1st Reading

July 8,2008 13:31 WSPC/103-M3AS 00319

11

13

15

17

19

21

23

25

27

29

31

33

35

37

World Scientific

Vol. 18, No. 10 (2008) 1-41
www.worldscientific.com

Mathematical Models and Methods in Applied Sciences \\’
© World Scientific Publishing Company

GENERALIZED IMPEDANCE BOUNDARY
CONDITIONS FOR SCATTERING PROBLEMS
FROM STRONGLY ABSORBING OBSTACLES:

THE CASE OF MAXWELL’S EQUATIONS

HOUSSEM HADDAR*, PATRICK JOLY'
and HOAI-MINH NGUYEN#
INRIA, Domaine de Voluceau,

BP 105, F-78153 Le Chesnay Cedex
*houssem.haddar@inria. fr
Tpatrick.joly@inria. fr
thoai-minh.nguyen@polytechnique.org

Received 24 October 2007
Revised 3 January 2008
Communicated by C. Schwab

This paper is dedicated to the construction and analysis of so-called Generalized
Impedance Boundary Conditions (GIBCs) for electromagnetic scattering problems from
imperfect conductors with smooth boundaries. These boundary conditions can be seen
as higher order approximations of a perfect conductor condition. We consider here the
3-D case with Maxwell equations in a harmonic regime. The construction of GIBCs is
based on a scaled asymptotic expansion with respect to the skin depth. The asymptotic
expansion is theoretically justified at any order and we give explicit expressions till the
third order. These expressions are used to derive the GIBCs. The associated boundary
value problem is analyzed and error estimates are obtained in terms of the skin depth.

Keywords: Asymptotic analysis; general impedance boundary conditions; highly con-
ducting medium; Maxwell’s equations.
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1. Introduction

Generalized Impedance Boundary Conditions (GIBC) have become a rather clas-
sical notion in the mathematical modeling of wave propagation phenomena (see
for instance, Refs. 13 and 16). They are used in electromagnetism for time har-
monic scattering problems from obstacles that are partially or totally penetrable.
The general idea is to replace the use of an “exact model” inside (the penetrable
part of) the obstacle by approximate boundary conditions (also called equivalent
or effective conditions). This idea is pertinent if the boundary condition can be
easily handled numerically, for instance when it is local. The diffraction problem of
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2 H. Haddar, P. Joly & H.-M. Nguyen

electromagnetic waves by perfectly conducting obstacles coated with a thin layer
of dielectric material is well suited for the notion of impedance conditions: due to
the small (typically with respect to the wavelength) thickness of the coating, the
effect of the layer on the exterior medium is, as a first approximation, local (see for
instance, Refs. 16, 13, 7, 3 and 1).

The application we consider here is the diffraction of waves by highly conducting
materials in electromagnetism. In such a case, it is the well-known skin effect that
creates a “thin layer” phenomenon. The high conductivity limitates the penetration
of the wave to a boundary layer whose depth is inversely proportional to the square
root of its magnitude. Then, here again, the effect of the obstacle is, as a first
approximation, local.

The first effective boundary conditions for highly absorbing obstacles was pro-
posed by Leontovich. This condition “sees” only locally the tangent plane to the
frontier. Later, Rytov,'® 16
and his analysis was already based on the principle of asymptotic expansions with
respect to the small parameter in the problem: the skin depth §. More recently,
Antoine-Barucq-Vernhet? proposed a new derivation of such conditions based on
the technique of pseudo-differential operator expansions. However, in all these

proposed an extension of the Leontovitch condition,

works, the rigorous mathematical justification of the resulting impedance condi-
tions was not treated.

This paper is the continuation of the work in Ref. 11, in which we considered
the case of the scalar wave equation. Our objective is to extend the results to the
case of 3D Maxwell’s equations by constructing and analyzing GIBCs of order 1, 2
and 3 (with respect to the skin depth, the small parameter of the problem). These
conditions are of impedance type (or H—to—F nature): they relate the tangential
traces of the electric and magnetic fields via a local impedance operator.

Asin Ref. 11, the construction of the approximate conditions relies on an asymp-
totic expansion of the exact solution, based on a scaling technique and a boundary
layer expansion in the neighborhood of the boundary of the scatterer. Though the
organization of this paper contents is similar to Ref. 11, it is much more technical.
Moving from the scalar wave equation to the Maxwell system increases considerably
the complexity of the problem at two levels.

e The first one is linked with the algebra involved in the formal construction of the
asymptotic expansion of the exact solution (see Sec. 5). This is essentially due to
the vectorial nature of the unknowns and the expression of the curl operator in a
parametric coordinates system (see Sec. 3). The latter is based on the formulas
proposed in Ref. 10 with some simplifications.

e The second one is related to the mathematical analysis on the GIBCs. This is not
only due to the fact that we have to deal with the usual functional analysis dif-
ficulties linked to Maxwell equations (in particular trace operators and compact
embedding properties — see Secs. 6 and 7 and Appendix A) but also because
we have to face some new difficulties in the case of the third-order condition.
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Generalized Impedance Boundary Conditions 3

The tangential differential operators that would naturally appear in the con-
struction of the third-order condition have no good “sign properties” to be able
to guarantee the existence of the approximate solution and the convergence (at
optimal order) to the true solution. This leads us to apply various regularization
procedures to construct the modified third-order conditions (see Sec. 4.2).

Our objectives in this work are essentially theoretical. The numerical pertinence
of obtained conditions have already been demonstrated in Ref. 6 where, in partic-
ular, the interest of using a third-order condition rather than a first or a second
order condition is clearly shown.

The outline of the paper is as follows. Section 2.1 contains a description of
the physical and mathematical diffraction problem under study with some basic
stability properties of the solutions and asymptotic estimates with respect to the
conductivity. We state the main results of our paper in Sec. 4: the GIBCs are
presented in Secs. 4.1 and 4.2 while the corresponding error estimates are given in
Sec. 4.3. The formal construction of the asymptotic expansion is given in Sec. 5. This
construction is rigorously justified in Sec. 6 by proving optimal error estimates at
each order. The last section is dedicated to the study of the boundary value problems
associated with the GIBCs as well as the proof of optimal error estimates between
these solutions and truncated asymptotic expansions. The main result of our paper
is obtained as a combination of the results of Secs. 7 and 6. Some nonstandard
technical results related to the H(curl) space (appropriate trace inequalities and
special compact embedding properties) that may have their own interest have been
gathered in Appendix A.

2. Description and Properties of the Mathematical Model
2.1. The model problem

Let €; be an open bounded domain in R3 with connected complement, occupied
by a homogeneous conducting medium. We denote by I' the boundary of €2; and
assume that this boundary is a C°° manifold. We are interested in computing the
electromagnetic diffracted wave when the conductivity of the medium, denoted by
09, is sufficiently high (§ denotes a small parameter). More precisely we assume
that 6° — oo as § — 0 and would like to study the asymptotic behavior of the
diffracted electromagnetic field as § — 0 in order to derive efficient approximate
models to compute the diffracted waves.

We assume that the exterior domain is homogeneous and the time and space
scales are chosen such that the wave speed is 1 in this medium. The electromagnetic
wave propagation is therefore governed by the following Maxwell’s equations:

5] DX s .
s(a:)w +0%(x)E° —curlH° = F, in Q,
H5
oH” + curl B = 0, in Q,

ot
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where 2 C R? denotes the propagative medium that we shall assume to be bounded,
regular and simply connected with connected boundary (for instance an open ball),
the functions o®(z) and £(z) are defined by:

(6.0%)(a) = {“’0)’ e

(er,0°%), in €
where ., = Q\(; and where €, > 0 denotes the relative electric permittivity of the
conducting medium. The right-hand side F' denotes some source term that we shall
assume to be harmonic in time: F(z,t) = Re{f(x) exp(iwt)}, where w > 0 denotes
a given frequency, and where Re(z) denotes the real part of z. Hence, the solutions
are also time harmonic:

E°(z,t) = Re{E°(z) exp(iwt)}, HO(z,t) = Re{H’(z) exp(iwt)},

where the field (E?, H%) is solution to the harmonic Maxwell system:

{(i) (iew + 0?)E° — curlH? = f, in Q,
(2.1)

(i) dwH?® 4+ curl B2 =0, in Q.
We assume that the support of the source term f does not touch §2;. The system of

equations (2.1) has to be complemented with a boundary condition on the exterior
boundary 92, for instance we work with the following absorbing boundary condition

ES —H® xn=g, ond, (2.2)

where Ep :=n x (E X n), n is a normal vector to 02 directed to the exterior of {2
and g denoting some possible source term. As mentioned above we are interested in
describing the asymptotic behavior of the solution for large 0. As suggested by the
expression of the analytic solution when 2; is a half space, the appropriate small
length parameter is

§:=1/Vwo® & 0% =1/(wd?).

This small parameter defines the so-called skin depth: the “width” of the penetrable
region inside the conducting medium is proportional to §.

For the construction of approximate models in the exterior domain €., it
is useful to rewrite the problem (2.1)—(2.2) as a transmission problem between
(E?,HY) = (E°,H%)q, and (E2,H?) = (E°, H®)|q, as follows:

iwE? —curlH? = f, in Q.,
iwH? + curlES =0, in Q,
ES ,—H)xn=g, ondQ

& _
E? xn=EFE] xn, on I

(2.3)
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Generalized Impedance Boundary Conditions 5

1
(iarw + —) E? —cwrlH? =0, in Q;,

wo?
iwH? + curlE? = 0, in Q;, (24)
HY xn=H?’ xn, on I

We have chosen to split the two transmission conditions (namely the continuity
of the tangential electric and magnetic fields) in such a way that the first one
appears as a boundary condition in (2.3) for the interior field while the second one
appears as a boundary condition in (2.3) for the interior field. Roughly speaking,
the approximate models are then obtained from replacing in system (2.4) the exact
boundary condition on I' by an approximate one, whose expression is derived from
seeking appropriate asymptotic expansion of the solution in the boundary layer
inside €2;.

