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Abstract

We revisit the asymptotic formulas originally derived in [5] and [7]. These
formulas concern the perturbation in the voltage potential caused by the
presence of diametrically small conductivity inhomogeneities. We signifi-
cantly extend the validity of the previously derived formulas, by showing
that they are asymptotically correct, uniformly with respect to the conduc-
tivity of the inhomogeneities. We also extend the earlier formulas by al-
lowing the conductivities of the inhomogeneities to be completely arbitrary
L, positive definite, symmetric matrix-valued functions. We briefly dis-
cuss the relevance of the uniform asymptotic validity, and the admission of
arbitrary anisotropically conducting inhomogeneities, as far as applications
of the perturbation formulas to “approximate cloaking” are concerned.
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1 Introduction

Asymptotic formulas that quantify the effect of small conductivity inhomogeneities
on the voltage potential of an electrical conductor have recently received quite a
bit of attention, see for instance [I, 4] 5] and references therein. One important
application of such formulas has been the approximate solution of the Electri-
cal Impedance Tomography problem, namely : “to determine the location and
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(some) geometric properties of the inhomogeneities from boundary measurements
of voltages and current fluxes” [3]. Another more recent application is the precise
estimation of the degree of near-invisibility associated with approximate cloaks
obtained by so-called “mapping techniques”, see [10]. Let Q be a connected,
bounded, smooth domain in IR?, d = 2,3, let vy be a smooth background con-
ductivity, and let f € H~'/2(d) be a prescribed normal boundary flux (with
/. aq f do = 0). ug denotes the background voltage potential, i.e., the solution to

V-(vwVuy) =0 inQ , (voVug)-n=f onodQ , (1.1)

say, with | sq U0 do = 0. We could allow any finite number of (well separated)
conductivity inhomogeneities inside 2 — but for simplicity let us assume there
is only one (the principal effect of a finite number would simply be the sum
of the individual effects). This conductivity inhomogeneity has small diameter
(say, of magnitude of 0 < p < 1). We shall denote the open set occupied by
the inhomogeneity D,. The conductivity inside D, is given by the symmetric,
positive definite matrix-valued function 7, ,. We define v, to be the conductivity

Yo in 2\ D
To = { . g . (1.2)
T,p in D,

u, denotes the voltage potential corresponding to the conductivity distribution
Yp, i-e., the solution to

V-(,Vu,) =0 inQ , (1,Vu,) -n=f onodd , (1.3)

with [, 9q Up do = 0. Initially we shall just assume that D, is contained in a small
ball, i.e., in a set of the form xg + pBy , where xg is a point in §2, By is the unit
ball, centered at the origin, and p is taken sufficiently small that xq+ pB; CC €.
For simplicity let us assume ) contains the origin, and that xo = 0. By Bjs we
shall denote the ball of radius 4, centered at the origin. The first result in this
paper (Theorem 1 in section 2) asserts that, given any positive s and ¢

lup = woll s 35y < CPIF =120y (1.4)

with a constant C' that is independent of 1 ,, p and f, but depends on €2, 4, s,
and the background conductivity «g. The novelty here is that the constant C is
independent of vy ,, the (p dependent) conductivity of the inhomogeneity. If we
only consider a conductivity 71, that is isotropic and independent of p, and we
do not insist that the constant C' be independent of 71, then the estimate ([1.4)
follows immediately from the representation formula(s) proven in [4, [5]. However,
it is exactly the dependence of 71 , on p, and the independence of the constant C
of 71, that is important for applications to cloaking. More precisely: to obtain
meaningful estimates of the degree of near-invisibility associated with certain
approximate cloaks constructed by “mapping techniques” it is most convenient
to have an estimate for u, — ug that is uniform in 7 ,. For instance, in [10]



we could have used the fact that C' is independent of 1 , to give a much more
direct proof of our near-invisibility estimate — as it were (without recognizing this
uniformity) we had to use a somewhat indirect argument based on monotonicity
and the validity of the estimate in the two degenerate isotropic cases, v = 0, and
Y1 = O0.

Having proven the uniform estimate we then return to consider the ques-
tion of uniform validity of asymptotic formulas such as that derived in [5]. For
that purpose we consider D, of the form D, = pD CC 2, where D is a bounded,
simply connected, smooth domain. For simplicity we take 7y to be a constant
positive definite symmetric matrix, whereas we permit 7 , to be an arbitrary pos-
itive definite symmetric matrix-valued L* function. The representation formula
from [5] asserts that for constant, isotropic -y and v; (p independent)

up() = () + p*| DIV, G(,0) - (0 — 1) MVuo(0) +op?) ,  (L5)

where o(p?)/p? — 0 as p — 0. The function G(z,y) is a particular Green’s
function (the so-called Neumann function) for the Laplacian on the domain €2,
namely the solution to

1
AxG(xvy) = *6{17:34} ) with iG(l‘,y) =

normalized by |, 90 G(7,y) do, = 0. In order to calculate the matrix M let ¢y
denote the solution to

V-(YVeér) =0 in R |, ¢p(z) =2z —0 asl|z| —» o0 , (1.7)

with « denoting the rescaled conductivity function

B 70 in IR\ D
7= vy in D

The symmetric, positive definite matrix M from [5] is given by

v L[
D] Jp 0z

In [5] it is shown that the matrix M (corresponding to constant isotropic o
and 71) is a function of the single scalar variable ¢ = 71 /7y, and it is shown
that (1 — %)M = (1 — ¢)M(c) has finite limits as ¢ — 0 and ¢ — oco. These
limits are exactly the symmetric, positive definite matrices that appear in the
asymptotic formulas for the two degenerate cases, v1 = 0, and 1 = oo (see [7]).
The second term in the right hand side of is therefore of order p® uniformly
in y; — furthermore it will also, uniformly in ~y;, represent the leading term of
u, — ug provided the remainder term o(pd) can be shown to have the property
that o(p?)/p? — 0, uniformly in 1, as p — 0. This uniform smallness assertion



(for variable, p dependent, anisotropic 71 ,) is exactly the content of Theorem 2
in section 3.

It is well known that a formula similar to (and a bound similar to (1.4)))
holds for arbitrarily shaped, volumetrically small inhomogeneities, with p?|D|
replaced by |D,|, provided 7, stays bounded and bounded away from zero (
cf. [4]). However, for these results to be valid uniformly in 71, a condition of
the type D, = pD (or D, C pD) is absolutely essential. To see this consider
D, in the form of a thin, “square” sheet (—1,1)¢"! x (—p,p) (or a smoothed-
out version of this). For a fixed p the solutions corresponding to a sequence
of conductivity problems with (isotropic) conductivities approaching +oo will
converge to a solution to the conductivity problem in \ﬁp that is constant on
0D,. It is therefore not very difficult to see that we may pick a sequence p, — 0
and a sequence of isotropic (constant) conductivities 1, — oo such that the
corresponding sequence of solutions to the conductivity problems approaches a
function that solves V - (7oVwp) = 0in Q\ ([~1,1]%7! x {0}), and is constant on
[1,1]%"1 x {0}. Since this limit generically is not p-harmonic in all of 2, and
thus not equal to ug, it follows that the estimate , or a formula like
(with p?|D| replaced by |D,|) cannot hold uniformly in v, for D, of the form
D, = (~1,1)%1 x (~p,p).

In section 4 we show that the condition D, = pD may be slightly relaxed with-
out affecting the uniform validity of the principal two terms of the asymptotic
expansion of u,. To be precise, Theorem 3 asserts that the result in Theorem 2
still remains valid for domains D, that satisfy (1 —r,)pD C D, C (14 r,)pD
with r, — 0 as p — 0.

We conclude the main part of this paper with a brief discussion of potential appli-
cations of our results to approximate cloaking. The final appendix of this paper
contains a number of results concerning solvability, uniquess and representation
formulas for exterior problems, that were crucial for the analysis in section 3.

2 A preliminary uniform estimate

In this section, 7y denotes a smooth (say, C°°) symmetric, positive definite
matrix-valued function, defined on €, and 71,p denotes a symmetric (uniformly)
positive definite matrix-valued L°° function defined on D,. The conductivity v,
is given by . To simplify notation concerning we introduce

Cr Q) = (Coo(ﬁ))dXd N{ ~(z) symmetric, positive definite, min v>0 } ,
and
L¥(D,) = (LOO(Dp))dXdﬂ{ ~(z) symmetric, positive definite, ess infy >0 } .

Here min v signifies the largest real number m, such that &y(z)¢ > m|€|? for all
¢ e IR? and all z € Q, and ess inf v denotes the supremum of the set of real
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numbers m for which &'y (x)¢ > ml€|? for all € € IRY, and almost all z € Q. Let
F be an element of L?(Q), with support inside Q \ Bs, for some § > 0, and let f
be an element of H~1/2(99), with Jo F dz+ [, f do = 0. Consider the standard
weak solution, v, € H'(£2), to the boundary value problem

V-(WVu,)=F inQ , (7,Vv,)-n=f onoQ , (2.1)

normalized by [, v, do = 0. Let vg € H'(€2) denote the solution to the corre-
sponding problem with «y, replaced by the background conductivity o,

V-(wV)=F inQ , (V) -n=f ondQ , (2.2)

normalized by [, 9q Vo do = 0. These two solutions are also the minimizers of the
corresponding energies

1
Ep(v):/ <7,Vv,Vv > d$+/FU dx — fvdo
2 Ja Q B
and )
Eo(v):/ <vVuv,Vov > dm—i—/deac— fvdo
2 Ja 0 00

in H'(Q) N{[,qv do = 0}. The smoothness of o is needed to insure that vg
be smooth, and that all the “error” norms are equivalent by elliptic regularity
estimates. As a first result in this section we shall prove

Lemma 1. Suppose D, C By, for some positive constant K. Let vy, be given by
(1.2), with vo € C(Q) and v1,, € L (D,). Suppose § > 0 is sufficiently small
that Bs C Q. Let F be an element of L*(Q), with support inside Q \ Bs, and
let f be an element of H~'/2(0Q), with Jo F dz + faﬁf do = 0. There exists
a constant po, independent of y1,,, F' and f, and a constant C, independent of
M,0s P; I and f, such that

By(vy) — Eo(wo)| < Co* (1P aiangey + 1y svmony) - Jor p<po - (23)
The constants pg and C depend on vy, 2, § and K.

