T + tom); g1(s) < —a/2}| = p(tom — tam—1) > 5 atQm-

This is the second inequality of (2.19). The first inequality of (2.19) is proved
by the same manner.

Thus if 60 < 200(6¥7)

with I} = (x,x + ta;m—1) and Iy = (x,z + ta,, ), one gets

61’

lg1 () 91(y [>d0

tor_1, applying Lemmafor the interval (x, z+ta,,)

This contradicts .
Hence,
ol
1 <ty <...<top_1 < mao (220)
Also since

THtom41 r+tom THlom+t1
/ gds = / gds + / gds
T T T+tom

it follows from (2.18]) that

—atom + (tamt1 — tom) > Otomo1.

This implies

a
tomy1 = 1 t2m > 2tam (2.21)

Since 0 < §p < 1, it follows from (2.19) and (2.21)) that

Tt+top_1 T+tom+1 68
/ €= 2t |p+1 d“c—z / € —apn

T Ftam
19(§)—g(x)|>d0 Ig £)—g(z)[>do

k—1
2> 2mr > ok,
m=1
However, there exists a positive constant c, such that 2 > ¢,m? for all
m > 1. Thus, it follows that
2 51)

W dé +1> cpltp(z, 1) — (z,0)P. (2.22)

0
lg(§)—g(x)|=d0

13



Similarly,

2 4

m A€ +1> ¢p|9(y, 1) — b(y, 0)[. (2.23)

0
19(§)—g(y)|=do

Combining ([2.28), [-20), (2-22), and (2.23) yields

2 517 2 512
|f(z) = fW)I" < /0 W%Jr / WdfﬁLl

0
l9(&)—g(x)|=d0 [9(§)—9(y)|>d0

This implies for some positive constant a; , > 0,

//|f |pd:1:dy<a1p / / |p+1dxdy+1)

g(x)—g y)|>6o

Thus it follows from (2.10]) that

/ / |p+1dxdy>1

lg(2)— g(y)\>5o

since
/ / |$—y‘p+1 dxdy< 4 / / |a:—y|p+1 d.’Edy
lg(z)—g(y)| =0 g(z)—g(y)| =0
This contradicts (2.13]).

Case 2.2: f € L>°(I). Take 0 < ¢ < min{dy, o2, i} such that

// |p+1 dx dy < +o00.

|f(@)—f(y) \>5

Here §; and d5 are positive constants which will be defined later. We claim that

opP

lg(z)—g(y)|>6

We recall here that b, = C,a”, C- is the positive constant less than 1 in Lemmam
corresponding to 7 = 5%-. We prove this by contradiction. Suppose that

2
// |p+1 dz dy < by, (2.25)
\>5

14



For each € € (0,1), define

fe(x) Z][HE f(s)ds, Vzel.

Consider f. : [0,2] :— R an extension by reflection of f., i.e.,

_ fe(z) if © € [0,1],
fa(x)_{ f2—=) ifze (1,2,

and define g. : [0,2] — S! by
g-(z) = G = [0,2].
Let A > 1 be such that [|f|z=) < A. Then there exists 0 < ro < 1 such

that )
c
_ — 2.2
//B |x—y|P+1dxdy<A2’ (2.26)

|f (@)= f(y)|>6

for all measurable subset B of I? with |B| < r3. Here ¢ = min{cy, c2, c3}, where
c1, co and c3 are positive constants which will be defined later.

Take ¢ < r/2 such that for all e < g,

x+r T+r _
][ ge(s) ds—f g(s)ds' < ¥7

for all r > ro/2. Then

T+
7[ ge(8) ds

2@2:a+a12_a, Vr>rg/2

x+r
][ g<(s) ds

We prove this by contradiction. Suppose that there exists z, r, and € (r <
ro/2 and € < g9 < 79/2) such that

x+r
7[ g:(s) ds

If r < e < ro/2, from (2.27), there exist s and ¢ in [,z + r) such that
|fo(s) — fe(t)| 2 1. Tt follows that

We claim that

> Qg,

for all € < gg.