2.2. Stability and interior decay

With H (curl, Q) denoting the space of functions V € L?(0)? such that curlV €
L?(U)3, where O is an open domain of R3, we define

H(curl,0) = {V € H(curl, 0); Vi € L2(80)}, (2.5)

where Vr is the tangential trace of V' (cf. Sec. 3 for more details), L?(00) denotes
the space of functions V' € LQ(QO)?’ such that V' - n =0 on 0O, where n denotes a
normal to 00. We recall that H(curl, O) is a Hilbert space with scalar product

(U, V)fl(curLO) = (U7 V)L2((’)) + (Cuﬂ l-]7 cuer)Lz(@) + (UT, VT)L%(B(’))'

Theorem 2.1. For given f € L2(Q2)3 and g € L?(0Q) there exists a unique solution
(E°, H%) € H(curl,Q) x H(curl,Q) satisfying (2.1)~(2.2). Moreover,
There exists a positive constant C' independent of 6 such that,

1
1B 2 (curt.c) + 5 1Bl 220y < CUIF Nl 2y + 1191l 2(00))- (2.6)

For any v > 0 small enough so that Q\Q is a non-empty set, where QY := {x €
O;; dist(z, 08;) < 0}, there exist two positive constants Cy and ¢y independent of §
such that

|l ey + 1H euonan) < Co (€= F [ fll gz + 19l 200 (27)

Proof. The proof of existence and uniqueness can be found in Ref. 14 (Theorem
4.17). The proof of stability is rather standard, based on a contradiction argument,
the Helmholtz decomposition and a compactness argument. See Theorem 2.1 of
Ref. 12 for more details. The proof of estimate (2.7) follows the same lines as
the scalar case treated in Ref. 11 and the details are also provided in Ref. 12,
Theorem 2.2. O
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Estimate (2.7) indicates how the interior solution concentrates near the bound-
ary I'. This result is also a consequence of the asymptotic analysis performed in
the following sections, but the methodology is more complex than the direct proof
given in Ref. 12.

3. Preliminary Material and Notation

We recall in this section some well-known facts on differential geometry and intro-
duce some notation in connection with surface operators and functional spaces.

Local coordinates. Let n be the normal field defined on I' and directed to the interior
of ;. For a sufficiently small positive constant 7 (see condition (3.4) below) we
define

QO = {x € Q;;dist(z,09Q;) < v}

To any = € QY we uniquely associate the local parametric coordinates (zr,v) €
I' x (0,7) through

r=zr+vn, z€. (3.1)

Tangential (or surface) differential operators. In what follows we deal with various
fields defined on I': scalar fields ¢ (with values in C), vector fields V' (with values
in C3) and matrix (or tensor) fields A (with values in £(C?)). By definition:

e A vector field V is tangential iff V' - n = 0 (as a scalar field along T').
e A matrix field A is tangential iff A n =0 (as a vector field along T").

For simplicity, we assume that these fields have at least C'' regularity, but this can
be removed by interpreting the derivatives in the sense of distributions.
We recall that the surface gradient operator Vr is defined by:

Vpcp(:cr) = ng(xp), V(p ' — R7

where ¢ is the 3-D vector field defined locally in Q7 by ¢(zr + v n) = ¢(zr). Note
that Vre is a tangential vector field. We can define in the same way the surface
gradient of a vector field as a tangential matrix field whose columns are the surface
gradients of each component of the vector field.

We denote by —divr the L?(I')-adjoint of Vr : —divr maps a tangential vector
field into a scalar field. More generally, if A(zr) is a tangential matrix field on I',
we define the operator AVr for a scalar field ¢(zr) by

(AVr)u := A(Vru).

We also define the operator (AVr)- acting on a tangential vector field V(zr) as:

3
(AVp) -V :=> (AVrVi);,

i=1

where the subscript i denotes the ith component of a vector in R3.
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Generalized Impedance Boundary Conditions 7

We then define the surface curl of a tangential vector filed V (zr) and the surface
vector curl of a scalar function p(zr) as

—
curlpV :=divp(V xn) and curlpy := (Vrp) X n.

Geometrical tools. In what follows, and for the sake of the notation conciseness, we
shall most of time not explicitly indicate the dependence on zr of the functions,
except when we feel it necessary. We shall be more precise in mentioning the possible
dependence with respect to the normal coordinate v.

A particularly fundamental tensor field is the curvature tensor C, defined by
C := Vpn. We recall that C is symmetric and Cn = 0. We denote ¢;, ¢ the other
two eigenvalues of C (namely the principal curvatures) associated with tangential
eigenvectors 71, 72 (71 -n =72 -n = 0). We also introduce

1
g:=cica and h:= 5(01 + ¢2) (3.2)

which are respectively the Gaussian and mean curvatures of I', and also introduce
the associated matrix fields:

H=hlr and G=glIr, (3.3)

where It (zr) denotes the projection operator on the tangent plane to I' at xr.
Let us introduce (this is the Jacobian of the transformation (zp,v) — x —
see (3.1))

Jw)( = J(v,zr)) = det(I + vC) = 1 + 2vh + 1%g,
and we choose v sufficiently small in such a way that
Vv <wv, VareT, J(var)=1+2vh(ar)+vig(er) > 0. (3.4)
Thus, for each v < v, there exists a tangential matrix field xp — R, (zr) such that
(I +vC(zr))Ry(zr) = Ir(zr).
More precisely, there exists a tangential matrix field on I', M(zr), such that:
Ir+vM:=JWw)R,, Varel, Vv<up.
One easily sees (using for instance the eigenbasis (71, 72, n) of C) that
M=2H-C and MC=0G.

The curl operator in local coordinates. The basic step of our forthcoming calculations
will be to rewrite the Maxwell equations in the domain 7, by using the local
coordinates. For this, we need the expression of the curl operator in the variables
(xr,v). It is shown in Ref. 10 that the curl of a 3-D vector field V: Q7 — R3 is
given in parametric coordinates by:

curl V = [(R,Vr) - (V x n)|n + [R,Vr(V -n)] x n— (R,CV) x n — 8, (V x n),
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where V and V (defined on ' x (0, #)) are related by

~

V(zr,v) =V(zr +vn).
This formula can be written in a more convenient form, after multiplication
by J(v):
J(w)eurlV = [((I + vM)Vr) - ( (V x n)|n+[(I + vM)V(V - n)] xn
—[(C+vV] xn— J()d,(V x n),

or, in an equivalent form,

~

J)ewlV = (Cr +vCMYV — J ()3, (V x n), (3.5)
where we have introduced the notation
CcrV = (curlp‘/})n + cEip(‘/} -n) — cV xn,

CMT = (carl¥V)n + curly. (V- n) — GV 3.6
MV = (curly V)n+curlp (V-n) -GV xn (3.6)

—M

curlp wi= (MVru) xn and  curlV = (MVrp) - (V x n).

This expression is convenient for the asymptotic matching procedure, described
hereafter, because we made explicit the (polynomial) dependence of the operators
with respect to v.

Functional spaces on T' and trace spaces. We shall denote by H*(T') the usual
Sobolev space on I' for s real and denote by (-,-)r and (-,-), respectively the
inner product in L?(I")? and the duality bracket D’(T')* — D(T)?.

Next, we introduce some notation for spaces of tangent vector fields on I'. For
any s > 0, we set:

Hi(T)={V e HT)*)V-n=00onT} H)T)=LT)
H7*(D) ={V € H(I)*/(V, on). =0, Vo € H(I)} (= (H (D)),
as well as
H*(divp,T) = {V € H(T)?/divpV € H*(T")},
Hé(curlp,T) = {V € H{(T')?/curlrV € H¥(T)},

equipped with their natural graph norms (we notice that H°(divp,I') and
HO(curlp, T) are often denoted by respectively H(divr,T') and H(curlrp, T')). Finally,
we recall the well-known trace theorems stating that the two mappings

{u € C°(Q)% — u x n|p
u€C®()? —ur:=u—(u-n)n (=nx(uxn))

can be extended as continuous and surjective linear applications from H (curl, ,)
onto H~z (divp,T') and H~2 (curlp, T') respectively. Moreover, H™2 (divp,T) is the
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Generalized Impedance Boundary Conditions 9

dual of H~ 2 (curlp,T') and one has the Green’s formula:
/ (curlu U= curlv)dw = (u X n,vr)r = —(v X n,up)r,
Q

V(u,v) € H(curl, Q)2

4. Statement of the Main Results

We shall denote by (E%*, H®F), the approximate solutions in the exterior domain
Q., the presence of the integer k£ meaning that these fields will provide an approx-
imation of order O(6¥*1) of the exact exterior electromagnetic field (E?, H?), in a
sense that will be made precise by the error estimates (see Theorem 4.1). They are
obtained by solving the standard Maxwell equations in the exterior domain 2.

iwEY —curl HYF = f in Q,
iwH* + curl EF =0 in Q, (4.1)
ES’} ~H’*xn=g ondQ,

where n denotes the normal to 02 directed to the exterior of 2, coupled with an
appropriate GIBC on the interior boundary I' of the form

EX* xn+wD™F(HY) =0, (4.2)

where n denotes the normal to I" directed to the exterior of Q., H ng is the tangential
trace of H, g*k7 and where D%* is an adequate local approximation of the H-to-E map
for the Maxwell equations inside §2;, namely the operator:

DY . H™ % (curlp,T) — H™ 2 (divp, T)
defined by
1
Dy =——E x nr,
w

where (E? (), HY(¢)) is the solution of the interior boundary value problem

1
(iarw + —) EY(¢) —curl HY(p) =0, in Q;,

wh?
iwH? (@) + curl E9 (¢) = 0, in Q;,
Hf,T(‘P) =¥, on .

4.1. The “natural” GIBCs for k = 0,1,2

The approach that we shall use in Sec. 5 for the formal derivation of the GIBCs
leads to the following expressions of D%F (for k = 0,1,2,3),

D0 =0,
DO = §+/i, (4.3)
D2 = §v/i + 6*(H — C),
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10 H. Haddar, P. Joly € H.-M. Nguyen

where Vi := @ + z@ denotes the complex square root of i with positive real part,
and C and H are the curvature and mean curvature tensors of I' (we refer to Sec. 3
for more details). Note that the condition of order 0 simply expresses the fact that
the limit exterior problem when ¢ goes to 0 corresponds to the perfectly conducting
boundary condition.

4.2. The modified third-order GIBC
The same approach extended to k = 3 would suggest to take:

D =Dy?, (4.4)

where by definition (we refer to Sec. 3 for the definition of the surface operators

—
Vr, divr, curlp and curly)

3
DY = 6Vi+ 2 (H—C) + 2‘5—\f((/’2 — H% + e,w?* 4 Vrdivr + w—ripcurlp). (4.5)
(3

However, we did not succeed in proving that such a choice was mathin)atically
sound due to the presence of the second order surface operator Vrdivy +curlpcurly.
As a self-adjoint operator in L7(I'), this operator (more precisely the associated
quadratic form) has no fix sign. This induces difficulties in the study of the forward
problem via variational techniques and, as a consequence, the well-posedness of the
corresponding boundary value problem is not clear: this is a new difficulty with
respect to the scalar wave equation.