Proof. Pick py < /2K so that Bk, is contained in B; for p < py. We divide
the proof of the estimate (2.3]) into two separate cases.

The case E,(v,) > Eo(vg). In this case

|Ep(vp) — Eo(vo)] = Ep(vy) — Eo(vo)
< E,(v")— Ep(vg) Yo" e Hl(Q) , (2.4)

and we proceed to construct an appropriate v*. Let 0 < x < 1 denote a smooth
cut-off function with

xX=1 inBg, , x=0 inQ\ B, , and |Vy|< everywhere

= |Q



Using this x we define
v* = x(@)vo(0) + (1 — x(x))vo(z) -
Then
Vv* =0 in Bk, ( which contains D,) , Vv*=Vuy Vo €Q\ B, , (2.5)
and furthermore

Vo (@)]* = [Vx(@) (v0(0) = vo(2)) + (1 = x(2)) Vo(x)[*
< 2(|Vx(@)?lvo(0) — wo(@)* + 1 — x(@)*|Vvo () )

< 2(CIVeolZo gy + V0000 ) - (2.6)

for all x € Bak,. The constant C' is inde@dent of p and 71,,. We note that
v*(z) = vo(z) for z € 9Q, and for z € Q \ Bs, and as a consequence of this and

(2.5), (2.6),
2(E,(v*) — Ep(vo))
:/ <7, Vv*, Vo' > dm—/ < Vg, Vg > dz
Q Q

:/ < Vv*, Vv* > dx —/ < vVug, Vvg > dx
Bakp\Bkp

B2Kp

S/ < Vv ,Vv* > dx
Bakp\Bkp

< Co Vel < O (IF IRy + 11 1/200))

with C' independent of p and 1 ,. This verifies (2.3 in case E,(u,) > Ey(vp).
The case E,(v,) < Ey(vp). In this case

|Ep(vp) = Eo(vo)| = —Ey(v)) + Eo(vo) (2.7)
- d 2 2 :
and to get an estimate of the type Cp (”FHB(Q\BT;) + ||f||H,1/2(6Q)) that is

independent of 7 ,, we shall introduce the dual variational principle. Let V'
denote the set

V={oe@?Q) :V-o=F inQ, oc-n=f ondQ} .

Then it is well known that

1
E,(v,) = —2/Q<'ypV1)p,va> dx
L oo d
= max—— x
ceV 2 Jq T 00
1
> —2/ <’yp_10'*,a*> de Yo eV . (2.8)
Q
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Since

1
Eo(’Uo) = —2/ < Vg, Vg > dx
Q
it follows from (2.7) and (2.8]) that

1 1
|Ep(vp) — Eo(vo)| < 2/ <’Yp_10*a(7* > dac—2/ <%V, Vvg > dz , (2.9)
Q Q

for any o* € V. We proceed to construct o* € V for which [, < ’y;la*, o* > dx
is near [ < 4oVwg, Vg > dz. Let W, denote the solution to

AW, = 0 in Byg\Bx ,

% = 0 ondBg ,

on

ow,

Tnp = (wVw(pr)) - n ond(Bak) -

This problem has a solution, since |, (Bax )(’Y()VU()) -n do = 0. The solution is
P
unique up to a constant, and it satisfies the estimate

2 2
VWl a0 S ClIVOOlZo@.g,))
< C(IF gz + 111200

It follows immediately by rescaling that w, = pr(%) satisfies

Aw, = 0 in By, \ Bk,

ow
a—np = 0 ond(Bgk,) ,
ow
Tnp = (wVw)-n ond(Bak,) ,
and
vapuiz(BQKp\BiKp) < de (“F”i2(g\§é) + HfH}ZL[fl/E(aQ)) ’ (2'10)

with a constant C' that is independent of p and 1 ,. We now define the field o*
by the formula
0 in Bk,
0" ={¢Vuw, in Bokp \BiKp
YVvg in \ m

This field is clearly in [L%(Q)]%, and it satisfies V - 0* = F in Q as well as
o*-n=(vVvy) -n=fondQ,ie,c*isan element of V. By using c* as a test



field in (2.9)) we get
|Ep(vp) — Eo(vo)]
1

1
§/ <’yp_1cr*,a*> dx—/ < voVugy, Vg > dx
2 Ja 2 Jo

1

1
= 2/ < ’y()_lva, pr > dr — 2/ < Vg, Vg > dx
BQKp\BKp B2Kp

g/ <75 ' Vw,, Vw, > dx
Bakp\BKk,

< (IF ey + 1 Brsiagomy)

with C' independent of p and the conductivity ~1,, of the inhomogeneity D,. For
the last inequality we have used the estimate (2.10). This verifies (2.3)) in case
E,(u,) < Eg(vp), and thus completes the proof of Lemma O

Let F', f and 7, be as in the preceding lemma. We easily calculate that

—/ vadx—l—/ fv, do
Q\B, a0
:/ < YpV,, Vo, > dx
Q
:—/<’yvap,va> dx—2/FUpdac+2 fv, do
Q Q oN

= _2EP(UP) )

and similarly
— / Fuvg dx + fvo do
O\Bj o0
:/ < Vg, Vg > dx
Q

:—/<’)/0VU0,V’U0> dac—Q/Fvodx—l—Z fvo do
Q Q o0

= —2Ep(vo) -
As a consequence

| F—w) o= [ f () do=2(Eyle,) ~ Eo(wn)
O\B; a0

and so, due to Lemma

/ _ F (v, —) dx — f (v, =) do
O\B; a0
< O (IF ) + 1 2200)) (2.11)
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with C' independent of p, F', f and ~; ,. If we define the bounded linear operator
A, (F, f)— ((vp = vo)lo\550 — (v — vo)\ag) from L?(Q\ Bs) x H~/2(0Q) into
L2(Q\ Bs) x H/2(0Q), then (2.11)) simply asserts that

| < Ap(F, ), (F 1) > 1 < Cpt (1P 12y + 11120y

where < -, - > denotes the natural duality between L?(Q\ Bs) x H/?(9Q) and
L2(Q\ Bs) x H-Y/2(99Q). We note that A, is selfadjoint, and by “polarization”
it now follows that

sup sup | <AP(F7f)7(Gag)>| §0Pd )
NENHNSLINGgINISL

2
with |||(F, £)||| = (HFH . In other words

1
L2( Q\Bg) + HfHH 1/2(89 )

1/2
s = vl 32075, + 100 = voll3s = s [ <AY(F ), (Gig) > |
( p L2(\By) T 11 H 2@”)) G.)ll<1 ’

< Cp?

for all (F, f) with [[F[12, 0 5, + 17131/ < 1 o1

/2
(R A R )
< o (1P any + 1 nomy)
with C' independent of p, F', f and 71 ,. Since v, — vy solves the equation
V- (wV(v,—v9)=0 inQ\Bs , with (%V(v,—19)) - n=0 ondQ ,

elliptic regularity theory implies that the above estimate also holds for the Sobolev

2 2 / :
norm (v, = vl g gy + 105 = vleony ) s e

1/2
(1o = vollZe gz + 1 = w0l 2(0)
1/2
< (IF sy + 11212000 )
1/2
< de (HFHiQ(Q\Bi%) + ||f”§{—1/2(a§z)> ’

for any s € IR, and any F having support inside Q \ Bos. Replacing & with §/2
we have therefore established

Theorem 1. Suppose D, C By, for some positive constant K. Let v, be given
by (L.2), with o € CL () and 1, € LL(D,). Suppose § > 0 is sufficiently small

9



that Bs C Q. Let F be an element of L?(Q), with support inside Q\Bs, and let f be
an element of H=/2(0Q), with Jo F dx+ [4o f do =0. Letw, and vy denote the

solutions to and respectively, normalized by faﬂ v, do = IBQ vo do = 0.
Given any s € IRy there ewists a constant pg, independent of v1,, F' and f, and

a constant C, independent of v1,, p, F' and f, such that

1/2 1/2
(lop = 0l ey + o0 = vollfreom) < Co (IFIZa gy + 111200

for all p < pp.

Theorem (1] is of independent importance. However for the purpose of this paper
it is two corollaries, both pertaining to the special case F' = 0, that are particu-
larly relevant. The first corollary is of direct relevance to the estimation of the
effectivity of approximate cloaks, as briefly discussed in section 5.

