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§1. Introduction

Let B™ be the unit ball in C". Write Prop(B",BY) for the collection of
proper holomorphic maps F' : B® — BY. Write Prop,(B", B") C Prop(B", BY)
for proper holomorphic maps that are C*-smooth up to the boundary; and de-
note by Rat(B",BY) the set of rational proper holomorphic maps from B"
into BY. Recall that f,g € Prop(B",B") are said to be equivalent if there
are automorphisms o € Aut(B") and 7 € Aut(BY) such that f = rogoo.
When f € Prop(B",BY) is equivalent to the standard big circle embedding
z — (z,0), we call f a linear map or a totally geodesic embedding. In all that
follows, we always assume that N >n > 1.

There has been much work done in the past thirty years on the rigidity
(linearity) and classification problems for elements in Prop(B™, BY). (See [H02]
[HO1] for references and historical discussions).

In [HO2], the author assigned to each F' € Prop,(B",BY) an invariant inte-
ger ko(F) € {0,1,2,...,n— 1} which is called the geometric rank of F (see [H02]
or § 2 below for the precise definition). Using the language of geometric ranks,
[H99, Theorem 4.2] is stated as follows: F € Propy(B",BY) has ko(F) = 0 if
and only if F' is equivalent to the linear map. Therefore, to understand proper
holomorphic mappings between balls, it suffices to study maps with geometric
rank ko > 1. Meanwhile, it was also shown in [H02, Lemma 3.2] that one always
has N > n + W Namely, the least dimension of the target space is

N = n+ Br=r0=R0 44 allow the existence of elements in Prop,(B”, BY) with
geometric rank kg > 0.

The invariant integer xo was introduced in [H02] to study a semi-rigidity
problem for holomorphic maps, which we recall as follows:

Definition 1.0 ([ H02)]): Let F € Prop(B", B"). Then F is called k-linear
if for any point p € B" there is an affine complex subspace S containing p and
of complex dimension & such that the restriction of F' to Sy is a linear fractional
map.

Theorem 1.1 ([Theorem 2.3, H02]): Suppose that F' € Prop;(B", B") has
geometric rank kg < n — 2. Then F is (n — Kko)-linear.

The first part of this paper is to give an application of Theorem 1.1 for the
study of rationality for proper holomorphic maps between balls. We will prove
the following:



Theorem 1.2: Suppose that F € Prop,(B",BY) is k-linear with k > 2.
Then F is a rational map.

Corollary 1.3 ([Theorem 2.3, H02] and Theorem 1.2): Suppose that F €
Prop,(B"™,BY) has geometric rank ko(F) <n — 1. Then F is a rational map.

Corollary 1.4 ([Lemma 3.2, H02] and Corollary 1.3): Let F' € Prop;(B", BY)
with N < w Then F' is a rational map.

For maps with geometric rank ko = n — 1, the partial linearity fails. The
structure of the maps certainly gets more complicated. Notice that the minimum
target dimension which allows the existence of such maps is N = % Hence,
one might like to split the study of the classification problem for Rat(B", B")

into of the following four sub-problems:

Problem A: Study maps F € Rat(B",BY) with N = n + W and
1<kry<n-—2.

Problem B: Study maps F € Rat(B",BY) with N > n + Gn=ro=bro 4pq
1<kg<n-—2.

Problem C: Study maps F € Rat(B",BY) with N = ") and x,(F) =
n—1.

Problem D: Study maps F € Rat(B",B") with N > n(nTH) and kg = n — 1.

In the content of Problem A, it follows from the paper [HJ01] that any map
F € Rat(B",B?"~1) with o (F) = 1 is equivalent to the Whitney map. For the
case of ko = 2 and n = 4, Ji-Xu [JX03] proved that any map F' € Rat(B* B?)
with ko(F) = 2 and of degree 2 is equivalent to the generalized Whitney map
Wya.