< . (2.27)

xr+2e r+2e
b @ sodgan =2,

15



Thus since || f|| =y < A, one has

] %

{(€n) € (z,2+26)% |£(€) = f()] = 1} 2

x+2e x+2e 1
/ | ez

|f (@)= f(y)|>6
This contradicts to since 2¢ < ry.
If e <7 <1p/2, from 1) there exist z; and 2o such that |21 — 22| 2 1,

This implies

{s € (x,z+r); |eif5—z1| < |z1—22]/3} 2 1 and {s € (x,z+7); |eiff—zg| <|z1—2/3} 21

Consequently, there exist Iy C (z,x + 2r) et Is C (z,z + 2r) such that |I1] 2 r,
|I3] 2 r, and

f(s)ds—+ f(s)ds| =1
I I

x+2r x+2r
JAR BTGEF OIS

Thus since || f|| 1y < A, one has

Thus

(€ € (@a+20% 11O — f)] = 82} 2 2

T+2r T4+2r o
/ | =g

[f(z)=f(y)|>6
This contradicts to since 2r < rg. Thus

T+r )
][ etfe(5) gg

For each ¢ < min{eg,73}/2, consider

T+
][ Gife(s) gg _ gif(@)

H+r )
Take z € A. and r < 72/2 such that ‘][ etfe(®) s — ¢if (@)
there exist J C (z,x + 7 +¢) such that [J| >r+¢

This implies

> g,

for all € < &y.

AE{IEGI;

1
— for some r < 7’8/2}.

\}

> 1/2. Then

s)ds — f(z)| > 1/2.

16



Consequently,

T+r+e
1 C3
[ g
|f(2)=f()I>1

Therefore,

esl ALl /A < ¢/ A2,

This implies
Al <1/A

Take ¢ < min{eg, rZ}/2 sufficiently small such that |B.| < 1/A, where
B ={zeI;|fe(z) — f(x)] > a1 — a}.

Define @, : Q — R2, where Q = I? as follows

z+Tr
Ue(x,7) :][ e ds, V(x,r) e Q.

Set i (X)
w0 = FEr

Let 9. be the lifting of u. in @ such that

1/)5(%0)212(96), Vzel.

VX eq.

We have
|f(x) = f()| <If(@) = Ye(@, )| + [e(z,1) — Ye(y, D] + [¥e(y, 1) — f(y)]
+1fe(@) = f@) + [f-(y) = f(W)], (2.28)

for all (z,y) € I°.
Take x € B, \ A: and k € Z such that

2km < e (x,1) — f(x) < 2km + 27. (2.29)

Without loss of generality, one can assume as well that &k > 0, f(z) = 0 and
there exist 0 < s1 < 89 < -+- < Sop_1 < S < 1 such that

Ye(, S9m—1) = 2mmw—7 —7/4,
V1i<m<k,
Ye(x, Som) = 2mnm —7/4,
Then s; > r3/2. Thus there exist t1, ..., tar_1, such that 0 < s1 < t; < 89 <

s < Sop1 < top—1 < Sor < 1 such that

{ arg(u(x, topm—1) =

arg(u(x,tom)) = 0,

Vi<m<k-1
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(if £ is sufficiently small). Applying the method used in the case f is continuous,
one has, for each (z,y) € [B: \ A:J?,

2 &P 2 &P
lf(z) = fW)IP < /o Wdﬁ‘i‘ / Wdf‘*‘L

0
lg(§)—g(z)|>6 lg(§)—g(y)|>0

Thus

p <
//B \AE]Z — fy)lP dedy < ag,p / / |p+1 dxdy—i—l)

lg(z)— g(y)|>5

/0/0 =y ‘p+1d3:dy>1

This implies that

9(z)=9(y)|>¢
since m
] 0~ S drdy < T = 4 <,
This contradicts .
Therefore, follows from (2.11f), (2.12) and (2.24). O

2.3 Proof of Theorem 3| for arbitrary dimensions

Theorem [3]in the case N > 2 is a consequence of itself in the one dimensional
case and the following

Lemma 2 Let g be a measurable function on Q = IV, where I is a bounded
interval of R, and 1 < p < 4o00. Then

1
— _denydyyda’
/N 1// |xN_yN|p+1 TN AYN aT

lg(z",xN)—g(a",yn)|>26

1
< Ch, / ———dxdy, V>0,
g |z — y|N+P
lg(z)—g(y)|>6

for some Cnp > 0 depending only on N and p.