Corollary 1. Suppose D, C Bk, for some positive constant K. Let -y, be
given by (1.2)), with vo € C(Q) and v, € LT (D,). Let f be an element
of H-1/2(0Q), with Joq f do = 0. Let u, and ug denote the solutions to
and respectively, normalized by faQ u, do = fm ug do = 0. Given any
s€ IR., and any 6 € IR, there exists a constant py, independent of 1, and f,
and a constant C, independent of v1,,, f, and p, such that

lup = woll o35 + 1up — woll ooy < ColFllir-12000) Yo < po

The second corollary, which shall prove essential for our analysis in section 3.2,
estimates the combined perturbation caused by the small inhomogeneity and a
change in the normal flux. In order to formulate this corollary we need some
additional notation. Let w, be the solution to

{V-(vprp) =0 inQ ,

2.12
(7 Vw,)-n =g ondQ , ( )

normalized by [, w, do = 0. Here we assume that g is an element of H ~12(00),
with [, g do = 0. It follows immediately that

/ <V(wp —up), V(wy, —upy) > dx
a\D,

< /m<g — )(w, — ) do

<llg- fHH*l/Q(BQ) [[wp — up”H1/2(8Q)
< Cllg = flla-17200)llwp = woll gron ;) - (2.13)

Due to the fact that faQ w, do = faQ u, do = 0 we have
lwp — up|’Hl(Q\E) < CIV(w, — “p)”ﬂ(Q\BT)
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A combination of this with (2.13]) immediately gives that there exist constants
po and C' such that

lwp = upll g ony) < Cllg = fllg—1/2000) » for p<po - (2.14)
The constants py and C' are independent of v ,,f and g. If we decompose
wp —up = (wp — up) + (up —uo)
and combine Corollary (1| with we obtain

Corollary 2. Suppose D, C Bk, for some positive constant K. Let vy, be given
by (L.2), with vo € CL(Q) and v1,, € LT(D,). Let f , g € Hfé(aﬁ) with
Joq fdo = [409 =0, and let ug and w, in H'(Q) denote the solutions to
and , normalized by [y uo do = [y w, do = 0. Given any 6 > 0 there
exists a constant pg, independent of v1,,, f and g, and a constant C, independent
of ,p, [, g and p, such that

oy — wollysnzp) < € (19 = Fla-sr200) + P li-1209)

for all p < po.

3 The leading order asymptotics when D, = pD

We shall now consider the case when the inhomogeneity D, is of the form D, =
pD, for some bounded, simply connected, smooth domain D. We shall examine
issues related to the principal term of the expression

as p — 0. We briefly describe the structure of the expression

1
ﬁ(up_u()) ) :0_>07

a structure that is already well known, cf. [5]. What is not at all known, and
what we shall prove here is that for inhomogeneities that are dilatations of a
fixed set D, we can describe the expression (u, —ug)/p? by an explicit (bounded)
formula that is asymptotically correct uniformly in 7, ,. As pointed out in the
introduction such a formula is not available for general D,. For simplicity we
shall restrict attention to the case

{ v ifxeQ\pD ,

Yo(z) =
’ Tp(z) ifzepD |
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where 7y is a constant, symmetric, positive definite matrix, and 71 , is an arbitrary
symmetric (uniformly) positive definite matrix-valued function defined on pD, in
other words

V1,0 € Li_o(pD)
= (L®(pD)™* N { ~(z) symmetric, positive definite, ess infy >0 } .

By a simple linear change of variables 2’ = Lz, v, changes into L’prT oL, D
changes into L(D), and Q into L(f2). Since we can choose L such that LyL” = I
we may thus, without loss of generality, assume that v, is of the form

I ifzeQ\pD ,
Yo(@) = _ (3.1)
Tp(x) izepD |

where 71, is an arbitrary matrix-valued function in L(pD). The novelty of
the present results is the fact that 71 , is an arbitrary matrix valued function in
L (pD), and the fact that all the estimates and convergence (approximation)
statements are uniform with respect to 71, € L (pD).

Let ~; denote the rescaled coefficient

. I ifzeR'\D ,
59 wrer.
and let ¢ be the solution to
V- (7;V¢k) =0in R , with Op(2) — 2, — 0 as |z > 00 . (3.2)
We note that ¢ (z) = ¢¥r(z) + 2zx, where 9y, satisfies
Ay, =0 in RI\D |,
Ve (mplp)Vr) ==V -(mplp)Vz) inD
aa% ot (7Lp(ﬂ‘)v¢k) n‘ . = (71,p(p-)n)k — Nk on 9D ,

in

[e] =0 on 0D

(3.3)

and ¥ (z) — 0 as |z| — oco. Here [¢] = 1/}‘ - w‘ denotes the jump of the
ext int

function v across dD. It is easy to see that the solution vy (up to a constant,
for d = 2) coincides with the unique solution to (3.3) in W(IR?Y), the existence
of which is guaranteed by Proposition [4]in the appendix. We define the function
L,:

P

0
Ly(z) = Vy®(z,0) - / (I = 1,p(p2))Vor(z) dz T“O(O) ; (3.4)
D Tk
and the function W,,:
AW, =0 in Q |
ow or (3.5)
an" = —a—n" on Jf) ,
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normalized by [, W, do = — [, L, do. Here ®(x,y) is the free space funda-
mental solution for the Laplacian

—Ln|lr—yl ifd=2,
o(z, _ 2T
We note that vy, ¢, L, and W), generically all depend on p; they would be inde-
pendent of p if we only considered 7, € L (pD) of the form v ,(x) = vy1(x/p)
for a given fixed v, € L3°(D) (for instance if we considered inhomogeneities pD
of fixed constant conductivity ;). In the case 71, is constant (but possibly
dependent on p) we define the positive definite matrix M:

1 Oy,

M = —— 7k 3.6
* =101 [ o, (39

We note that M may depend on p. Then

0 0
Ly(x) = [D|(I - ’71,p)iijka uo(0 )ay ®(z,0) ,
and it is easy to see that
0 0

Lyla) + W) = IDI(T =11, Mp 5 -10(0)5 -G, 0) o (37)

where G is the special Green’s function introduced in (1.6]). Here and in the future
we use the Einstein summation convention, i.e., repeated indices (representing
integers) in a single term implies summation from 1 to d.

Theorem 2. Suppose f is in H=1/2(0Q) with faaf do =0, and Yp 18 given by
(.) with v1,, € L(pD). Let ug and u, denote the solutions to and (1.5),
normalized by [, uo do = [,qu, do =0. Let L,(x) and W(x) be given by/I}
and . Then for any fixed § > 0,

) 2
lim —V(u, —ug) —VL,—VW,|"de =0 .
=0 Jo 5; |pd ( P 0) P P‘

The limiting process is uniform in v1, € LT (pD) and in f € {HfHH,%(am <
’faﬂf do = 0}. That is, for any € > 0 and § > 0, there exists a positive
constant 7(€,9), such that

1
/ | = V[up — uo) — VL, — VW,|* dz < c,
Q\Bs

forallp <7, ally, € LY (pD) and all f € { HfHH 300 , Joq fdo=0}.
The term VL, + VW, is bounded in LQ(Q \ Bs), umformly with respect to p,
’yl,pEL‘f(pD) and f € {HfHHf7 8(2) ) faﬂf do =0 }

13



We note that that the function p—ld(up —ug) —(L,+W,) is harmonic in Q\ Bs s,

with a% ((up —up) — (L, +W,)) =0 on 092. A combination of standard elliptic
theory and the energy estimate of Theorem [2| therefore yields similar estimates
in any H*(Q\ Bs) (or H*(9£2)) norm, as stated in the following corollary.

Corollary 3. Suppose f is in H=/2(0Q) with fan do =0, and Yp 18 gwen by
(.) with v, € L (pD). Let ug and u, denote the solutions to and (1.5),
normalized by [, uo do = [,qu, do =0. Let L,(x) and W,(x) be given by/I}
and (-) and normalized by f@Q o+ W,) do =0. Then for any fized 6 > 0,
and any s € IR+

Jup — uo — Pd(Lp + Wp)”]{s(g\ﬂ) = pdo(l) )

where the term o(1) tends to zero uniformly in v, € L¥(pD) and in f €
,faQ fdo= 0}, as p — 0. As a consequence we also have

(171,13 gy <1
||up —Up — Pd(Lp + Wp)”HS(@Q) = Pdo(l) )

for any s € IRy. The term L,+W, is bounded in H*(Q\ Bj) (cmd z'n H?*(09) ) uni-
formly with respect to p, y1,, € LOO(pD) and f € { HfHHJ s Joq f do =

éag)
0}

As stated the terms L, and W), in general depend on p; Theorem [2 l and Corol-
lary I 3| therefore do not assert the existence of a limit of (u, —ug)/p®, as p — 0.
Due to the boundedness of the term L, + W, we may arrive at a limit by extrac-
tion of a subsequence, much as was the case with the representation formulas in

4]. The boundedness of the term L, + W, as stated in Theorem 2 I and Corollary
is equivalent to the boundedness of the matrix [,,(I — Y1.5(p2))ij 72 925 or(2) dz as
a function of p and 71 ,. The assumption that g be constant (the 1dent1ty, after a
linear change of variables) may also be relaxed. For smooth 7y we may carry out
a “freezing of the coefficient”-argumement, much like in [5]. The formulation of
Theorem [2| and Corollary [3| would not change, but the identity matrix appearing
in the definition of v, and in the formula would be replaced by ~0(0), the
first equation of would become V - (79(0)Vip) = 0 in IR\ D, and the
transmission condition of would be replaced by

(0(OVEr) 0| = (1l )V 1| = (i)l = (0(0)n)

Furthermore ® would be replaced by a Green’s function for the operator V -
(70V ), and W, would satisfy V- (v0VW,) =0in Q, VIW,-n = —=VL,-n on 0N.
As mentioned earlier, the terms L, and W), are independent of p if ; , is of the
form v ,(x) = y1(x/p), with 1 independent of p. In that case it would indeed
be possible to extend the results proven here to any order in p, in other words
to prove that (for a single inhomogeneity of the form pD) one has an asymptotic