Along the lines of Problem (C), it is proved by Faran [Fa82] that there are
exactly three equivalent classes in Rat(B?,B?) with ko = 1. The next simplest
case is then to consider maps in Rat(B3, BY) with ko = 2. Indeed, the second
part of the present paper is to discuss the classification problem in this setting.
We will prove the following:

Theorem 1.5: Let F € Rat(B? B®) with ro(F) = 2 and deg(F) = 2. Then
F = (f1, fo, $11, P12, P22, g) s equivalent either to the generalized Whitney map

zlw,zgw,zf, \/§z1z2,z§,w> or to the map <\/§zlw, \/52211),2%,

2,2
\/521227 Z3,Ww )

One might like to compare the case of Rat(B?,B®) with Theorem 1.5. By
[Fa82], there are two equivalent classes in Rat(B?, B?) of degree 2 with xo = 1.
The first map is the Whitney map F(z,w) = (22, zw,w) and the second one is
the map F(z,w) = (22, V22w, w?). Therefore Theorem 1.5 may be regarded as
a generalization of Faran’s result.



The idea for the proof of Theorem 1.5 is motivated by the work in [HJO1].
It is based on the fact that the condition of deg(F) = 2 also induces some
additional equations similar to those derived in [HJ01] and thus can be handled
by similar methods developed in [HJO1].

§ 2. Preliminaries
eMaps between balls: The ball B® C C" is equivalent to the Siegel
upper-half space H,, := {(z,w) € C""! x C : Im(w) > |z|?} by the Cayley

. : . n _ 2z 141w I
transformation p, : H, — B", pu(z,w) = | 57, =re |- We can similarly

define the space Rat(H,,, Hy), Prop, (H,,Hy) and Prop(H,,Hy).
We will identify a map F' € Prop,(B", B") or Rat(B",B") with the one
in the space Prop, (H,,,Hy) or Rat(H,,,Hy) by pj\,l o F o p,, respectively.

We write L; = 2iz; 2 + £ for j = 1,---,n—1 and T = Z where
J
w=u+iv. Then {Ly, -+, L,_1} forms a global basis for the complex tangent

bundle T(l’o)aHn of OH,,, and T is a tangent vector field of 9H,, transversal
to THD9H, U T“Y9H,,. Parameterize 0H,, by (2,Z,u) through the map
(2,Z,u) — (2,u +i|z|?). In what follows, we will assign the weight of z and u
to be 1 and 2, respectively. For a non negative integer m, a function h(z,z,u)

defined over a small ball U of 0 in OH,, is said to be of quantity o,:(m) if
h(tz,tZ,t%u)

‘tl”L
(In this case, we write h = 0,¢(m). By convention, we write h = 0,,:(0) if h — 0
as (z,Z,u) — 0).

— 0 uniformly for (z,u) on any compact subset of U as t(€ R) — 0.

e Geometric rank of F: Let F' = (f7¢7g) = (‘]Fgﬂg) = (fla"' afnflaqslf" )
dN—n,g) be a C%-smooth CR map from an open piece M of 0H,, into OH .
For each p € M, we have an associated CR map F}, from a small neighborhood
U of 0 € 0H,, to 0Hy with F,(0) = 0, defined by

(2.1) F, = Tf o FOUS = (fo, Dps 9p),

where for each p = (2o, wp) € M, we write O'g € Aut(H,,) for the map sending
(z,w) to (2420, wHwo+2i(z, Z0)) and we define 7} € Aut(Hy) by 77 (2%, w*) =

(2" = f(20,wo), w* — g(z0, wo) — 2i(z", f(20,w0))).