This is why we propose hereafter another third-order condition, that (formally)
gives the same order of accuracy as the one in (4.3) but admits good mathematical
properties with respect to stability and error estimates. The reader will easily notice
that the proposed modifications are not the only possible ones (see Remarks 3.1
and 3.2 of Refs. 12 for more details), we exhibit only one particular choice. We shall
hereafter present the intuitive reasons that led us to introduce these modifications,
postponing the rational justification to the error analysis of Sec. 7.3.

The first desirable (and probably necessary) property is the absorption property:

Re/ D*3p - @do > 0,
T

for any smooth tangential vector field ¢ on I'. Such a property is satisfied by the
exact DtN operator and expresses the absorbing nature of the conductive medium:

1
Re/D5’3<p-<,5da: 7/ |E2 (o) dzx.
r w Qs

It will play an essential role in proving the uniqueness of solutions. One can observe
that this condition is satisfied by D%! and D?%2. For D%, we see that
2 53 53 53 —
ReDS = 5£ +62(H—C)+ —=(C* —H*+&,w?) + —=Vrdivr + —=curlrcurlr.
2 2v2 2v2 2v2
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The problem comes from the operator Vrdivr which is negative in the L? sense.
However, we can write formally

%ﬁ + %VFCHVF = 2\6/5 + 2f/§ + 2(ij§vrdiVF
- %(1 — 6*Vrdivp) ™t 4 0(6%), (4.6)
which suggests to define the real part of D%3 as
ReD%3 = 26% +62(H—-C) + % (C?—H*+50%) + %(;rl)pcurlp
+ %(1 — 8?Vpdivy)~t (4.7)

Remark 4.1. The approximation process (4.6) is analogous to the process used
in the construction of absorbing boundary conditions for the wave equations, see
Refs. 8 and 4 for instance, where the Padé approximations are preferred to Tay-
lor approximations in order to enforce the stability of the resulting approximate
problem.

The second modification was guided by the existence proof for the boundary
value problem associated to the boundary condition (4.2). We realized that it was
useful that the imaginary part of D%3 satisfies a “Garding type” inequality, namely
that the principal part of this operator be positive in the L? sense. This property
is not satisfied by the imaginary part of Dg’?’:

V2 53 53 B —
ImDS® =62 -~ _(C? — H? + e,w?) — —=Vpdive — —=curlpeurly.
mDyg 5 2\/5( He + e.w?) 7 rdivp 2\/50111'1"0111'1"

—

This time, the problem is due to the negative operator —curlpcurlp. The same
manipulations as before suggest to define the imaginary part of D2 as

0 53 53
ImDY? = — + —= (C* = H* + £,0w%) — —=Vrdi
mDy =57 T ave | )~ 5z v
+ L(l + ¢%curlpeurlp) ~* (4.8)
2\/5 T r . .
Modifications (4.7) and (4.8) lead us to introduce the operator
- Vi 53
DM =6+ P (H—C)+ —%(C° = H* + e,
=0+ )
+ gé((l — 82Vrdivr) ™! + 6%curlreurly)
2 —
+ i%é((l + 62curlpeurlp) ™ — §2Vrdivr), (4.9)

which formally satisfies D*% = D) + O(6°).
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It turns out that even if this condition is suitable for variational study of exis-
tence and uniqueness of the resulting boundary value problem, it did not enable
us to have a direct proof of optimal error estimates (although we think it can be
achieved by constructing the full asymptotic expansion associated with the asso-
ciated boundary value problem). We realized that the difficulties encountered in
the analysis are related to the fact that the operator D93 is a pseudo-differential
operator of order 2, while the exact impedance operator which maps continuously
H~2(curlp,T') into H~/2(divy, T) is something between an operator of order —1
and an operator of order 1. This gave us the idea to force our approximate operator
to be of order O_b)y applying a regularization process (the Yosida regularization) to

the operators curlpcurly and Vpdivp

N — —
curlpeurlp ~ curlpcurlp (1 + §2curlpeurly) =t in O(62), (4.10)
Vrdivr >~ Vrdivr (1 — 52VFdiVF)71) in 0(52) '

Such an approximation is consistent with the O(§°) accuracy provided by D%3 since
—

curlpcurly and Vipdivpe are multiplied by §2. Moreover, it does not affect the good
sign properties of the real and imaginary parts of the operator since we “divide”
by positive operators. Therefore, we propose as 3rd order condition:

5,3 . ﬁ 20, 5 2 42 2
D* =6 6% (H CH_Q\/;(C H? + epw?)
2 — —
+ %5((1 — 62Vrdivp) ™! + 6%curlpeurly (1 + 526urlpcurlp)_1)

+¢§5((1 + 52c§1’pcurlp)—1 — 6*Vrdivy (1 — 6°Vpdive)™!).  (4.11)

It happens that this operator has the good consistency, coercivity and continuity
properties that lead to optimal error estimates. More precisely:
e One can check that
D% = DY 4 5RO, (4.12)
where the operator R%3, given by

2 _
R5’3 = %(1 + Z)[(]. — (52VFdiVF) 1(deiVF)2

2 1 -1, 2
+ (1 + 6*curlpeurly)  (curlpeurlp)?],
maps continuously H:7*(T") into H(T') and satisfies the uniform bound

<1. (4.13)

5,3
IR e s ryomas ) =

e One can prove (see Lemma 7.1) that D%3 is a pseudo-differential operator of
order 0 that has the following fundamental properties (obviously satisfied by
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D1 and D‘m)
Voe L{(T), [P ¢|r < Cidlellr, Re (D ¢, p)r > Cadllol},

with C7 and Cy strictly positive constants. These appear to be sufficient prop-
erties to transform the consistency properties D% into optimal error estimates
(see the proof of Lemma 7.2).

4.3. FExistence, uniqueness and error estimates

The natural functional spaces for the solutions of the approximate problems vary
according to the regularity of their traces on I'. We shall distinguish the case k = 0
for which we set

VY ={H € H(curl,Q.); (H x n)|aq € L?(0Q)}, V% ={E cV%;(E xn)|r =0},
from the case k =1, 2 or 3 for which we set
Vi = VE = H(curl, Q)

(see (2.5) for the definition of H(curl,.)). Then we have the following central
theorem, that uses and combines the partial results of Secs. 4-6.

Theorem 4.1. For k = 0,1,2 or 3, there exists 0 such that for 6 < 6, the
boundary value problem ((4.1), (4.2)) has a unique solution (ES*, HO¥) € VE x VF .
Moreover, there exists a constant Cy, independent of §, such that

||Eg - ES’kHH(curl,Qc) < Ck6k+1~

Remark 4.2. For k = 0,1, the above theorem holds for all .

5. Formal Derivation of the GIBCs
5.1. The asymptotic ansatz

To formulate our ansatz, it is useful to introduce a cutoff function y € C*°(Q;) such
that y = 1in Q7 and y = 0 in ;\Q27 for a sufficiently small 7 > 0. For this ansatz
we are not interested in the part of the solution inside the support of (1 — ), since
we already know that the norm of the solution in this part exponentially decay to 0
as § goes to 0 (is Theorem 2.1). For the remaining part of the solution, we postulate
the following expansions:

Ed(z) = E%(x) + §EL(x) + 82E?(x) + -+ for v € Q,,
{Hg(x) = H?(x) + 6H}(z) + 02H2(x) + - -+ for x € Q.,
where EY, HY, ¢ =0,1,... are functions defined on €2, and
x(2)E¢(2) = EY(xr,v/8) + 6B} (wr,v/8) + 62 FEZ (xr,v/8) + -+ for x € Q7,
{X(a:)Hf(a:) = H?(xr,v/8) + 6H} (xr,v/d) + 6*HZ (xr,v/8) + -+ for z€QY,
(5.2)

(5.1)



1st Reading

July 8,2008 13:31 WSPC/103-M3AS 00319

11

13

15

17

19

21

14 H. Haddar, P. Joly € H.-M. Nguyen

where z, xr and v are as in (3.1) and where Ef(xr,n), H(zr,n) : I x Rt — C
satisfy

“+o0
For a.e. zp € T, / |Ef(xr,n)|?dn < +00 =0,
0
oo (5.3)
For a.e. zr €T, / |Hf (xr,n)|?dn < +oc.
0

Remark 5.1. The condition (5.3) will imply that Ef and H} are exponentially
decreasing with respect to 7.

For a.e. zr €I, lim Ef(zr,n) =0, (exponentially fast)
n—00
For a.e. zp € I, lim H!(xr,n) =0, (exponentially fast)
n—00
which corroborates the existence of a boundary layer as suggested by Theorem 2.1.

Remark 5.2. Expansion (5.2) makes sense since the local coordinates (zr,v) can
be used inside the support of y.

Next we shall identify the equations satisfied by (Ef, HY) and (Ef, H), £ >0
by writing, formally, that we want to solve the transmission problem (2.3)—(2.4).
In the sequel, it is useful to introduce the notation

E{(xr,n) i= B (wr,n) + 0B} (wr,n) + 0*EX(wr,n) + -+ (ar,n) €T x RT,
{ﬁf(ﬂfrm) = H{(zr,n) + 0H} (vr,n) + 6°H}(zr,n) + - (ar,n) €T xRY,
(5.4)
so that ansatz (5.2) has to be understood as
{X(a:)Eg(x) = EJ(zr,v/8) + O(6>) for z € 7,

S0 7 . . (5.5)
x(x)H (x) = HY (xp,v/d) + O(0°) for x € QY.

5.2. The equations for the exterior fields

This is the easy part of the job. The equations are directly derived from (2.3) and
we obtain that (E¥, HF) satisfy

iwEF — curl H* = f;,, in Q.,
iwHF + curl E¥ =0,  in Q,, (5.6)
Ef\p—HE xn =gk, ondQ,

where we have set fo = f, go = g and fr = 0, gr = 0, for k > 1, (5.6) being
complemented with the interface condition

E¥|r(2zr) x n = EF(zr,0) xn, for ar €T, (5.7)
which completely defines (E¥, HF) if EF(zr,0) x n is known.
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5.3. The equations for the interior fields

As indicated above, we need to compute the interior fields E¥. The principle consists
of expressing this field in terms of the tangential boundary values of (HY), ¢ < k
by solving the interior equations. More precisely, we now substitute the expansion
(5.4), (5.5) into the system (2.4) and assume that the quantity:

—+o0
H) xn=> 6"HF xn
k=0

is known on I'. We need of course to rewrite the equations of (2.4) in the local
“scaled” coordinates

(zr,n =v/9).