14



expansion to any order (as already established in [I]) which is uniform in v; and
eIy oy 1o Jon S do =01
Before proceeding with the proof of Theorem [2| we introduce some auxiliary

functions. The function .J is defined as follows: if d = 3, then .J is the W' (IR?\ D)
solution of L

AJ =0, inIR3\D ,

aJ

an
if d = 2, then J = 0. The existence and uniqueness of J is assured by Proposition
in the appendix. The function Hj , is the W' (IR? \ D) solution of

=1 ondD ,

AI:ILP =0, in IR\ D ,
- 1
Hip(z) = ;(uo(pﬂf) —ug(0)), ondD ,
for d = 2 as well as d = 3. The existence and uniqueness of I:IL,) is assured by
Proposition [2|in the appendix. The function Hj is the W' (IR?\ D) solution of of
AH, =0 in IR\ D ,
Hi(z) =Vue(0)-z ondD ,

for d = 2 as well as d = 3. The existence and uniqueness of H; is again assured
by Proposition [2 in the appendix. Since (ug(pz) — UO(Oi)/p — Vup(0) - z in

H/? (0D), as p — 0, the estimate (6.1)) from Proposition [2| gives that
Hy,— M inW(R'\D)asp—0 . (3.8)
We also define
1 OH, 1 OH,
Ay = — Ldo , and = — ——do . 3.9
* =101 Jop om Dl Jop on 39

Due to the convergence l) and the fact that both H 1,0 and H, are harmonic
in IR?\ D it follows that

oH,, O0H, . 1
W — 87 in H 2 (aD) s (310)

and therefore, in particular

Ap—= A ,asp—0 . (3.11)

The convergences in (3.8), (3.10) and (3.11) are uniform in f € { | f HH’ 300 <

1,/ o) do=0 }, since all the involved quantities only depend on values of ug
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near = 0. Finally we define u1, € H'(2\ pD) to be the unique solution to

Aui, =0 in Q\ pD ,
8u17p :f on 8Q , (312)
on

ur, =up(0) 4+ pA,J(-/p) on dpD .

In order to study the behaviour of p—ldV(up — ug) as required for the proof of

Theorem [2| we divide the function pid(up — up) into two terms:

1 1 1

(up —ug) = wip,+ —wa, , (3.13)
pt’ pt P pd TP
with
w17p :ul’p—uo 5 (314)
and
Wap = Uy — ULy - (3.15)

In the following two sections we shall study the behaviour of pidwl,p and pidwg,p.

3.1 A uniform estimate for the first remainder term

The function wy , = u1,, — ugp € H' (2 \ pD) satisfies

Awl,p = 0 ln Q \piD 3
ow, on 99
on
wy, = Y1, :=up(0) —ug(-) + pA,J(-/p) on d(pD) .
We define R B
Hy,=—Hy,+\,J € WHRI\D) ,
and

Hy = —H, + X\J € W{(IR'\ D) .

The function H; , satisfies
AH,, =0, in R\ D
Hi,(z) = ;wlyp(px), on 0D
and due to the convergence results , , and it follows that

Hy, — H; in W'(IR*\D) , and aiHLp — ng in H~'/2(dD) , (3.16)
n n
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as p — 0. This convergence is uniform in f € { ||f||H,§(3Q) , Jogq fdo=0}.
Applying Proposition [2] we get

0
H / —@x )H do —/ D(x,y)—H do, + C
10( on Oy Y Hi p(y) doy oD ( y)(?n 1,0(y) doy, p

for some constant C,. We note that, due to the particular choice of A, (and (6.2)
for d = 2)
0

oD 8nH1’de'—0 .

Let Ap denote the Neumann to Dirichlet map associated with the Laplacian on
D. In other words: for any ¢ € H~'/2(dD) with Jop @ do = 0, set Ap(p) =
wlpp € H'/?(OD), where w is the solution to

Aw=0 inD |, ﬁw:qb on 0D | / wdo=0 .
on aD

With the use of Green’s formula and this notation the above representation for-
mula for H; , may be rewritten

0
Hy p(z / 7(1) (z,9) [Hl,p(y) —Ap (aHl,p> (3/)] doy +C,
oD n
for € IRY\ D. The rescaled function

v1p(x) = pH1p(x/p) | (3.17)
may then be represented as

ne) = o [ Stlafpn) [H) - Ao (5n) )] doy + o0,

p0
0
- o 2 Hip(y) —Ap (- H
/8D an, (z, py) [ 1,0(y) — Ap <8n 1,p> (y)] doy + pC,

Due to the convergence result (3.16)) and the continuity of the operator Ap from
H=1/2 to HY? it follows that

0 0 .
Hy,p— Ap <8nH1,p> — Hi —Ap <6nH1> m HI/Q(OD) .

Thus

1 2
lim ’—dvul,p _ VLl‘ dz =0 |, (3.18)
p=0 Q\Bs p

for any fixed § > 0, and

lim iavl’p = %

_ ~1/2
lim S = g 09) | (3.19)
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where

Li(z) ::qu)(x,O)-/aD <H1 < >> ydoy . zeQ\{0} .

The convergence is uniform in f € { || fHH 3 (89) <1, [40fdo=0 }. In order

to complete the analysis of the behaviour of pdep it only remains to examine

1
Wi, = ﬁ(wLp —U1p) - (3.20)

For that purpose we shall make use of the following lemma.
Lemma 1. Suppose f, € H_%((%)) and fo € H_%(QQ) with [o0 fo = [50.fo =0,

and suppose f, — fo in Hfé((‘)(l), as p — 0. Let w, and wo denote solutions to

A =0 nQ\pD ,
W in 4\ p Awg =0 inQ ,

ow,
£ = on and
on Jo on Owo =fo ondQ |
w, =0 ondpD on
respectively. Then
lim \Vw, — Vwo|* dz = 0.
p—0 Q\E
The convergence is uniform in the sense that given any € > 0 there exists T(€) > 0
such that for any fo € { HfHHi? (66 , Joo f do =0}
p<t@ . and f,e HY209), |fy— foll yorrogom < 7(6)
mplies

/ _|Vw, — VuwPdz <€ .
Q\pD

Proof of Lemma (1| Standard coercivity arguments (in this case, direct integra-
tion by parts) gives that

IVwoll 2y < Cllfoll-172(00)

Let Ef(w) denote the energy

1
/|Vw|2dx—/ fwdo .
2 Jo 20

We extend w, to all of Q by setting it to zero on pD. For simplicity we also call
this H'(Q) extension w,. It is well known that w, is the minimizer of Ey (-) in
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HY(Q)N{w : w=0onpD}, and that wy is the minimizer of Ey,(-) in H().
A simple calculation gives

/ |V (w 2 da

= 2[By, () = B (wn)] +2 | (£, = foyw do

[Ef (wp) — Efo(WO)} +Cllfp — f0||H*1/2(BQ)vapHL?(Q)
[Es,(w") = Egy(wo)] + Cl| fp = foll sr-172(00) | foll sr-1/2(50) (3:21)

for any w* € HY(Q)N{w : w = 0on pD}. We proceed to construct an
appropriate test function w*. For simplicity assume B; is compactly contained
in 2 and suppose pD C Bg,, with Kp < 1. Define

0 if || < Kp ,

I :
Xp(z) =4 1— 102%1@) if Kp<lz|<1,
1 ifl<|a

and set W, = x,wo € HY(Q)N{w : w=0on pD}. Then

| V@, wl do
Kp<|z|<1

1 / 9
= V (log |x| wo)|* dx
(log(Kp))2 Kp<|z|<1 ’ ( ’ ‘ )‘
< —— | sup |wo(zx —= dx
(108(K0))? <B NN ey etorcn TaP

+ sup [Vawo(z)? / (log |])2 dm)
TEB1 Kp<|z|<1

< Taaticp (22 oo+ sup [V o)

—0 asp—0 . (3.22)

The convergence is uniform on { || fol| , Jsq fo do =0 }. We also

H3(09) = <1
have

/ \V(w, —wo)|* de = / |V |* dx—i—/ |V (@, — wo)|? dx
|z|<Kp Kp<|z|<1

< [ 9, - w)? o+ Cot sup [Vu(o)?
Kp<|z|<1 z€B;

and by combination with (3.22)) we therefore get

IV(@p — wo)[r2) =0 asp—0 .
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The convergence is uniform on { | fo| , Joq fo do =0 }. Since

4 o0) S
IVl 200y — Vwoll 2| < IV (@, — wo)llz20)

it follows that ||V, || 12(q) is bounded uniformly in p and in fo € { || f]|
1, fandcrzo },andso

, <
H™2(0Q) —

19,1320y — IV w0l1320)|
= [IV@,ll 20 — IVwoll 2 | (IV @l r20) + IVwoll r2(q))
< IV (@, = wo)ll 20y IVl 2y + [[Vwoll 22 ())

—0 asp—0 ,

uniformly on { || fo| , Jaq fo do =0 }. Due to the fact that @, = wo

H™ zf(am
on 0N we have the estimate

2 [By, (@) = Egy(wo)] = [V@yll72(q) — VwollZ2( +/m(fo — fp)wo
< vapHL2(Q Vw72 Q) (3.23)
+C\fo = follg-17200) 1foll 17200 -
From (with w* = w,) and (3.23) we now conclude that

/ |V (w, — wo)|? d

< [Efp (@p) — By (wo)]
+C\fp = foll 17200 1 foll 172 (02)

1 -
< 5 (IV@pl32a) = IVu0la(qy)

+C|fo = foll 11200 (Hfﬂ”H*lﬂ(BQ) + Hf0‘|H*1/2(6Q))

—0 asp—0 .