Lemma 2.1 ([H99, §2, Lemma 5.3]): Let F be a C?-smooth CR map from a
connected open subset M containing 0 in OH,, into dHy, 2 < n < N. For each
p € OHy, there are o € Autg(0H,) and 7 € Auto(0Hy) such that the map
F}* =70 F}, o0 satisfies the following normalization:

(22) fp = Z+§ap (1)(Z)w+0wt(3)7 ¢p = ¢p @ (2)+0wt(2)7 gp = w+0wt(4)v

with

(2.3) (z,a5" W ()2 = o5 (2)

p



From (2.3), we see that a;*(l)(z) = zA(p) and that A(p) isa (n—1) x (n—1)
semi-positive Hermitian matrix. The rank of A(p) = —22'(P})1§j,l§(n,1), which
is denoted by Rkg(p), is called the geometric rank of F at p. Notice that

Pl = %\0. By [(2.3.1), H02], Rkr(p) is a well-defined integer ([HO02]),
depending only on F and p. (See [Definition 2.1, H02]). We define the geometric
rank of F to be ko(F) = mazpeon, Rkr(p). Notice that we always have 0 <
ko < n — 1. By [H02, Corollary 5.2], when F' € Props(H,,Hy), the set {p €
OH,,, Rkr(p) = Ko} is an open dense subset of H,,. We define the geometric rank
of F € Prop,(B", B") to be the one for the map py'oFop, € Prop,(H,, Hy).
For such a map, we can similarly define the geometric rank Rkp(p) of F at
p € O0B™.

e A normalization lemma: The following normalization will be used later
for the proof of theorem 1.5.

Lemma 2.2 ([Lemma 3.2, H02]): Let F be a C?-smooth CR map from an

open piece M C 9H,, into OH y with Rkp(p) = ko. Let P(n, ko) = M
Then N > n+ P(n, ko) and there are o € Autg(0H,,) and 7 € Auto(0Hy) such
that 7o Fj00 := (f, ¢, g), denoted by F;**, satisfies the following normalization

condition:

i 02 f; .
fi :zj—i—szjw—i—owt(S), 8w; (0)=0, j=1--- K0, pj >0,
f':'z'+0wt(3)v j:"$0+17"'7n_1
42 77
g =w + 0yt (4),

Oj1 =pjizjz1 + 0y (2), where (j,1) € S with pj; > 0 for (4,1) € So

and pj;; = 0 otherwise.

Moreover, p; > p1 = 1, pj = /p; + i for 5,1 < ko j # l; and pj = /g if
j < koandl > kg orif j =1 < kg. Here we label the components of ¢ by
double indices (4,1) € S with

So={(.1):1<j<ro,l <I<(n—1),5<I},
S::{(jvl): (j,l)ESo, or j:K0+1,
2n — ko — 1
ZE{HO_FL.”’HO_'—N_TL_W}}'

e Degree of a rational map: For any rational holomorphic map H = P Prm)

on C", where P;,Q are holomorphic polynomials and (P, ..., Pp,Q) = 1. We
define

(2.5) deg(H) = maz{deg(P;), 1 < j <m, deg(Q)}.

The following will also be used in our later discussions:



Lemma 2.3 ([HJ01, Lemma 5.3 and 5.4]): Let F' € Rat(Hy, Hn) and F,**
be as descibed in Lemma 2.2. If deg(F,**(2,0)) < [ for any p in an open
neighborhood of 0 in OH,,, then deg(F) <.

63. Proper maps with partial linearity

In this section, we give the proof of Theorem 1.3 and Corollaries 1.4, 1.5,
based on the work in [H02]. We mention that all these results and arguments
are of purely local nature. However, we only focus on the global setting for
simplicity of notation.

Let F' € Prop(B",BY) with N > n > 1. For any integer 1 < k < n, write
G,k (C) for the complex Grassmannian manifold consisting of complex k-planes
in C™. Define

Vr ::{(Z7 Sz) € B" x Gmk(C)7

3.1
(3.1) F is linear fractional when restricted to Sz + Z}.