Remark 9 Technique which will be used in the proof of Lemmal[2| was appeared
in [I]. A similar estimate was mentioned in [5] ([5, Lemma 3]).
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Proof. One has

1
— = _drydyydx
/IN—l/I/I lzy — yn [P+ N YN G

|f (& zn)—f(2’yn)|>28

1
< / // / ——dy' den dyy da’,
-1 Jr

lzn — yn|VFP
| f(z",zn)—f(z/,yn)|>268 BN*I(CExM)mIN 1

(2.30)
where By_1(z',7) denotes the set {y/ € RV=1; |y —2/| <r}

On the other hand, if |g(2’, 2n) — g(2', yn)| > 26 then, for all y' € RV1,

TN + TN +
‘g(x/axN)_g<yl7N2va)‘ >6 or ‘g (y/7N2va) —g(x/,xN)‘ >6
Hence

.y /

[f(z",xn)—f(z"yn)|>20 g 1(m’ M)OIN 1

< e /

|f(@ran)=f (y', S ) [>6 By (o, NN ) v -

1
+ / / / / e dyf day dyy da.
IN-1

len — yn|NFP
£ (v ) = £ ()| >0 By —a (7, o8N ) gy -

— dy'dxydyydx’
|z —yn|NFP YN N

dy' dx N dyn dx’
|£UN_yN|N+p YN GN e

However,

S ) /

|f(a: JIN)— f ’LV_HJN |>5BN 1(9:’ len—unl yN‘)ﬂIN 1

/ / |N+p dx dy.

|f (@) =1 (y) \>5

1
/ / / —  dy dondyn do
N—-1 —

By (o 2xguxl) v [on =y [ VHP
| (v, 2 ) — F(y oy )| >6

/ /IN |N+pda:dy.

|f (@)= f(v) \>5

!/ !/
T —yn o O o di e

arn
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Thus

dy’ dxn dyn dx’
/N 1// LN 1 z’, lz N — yN\)mIN 1 |-'17N_yN|N+ Y OEN QYN G

|£(@ @n) = f (' yn)|>20
/ / |N+p dz dy. (2.31)

|f (@)= 1 (y) \>5

Combining ([2.30]) and . 2.3]) yields

1 /
/N 1 // |zn — yN|erl don dyn d

[f(z'yxn)—f(z',yn)|>26
drd
/ /IN Iw—yIN“’ v

—f(y)I>é

O
Proof of Theorem For simplifying the notation, one may assume that
N =2and I =[0,1]. Then

/I\2 - ‘f(xlaxQ)_ (yl»y2)‘pd33dy</ ‘f 56'1,1'2) f(l'l,yg)lpdl‘dy

+ / F(en ) — Fyr,y2) P da dy.
12 Jr12
(2.32)

Using (2.9)), one has

/12 |f(z1,22) = f(x1,y2) [P daadys

oP
< e D
~ /I/I |1‘2—Z/2|1+p ez 0%
[f(z1,m2)— f(w1,y2)]>28

However, by Lemma [2] one has

1 1
—  drodysdx < ——— dx dy.
/// [y — g irp TTRWREILS // o —y2e Y

[f(z1,22)—f(x1,92)]>26 [f(z)=f(y)|>6
Hence
/ |f(z1,22) = f(z1,92)|P dody S / / Ty, drdy + 6.
12 JI2 12 Jr12 —
|f () f(y)|>(S
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Similarly,

/ |f(z1,y2) = f(y1,92) [P dady S // Ty drdy+87. (2.34)
12 J1? 12 J12 —
[f(=z)—f(y) \>6
Combining ([2.32)), (2.33)), and (2.34)) yields
[ o-swraas [ [ ey
72 J712 2 Jr2 |2+p
|f () f(y)|>5
O

3 Remarks on the Sobolev inequality

One of manners to prove the Sobolev inequality is to use the representation
formula and Riesz potential theory (see e.g. [I5]). Recently, P. Hajlasz and
P. Koskela adapted and extended this method to show the relation between the
Poincaré inequality and the Sobolev inequality in [9]. Their typical result is as
follows: If u € LY(RY) and g € L*(R") such that