Using formula (3.5) with v = dn we obtain the following equalities in T' x [0, %),

1 ~ ~ ~
J(6n) (ierw + —)Ef —(Cr +nC¥ ) HY + @anflf x n = 0(5%),

wo? (5.8)
i.J (on)w HY + (Cr + onC{')E! — @ 9, B2 x n = 0(6>).
These equations are complemented by the boundary condition
HY (xp,0) x n+ 0(6%) = H® x n(zr), ar €T. (5.9)

The substitution of (5.4), (5.5) into (5.8), (5.9) leads to a sequence of problems
that enable us to inductively determine the fields (EF, HF). The computations are
relatively delicate but straightforward. The most difficult task is to explain the
recurrence properly, which is the aim of this section. In Sec. 5.4, we shall compute
explicitly the first terms of the expansions.

It turns out to be very useful to make a change of unknown concerning the
electric field. This is motivated by the observation that

EY =0. (5.10)

This fact can be explained along the following lines: indeed from (5.4) and (5.5)
one deduces (at least formally) that:

+oo
1B |20, ~ 6 / / |E9 (ar, n)Pdndo.

Therefore, estimate (2.6), which says that ||Ef||2L2(Qi) = 0(6?), implies E? = 0.
The expansion for the electric field therefore starts with §E} while for the mag-
netic field HY # 0. In some sense there is a natural shift of one power of § between
the expansions of the electric and magnetic fields. This is why we introduce the
“normalized” electric field:
~ 1

E} = SES, (5.11)
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and we seek an expansion of the form
B (er,m) = B (or, ) +0E} (v, n) + °Ef (er )+ (wr,m) eTxRY,  (5.12)
with the correspondence

EFY—FEF k>1.

We then rewrite (5.8) as a system of equations for (ES, HS) (we have multiplied the

first equation by ¢) in I' x [0, ¥),
1\ ~ ~ ~
J(6m) (isr&u + ;> E} — (6Cr + 6*nCY ) H] + J(61)0,HY x n =0,

iJ(6n)wH! + (5Cr + 6>nCMES — J(6n)9,ES x n = 0.
We rewrite the previous system as follows, by separating the “d-independent” part,
kept on the left-hand side, from the remaining terms, put in the right-hand side,
4
- 1~ o~ ~
) ) ¢ S S .
O H} x n+ —3 =Y 6'AY([ELHY) T xR,
r=1

(5.13)

2
—&,I@f X n + iw H) = Z&ZA%)(IEf7fIf)7 in T x RT.
=1

The linear operators {A%)j = 1,2, 3} are given by:

1
A(}})(u,v) = Crv — 2hn (8771} X n + ;u) ,

1
Ag) (u,v) = —ig,wu + nCr v — gn? (8,711 X n+ —u) ,
w

A(}?) (u,v) = —2nhie,wu,

A(;Il) (u,v) = —2n*gie,wu,

and the linear operators {A%)j = 1,2} are given by:

AS)(M v) = —Cru + 2hn(dyu x n — iwv),
AR (u,v) = —nCM u + gi® (Onu x n —iwv).

Substituting (5.4) and (5.12) into (5.13) then equating the same powers of ¢ leads
to the following systems:

4
1~ ~
OnHE xn+ —Bf =3 AD@E-C HEY, i T xRF,
{=1

) (5.14)

—O,EE xn+iwHE =Y AP ENF HFY, inT xR,
(=1

for k =0,1,2,..., with the convention IAEf =H! =0 for ¢ < 0.
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Of course, these equations have to be complemented with the conditions (see
(5.9) and (5.3))

H¥(zp,0) x n = H*(2p,0), Var el

+oo +oo (515)
/ |Hik(xp777)|2dn < +oo and / |Ef(xp,n)|2dn < +o0.
0 0

The reader can already notice how the roles of the variables  and xr have been
separated. The variable zr appears as parameter for determining (]Ef, HF) from the
previous (Ef, HY)’s since, for each 21, one simply has to solve an ordinary differential
system in the variable 7. The solutions to this inductive system of equations can be
expressed in a general way using the result of the following technical lemma. For
that purpose it is useful to introduce

k
Py(I,RY;C%) = S u(ar,n) = Y aj(zr)y’,a; € CF(T;CY)

Jj=1

Lemma 5.1. Let (f,g) € Pr(I,RT;C3)? and ¢ € C°°(I';R3), Then the problem,
Find (u,v) € C°(I'; C*°(R"))? such that,

1 :
87,1)><n—i——u:e*‘ﬂ”f(m-)7 in x RT,
w

(5.16)
—dpu X n+iwv = e_‘ﬂ”g(n7 9, in T xR,
with the conditions:
Var € T, wu(zr,0) x n = ¢(zr),
+oo +o0 (517)
Var € T, / |u(zr,n)|?dn < +oo, / lv(zr,n)|2dn < 400,
0 0
has a unique solution, which is of the form
u(zr,n) = e p(ar,n) and o(ar,n) = eV g(zr, n) (5.18)

with (p,q) € Py (T, RT;C3)2 and with the square root definition \/i := @(1 +1).

Proof. This is a simple exercise on ordinary differential equations. We refer to
Ref. 12, Lemma 4.1 for the details of the proof. O

As an application of this lemma we obtain the following result.

Theorem 5.1. The fields H* x n € C>®(T';C?) being given, there exists a unique
sequence

{(BF, HF) € (D5 €)%,k = 0,1,2,.. .}
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satisfying the sequence of problems (5.14)—(5.15). Moreover,
(eVI"EF, eViINHEF) € Pu(I,RT;C?)2. (5.19)
Proof. This theorem can be proved by using an induction on k and by carefully

exploiting the polynomial structure with respect to n of the operators Ag) and A%)
(we refer again to Ref. 12, Lemma 4.2 for the technical details). |

5.4. Ezplicit computation of the interior fields for k =1,2,3

This section is devoted to the presentation of the technical details related to the
computation of the asymptotic terms up to the order k = 3. In the sequel, we shall
systematically use the following formulas, deduced from (3.6),

(CrV) -n=culrVp, CrV xn:(;rip(v-n) xn— (CV xn)xn, (5.20)
M —M

(CY V) n=culVy, CMVxn=culp (V-n)xn—(GVxn)xn (521)

Computation of (B0 = E}, H). For k = 0, (5.14) gives

1~
aananr;E?:a in x RT,

(5.22)
—0yE) x n+iwHY) =0 inT xR,
whose unique L* solution satisfying H}p(zr,n) = H_ 7(zr) is given by:
E(ar,n) = Bl (zr,n) = Viw(H? x n)(zr)e=V, 5.23)

HY(wr,n) = HO p(xr)e= Vi,

from which we deduce the useful information for the construction of the GIBCs,

namely:
B} x n(zr,0) = —ViwH? p(ar). (5.24)
Computation of (E} = E2, H). For k = 1, (5.14) gives, using (5.22)
1~
OpH! x n+ —E! = Cr HY, in T x R,
w (5.25)
—0yE! x n+iwH! = —CrE}, inT x R*.
We project (5.25) on n, use (5.20) and (5.23) for E? and H?, to obtain:
E!-n=wCrH n= w(curlp HY 1] (xp)e_ﬂ”, inI x R,
(5.26)

H! n= U%Cp IE? n = —%[curlp(Hg X n)](xp)e_‘/z" in[ x R*.

Next, we eliminate IE} in (5.25) and get the following equation in H},

(02, — ) Hlp = x 0, [Cr 1Y) = —n x (Cr RS x )
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We use again (5.20) and (5.23) to transform the right-hand side. Using the following
identity, that can easily be deduced from the definitions (3.2) and (3.3)

(C(V xn)) xn—CV==2HV forall VeR?
we finally get after some easy manipulations
(02, — i)H} 7 = 2ViHH p(ar)e” V",
whose unique L? solution satisfying HY (zr,n) = HgT(xp) is given by:
H}p(wr.n) = (H.p(er) = gHH p(ar))e . (5.27)
Coming back to the first equation of (5.25), we get

B! x n(ar,n) = w(=ViHlg (ar) + (C = ) Hiog (or) + nV/iHH p (ar)je .
(5.28)

In particular,
E} x n(zr,0) = w(—ViH} p(zr) + (C — H) HY p(ar)). (5.29)

Remark 5.3. Notice that (5.26)—(5.28) prove Theorem 5.1 for k = 1.

Computation of (E2 = E3, H?). The calculations are much harder and tedious than
for the two previous cases. That is why we shall restrict ourselves to the main steps.
Also, for the sake of simplicity, we shall often omit to mention the dependence of
the various quantities we manipulate with respect to zr.

For k =2, (5.14) gives, using (5.25)

1~
OpH? xn+ ~E?=r%, inT xRF
w (5.30)
—0yE? x n+iwH? =%, inT x RF,
where we have set
r} = Cr H}! —ig,wE} + n(C¥ — 2nCr)HY,
r% = —CrE! —(CM — 2hCr)E).
We can go directly to the evaluation of HZQT which satisfies (apply n x 9, to the
first equation of (5.30), divide the second equation by w and add the two results)

1
(92, — i) H}p =n x 01y — ;r%’T. (5.31)

3

The next step consists of expressing the right-hand side of (5.31) in terms of the
previous (Ef, Hf)’s. Using (5.20), (5.21) and the fact that H? - n = 0, we first
compute that

nXxry=mnx c?ip(Hll ‘n) — CH},T —n(G - 2hC)H£T —igyw (n X E?),
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Next, we use the expressions (5.23), (5.26) and (5.27) and the identity
—
n X curlp (curlp(V X n)) =-Vr (dinV)
to obtain

1 - .
nxry = %(Vp divp + &,w®)HY  — CH, 1 eV 4 (3hC — Q)HS’Te_‘ﬂ".

After differentiation, we get
n x Oy = [—(Vr dive + &,0%) HO 7 + (3hC — G)H 7 + ViCH! p]e™ v
—nVi(3hC — G) HY eV, (5.32)
In the same way, using again (5.20), (5.21) and the fact that EY -n = 0, we calculate
rpp =nx (ry xn) = —curlp (Ej - n) + (CE;) x n+n[(G — 2hC)E]] x n.
Next, we notice that
CV =—C[(V xn)xn| (and the same with G)
and use the expressions (5.23), (5.26) and (5.28) respectively for E x n, E! -n and

E! x n to obtain
1 — -
—;r%,T = [curlp(curlp HY ) + ni((G — 3h C)H 1 x n) X n]e“ﬂ”
+[C(H=C)Hp xn) xn — \/;(C(HelT xn)) x n]e*‘ﬁ”.