Since the term HprHLQ(Q) ||Vwo|\%2(ﬂ) converges uniformly with respect to
0 € 1 do = 0 } this last convergence is clearly uniform
2 (69) o & Y

in the sense asserted in this lemma. O
We now return to the estimation of W , := pid(wl,p —v1,p). This function is the
unique solution to

AWLp =0 in Q \ piD 5
61(/91/;,;, - pld 85;” (z) ondQ ,
Wi, =0 on OpD .
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Let W; denote a solution to

AW7 =0 in Q|
% :—% on 0f) .

According to (3.19 pidag;’” converges to % in H-Y2(09), uniformly with re-
spect to f € { £l <1, [4qfdo=0 }, and so from Lemmait follows
that

H™3(69)

lim VWi, - VWi de=0 . (3.24)
p—0 Q\pD
The limit is uniform in f € { | f ||H

of (3 - with ( - now yields

(.

-3 dQ) , Joq f do =0 }. A combination

, 1/2
—Vuwi, -V, —vwl‘ dx)

(/.1
([
(/.
: (/9\35

—0 asp—0 , (3.25)

. ) 1/2
dV(wl,p Ul,p) — VWl‘ d:li)

, 1/2
— Vo, — VLl‘ dx)

, 1/2
VIV, — vwl‘ dx)

) 1/2
e VL1’ dx)

uniformly on { || fHH , Joq f do =0 }. Since all the involved functions

—3( aQ)
are independent of 7 , it follows immediately that the limit is also uniform with
respect to 1, € LY (pD). This completes the study of the behaviour of the first

remainder term p—ldep, as p — 0.

3.2 A uniform estimate for the second remainder term

It remains to examine the behaviour of the term the pd Wy, = pld (up —u1,p) on

Q\ Bs. For that purpose it will be convenient to extend the function uy,p, to all
of Q by setting it equal to the constant u(0) on pD. From and ( - ) it
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now follows that wy , is a solution to

V- (n,)Vwz,) =0 in pD
Awy, =0 in Q\ pD ,
—algi’p =0 on 0 ,
Wow| (11, Vwg,)-n| =4 on 9pD
on ext P P int on ext ’
[wa,)] = —=pApJ(:/p) onOpD .
For brevity we shall use the notation v , := —832” on dpD. Since 13, €
ext

Hfé((?pD), f@pD o, = 0, and \,J € H%((‘)D), Proposition [4f guarantees the
existence of Hy, € W(R?\ D) x H*(D), a solution to

V- (mplp-)VHz,) =0 inD |
AHy, =0 in RI\ D
OH.
e o (V1,0 )VHz,) -1 T Ya,(p-) ondD |
[Hap =—XJ on 0D .

This solution is unique for d = 3, and it is unique modulo a constant for d = 2.
Moreover, Hs , may be represented as

0H,
doy — P T d c, .
ext Uy /;D (xuy) an (y) Uy + 14

ext

0
H2,p($):/a —@(z,y)Hsp

D 0Ny

The rescaled function, vo , = pHa ,(x/p), may then be represented as

0
_ % ®(x/py)H ] d
1)27/)(.%) p/BD 87’Ly (.'If/p y) 2,p oxt Ty

OH,
_ @ P
p /8 ; (z/p,y) n (y)’extday +pC,

0
= p? — | (z, py)H
Y /aD <8ny ) ( P ) 2,p

_ OH»
_d-1 P
et )

doy
ext

do, +pC, . (3.26)

ext

For the last identity we have (at least in the case d = 2) used that

/ OHy,
oD 8n

which in turn (for d = 2 as well as d = 3) follows from the fact that

Oui,p
w27p == 8
opD opD n

do =0 , (3.27)

ext

int

=0, and / (M1,p(p-)VHz,)-n| =0 .
ext oD
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Using (3.27) once more we may rewrite (3.26) as

0
vgp(z) = Pd/ (‘I’> (%P?/)HZP‘ day (3.28)
oD ext

Ony
it /6,3 (®(z, py) — ®(x,0)) (‘ngp(y)

talay +pC, .

€

We now study the asymptotic behaviour of szp) and 81;2”’ ‘ on dD. To this

ex Xt
end the definitions of wy,, and Wy ,, (3.14) and (3.20)) respectievely, yield that

Ul = ug +wyp = up + PdWLp + v,  in Q) pD . (3.29)

Since vy ,(x) = pHy p(x/p) (see (3.17))

k)= (%2 )l

(%e) (o) = 2220) (3.30)

for € D. Choose K such that pD C Bk, (i.e., D C Bx). We may without
2 2
loss of generality suppose p is sufficiently small that By, C €. From 1D

and so

lim VWi, - VW12 dz=0 ,
P=0 J By, \pD

which implies that

lim / VW1 |2 da:—/ VW2 dz | =0 .
p=0\JBg,\pD Bk ,\pD

In particular

/ IVWi,* de —0 asp—0 .
BKp\pD

The rescaled function 3
Wi () = Wi ,(p)

satisfies AWLp =0in Bg \ D, Wl,p =0on J0D,

Pd_2/ ’Vﬁ/l,plzd:c :/ VWi ,?de —0 as p—0 ,
BK\D BKp\pD

and _
oW, . (OW,
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Therefore

[ L P & T

~ 2
< o

_—0
L2(Bk\D)

)

: . . <

as p — 0. The convergence is uniform with respect to f € {HfHH—%(aQ) <
1, f aqf do =0 }, and since Wy , is independent of ~; ,, this convergence is
also uniform in v, € L(pD). It immediately follows (after multiplication by
d

p?) that

;l)ii% de <82V;P> (p.)HH_%(aD) =0 (3:31)

By a combination of (3.29)), (3.30)),(3.31)), and (3.16))

) . Ouy,
limy 1) p(pz) - = —}g[l)( B m) (pz)
— 3 3 aHlvp
=~ m Vuolpr) - n = lim =5 (@)
OH
= —VUO(O)-n—a—nl(:z) , (3.32)

for x € OD; the convergence takes place in H~'/2(9D) and is uniform in v, €

L¥(pD) and f € { Hf”fr%(am <1, [yqfdo=0}. Let Hy, € W'(R?\ D) x

H'(D) denote the solution to

V- (myplp-)VHy,) =0 inD ,
Aﬁ?,p =0 in ﬂ:L)d \ﬁ s
“oet|, ~ (nplp-) V) -m| = =Vug(0)-n— G ondD
[ﬁ&p] =—XoJ on 0D .
(3.33)
We note that
8HI> : —d+1
—Vug(0) - n— ——| do=lim + do =0,
| (-vu 0 -2 tim 5= [ s

and so the existence of ﬁgp is guaranteed by Proposition ﬁg’p is unique for
d = 3, and it is unique modulo a constant for d = 2. We note that Hj, is
independent of p if v ,(x) is of the form 71 ,(x) = y1(x/p). Proposition 4] also
yields that

/ |V Hy ,|? dz is bounded
RN\D
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independently of p, 1, € LL(pD) and f € { Hf||H,§(89 , Joq f do=0},
and in combination with (3.32)) and (3.11)) it guarantees that

Jy 2~ o) d

OH
<C <|W2,p(f?')+VUO(0) n+ —1||H 1/2(90) T 1A —)\0\)

—0 asp—0 .

Here the constant C' is independent of fyl,p, and so the convergence is uniform in
T, € LY (pD) and f € {HfH bon = <1, [4qf do =0} In particular we

(0%)
get that
ext ext
OHy,, OH. 2,p : -1/2
’ B 0 in H Y2@D
(971 ext 871 ext - Hl ( ) ’

uniformly in v, € LY (pD) and f € {||fHH_7 69 <1, [yof do =0},
with Hz,p‘ , ﬁg,p‘ and %HZP‘ , %Hg’p‘ uniformly bounded in H/2(0D)
ext ext ext ext

and H~1/2(9D) respectively. The H'/? convergence and the boundedness of the
functions H27p‘ , INJQ’p‘ should be interpreted modulo constants. From ([3.28))
ext

ext
it now follows that

1 2
lim ‘—vw,—vmwcmzo, (3.34)
=0 Jo\ Bs p? P P

where Ly , denotes the function

Lapla) = ¥, 8(@.0)- | (—8?73*@)

As a consequence of (3.34]) and the fact that v, and Lj , are both harmonic in
Q\ Bs

y+ﬁ27p(y)’extny> do, VaeQ\{0} .

ext

1 Ovg dvz,p 8L2,p H (3.35)

p~>0H d On on

The convergence is uniform in f € { [/ f||

1 =
H™2(09)

Hfi(aﬁ) s Joq fdo=0}andy, €
L (pD). We now consider W , = pid (wa,p — U27p) this is a solution to

AV (’YPWZP) =0 in s
(3.36)
a‘dei,p - pld agip on 0N .
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Problem (3.36]) has a solution since, due to (3.27)),

8’02,,} do / 8’027p dO':pdl/ 8H27p
a0 On opD On lext op On

Ws, is umque modulo a Constant A combination of (3.35)) and Corollary [2| ' the
latter with — d 8 v2,, and — L2 p in place of g and f , ylelds that

do=0 .

ext

-2
lim VWa, = VWa,| dz=0 (3.37)
=0 Jo\ B;
uniformly with respect to vy, € LY (pD) and f € { HfHH,?(89 s o f do =
0 } Here Wgﬂo is a solution to
AW, =0 inQ ,
mgi’” = ——agi’” on 02 .

In order to obtain (3.37) from a combination of (3.35) and Corollary [2| we have
also used that agi” is bounded in H=Y2(9Q), uniformly in p, 71, € L2(pD)
and f € { HfHH 360 ; Joq f do =0 }. The convergence statements (3.34)

and (| now 1mply

(/M
(o

) 1/2
— Vs, — Vs, — vwg,p‘ da:>

1

9 1/2
dV(’LUZp 1)27[,) — VWQ’p‘ d(]?)