][ \uf][ u|dsc§C\Q|1/N][ |lg| da,
Q Q Q

N
or all cubes ) o . en u € Ly , Le.,
for all cubes @ of RY. Th Ly T (RN), i

{lul =8} < ——,

tN-1

for some positive constant C'. This method does not seem to work in our situ-
ation where holds. However, it is clear to see that gives an estimate
of the sharp function 2 € LP(R™) (see the definition of f»4 in (3.1))). This
is the source of our approach.

We first recall the definition of dyadic maximal operator and dyadic sharp
function (see [I6]). For each locally integrable function f defined on RY, one
defines M2 f and f2 as follows

<MAf><ac>—sgp]{2 fdy.

and

f58 () = sgp]{? 1~ foldy, (3.1)

where the supremum is taken over all dyadic cubes @ containing x and fg =

][Qfdy.

The following estimate plays an important role in this section (see [16, Es-
timate (22), page 153]).
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Proposition 4 For a locally integrable function f on RY, and for b and c
positive with b < 1, we have the following inequality

{MAf > a, 52 < ca}| < al{M2f > ba}|.

for alla >0 and a =2N¢/(1 - b).

The key of this section is the following

Lemma 3 Letv € LP(RY) (p>1), g€ L*(RY), 6 >0, ¢>1 and r > 1 such
that

Hu}‘;’A >t}) gcm, Vt>6, kez, (3.2)

for some positive constant ¢, where g = gXak <|v|<2k+2 and up = T(2k,2%42 ).
Here T(l,m,u) (0 <l < m) is defined as follows

et (u(w) — 1), il <u(z) <
—28 (u(x) —m), if B <u(z) <m,
. m—I 2
T(l,m,u)(r) = 0, if 0 <wu(z) <1 oru(z) >m, 3
—u(—m), if u(z) <0,

for each function u defined on RN. Then there exist two positive constants C
and A\ such that

[ 1elrde < gl + 8145 < o] < 2}
|v]>6

Remark 10 This lemma is motivated by the truncation method presented in
[10] (see also [9]).

Proof. Applying Proposition [4{ with b = 1, a = 2¥, one has
(M2 > 2] < al{M3uy > 251 4 [ub® > (1- 28},
with @ = 2V ¢, where 0 < ¢ < % is a constant defined later. Consequently,

R (M Ay, > 28} < a2FI | {MPuy > 2871} 4 28| {ud® > 281y (3.4)

Take kg € 7Z such that 2¥=3 < § < 2ko=2 Then, from the definition of
M?Auy, one has

m

32K {MA > 28} 2 S0 28 fuy > 24 5/ 971 {|o] > t}| dt, (3.5)
ko ko 2ko+1

2m+1

22



for all m > kg + 1. We claim that
ke { M Ay > 281} 5/ lug|? da. (3.6)
]RN

If ¢ = 1, this inequality follows directly from the property of maximal functions
(see e.g. [10]). As g > 1, by the theory of maximal functions, one also has

2k { M By, > 2871 g/ |MAuk|qu§/ |ug|? da.
RN RN

Thus (3.6 holds.
As a consequence of (3.6)), one has

m

m [e%s)
S 2k (M By > 251 < Z/ ]9 dz < / 1Y {jo] > 1) dt,  (3.7)
ko RN 2ko

ko

for all m > kg + 1. Combining (3.4), (3.5 and (3.7]) yields

gm+1

/2k0+1

oo m
(ol > et Sa [ o] > )]+ D 2 > 24
2ko0 ko

(3.8)
However, since r > 1, using (3.2), one gets
A — r r
> 2Rl > 2571 SN g7 < gl (3.9)
ko ko
Combining (3.8)) and (3.9)) implies
Lo el > o< o (a [ ool > gl des ol )
oko+1 2ko
Take c such that Cc2V+1 = 1/2, then Ca = 1/2. Then
[ 1ol de S gl + 5718 < ol < A,
[v|>6
for some A > 1. O

We now present here some applications.