This can be written in a simplified form, using the following identities that hold for
all V € R3 and that are easily deduced from (3.2) and (3.3)

(C((H —C)V) xn)} x n = (3hC — C* — 2H2)V,
C(V xn)) xn=(C—2H)V,
{(3HC — G)(V x n)} x n = (3HC + G — 6H2)V.

‘We obtain

1 — .
—;r%’T = [curlp (curlpHgT) + (3HC —C? — 2H2)H£’T]e_‘ﬂ”

Vi€ = 2H)HL eV 4 Vi(3HC + G — 6H2) HOpe V. (5.33)
Substituting (5.32) and (5.33) in (5.31) leads to the following equation
(02, — ) HEp = eV {ViHH o + (C? + 2H — G) HY
~(&r + &) HY 7 — nVi(6H — 2G) H 1},

N —
where Ar := Vrdivr — curlreurly is the vectorial Laplace Beltrami operator.
Since the L? solution to

(93, —iJu=(a+bn)e " inRF,
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1 is given by

a b b .
u(n) =(uv0)+ | —%— + ——=n? 67\/;777
(n) (() (2\/% 42)77 4\/577)

we deduce that HZ is given by the expression

HZT(xFﬂ?) = e Vin {Hez,T - 77HH§,T — .(02 - Hz)Hez,T
21
+ =L (B + erw?) H2 g + 77—2(3712 —~G)H. 1 ¢
2\/{ e, T 2 e, T

Finally we go back to the first equation of obtaining, after lengthy calculations that
we do not detail here,

: 1
Efp xn= we—ﬂ"{—ﬁHjT +(C—H)H} ;- 2—\6(62 —H*)H

1 2 . J— 0
- (Erw + Vrdivr + curlpcurlp) HE}T

2Vi

1 -
+1n (\/%HHE{T +5 (5H? — 6HC + C* — Ar — e,w?) HS}T>

Vi

_ 772 22 (37’[2 o Q)HS,T}

In particular, for n =0,

. 1
Birxn—we Y ViE 4 (€ - F)HLy - S0 1)
2vi
1 2 ; P 0
— Q—ﬂ(srw + Vrdivp + curlpeurly) HY 7 5. (5.34)
3 5.5. Construction of the GIBCs

The GIBCS of order k is obtained by considering the truncated expansions in €2,

k k
El, =) 6'El and H),:=) 0 H!
=0 =0

5
as (formal) approximations of order k + 1 of E and H? respectively (notice that
7 k appears here as a subscript while it appears as an exponent in the notation of
the solution of the approximate problem (4.1), (4.2)). Using the “second” interface
9 condition, namely (5.7), one has
k
Eg,khﬂ(xp) X n = Z 6 Ef(zr,0) x n for zp € T. (5.35)

£=0
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Substituting into (5.35) the computed expressions of Ef(zr,0) for £ = 1,2 and 3,
respectively given by (5.24), (5.29) and (5.34) leads to an identity of the form

B, xn+wD" [(H )r] =" ¢) onD, fork=0,1,2, (5.36)
and
Elyxn+wDy [(H 5)r] =693, onT, (5.37)

where D** k = 0,1,2 are given by (4.3) and Dg’3 is given by (4.5) and where
@2 € C>=(I)?, k= 0,1,2 are tangential vector fields given by

v) =0,
ol = ViwH! . (5.38)
0} = ViwH? 1 +w(C — H)(HL p + 6H2 1),

and obviously satisfy the estimates (for ¢ small enough)
leRllaz ) < Cr(s), k=0,1,2 (5-39)
where Cy(s) is independent of 4, while @3 ; € C°(')* is given by

0o = ViwH?: p +w(C —MH)(H2p + 6HZ )

+ —2\; (C?—H?)(H!p+0H?  + 8°H? 1)
1
+L( 2 4 Vrdivy + curlpeurly) (HLp + 6H2 - + 6°H2 7). (5.40)
2\/5 Erw raivr curlpcurir e,T e,T eT): .

The GIBC (4.2) is obtained for £ = 0, 1, 2 by neglecting the right-hand side of (5.36).
For k = 3, the same process leads to the condition (4.4) that is modified according
to the process explained in Sec. 4.2. Notice that according to that construction, we
have

Eg,3 X n + w DOk [(H§73)T] = gagon I', where cpg = cpg,o + oR>3 [(HS,B)TL
(5.41)

and using the property (4.13) of R%3,

28113 () < Cs(s), (5.42)

where C5(s) is independent of 4.

5.6. Towards the theoretical justification of the GIBCs
Our goal in the next two sections is to justify the GIBCs (4.2) by estimating

s 6,k 5 6,k
E; - E>Y and HJ — H>",
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where (E2F, H>*) is the solution of the approximate problem ((4.1), (4.2)), whose
well-posedness will be shown in Sec. 7.1 (see Theorem 7.1). It appears non triv-
ial to work directly with the differences E? — E%* and H? — H?*, we shall use
the truncated series (E°,, H? ) introduced in Sec. 5.5 as intermediate quantities.
Therefore, the error anaiysis is split into two steps:

(1) Estimate the differences E° — Egk and H — Hék ; this is done in Sec. 6, and
more precisely in Lemma 6.1 and Corollary 6.1.

(2) Estimate the difference ES, — ES* and Hék — H2* ; this is done in Sec. 7.2
and more precisely in Theorem 7.7.

Remark 5.4. Notice that step 1 of the proof is completely independent of GIBC
and will be valid for any integer k. Also, for &k = 0, the second step is useless since
50 — o0,

6. Error Estimates for the Truncated Expansions
6.1. Main results

Let us introduce the fields Ef(’k(x)7 H;i’k(x): Q) — C3 such that

k
Z(SZEf(x) = Eik, for x € Q.,
5,k _ ) =0
EY(x) = .
x(x) Z §'Ef(xr,v/8) for x € Q,
=0
k
Z(SZHf(x):Hg,k, for x € Q,
5,k _ ) =0
HY (x) = .
x(x) Z §'HE (xr,v/8) for x € Q,
=0

where the local coordinates zr and v are defined as in Sec. 3 and the cutoff function
X is defined as in Sec. 5.1. These fields are good candidates to be good approxima-
tions of the exact fields (E°, H?). The main result of this section is:

Lemma 6.1. For any k, there exists a constant Cy independent of § such that
(i) 1B = X% meu) < Cyokts,
(i) [B° = E¥||p2q,) < Croht3, (6.1)
(iii) [|E° xn— EY* x n||H,%(F) < Ok tL.

The proof of Lemma 6.1, postponed to Sec. 6.3, rely on a fundamental a priori
estimates that we shall state and prove in Sec. 6.2. We first give a straightforward
corollary of Lemma 6.1.
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Corollary 6.1. For any k, there exists a constant Cr independent of § such that:

”Eg - Eg,kHH(curl,Qc) < Ck6k+17
”Hg - Hg,k”H(curl,Qﬁ) < Ck5k+1'

Proof. Simply write
ES — Eg,k =E) - Eg,k+1 + M ER
which yields, since ES , = E>*1in Q,,
||Eés - Eg,kHH(curl,Qe) < HEg - Ei’kHHH(curl,Qe) + 5k+1HE§+1HH(CurLQE)~
Using the estimate (6.1(i)) of Lemma 6.1, we get
|ES — EikHH(curl,Qc) < CRoFtE 4 5k+1HE§+1HH(curl,Qe) < Cpoktt,

The estimates for H? — Hg’ & is an immediate consequence of

—iw(H? — Hg’k) + curl(E? — Eg’k) =0 in Q.

iw(E — B2, ) +curl(H, — HZ ) =0 in €.

O
6.2. A fundamental a priori estimate
The proof of Lemma 6.1 relies on the following fundamental technical lemma.
Lemma 6.2. Assume that E° € H(curl, Q) satisfies
curlcurl B — w?E% =0, in Q.,
s s (6.2)
iwES — curlE® xn =0, on 04,
together with the following inequality
1
/(|cur1E5|2 — WHE? A da + iw (/ |E® x n|?ds + —2/ |E5|2dx)’
Q o0 0% Jo,
S 1 S
< AGFEHIE x nll,, -y + 5 IE o), (63)

for some non-negative constants A and s independent of §. Then there exists a
constant C' independent of § such that

1B || renr) < COFY, B[ 120, < C6°F2, B xn <Ot (64)

H-3(D)

for sufficiently small §.

Proof. For convenience, we shall denote by C' a positive constant whose value may
change from one line to another but remains independent of §. We divide the proof
in to two steps.

Step 1. We first prove by contradiction that ||E°||f2(q) < C'6**1. This is the main
step of the proof which will use two important technical lemmas that are proven in
the Appendix.
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Assume that the positive quantity
A% = 67 DB 12

is unbounded as § — 0. After extraction of a subsequence, still denoted
E° with § — 0, we can assume that A’ — 4o0. Let E® = E°/||E°||12(q) (so that
B[l L20) = 1) .

Our goal is to show that, up to the extraction of another subsequence, E°
converges strongly in L2(£).) and to obtain a contradiction by looking at the limit
field E.

To show this, we wish to apply to E? the compactness result of Appendix A.5
with O = Q.. Since div E? = 0 and E? is bounded in L?(Q.), we only need to show
that:

(i) curl E? is bounded in L?(Q.),
(ii) E? x n|pq converges in H~2(992), (6.5)
(iii) E° x n|p converges in H~z(I).

We first notice that after division by |[E?| 2(q), the inequality (6.3) yields

_ _ _ 1 _
’/ (Jeurl BO | — W2|E° %) dx + iw (/ |E° x n|%ds + —2/ |E5|2dx>‘
Q o9 0% Ja,

A o~ 1~
< 5 0B e +67 2B x| (6.6)

H‘%(F))'
We shall now establish estimates on the two terms on the right-hand side of (6.6)
in terms of |[curl E°|| 2oy (namely inequalities (6.10) and (6.12)).