+ ( [
O\Bj
) 1/2
_ (/ VWa, — VW) dm) + (/
O\ Bs Q\Bs

—0 asp—0 , (3.38)

uniformly in v1, € LY (pD) and f € { HfH "(BQ) <1, [yqfdo=0}. This

completes the study of the asymptotic behaviour of the second remainder term

1
SaW2,p, 88 P — 0.

) 1/2
BT VLQ,,)) d:v)

1/2
1 2
— Vg, — VLz,p) dm)
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3.3 Proof of the main theorem

It follows directly from the decomposition (3.13) and the estimates (3.25)) and
(13.38) in the two preceeding sections that

(s

1/2
1 ~ 2
—V(up — UO) — V(Ll + Lz,p + Wl + WQ,p)‘ dl’)

pd
<(/
Q\Bs
1/2
1 ~ 2
7vw27p - V(L27p + WZ,p)‘ d.’f)

“\
(9\35 p

—0 asp—0 . (3.39)

1/2
1 2
iV, = V(L1 + W) dx)

p

As a consequence of this and the fact that | 9q Up do = /. 90 o do =0 we also get
that

1 -
Hﬁ(up —uo) = (L1 + Lop + Wi+ Wy, + Ol ;) — 0 asp—0

with the constant C given by

1 ~
C=——- (Ll + L2’p + Wi+ W27p) do .
’89| 0N

Note that C' generically depends on p. Since the function pid (up—ug)—(L1+La,+

Wi+ V~V27p + C) is harmonic near 02, and since its normal derivative vanishes on

09, it follows by local elliptic regularity theory that all norms tend to zero, i.e,
1 ~

Hﬁ(ul) - UO) - (Ll + LQ,p + Wl + W2,p + C)HHs(Q\E) — 0 as p — 0 s

for any real positive s. Just as in (3.39) the convergence is uniform in v, €

L¥(pD) and f € {Hf||H7%(aQ) <1, [5f do=0}. From continuity of the

trace operator it follows that
1 -
Hﬁ(“p —up) — (L1 + Lop+ Wi+ Wsp+ C)HHS(&Q) —0 asp—0 ,

for any real positive number s, in the same uniform sense as above. Let L, denote
the term L, = L1 + Ly, and let W, = Wy + W , 4+ C . Then

Ly(z) =V,d(x,0)- </8D <H1 —Ap (8‘11{1» n do
[ (—852*’@) n> daz> ,
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and W, is the harmonic function in 2, uniquely determined by the boundary
conditions

9]
%(Wp—f—LP):O on 9, and /aQ(Wp—l—Lp)dJ:O.

There are several ways to deduce the L?(2\ Bs) boundedness of V(L,+W,). On
the one hand it follows from and the boundednes of (u, — ug)/p? asserted
in Theorem (I} on the other hand, it also follows immediately from the formulas
for L, and W,, and the boundednes of H; and that of ﬁzyp, stated just before
in the previous section. In order to prove our main theorem, Theorem
it thus only remains to verify that

nz> do,

ext

fo (o () 2

= / (I = 1.,(p2))Vr(2) dz aauo(O) : (3.40)
D Lk

z+ ﬁ2,p(z)
Xt

€

where ¢ is the function defined by (3.2)). In the following lemma we collect a
number of identities that will be useful in order to establish this relationship.

Lemma 2. With notation as above,

oH s
/ ﬂ(z) zdo, = / Y,p(p-)VHy,dz (3.41)
oD on ext D
OH,
- /81) (VUO(O) Sl on )ngz ’
ﬁ27p(z) n,do, = /Vﬁgjpdz—)\o/ Jndo (3.42)
oD ext D oD
and ,
0
/ <H1—AD <H1>>nd0 = —/ Vu0(0)~nzzdaz+)\0/ Jn do
oD on D oD
OH;

b On (2)z do, . (3.43)

Proof. From (3.33)), one has

OHs,,
/a )

zdo,

int

s do, = / (m(p-)VHa,) -
ext oD

OH,
- /8D (VUO(O) cny + W)zdaz .
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Integration by parts and use of (3.33)) yields

/ (plp- )V Ha,) - ma|
oD

int

zdo, :/ V- ('yl’p(p~)Vﬁ2,p)z dz
D

+/ ’)/17p(p‘)VI:[Q7de
D

2/ Np(p-)VHs,dz
D
Thus it follows that
6ﬁ2p ~ 8I'Il
—oF do, = IYVHy,dz — 0)-n,+——)zdo, ,
| 5| o= [ nplo ) Viapde [ (Vua(0) . + )z do

as stated in (3.41)). From (3.33) one has

nzdo*z:/ E[Q’p(Z)
ext oD

0z

daz—)\o/ Jn,do, .
oD

H27p(z) int ON,

oD

At the same time

/ ffg,p(z) 8Zalazz/ ﬁgmAzdz—l—/ Vﬁzmdz:/ V.ﬁlzpdz ,
oD intanz D D D
and so
FIQ,/)(Z) nzdaz:/ vf{lpdz_AO/ Jn, do, .
aD ext D aD

In order to complete the proof of this lemma it only remains to verify (3.43]). To
that end we let w denote the solution to

0 ngl on 0D | /wdazO.
o0

Aw=0 in D —
w in v

With this notation AD(C%Hl) = w‘aD, and thus

/ <H1—AD <8Hl>>nda = — | Hndo+X | Jndo
oD on oD oD
—/ w(z) 9 z do,
oD anz
= — Vuo(0) - z n, dUz—i-)\(]/ Jn do
oD oD
—/ Ew(z) z do,
oD (9n
= — Vuo(O)-nzzdz—i-)\o/ Jn do
aD aD
H
— @(z) zdo, |,
oD 8n
which is exactly (3.43)). O
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Now the final step of the proof of Theorem[2] As a direct consequence of Lemmal[2]

9 oy,
/aD <H1 —AD (anHl)> ndo + /8D (_ on (Z) extnz> ClO'z

_ /D (I = 71 (p2))VHap(2) dz . (3.44)

tz —|—[:127p(z)

ex

Furthermore, the function 1 (z)2% (0) ( with vy, defined by (3.3)) may, up to a

oxy, -
constant, be expressed compactly in terms of the functions H; and H» ,

Hi(2) + Ha,p (2 e RN\D ,
”4/%(2')%(0) + constant = 1(2) 2:p( )~ \
oz, —VUO(O) cz HZ,p(Z) seD |

In terms of ¢x(z) = x(2) + 2z the second equation asserts that

V(ﬁk(z)gZZ(O) =V <wk(z)§ZZ(0) + Vug(0) - z) =VH,y,(2) forzeD ,

and therefore

[ 0= ms0)Vor(a) = uo(®) = [ (1= (02 V(o) d=
D Tk D

A combination of the last identity and (3.44]) leads to (3.40)), and this completes
the proof of Theorem [2

4 Other inhomogeneities D,

In this section we prove an analogue of Theorem [2| for inhomogeneities that are
not exactly of the form pD, but close. As already pointed out in the introduction a
result like Theorem [2| cannot hold for volumetrically small D, of arbitrary shape.
We suppose D, contains the origin, and that there exists a smooth, bounded
domain D, star-shaped with respect to the origin, and such that

(I—=7r,)pDC D, C(1+1,)pD (4.1)

with 7, > 0, and r, — 0 as p — 0. Let 7, be defined as in (3.1]), but suppose
furthermore 7 , is constant and isotropic, i.e.,

I'in Q\ D,
— , 4.2
e {cl in D, (4.2)

for some scalar constant ¢ > 0. You may think of ¢ as varying with p, but for
simplicity of notation we call it ¢, as opposed to c,. If Ep,(v) denotes the energy
expression

1
EDp(v):2/Q<7pVU,Vv> dr — anU do
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then
E(l_TP)PD(U) < EDp (1}) < E(l-{—rp)pD(U) Vv € Hl(Q) > (4'3)

for ¢ > 1, and
E(14r,),0(v) < Ep,(v) < Eq_,),p(v) Yve H'(Q) , (4.4)
for 0 < ¢ < 1. Let u, denote the solution to

Oup _

V-(,Vu,) =0 inQ , o

f onoQ |

with [, aq Up do =0, and let ugi) denote the solutions to the same problem, when

D, in the definition of 7, is replaced by (1 £ r,)pD. The function u, is the

minimizer of Ep,(v) in H'(Q) N{ [,qv do =0 }, and ugi) are the H'(Q2) N

{ faQ v do =0 } minimizers of E(14,,),p(v), respectively. From (4.3) and (4.4)
we conlude that

E(1—r)op(u$)) < Ep,(4,) < Eqisr,),p i)
for ¢ > 1, and
Ei4rpplt) < Ep, (up) < Ea—yp,)pp(ul?))
for 0 < ¢ < 1. As a consequence
|Ep, (up) — B pp Ul )] < 1Bapry)op@S™) = Eq_yypp(u$))], (4.5)

for any ¢ > 0. It is well know that

2Ep, (up) = — / fu, do (4.6)
oN
and similarly
2E 147,00 (ulH)) = — " ful) do . (4.7)

From Theorem 2 (or rather, Corollary [3)) and the formula (3.7) we have the
following asymptotic information about upf) — ug and u,(f) — Uy
1,
E(UEJ J—ug)(x) = (1=7,)!D|V,G(x,0) - (1 — )M Vug(0) + o(1)(x)

= |D|V,G(,0)- (1 —c)MVuo(0)+o(1)(z) , (4.8)

—(u," — uE,_))(a:) = (1+ rp)d|D|VyG(x,0) (1 = ¢)MVup(0)

—(1— rp)d\D]VyG(a:, 0) (1 —¢)MVup(0) 4+ o(1)(x)
= O(rp)(z) +o(1)(z) = o(1)(z) , (4.9)
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where o(1)(-) represents a term that tends to zero in any H*(0€2) norm, uniformly
with respect to ¢ > 0 and f € {HfHH 3 89) <1, [hqfdo=0}, asp—0.