3.1 Proof of Theorem [1

Define
wy = T(2k, ok+2, v),
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where T'(I, m,u) is defined in (3.3). Then using (1.7)), one has

//\Uk () // |N+pdxdy+6p|Q\2.

[k (@) —ur ( \>5

(3.10)
However,
oP
drdy < ——— dx dy.
// |Ify|N+p x yN/QX2k<|v|<2k+2 /Q |l’7y|N+p T ay
|uk (z)—uk (y)| >0 lv(z)—v(y)|>6

Then it follows from (3.10) that

1/p
@) < CowplQl™ (f hulds) 4 b
Q Q

where supremum is taken over all cubes ) containing x. Here by definition
5P
h(x) = d )
W= [, e
lv(y)—v(z)|>0

and
hi(z) = h(x)X2k<|u\g2k+2 (z).
Applying Vitali’s covering theorem (see e.g. [8]), one obtains

{ub® > 1} < 7‘%’“”? . Vt>C6.
(t — C6)~ 5

Theorem [I] now follows from Lemma [Bl O

3.2 Proof of Theorem [3]

Define
wy = T(2k, ok+2, v),

(see (3.3) and set

_ [v(y) —v(x)P
[v(y)—v(z)|>6

Then
(@) < sup |Q|8/N<]£2 e )77 4 5

where supremum is taken over all cubes @) containing x. Here by definition

hi(z) = h(z) Xk <|vj<2wt2 (T)-
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Applying Vitali’s covering theorem, one obtains

N
A || || F==P
{uﬁ >t} < —
(t—0)~N-»p
Theorem [3| now follows from Lemma O

4 Remark on the Rellich-Kondrachov theorem

In this section, we prove Theorem [2] The following lemma is the key of this
section.

Lemma 4 Let f : RN — R be a measurable function and Q be a cube of RN .
Then

L@ -rwrase [ ] o day + 10
[f(z)—f(y \>5
where
fe=—=f*Xe
le QI

with xc is the characteristic function of eQ. Here aQ) denotes the cube with the
same center as Q but the lenght of each side equal to a times the one of Q).

Proof. Let (Q;)ics be the collection of open cubes whose the length of each
side is € such that

QiNQ; =0, Vi#j, QCUirQi and Q& Uicp (i} Qi Vio € 1.
Then

/Qlf( — fe(x |pda:<2/ ()| da

i€l

Z/QI /Ql ()P da dy.

On the other hand, by Theorem [3} one has

/ / )|dedy<eN+p/ / |N+pda:dy+€N5”.
3Q; J3Q; 3Q; J3Q;

If () f(y)|>5

Hence

/|f )P dz < &P /RN/RN |N+pda:dy+6p|Q\.
[f(z)— f(y)\>5
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Remark 11 The technique used in the proof of Lemma [4] appeared in the one
of [5, Theorem 1].

Proof of Theorem |2, Applying Lemma one has for each cube @ of RY,

[1n@ - fc@parse [ ey 5ial,
Q RN JRN -yl
[fr(x)=frn(y)|>0n

where

1
fn,s - mfn

with x. is the characteristic function of eQ). Here a(@) denotes the cube with the
same center as Q but the length of each side equal to a times the one of Q.

Hence

lim (limsup /Q () — fn,a(x)wdx) 0.

n—oo

By the theorem of Riesz-Frechet-Kolmogorov (see e.g. [6, Théoreme IV.25])
and [6l Corollaire IV.27], there exists a sub-sequence (fp,) of (f,) and f €
LP(RN) such that f,, converges to f in LI (RY). The second assertion of
Theorem [2] follows from [I3, Theorem 3]. O

Remark 12 When p > 1, Theorem[2]implies the well-known theorem of Rellich-
Kondrachov, since I5(f) < Cn,p [pn |V fIP da.

Remark 13 Theorem [2| is motivated by the works of J. Bourgain, H. Brezis,
and P. Mironescu in [2] (see also [14]).