Considering the imaginary part of the left-hand side of (6.6), we observe that
since 1/)\? is bounded,

. .- .
IE |72, < CO2|[E® x n| y T OO E[| 2(0,)-

H™3(T
Next, we use the trace inequality (A.1) of Appendix A.1 with O = Q; to get
5512 302 SRIE Ik o
|E HLz(Qi) < Cs|E HL2(Qi)(HE HL2(Qi) + [[cwrl E HL2(Qi)) + CO[|E® | 2(q,),
L1
which yields, after division by |E°|| 7, ).
6o 5 Sk 3 55| 3

|E HLz(Qi) < C10||E HL2(Q,i) + 302 ||cwrl E HLz(Qi)' (6.7)

Let K be a positive constant to be fixed later. Using Young’s inequality
_ o1

ab < 2/30*? +1/30° with a = K6 and b = K|[|E°| £ g, we get

~ 1 2 _ 3.3 K3 ~ 3
6|\E5H22(Qi) < §K 357 + ?HE5|\22(Q¢)' (6.8)
Choosing C1 K3 = 3/2 and substituting (6.7) into (6.8), one deduces

~ 3 3 ~ 1
IE® 17200,y < CO2 (14 [|curl E°[|F2 ) (6.9)
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which yields
~ ~ 1
5B |20 < C(1 + [leurl E?|[f2 g, )- (6.10)
Now considering the real part of the left-hand side of (6.6) and using the fact that

||E6HL2(Q) = 1, we observe that

leurl E?|[35q) < C(1+ 67 2||E? x | + 6B || 12 (a))- (6.11)

H™3 ()
On the other hand, after multiplication by 6*%, the trace inequality (A.1) applied
to E is equivalent to

1 1o 1)+ 1 1 SSns
5THIE Xl ) < OB ooy} + CLIT B ooy lewnl B £, g .

After applying the Cauchy—Schwarz inequality to the second term of the right-hand
side of the above inequality, we easily get, since § is bounded

1, = — o d
072 |[B x|y ) < CLOT B L2y + lowr B 2o},

~ 1 ~
< C{L+ [lewl B 5 g, + llcurl B[ 20}, (6.12)
where we used (6.10) for the second inequality. Substituting (6.12) into (6.11) gives
~ ~ 1 ~
leurl B [[72 () < C(1 + eurl E°[| 72,y + llewrl B[ £2(q,))-
This proves (6.5)(i). We also deduce, thanks to (6.10) and (6.12), that
671HE5HL2(Q7;) and 5*%H]:]‘S X nHH,%(F) are bounded, (6.13)

which proves in particular (6.5)(ii) (E® x n converges to 0 in H~2(I')). This also
means that the right-hand side of (6.6) remains bounded. Thus, going back to (6.6)
shows that ||E® x n|| £2(90) is bounded, which proves (6.5)(iii) by the compactness
of the L2(99)) embedding into H~2 (%)

Now we shall conclude the proof of Step 1. From (6.5)(i) one deduces that
E? is a bounded sequence in H(curl, 2), therefore, up to extracted subsequence,
we can assume that ES weakly converges in H (curl, 2) to some E. Considering the
restriction to €., thanks to (6.5) we can apply the compactness result of Lemma A.5
and deduce that an extracted subsequence of E’, denoted again by E? for simplicity,
strongly converges to E in L2(€2,). On the other hand, we observe from (6.13) that
E? strongly converges to 0 in L2(€;), hence E = 0 in €, which implies in particular

Exn=0 onT. (6.14)
Passing to the weak limit in equations (6.2) one easily verify that
{curl cwrlE —w?E =0, in Q,,
. . (6.15)
wEpr —curlE xn =0, on 09,

The uniqueness of solutions to (6.14)—(6.15) in H (curl, €. ) implies that also E = 0
in Q.. We therefore obtain that E° converges to 0 in L2(2) which is a contradiction
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with ||]§)5HL2(Q) = 1. Consequently \° is bounded, that is to say
[E?[| 20y < CE°F. (6.16)

Step 2. We shall now proceed with the proof of estimates (6.1). Considering the
imaginary part of the left-hand side of estimate (6.3) and applying Lemma A.1
(with O = ;) yields

s+3 3 3 s
1B 0y < OO fourt B ) 1B a4 67218 ).
Using two times the Young inequality ab < 1/2(a? + b?), the first time with
1 5|3 S5
a=02||curl E Hm(m) and b=|E Hm(m)?
and the second time with
a = HE6||L2(Qi) and b= 55—0—2,
leads to (we also use ||curl E?|| 2,y < [[curl E®||12(q))
||E6||%2(Q,i) < OB+ 8P (| B L2, + Ollcurl B £2(a)))- (6.17)

On the other hand, considering this the real part of the left-hand side of estimate
(6.3) and using (6.16), we get

S S 1 z z S
||Cur1E5H%2(Q) < O(6%F2 + 572 HCUI"1E6||22(Qi)HE6||Z2(Qi) +9 ||E6HL2(Q1‘))7

which gives, using Young’s inequality once again,

chr1E6||%2(Q) < OB 4+ 0°(| B || 2 + Sllcurl B[ 2(q)).- (6.18)
Combining (6.17) and (6.18) leads to

1B 22 0,y + 02l B [ ) < C(7 4 4 6%+ 2(| B |2y + el B 12(ey)),
which yields
IE || 20,y + Sl curl E?[| 2o < C5°2

and in particular the second inequality of (6.4). The third inequality of (6.4) is a
consequence of the first two and the application of Appendix A.1 in ;. |
Remark 6.1. Notice that since we simply used in the first step of the proof the
fact that 1/A\° is bounded, we have proved in fact that

: —(s+1 4
lim o DN E?|| 20y = 0.

6.3. The proof of Lemma 6.1

Let us introduce, for each integer k, the error fields

Sk _ 16 85,k Sk _ 176 5,k
g% = B — pOk WOk = HY — gk, (6.19)
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The idea of the proof is to show that £5F satisfies an a priori estimate of the type
(6.3) and then to use the stability Lemma 6.2. To prove such an estimate, we shall
use the equations satisfied by (€%, HPF), respectively in ; and Q..

The equations in ). It is straightforward to check that in the exterior domain €.,
the errors

(5519 Hék) (55k|Q Hé,kbc)

satisfies the homogeneous equation:

(1) cwrlHZF +iwES* =0, in Q,,
. . . (6.20)
(i) curl€d® —iwHIk =0, in Q,,
and
(E3FYp —HO* xn =0, on dQ. (6.21)
Eliminating H%* in (6.20), we get
curl (curl £9%) — w2E3% =0,  in Q., (622)
6.22
curl E5F x n + iw(Sg*k)T =0, on 9.

The equations in 2;. Now consider the restrictions to €2; and set

(5‘6’ka6 k) ( Qz)

(2

It is also useful to introduce the fields

.’El"7 Z(SEEE (xl—‘v ) ’ xl—‘v ZdeHz (CUD ) ’
so that using the local coordmates, we can write
ESM(x) = xE(zr,m), HY*(z) = xH{(zr,n) in Q.
Our goal is to show that (ESF, HY*) satisfy the “interior equations” except that
two small source terms appear at the right-hand side, respectively due to the cutoff
function x and the truncation of the series at order k. We first compute that
. 1 .
curlHi’k + ZwEf(’k — mEik = X(WE?,IC + Curle’ — ?E‘s ) + Vx x Hgk»
curl BSF —iwHYF = x(curlED  — iwH? ) + Vx x Ef .
(6.23)

Thanks to the exponential decay of Egk(xpm) and Hgk(xp,n) with respect to n
(cf. Theorem 5.1), the terms in factor of Vyx are exponentially small in J.

It remains to compute the terms in factor of x. These calculations are tedious,
but the idea is simple and consists — in some sense — to do the same calculations
as in Sec. 5.3 but in the reverse sense. According to (5.11) we define

5 El(syk = PIRP
]Ei,k = T = Z(S El
p=0
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With the notation of Sec. 5.3, we have
curlEik - WHf,k = rf’k(xp, v/o), (6.24)

where the function rf’k(a:, 1) is given by

2
rf’k = 8nIEf’k X N — iw Hik + Z 5£A%)(Ef’k,H3k).
=1

Replacing Ef’ . and Hﬁ by their polynomial expansion in §, we get

k-1 2 k-1
R = NG (0,ED x o —iw HY) —iw " HE + 3 60> 6p A (B, HY).
p=0 =1 p=0
Using Eq. (5.14) satisfied by the EI’s and H’s, we get
2 k-1 2 k-1
Pk = i HE YD A B HY) - 3N oA (B HE).
(=1 p=0 (=1 p=0

Applying the change of index p + [ — p in the first sum, we get

2 k—1+/¢ 2 k—1
P = w4y YT AP E HT) =YY AR HY),
¢=1 p=0 £=1p=0
that is to say
2 k—1+4¢
i)Y AR )
(=1 p=k

Paying attention to the above expression and using the form of the functions E?
and HY (cf. Theorem 5.1), we see that

curlEf’k - WHf,k ==k (gg,o + 591‘2’1) in supp ¥,
where the functions g§ and g{ are of the form
g,(z’q(x) = Phg (acr7 %) e_\ﬂ%, Pk € Pu(T,RT; C*, ¢=0,1. (6.25)
From (6.25), we easily deduce that
IXORall2@) < Crad®,  Ixcurlgl gllzxeny < Cigd?, g=0,1.  (6.26)

In the same way, using again local coordinates, we have
1

1
52 Ef,k = _Sf,k(xv V/6)7

inf’k + curlH{i,f — 5

with

4
1
$9F = 0, HY xn+ Z]E;ik =8 AR B HY ).
/=1
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Replacing Efk and Hg by their polynomial expansion in § we get

k—1

4 k—1
Zap (a HP xn+ = EP) =376 e Ay (Br, HY)
/=1 p=0

4
+ R0, HY xn =Y 67k AY (0, HE).
/=1

Using equations (5.14) satisfied by the E!’s and H!’s, we get

ik 151’,4‘”) (B2, HPY) f:kfwm‘”) EY, HY)
¢=1 p=0 =1 p=0
4
+ R0, HY xn — 674D (0, HE),
=1
or equivalently
k+0—1

Z 5PZA (B2~ HP™h)

4
+ 0RO, HY xn Y 6RAY (0, HE).

(=1
1 This time, we see that we can write
13
inﬁk + curle’k =3 go in supp ¥,

3 where the expression of h‘,z, o is similar to the g ¢’s (see formula (6.25)) and implies

in particular that
5 Xk oll 20y < Crgd%, ¢=0,1,2,3. (6.27)

In summary, taking the difference between (6.23) and (2.4) we have shown that

3
curl HF + iwe)* — ?5;”“ = §F! (Z 5%2,(1) +Vx x HY),
q=0

1
curl E7F — iwHF = gk y (Z 5qg,§,q> +Vx x By,

q=0

where eliminating 'Hf * we get

9 curl curl 5f’k 255 ki 52 Ef F— gl (6.28)
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with
1 1
f;f — %y (Z 6qcurlgg}q> + Vy x (Z 6‘192’(1) + Vx x curl (Vx X Efk)
q=0 q=0
3
—iwd™ (YD, ) — iwVx x HY
q=0

Taking into account the form of the functions g,‘g} o, and the exponential decay of the
the fields E¥ and HY (Theorem 5.1), and since the support of V is separated from
T", there exists a constant 7 > 0 such that:

| Vx x curl (Vx x Ef’k) 200y < Cy(k)e ™,

1
Vx X (Z 6qg,‘i’q>

q=0

< Cok)e™ ™,

L2(2)

| Vx x HYy |12, < Cs(k)e°.