Then, as in [Lemma 5.1, HO2], VF is a complex analytic variety with 7 : Vg —
B™ as its proper holomorphic projection. In particular, this implies that if there
is a subset £ C B™ of Hausdorff dimension greater than 2n — 2 such that for
any Z € F, there is an affine complex subspace of dimension k through Z along
which F is linear, then F is k-linear over B". We define the quantity x°(F') such
that F is k°(F)-linear, but not (x(F)" + 1)-linear. Then Theorem 2.3 of [H02]
states that when F is C3-smooth up to the boundary and when xo(F) <n —1,
it holds

(3.2) KY(F) =n — ko(F).
We next recall the following Lemma from [H02]:

Lemma 3.1([Lemma 5.3, H02]): Let M be a connected open subset of 0H,,.
Let F be a C? CR map from M into 0Hy with N > n > 1 and with constant
geometric rank kg < n — 1. Assume that F' extends holomorphically to a sub-
domain ) of H,,, which has M as part of its smooth boundary. Assume that
F is (n — Kko)-linear over 2. Let py € M. Then for Z(e¢ Q\ E) = py with
E a certain complex analytic variety of positive codimension, there is a unique
complex subspace Sz of dimension (n — ko) such that F', when restricted to
Sz + Z, is linear fractional. Moreover Sz, as elements in Gy, ,,—x, (C), depends
holomorphically on Z(~ pg) € 2\ E and extends holomorphically across F.

Proposition 3.2: Let F € Prop,(B", BY) with N > n > 1. Assume that
ko(F) < n —1. Let Vp be as defined in (3.1) with k = n — ko(F) = &°(F).
Then it has a unique irreducible component of dimension n, denoted by V%,
such that the following holds: (i) There is a complex analytic variety Er of
positive codimension in B™ such that 7 is surjective from V% to B™ ; (ii) 7 is
one-to-one from Vi \ =1 (Er) to B"\ EF; (iii) Vi \ 7 Y (EF) = Vo \ 7 1(ER).

Proof of Proposition 3.2: By Lemma 3.1, there is an open subset U of the
ball such that 7 is biholomorphic from Vi N7~ 1(U) to U. Now write V3 for



the irreducible component of Vx which contains 7=1(U) as an open piece. Then
VY. has complex dimension n. Moreover, for each irreducible component V of
Vp, either V = VY% or n(V) must be a proper complex analytic variety of B™.
Let Er be the union of such 7(V)’s with V different from V%. Then we see the
conclusion of the statements in the Proposition.

We next prove the following result:

Proposition 3.3: Let F be a holomorphic map from Q C B” into ' ¢ BY
with n > 2, that is k-linear (k > 1) over 2. Assume that © (Q') has a connected
open piece M C dB™ (M’ C 0BY, respectively) as part of its smooth boundary
such that limzeq . F(Z) € M'. Also, assume that there is an open subset
U of , sufficiently close to M, such that for each Z € U, there is a unique
affine subspace S% of dimension k passing through Z such that F\S%mg is linear
fractional. Then F' is rational.

Proof of Proposition 3.3: Without loss of generality, we assume that Z = 0,
S¢ = {2141 ="+ =2, =0} and F|se = Id. Also, to simplify the notation, we
assume that Q = B, ' = BY. And 7 is biholomorphic from a neighborhood
of 771(0) in V& to a neighborhood of 0 in B™.

Notice that S§ = So = span{e1,--- ,e,—}, where e; is the n-tuple whose
component at the I** position is §%. We will use the standard local coordi-
nates for the Grassmannian G, ;(C) near S;. Namely, for any S near S,
we associate it uniquely with the coordinates (£;;) where j runs from 1 to
k and [ runs from k 4+ 1 to n such that S = span{e;(S), --,ex(S)}. Here
e;(S) = (0,---,1,---,0,&kt1) -~ »&jn). Now, for each Z =~ 0, S% associ-
ated with F' can be parameterized by k(n — k) holomorphic functions £;;(Z),
where j = 1,---,k and l = k+ 1,---,n, in the manner such that S% =
Z + spanj{e;(Sg — Z)}. Then the assumption above shows that £;;(Z) as
functions in Z are holomorphic near 0 for each (j,1).