5 (eneralizations
In this section, we will prove Theorems and [6] We first give

5.1 Proof of Theorem

Without loss of generality, one suppose that @ = [0,1]". Since F is a
non-decreasing function,

], S s

1
> F2" _ . Nl
>> F@2™") /Q/Q Ty e (5)
(@)~ £(»)

n>0
- 2=n<| f(z)—

y)|<2-n+t
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On the other hand,

1
P // — dwdy
2 Qo |z —y|N+P

>0
= 27 <|f(z) = f(y) <27 Ht

= // = |N+pdxdy

[f(z)— f(y)\>2 n

—nl
_Z (2 // = |N+pda:dy

n>0
f@)—fy)l>2—

/ / |z — |N+p dx dy

flx)—f(y)>2

=S [F2™) — F2 Y / / p— ‘Nﬂ dz dy

|f (=) f(y)|>2 n

/ / |z — |N+p dz dy.

fx)— f(y)|>2

Hence, from (5.1)),

F(f() — fFy)D)
// |x, |N+p dzx dy + F(1 // P |N+pda§dy

f(z)— f(y)\>2
ZZ[F(Q*”)* (271 // T |N+ dxdy. (5.2)
"= [f(@)=f(y)|>2—"

Applying Theorem [3] one has

// |x_;|1\/+pd$dy+122np/Q/Q|f($)—f(y)|pdxdy.

f(z)— fy)|>2 n
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This implies

SF@ET) - e // e |N+p dz dy

f(z)— f(y)\>2*

+ Z[F(T") —F@™ )

n>0

> Y 2F( ) - ) /Q [ 150) - s sy

n>0
However,
> 2R - FR Y 1)+ 2"(1—2"")F(2 ")
n>0 n>1
/ F(t p+1)dt
and

SOF@T) - F )] = F(1).

n>0
Thus it follows from (5.3]) that

S FE ™) - FE // - |N+p dz dy + F(1)

[f(@)—=f(y)|>27"

> (F(l) + /01 F(t)t~ D dt) / / o y|N+P dx dy.

£ () f(y)|>2
Combining (5.2 and . 5.4) yields

(F(1)+/ ~(+1) dt //|f Y|P dz dy

(5.4)

// |w—y|N+ da:dy+F // |:L‘—y\N+ dx dy+ F(1).

|f (@)= f(y)>2

Since F' is non-decreasing, this implies

<F(1)+/1F = <P+1)dt>//|f y) [P da dy
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Remark 14 The techniques used in the proof of Theorem [f] were appeared in
the proof of Assertion (b) of [13, Theorem 1].

5.2 Proof of Theorems 4 and [5

Proof of Theorem [ The conclusion of Theorem [ follows from the same
method used as in the proof of Theorem [I] However, in place of Theorem [3]
one uses Theorem [6] The details of the proof are left for the reader. O

Proof of Theorem [5] Applying the same method used in Lemma[d, However,
in place of Theorem [3] using Theorem [6] one has

(| fn(x ) fn@))
LPdr <P Fo(1)[Q].
for any cube @ of R". Hence

hm (hmsup/ [frn(z) = fne(x)]? dx) =0.

n—oo

Therefore, there exists a sub-sequence (f,,) of (f,) and f € LP(RY) such
that f,, converges to f in L (RY) (see the proof of Theorem [2). O

loc

5.3 Some applications
In this section, we give an application of Theorems {4| and
Set

Fa(t) =

etPTe 0 <t <1,
e otherwise.

As a consequence of Theorem [4] one has

Corollary 1 Let g€ LP(RY) (1 <p< N) and 0 < ¢ < 1. Assume that

-9y
dr d
/RN/RN \xf |N+p T ay < +00.

Then g € LYRN) with q = —f’p and there exist there positive constants C, C1,
Cy depending only on N and p, such that

Fe(lg(=) —9(y)l)
c / \g|qu</RN [ LI drdy + ) (Cre < Jol < Cac)l.

lg|>e

Theorem [5| has the following consequence.

29



Corollary 2 Let (g,) be a sequence of functions in LP(RY) (1 <p < N) and
(en) be a positive sequence converging to 0. Assume that

.. Fe. (|gn(x) — gn(y)])
it [, S sy < o

Then there exists a subsequence g, of gn and g € LP(RY) such that (gn,)
converges to g in LT (RY).
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