1 Combining these inequalities with estimates (6.26) and (6.27), we see that:
£l 2,y < Cud®~32. (6.29)
3 Error estimates. We can now proceed with the final step of the proof. First, we
multiply the Eq. (6.22) by ESF and integrate over €).. Using the Stokes formula
5 and the boundary condition in (6.22), we get
/ |cur15§’k|2dx—w2/ |5§’k|2dx—z'w/ |E9F x n|? 4+ (curl E2F x n, (W)Th“ = 0.
. . o9

Next, we multiply the equation (6.28) by €f * and integrate over ;. We get

) _
/ leurlE*|2da — w2/ 1EF 2 dz — 5/ EXF12 — ((curl€2® x n) - (E77) v

- [ &
Q;

Adding the last two equalities we get, since £5F € H(curl; ),

1
/ |Cur155,k|2 o w?/ |55,k|2 —w (/ |557k % n|2 + _2/ |557k|2)
Q Q o0 0 Q;

= (curl E5% x n — curl E7F x n, (E%F) r +/ fL -ﬁdm. (6.30)
Q;
7 It remains to compute the jump
curl E3F x n — curlgf’k Xn= curlEg,k X n — curlEZk X n
9 across I'. Taking the trace on I" of Eq. (6.24), we get, with pf’k(xp) = rf’k(a:p, 0),

. 8,k
curlEﬁk X n:szf’k Xn+p;" onl.
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The function pf’k is not zero but small. In particular, according to, we have

15113y < " (6.31)
On the other hand, taking the trace on I' of the first equation of (6.20) we get
curlEi,C Xn= injk xmn, onl.
The continuity conditions (5.15) imply Hik Xn = Hgk x n on I' so that
curl 5% x n — curlf)‘”C xn= curlEe B XN — curlEl XN = /% . (6.32)

Substituting (6.32) into (6.30) and using the estimates (6.29) and (6.31), we get

s oo )
o0 Q;

< Oy (3| E% x n|2(q,) + 67| €5 x et )
We can finally apply Lemma 6.2 with E° = £%F and s = k — 1, which provides the
desired estimates. O

7. Analysis of the GIBCs
7.1. Well-posedness of the approrimate problems

We shall prove in this section that the approximate fields (E®*, H%*), solution of
(4.1), (4.2) for k = 0, 1, 2, 3, are well defined. In fact, for k& < 2 this result is an
application (or an adaptation) of classical results about Maxwell equations with an
impedance boundary condition of the form

Exn4+wZHr=0 onl,

where Z is a function with positive real part (see for instance Ref. 14). To include
the case k = 3 it is sufficient to extend these results to the cases where Z is a
continuous operator form L?(T") into L?(I") with positive definite real part. More
precisely we shall assume that there exists two positive constants z, and z* such
that

{(i) 1Zelr < 2*|l¢lr,
(7.1)

(i) Re (Ze,o)r = zdlell?,

for all ¢ € L2(T). These properties are satisfied by the operators D% k = 1,2, 3 for
0 sufficiently small, and can be seen as a special consequence of Lemma 7.1 (stated
and proved in the next section) where the dependence of the constants z, and z* in
terms of § is also given (which is important for error analysis). The functional space
adapted to this type of boundary conditions is the same as for constant impedances,
namely H (curl, Q) (see (2.5) for the definition of this space).
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Theorem 7.1. Let f € L?(.) be compactly supported in Qe and g € L?(9,).
Then the boundary value problem

curl H + iwFE =0, in Qe,

curl B —iwH =0, n Qe,

Exn+Hr=g, on 0L,

Exn+wZHr =g, onl,

has a unique solution (E,H) in H(curl, Q) x H(curl, ).

Proof. The proof uses basically the same arguments as for classical impedance
conditions (see Ref. 14) and the details are provided in Ref. 12, Theorem 6.1 of
Ref. 12. |

7.2. Error estimates for the GIBC's

The error estimates rely on some key properties of the boundary operator D%
that we shall summarize in the following lemma. We recall that D% = 0, §v/i and
6Vi + 0%(H — C) for k = 0,1 and 2, respectively. For k = 3, we denote by A% and
B9 the two operators

A= (1 - 82Vpdive) !, B® = (1+ 0%curlpewmlr) .

By Lax—Milgram’s Lemma these operators are well defined as continuous operators
from L#(T) to respectively H(divr,T') and H (curlr,T). Setting

1 52
= —— 4+ §(H—-0C) + —(C% = H®> + £,w?),
B ( ) m( &)
1 5?2
= —— — ——(C? = H? + e,0?),
P 22 2\/5( e

the expression (4.11) of D3 can be written in the form

2 e
DO3p = Sasp + %5(145@ + 52CUTIFCUTIFBEQD)

2
+ 10 Bsp + i%(s (B‘sgo — 52VrdinA‘scp) .
The main properties of the operators D%* are summarized in the following lemma.

Lemma 7.1. Let k = 1,2 or 3. There exist a constant §; > 0 and two constants

C1 > 0 and Cy > 0, independent of §, such that
(i) D ¢|lr < Ciéllelr, 72)
(ii) Re (D!, 0)r > Cablloll3,

for all ¢ € L2(T") and § < dy.
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Proof. These properties are straightforward for £ = 1 and 2. We shall concentrate
on the case k = 3. We first observe that a5 and (s are bounded ﬂ)nctions on I
and if ¢ € L(T") then §°VrdivrA%p = (A%p — ¢) € L2(T") and §%curlpcurlp Bl =
(=B%p + ) € L(T'). Therefore D*3¢ € L?(T) and one has

(D6’3§07 ¢)F = 5(0{5@, ¢)F + ?5((‘46@7 ¢)F + 52((;ﬂ>FcurlFBé‘Pa ¢)F)

(7.3)

+ 16(65307 w)l—‘ + ZT(s ((B 2 w)l—‘ -0 (deIVFA ®, 1p)l—‘)

for all ¢,¢ € L#(T'). For § sufficiently small, the functions as and s satisfy
0<ax<l|ag|<a® and 0< S, <|Bs| <" (7.4)

for some positive constants a,, a*, §, and §* independent of §. On the other hand,
from the identities

—_
(1 —82Vpdivp) A% = ¢ and (1 + 6%curlpeurlp)Blo =

one respectively deduces

{(A‘s% o)r = [[A%l|f + 6%||divr A%p||3, 5)
—(Vrdivp A%, o)r = |divr A3 + 62| Vrdivr A% |2
and

(B’p,0)r = |B°¢||E + 82| curlr B2 ||, 76)

— —
(curlpeurlp B2, p)r = [|curlp BY¢[|2 + §2||curlpeurly B p||2.

Property (ii) is obtained as an immediate consequence of (7.5), (7.6) and (7.4) when
applied to (7.3) with ¢ = . Identities (7.5) and (7.6) also respectively imply,

[4%llr < [lelle,  6*[[VrdiveA%¢|r < o],
5 2l el 5
[B%¢llr < ll¢llr and  &%[|curlreurle B2¢llr < [l¢]lr.
Property (i) is then easily obtained from (7.3) with ¢ = D%3¢ and using these

estimates, as well as (7.4). O

7.3. Error estimates for the GIBC's
We shall set for £k = 0,1, 2,3,

k
ook _ 1ok E 74
‘c"e - Ee - Eev
(=0

k
HOb = HIF - H!.
£=0
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Using (5.36), together with (4.12) and (4.13) when k = 3, we see that (E5F, HOF) €
VE x V§ is solution of the boundary value problem:

curlﬁg’k + iwgg’k =0, in Q.,
curlgg*k — iwﬁg*k =0, in Q,

- ~ (7.8)
(53»’“)T — HOF xn =0, on 012,

EVF xn + WDV (HIRYp =610 on T,

where the vector fields @2 remain bounded with respect to § in all spaces Hy(T)%.
Eliminating £5*, we see that H3* € V¥ satisfies

curl(curl HORY — W2HOE = in Q.,

curl HOF x n — iw?DOF (HOF)p = 651 o8 on T,
curl Ho* x n — iw(H*)p =0, on Of).

The proof of error estimates is based on some key a priori estimates that we shall
give hereafter. We multiply by HOF the equation satisfied by H* in Q., integrate
over 2. and use Green’s formula to obtain, after having used the boundary condi-

tions on 92 and I':

/ (|curlﬁg’k|2 — w2|7'~(g’k|2)dx — ZAQ |(ﬁg’k)T|2dU

—iw? (D (HM ), (HIM)r) = 6% ph (KO )7, (7.9)

where (,);. here denotes a duality pairing between H~/?(div,I') and
H~'/2(curl,T"). Considering the imaginary part of (7.9) and using (7.2)(ii) together
with trace theorems in H (curl, €2.), one obtains the existence of two non-negative
constants Cy and Cy independent of § such that

CLO|(HIM)zlIE + I (HE*) (3 < Co6* HIHEH| b cun - (7.10)

More precisely we have C; = 0 for kK = 0 and C; > 0 for k # 0. Using (7.2)(i) and
(7.10) one also deduces that

|Zm (Dé’k(ﬁg’k)% (ﬁg’k)T)H < 035k+1||7'~fg’k||H(cur1,Qe), (7.11)

for some constant C3 independent of §. Now considering the real part of (7.9) and
using (7.11) as well as the trace theorem in H (curl, Q2.), one gets the existence of
two positive constants Cy and Cs independent of § such that

||Hg’k||%1(cur1,ge) < C45k+1|\Hg’k||H(curl,Qe) + CS|\Hg’k|\%2(QE)~ (7.12)

Based on these a priori estimates we are in a position to prove the following
result.
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Lemma 7.2. For k = 0,1,2 or 3, there exist a constant C independent of 6 and
b0 > 0 such that

Hgg’kHH(CUFLQe) + ||ﬁg,k”H(curl,Qe) < Ck6k+1
for all § < 0.
Proof. According to estimate (7.12) and the first two equations of (7.8), it is
sufficient to prove the existence of a constant C independent of § such that
||ﬁg’k||L2(Qﬁ) < Ok (7.13)

Let us assume that (7.13) does not hold, i.e. As := 6% 1 /|| HE*|
6 — 0, and consider the scaled fields

e = HY|H g0, and € = EXF/IHIF | p2qo,).