In the second identities of (4.8)) and we have used the uniform boundedness
of 1—¢)M =(1—-c¢c)M (c) (see the discussion following Corollary [3)). It follows

immediately by a combination of (4.5)), (4.7), and (4.9)) that

|EDp(up) - E(l—rp)pD(ufy_)” < |E(1+7"p)pD(u£)+)) - E(l—rp)pD(ufy_)”

1 _
= 5[ s =) do
plo(1

)

where the term o(1) tends to zero, uniformly with respect to ¢ > 0 and f €
{ HfHH—%((‘)Q) <1, faQ fdo=0 }, as p — 0. A subsequent application of ({4.6])

and (4.7) yields

= 2 ‘EDP(UP) - E(l—rp)pD(uE)_))’
(=)

Due to the linear dependence of u, and u, ’ on f we thus obtain

fup —ul?)) do

o0

< HoOI Fyvagny VRN [ fo=0} .

where the term o(1) tends to zero, uniformly with respect to ¢ > 0 and f, as p —

0. Since the operator f — (u, — ugf))‘ o is selfadjoint, a standard polarization

0
argument (as in the proof of Theorem (1) now gives

/ g(u, — ugf)) do

o0N

for all f,g € H2N{ Joq f do =0 }. Maximization over g € {||g||
, Joqg do =0} yields

< pdo(l)HfHH*1/2(89)HQHH*1/2(BQ) )
<
H™2(09) =

(—)||

d
||up_up =p 0(1) ’

H? (99)
where o(1) tends to zero, uniformly with respect to ¢ > 0 and f € { HfHH_%((,m) <
1, /. o) do=0 }, as p — 0. By a combination with (4.8]) we finally arrive at
the asymptotic representation

TI(UP —uo)(z) = Lo+ W,+o(l)(z)
= |D|V,G(,0)- (1 —c)MVup(0) +o(1)(z) , (4.10)
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where the term 0(1) tends to zero in H'/2(9€), uniformly in ¢ > 0 and f €
{ Hf||H 3 aQ) , Joq f do =01}, as p— 0. If we had included a term of the

form [, Fv dx in the energy (as in section 2) then we would immediately have
shown that the o(1) term also converges uniformly to zero in the norm H!(Q2\ Bs).
Standard elliptic estimates now instantly (as in section 2) shows that the o(1)
term actually converges uniformly to zero in any norm H*(Q \ Bs) (or H*(09Q)).
In summary we have therefore established the following theorem.

Theorem 3. Suppose f is in H~Y/2(0Q) with Joq [ do =0, and suppose v, is
given by , with the bounded, open set D, satisfying . Let uy and u,
be the solutions to and , normalized by [y uo do = [4ou, do = 0.
Let Ly(x) and W,(x) be given by and . Then for any fized § > 0 and
s € RJr

1
lim || = (u, — uo) — (L + Wp)”f[s(Q\E) =0,
p—0" pd
and as a consequence
1
})13% ||p (up —uo) = (Lp + W)l msa0) =0

for any s € IR, Moreover these limiting processes are uniform in ¢ > 0 and in

VS {||f||H_§(aﬂ) + Joq f do =0}

5 Some remarks on cloaking

The main idea behind “cloaking by mapping” is that the Neumann to Dirichlet
data map (or the Dirichlet to Neumann data map) of a domain is appropriately
invariant under mappings that preserve points on the boundary. To be quite
precise: if ¥ is a continuous, piecewise smooth mapping that maps € injectively
onto , and with ¥U(z) = x for all z € 99, then the conductivities

DU~y DVt

’7>0 andw*yzm

c¥t>0 (5.1)
have the same Neumann to Dirichlet data map. What this means is that to any
observer outside €2, v and V.~ will look like the same conductivity. This of course
does not contradict well known uniqueness results for the isotropic conductivity in
terms of a given Dirichlet to Neumann map [2], 11, 13}, [16], rather these uniqueness
results may be interpreted as saying that the only ¥, with ¥|sq = id, for which
~v and Y,y are simultanenously positive and isotropic is ¥ = id on all of Q). In
the context of the conductivity problem the “push forward” construction
was introduced in [12], and originated from a discussion with L. Tartar.

In order to create a region inside ) that is perfectly cloaked one selects a
¥ that opens up a single point to this finite sized region, as first discussed in
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[8, @] and later in [I5]. Roughly speaking any conductivity, put inside the per-
fectly cloaked region, in the corresponding “pulled back” formulation “lives” at a
point, and is thus invisible as far as the solution to the boundary value problem
is concerned. A rigorous treatment of this phenomenon involves a discussion of
what are appropriate (physical) solutions to elliptic problems with degenerate
coefficients, since the conductivity cloak W,y becomes very degenerate when a
point is opened up to a finite sized region. Such a rigorous discussion is found
in [8] and [10]. To introduce regions that are approximately cloaked — by means
of non-degenerate cloaks — a natural procedure is now to “blow up” a very small
region to a finite sized region. To answer the question, of exactly how good
the approximate cloaking is, one must estimate the effect of a small inhomo-
geneity of completely arbitrary conductivity on the Neumann to Dirichlet data
map. For more details about such estimates of the level of approximate cloaking
associated with piecewise smooth mappings we refer to [10]. In that paper we
used a monotonicity argument and information about the effect of small inho-
mogeneities of extreme (isotropic) conductivities, derived in [7]. The analysis
could have been simplified if we had at our disposal had the estimate of Corol-
lary [1} This corollary is also particularly well suited to the case, when the small
domains are not exactly dilatations of a fixed domain, as happens when we con-
sider approximately cloaked regions that are not balls. The results contained
in Theorem [2] and Theorem [3] about the two principal terms of the asymptotic
expansion of u, also have potential applications to approximate cloaks. These
applications concern estimates of the level of approximate cloaking as well as
questions of design. The result of Theorem [2| allows the identification of the ex-
act level of cloaking associated with a particular object (the conductivity of which
is the appropriate “push-forward” of ~; ,). Since the asymptotics is uniform in
71,0, the principal terms could very efficiently be used to find the asymtotically
most /least visible object for a given background field Vuy(0) (and the circular
approximate cloak construction). Alternatively it could be used to determine
the worst/best background field to identify a particular object that someone is
attempting to cloak. Theorem [3| is of interest when it comes to approximate
cloaks that are not of circular shape. A particular construction of such cloaks
(by composition of mappings) is discussed in [10]. In that case the small inho-
mogeneity (that is mapped to the finite sized approximately cloaked region) is of
the form F'(pB;) for some smooth map F. For simplicity let us assume F'(0) = 0.
Then we have exactly (by performing a Taylor expansion of F' around 0) that
(1-Cp)pDF(0)B; C F(pB1) C (1+Cp)pDF(0)By, where C depends on bounds
of the second derivatives of F'. We are thus exactly in the situation covered by
Theorem |3, the domain D being the ellipse DF(0)B;. For a given background
field Vup(0) (or for a given family of background fields) the very precise infor-
mation about the magnitude of the effect of the small inhomogeneity, described
in Theorem |3, may be used to determine the best/worst ellipse from the point of
of view of approximate cloaking of a uniformly conducting object.
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6 Appendix: auxiliary results for exterior domains

In this section we present some results concerning the solution of exterior prob-
lems that were used extensively in sections 3.1 and 3.2. We first introduce some
convenient notation. Let U be a connected, smooth open region of R? (d=2,3)
with a bounded complement (this includes U = IR?). The space W' (U) is defined
as follows

u()
In(2 + |z])\/1 4+ |z]?

WHU) ={ue L, (U): € L*(U) and Vu € L*(U)} ,

for d = 2, and
u(z)
V1+|z?

for d = 3. This definition is taken from [14, page 59]. We recall the following
result (see e.g. [14, Section 2.5.4]).

WHU) ={ue L (U) : € L*(U) and Vu € L*(U)} ,

Proposition 1. W(U) is a Hilbert space with the scalar product

u(z)o(z)
In*(2 + |2])(1 + |2[?)

<u,v)W1:/ (Vu-Vv—l— >d:z: , ford=2
U

and

(1, vhyr = /U (V- o 20

1+‘$|2>d$ , ford=3 .

For d = 3 we may omit the zero’th order term, i.e., an equivalent scalar product
on WY(U) is given by

<u,v>W1:/Vu-Vvdx , ford=3 .
U

Remark 1. For d = 2 we cannot omit the zero’th order term and still obtain
an equivalent scalar product, for the simple reason that constants lie in the set
WYU). On the other hand if M(-) is a continuous linear functional on W'(U)
with the property that:

¢ constant, and N(c) =0 = c¢=0 ,

then the scalar product (u,v)y1 = fU Vu-Vudzx is equivalent to the scalar prod-
uct (u,v)pr = [, (Vu -V + %) dx on the closed, co-dimension 1
subspace

Wh(U) = WHU) 0 {u () =0} |
see Theorem 2.5.13 of [1])].
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In the following we shall always assume that D is an smooth, bounded, simply
connected domain in IR? (d = 2,3). We note that as a consequence U = IR\ D
has only one connected component.