12(0.) goes to 0 as

Dividing (7.12) by ||ﬁg»k|\§2me) implies in particular that (h°) is a bounded
sequence in H(curl, €2.). Dividing (7.10) by the same quantity and using the latter
result shows that

C18|| hp[|7 + W5 ||3q — 0 as 6 — 0. (7.14)
The last boundary condition in (7.8) combined with property (7.2)(i) shows in
particular that
Il < Codllah e+ As 1o I

(with the alternative, Cs and C7 > 0 or Cs = C7; = 0). We therefore conclude
that |ed||r goes to 0 as  — 0. The first three equations of (7.8) imply that e is
a bounded sequence in Hy(curl,€.) (see definition in the proof of Theorem 7.1).
Therefore, up to extracteg subsequence, one can assume that e® converges strongly
in L?(.) and weakly in Hy(curl, €2,) to some e € Ho(curl, {2). Passing to the limit
as 0 — 0 in (7.8), we observe that e € Hy(curl, Q.) is solution of
curl curl e — w?e =0, in Q,
curl e x n —iwer x n =0, on 0f,
exn=20 on I,
and therefore e = 0. We then deduce that curl k% strongly converges to 0 in L2(Q.).
Coming back to identity (7.9) and considering the real part, one deduces after
R 7
division by HHe’kHQLQ(Qe) that
182 curte) < A Collb® | mreun, ) + Callewlh® |32,y + ColZm (D**hy, ).
(7.15)
Property (7.2)(i) shows that
| Zm (D**h, h)| < Cslh|f — 0

according to (7.14). Therefore, considering the limit as § — 0 in (7.15) implies that
h® strongly converges to 0 in H(curl, ©.), which contradicts ||h6||L2(Qe) =1. O
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Appendix A. Technical Lemmas

The first lemma is a slight variation of the classical trace lemma in H (curl, O).

Lemma A.1. Let O be a bounded open subset of R® of class C? (and which is
locally from one side of its normal). Then there exists a constant C' depending only
on O such for all uw € H(curl, O), that

flu < n||§{ < C||U||L2(o) (HCUﬂUHL?(O) =+ ||U||L2(O)) . (A.1)

~3(90)

Proof. (i) Let us consider first the case where there exist a > 0,b > 0,6 > 0 and
h € C*(R?) N W?>(R?) such that, if ¢(y1,y2,3) := (y1,¥2,ys + h(y1,92)),

supp u C ¢(] — a,a[x] —b,b[x]0,d[) C O,
{00 N supp u} C ¥ = {p(y1,y2,0); (y1,y2) €] —a,a[x] —b,b[}.

_1
Setting @ :=uop, n:=nop, and f := (1 + |Dh|2) 2, one has for y3 = 0,

Oh oh 0
O i 2t L) A2
o e 0y2 T Oy1 h) (8-2)

, U3

Let us consider the first component of @ x n. Setting uj = s + ag%, we have,

s oiis . 0%h
ys3 " 0y2 e 0y30y2 (A.3)

where
r:=(curluoyp) e = — — —=— — — =
1= #)-e Oy Oysz Oy2  Oys
Let F be the Fourier transform in (y1,y2), (&1, &2) the dual variables, u; the Fourier

transform of u; and u} the Fourier transform of u}. By definition of the norm in
H™3(R?),

his (.01

= [0+ 1er) Has(6 .0 Pdadse

Since

§ o~
s ol
|u2(§17§270)|2 = —2R€/ |:ay§ u2:| (517527y3)dy3
0

using (A.3), we have, 71 being the Fourier transform of 71,

)
5(61, 62,0) = 2Re / P36 o ys)dys

6 R
—2Re/ i&ausus) (&1, &2, y3)dys
0

g _ 0%h —
—2Re/0 {]—' <U3 8y38y1> ug] (&1,62,y3)dys.
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We divide the above equality by (1 + |¢[2)"2 and integrate over £. Next we use
1

(1+[¢2)72 < 1, |&|(1 4 €)% < 1 and Plancherel’s theorem to obtain, since
h € W22 (R?),

5 5
uso Oy <2 [ ity + [ [ ualluzlan
0 R2 0 R2

Coming back to the variable x through the change of variable z = ¢(y), we easily
get, since |uj| < |uz| + Clus,
Hu§(7 R 0)

where the constant C' only depends on h.
Finally, using Lemma A.2 (note that f belongs to W) we get, since (i x

)1 = fus

||2_% < C(|lullF2(0y + llull 20y lcurlul 2(0) ),

[[(@ ﬁ)1||ir = C(Huﬂiz(O) + [ull2(0) llcurlul| r2(0))- (A.4)

1
2

We proceed in the same way for the other two components of 4 X 7.

(ii) Obtaining the same inequality in the general case can be deduced by using a
partition of unity (¢;)i=1,...,nv of O and noticing that

lcurlp;ul| 20y = [|@icurlu + Vip; X ul|r2(0)

< l@illoo llcurlul| L2 0y + [[V@illoo lull 2(0)- 5

The proof of the previous lemma uses the following result whose proof can be found
in Lemma A.2 of Ref. 12.

Lemma A.2. Let f € WhH(R") and g € H™2(R"), then fg € H 2(R") and
one has,

1
1 9l -3 ey < 34 w9 -

Lemma A.3. Let O C R? be a bounded open set with a C? boundary I'. There
exists a constant C' that depends only on I' such that

1
[ < O(IVrull -y oy + llullpzry) Vo e H2 (D).

H3(T)

Proof. In the case O = {(x1,z2,73) € R3/z3 > 0} one can check by using Fourier
transform in the plane (z1,z2) that

2 _ 2 2
el g oy = 1900l g o+ ulagry-

5
The inequality is therefore trivially verified in this case. The general case can be
easily deduced by using local parameterizations of the boundary I'. This is where

the C2-regularity of I' is taken into account. O
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The next lemma is a sharper version of classical compact-embedding theorem
for spaces of L? functions with bounded divergence and curl into L?. Let us define

H(curl,div, O) := {u € L*(0)?/curlu € L*(0)? and divu € L*(0)}
equipped with the norm

||u||%~l(curl,div70) = ||U||2L2(o) + ||Cur1u||2L2(O) + HdiVUH%%oy

Lemma A.4. Let O C R? be a bounded simply connected open set with C? bound-
ary T'. Then every bounded sequence (uy)ren of H(curl,div, O) such that

1
(ug|p X n)ren is convergent in H, *(T') (A.5)

has a convergent subsequence (ug:) in L*(O)3.

Proof. Our proof is an adaptation of the proof given by Costabel in the case where,
instead of (A.5), one has an L? control of the boundary term of the sequence (see
Theorem 2 of Ref. 5).

The idea is to make a Helmholtz decomposition of uj of the form:

ug = wg + Vpg, (wg,pr) € Hl(O) X L2(0)7 divw, =0, (A.6)
constructed in such a way that:

(i) wg is bounded in H!(O) (and thus admits a converging subsequence in L(0)?):
this uses the fact that curluy is bounded in L?(0)3,

(ii) Vpi admits a converging subsequence in L?(O)? : this uses the fact that divuy
is bounded in L?(0)? and that (ug x n)r converges according to (A.5).

The proof of (i) is the same as is Ref. 5 and is omitted here. One can also see
Lemma A .4 of Ref. 12 for the details of the construction of wy. For the remaining of
the proof, we can therefore assume that (up to extracted subsequence) wy converges
in L%(0).

Since curl(ux —wy) = 0 and O is simply connected, one can construct pi (unique
up to an additive constant) such that Vpy = ug —wy (use for instance Theorem 2.9
of Ref. 9). Fixing px by imposing that fo prdx = 0 gives raise to a bounded
sequence py in H'(O) by the Poincaré-Wirtinger inequality. Since we further have
that (divug) is bounded in L?(0) and (wy) is bounded in H'(O), then, up to
extracted subsequence, one can assume that divuy, is convergent in H~1(0), wy|s0
is convergent in H 2 (80) and py|so is convergent in L2(90). We shall deduce that
py. is strongly convergent in H*(O). We first observe that pj satisfies

{—Apk = div ug, in O,

Vpr X n=ug Xn—wg Xxn, on dO.
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Let m and k two indices. From
A — pm) = div(ug — up, in O,
(P — Pm) (uk ) (A7)
V(pr —pm) X n = (ur — Um) X1 — (W, —wy) Xn  on 0,

and using the classical theory for elliptic equations one gets the existence of a
constant 7 such that

IVpr = Vpmllz2 @) < Cr(lldiv(ug — um)lz-10) + [Pk — Pl (A.8)

1 )
H?2(00)
On the other hand, using Lemma A.3 one has

< Co([IV(pe — pm) x 1|

From the second equation of (A.7)-(A.9) it is easily seen that

[Pk = pml| + e = pmllz200))- (A9)

1 1
HZ(90) H™Z(30)

195k = Ipmllzzc@) < Collldiviu — wm)lla-1 0y + |k = ) X 1l 0,

+ JJwk — wm”H’%(ﬁO) + [Pk — PmllL2(00))-

Using assumption (A.5) one concludes Vpy is a Cauchy sequence in L?(00). The
result of the lemma is then proved since up = wr + Vpi. O

Lemma A .4 also applies to domains €2; that are not simply connected. This is
proved in the following lemma.

Lemma A.5. The result of Lemma A.4 applies to bounded open domains O € R?
of class C?.

Proof. Let x be an arbitrary point in O.If z € O, one defines U, as a ball centered
at = such that U, C O. If not, one defines U, as a neighborhood of x such that
there exits a bijective map ¢, : @ — U, such that

6. € C Q)07 € CYT.L).$(Q1) =U:NO and $(Qo) = U N IO,

where ) denotes the unit cube of R3, Q4 := {z € Q|rs > 0}, and Qo = {z €

With this definition one observes that U, N O is a simply connected domain
for all z € O. By the compactness of O one can extract a finite covering of O
from {U,;z € O}. Let us denote by {U;,i € I} this finite covering and consider a
partition of unity (0;);e; C C°°(R?) subordinated to this covering, i.e.

supp 6; C Ul,ZGl =1onO.
icl
Then define u’, := 6; u,, for all i € I. It is easy to see that for every 7, the sequence
(ul) satisfies the hypotheses of Lemma A.4 with O replaced by U;. Using a finite

diagonal process, one can therefore assume that there exists a subsequence ny such

that
ul,  converges in L*(U;) for all i € I.

n

Consequently, the sequence up,, = Y, ul, is convergent in L*(O). |
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