Proposition 2. Suppose g € H%(OD). There exists a unique solution V €
W(IR?\ D) to

~AV =0 inIR\D ,

V=g on 0D .

This solution satisfies

IVllws ey < Clgll g3 o, (6.1)
Additionally, in the case d = 2,
ov do=0 . (6.2)
oD on

For both d =2 and d =3 V' has the representation
O(x,y)V do / @(a:y)avda +C z e RIN\D
a9 - YY) vV o )
oD 8ny Y oD 8ny Y

where Cy is a constant,

1
O(x,y) = 7T1

- - ifd =
m|z — y| ya=s

and n, denotes the exterior unit normal vector to D at y € 0D. The constant
Cv is equal to 0 in the case d = 3.

Proof. We first consider the case d = 3. The arguments leading to existence
and uniqueness of V' are standard, and so is the estimate (6.1)) for V. Since
V € W'(IR\ D) one has

2
lim (Ivv2+ e )dz=0 .
=050 J Ba,\By ‘ |

On the other hand, for each r (sufficiently large) there exists R € (r,2r) such

that | ’2 v ’2

v
7«/ (|VV|2 + —2) do = / (|VV|2 . ) dz .

9Br |R| Bar\B, |z|
Therefore, there exists a sequence Ry, such that limy_,., Ri = oo and

14
Jim Rk/ IVV|? + do=0 . (6.3)
k—oo " JoBg, ( |Rk|2)
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Given any x € IR%\ D, Green’s identity gives

V(x) ::AD<JLQWWﬁWW—¢@”0;:@Dd%
oV o
+/83Rk (ﬂb(:c,y)gny(y) - any(l)(x,y)V(y)) do, . (6.4)

Here n, denotes the normal vector directed into the exterior of Bg, or D at the
point y € dBpR, or y € dD. The second term in this formula satisfies the estimate

/aBRk (qD(“:’y)g:;(y) - C,;y@(x,y)wy)) do,

Vvl V]
+ do

<0y

An application of Holder’s inequality yields

/8B @’(’f’y)gnvy@) - i‘I’(w,y)V(y)) do,

Ony

1

: e\
<O, / VV?do | + / i do
6BR]C aBRk Rk;
Letting k tend to infinity, and using (6.3]), we get

lim =0 .

k—o0 ony ony

oV 0
[ (e ) - 5tV ) do,
0Bg,
By inserting this into ([6.4]) we finally obtain

Ve = [ (Gt nVi) - 0 5 ) de,

as desired.

We now turn to the case d = 2. The arguments leading to existence and
uniqueness of V' are standard, and so is the estimate for V. Since V €
WHR?\ D) we may analogously to in this case prove that there exists a
sequence Ry — 0o, as k — oo, such that

2
lim Rk/ <‘VV’2+2‘V7’2) do=0 |,
k—o0 9Bp, In“ Ry, |Rk’

or equivalently

lim Rk/ IVV|*do =0 , and (6.5)
k—o0 8BRk
\%4 2
lim Rk/ 2|7|2da =0 . (6.6)
k—o0 OBF, In“ Ry, ’Rk|
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The identity (6.2)) follows from (6.5) if we let k tend to oo in the estimate

o an =1 L, s = Cmmll [,

For 71 < ro sufficiently large (that D C B,,) Green’s identity applied to the
annulus By, \ By, gives

vy
on

/BBT (;lycb(o y)V(y) — (0, y);‘;( )) do,

Since faB S Vido = Jop S5 9 do = 0 (as just proven above) and since %Q)(O Y)

and ®(0,y) are both constant on dB,, with %@(O,y)
that

27”,, it now follows

1 1 /
= Viy)o, ,
27T?“1 aBTl 27T7’2 637-2 (y) Y

for r1 and ro sufficiently large. Thus the expression

ov 0
ov = [ (200500~ 5 20nVE))doy

1% 1
= ——1 v 2t
or 8" o, on, () doy + 5= /83T Vig)day

does indeed define a constant, independent of r, for r sufficently large. It follows
directly from Green’s identity (see (6.4))) that

Vie)=Cv = | (Grt@nVi) - o)z w)ds, . (67)

-/ ((®le) ~ 90.9) 5-0) = 5= (Bless) — B0.4) V1) doy
OB, Ony Ony

Since .
Ba,y) - B(0,y)| = \ \ H .
yl  Jyl “lyl
w U ll=a-y/lyl Iy |
Yy —x-y/\y Yy
@x,y—fbo,y‘——_ s
o (@)~ 0(0.9)| = 5- [P <o
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on 0Bg,, we easily estimate

ov 0
/(93Rk <(<I>(x7y) ®(0,y)) 57— on, (y) — on, (®(x,y) — 2(0,y)) V(y)) do,
Vvl Vi
<
>~ Ca: aBR < Rk —|— R2 dO'
1 In Ry V|2
<G / VV|? do)'/? + _ VIR a2
(\/Fk( OBR,, | | ) \/7( 9B, In? Ry, Ri )
—0 ask — o0 . (6.8)

Here we have used (6.5)) — to obtain the final convergence. Insertion of
into (6.7) shows that

Ve = [ (Gt nV) - o Jo6) dy +Co

exactly as desired. This completes the proof of Proposition [2] O

Remark 2. Fven though we shall not use it in this paper, we note that a simple
argument shows that

1
Cy = lim —— V(y)doy, = lim V(z) , ford=2 .
V' Reoo 27R 9B (y) doy |z — o0 () /
There is an analogue of Proposition [2| for the exterior Neumann problem. In
this paper we shall only use this result in the case d = 3. Its proof is entirely
similar to the proof of Proposition [2, and is left to the reader.

Proposition 3. Supposed =3 and g € H™> (0OD). There exists a unique solution
V e WHIR3\ D) to

AV —g ondD .

{ ~AV =0 nIR*\D ,
on

This solution satisfies

IVl ) < Cllall-3 o,
Moreover,
oV —
®(x,y)V do /cpa:,yda , ze€R*\D
oD any Y oD ( )8ny Yy \
where !
o - -
(2,9) ey

and n, denotes the exterior unit normal vector to D at y € 0D.
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For v € C'(IRY\ D) x C*(D) we define
[v] = v|ext - U|int on 9D .

We note that this difference has a continuous extension to W1(IR?\ D) x H'(D).
We use the notation (H'(D))* for the dual of H*(D), and given f € (H'(D))*
the action of f on the function 1 is denoted by fD f dx.

Proposition 4. Let v be an element of
LY (D) = (L®(DN>N{ ~(x) symmetric, positive definite, ess infy >0 } |

and suppose f € (HY(D))*, g € H_l(ﬁD) h € H%(aD) In dimension d = 2
suppose additionally fD f dac—i—faD g do = 0. There exists a solution V' € Wl(JRd\
D) x HY(D) to

V- (VV) =f D,

AV =0 inRI\D ,
g—‘; o (AVV)-n L= g ondD

V] =h ondD .

In dimension d = 3 this solution is unique. In dimension d = 2 the solution is
unique modulo an additive constant — we may make it unique by imposing the
condition faD V dx = 0. Moreover,

oV
do, — P d C 6.9
ext Gy /BD (JT y) 8ny ext Gy + Vi ( )
z € IR? \ D, where Cy is a constant,

1
—2—ln|x—y| ifd=2
CI)(%y): 7T1

- if d =
r|z — y| ya=3s.

and ny denotes the exterior unit normal vector to D at y € 0D. The constant Cy
s equal to 0 in the case d = 3. The solution V' depends linearly and continuously
on the data f, g and h. In the particular case when f = 0 it satisfies the estimate

1YVl oy + 1072V 20y < € (llgh,-y ) + 1P (6.10)

‘f(aD H2(8D)> ’

with a constant C' that is independent of v (and of g and h).
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Proof A standard variational argument yields the uniqueness of V' (modulo a
constant in the case d = 2). We proceed to verify the existence. Applying
the Lax-Milgram Lemma and Proposition [2| we may select W = (Wl, Wg) €
W (IR \ D) x H'(D) by first requiring that

V- (V) =f inD ,
(YVWa) -n :‘a—lleDfdac on dD

and secondly requiring that
Wl =h+ WQ on 0D .

We notice that if f = 0 then we may select W5 = 0 and, according to Proposition
W1 therefore satisfies the estimate

IWillws ey < Al o

In combination with the fact that W, is harmonic in IR?\ D, this yields
oW,
15 )

with a constant C that is independent of ~v. For d = 2 we have, according to

vy < ClL,y when f =0 , (6.11)

Proposmon that faD 8;51 do = 0. We now decompose the function V as
V =V + W where Ve W' (IR?\ D) x H'(D) is a solution to

\_/

V- (V) —0 inD
AV =0 in RI\D |,
%ext_(’yvv)'nim 29—8W1+|6D| Jpfdx ondD
V] =0 on dD .

The existence of such a V is again a classical consequence of the Lax-Milgram
Lemma. It is also easy to see that V satisfies the estimate

- - 8W
vaT4 /277 1, -
H HLQ(Rd\D) H7 ||L2(D) SCf”g laD’/f H™ ?(8D) ’

with C' independent of 4. In the particular case when f = 0 (and thus W = 0)
we get by a combination of this with (6.11))

9= 5 -4 oy *+ W3 o

< O (lgll -3 ) + 12l 3 o))

as stated in (6.10). Finally, the representation formula is an immediate
consequence of the analogous formula from Proposition O

oW
IVV 2 rapy + V2V V[ 2p) < € < - )
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Remark 3. Just as in Proposition [ the constant Cy may easily be shown to
have the form

ford=2.
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