Consider the holomorphic map ¥ which sends (¢,7) := (t1,- - ,tg, 71, ,
Tn—k) tO
k k
(tla T 7tkta Z £J(k+1) (07 T)tj + Ty, ijn((L T)tj + Tn*k)'
j=1 j=1

Then U(t,7) = (t,7) + (0,0(7)|t|) is holomorphic from a neighborhood U, of
{25:1 |t;|? < 14€} x{|7| < €} for a certain e << 1. Moreover, ¥ is the identical

map when restricted to Sy N B” and has non zero Jacobian there. Moreover, ¥
sends (¢, 7) into 50,7 Hence F'o W is linear fractional in ¢ for each fixed 7 ~ 0
by the assumption. Therefore, we have

F(r)+ Y Aj(r)t;

(3.3) FoW(t,r)= S o




Now, we claim that A;(7),b;(7), F(7) are holomorphic for 7 ~ 0. (See [Lemma
5.1, HO1].) For this purpose, write

FoU(tr) =Y Cal(r)t"

Then C depends holomorphically on 7 for 7 ~ 0. Multiplying (1+ 3, b;(7)t;)
of both sides of (3.3) and then considering the Taylor expansion in ¢ at the
origin, we see that

k
(3.4) Co + z;bjCa,e; =0 for |af > 1,
j=

Co(r) = F(1), C’€; (r) = Dy, (FoW)(t,7)|t=0 and A;(1) = (F o ¥)(7)b;(0,7) +
Ce (7). Here ¢ is the vector in C* defined as for e;.

By the Alexander theorem, since F|ss must be a linear embedding, we see
that {Ce/j ;L:_f" are linearly independent vectors. Hence, we can holomorphically
solve b;(7)’s in (3.4) in terms of C,(7) with |a| = 1,2. Hence A;(7),b;(7), F (1)
are holomorphic for 7 = 0.

Notice that b;(0) = 0 by our normalization that F'|se = id. It is clear that

F o U extends holomorphically to a neighborhood U/, (CC U,) of {Z?Zl [t <
1+ €} x {|7] < €} for a certain € < e.

Now, as mentioned before, one can find a point Zy € U/, such that ®(Zy) is
on the unit sphere and ¥ is locally biholomorphic near Zy. It thus follows that
near ®(Zy), F = (F o ®) o &1 extends holomorphically to a neighborhood of
U(Zp). By [Fol], we conclude the rationality of F'. This completes the proof of
Proposition 3.3. B

Proof of Theorem 1.3, Corollaries 1.4-1.5: Theorem 1.3 now follows from
Propositions 3.2-3.3. Corollary 1.4 follows from Theorem 1.3 and [Theorem 2.3,
HO02]. Corollary 1.5 follows from Theorem 1.3, Corollary 1.4 and [Lemma 3.2,
HO02] with an argument identical to that in [Corollary 2.1, HO1]. B

As mentioned at the beginning of the section, one similarly has the local
version of all these results. For instance, one has the following

Corollary 3.4: Let M be a connected open subset of OH,,. Let F' be a
non-constant C3-smooth CR map from M into OHy with N > n > 1 and with
constant geometric rank kg < n — 1. Then F is rational. In particular, any C?

CR map from an open piece of OH,, into OH N with N = @ is rational.

§ 4. A rough degree estimate
Starting from this section, we let n = 3, N = nntl) — 6. We will con-

2
sider rational proper maps from B? into B®. We first prove in this section the

following degree estimate.

Theorem 4.1: Let F € Rat(B3,BS) with ko(F) = 2. Then deg(F) < 4.



By the discussions in §2, for the proof of Theorem 4.1, we can assume that
F € Rat(Hs,Hg) with ko = 2. By Lemma 2.2, for any p € U C OH3, there are
oo € Autg(H3) and 79 € Auto(Hg) such that F;** = 790 7' oFo a o00g 1=

(f1, fo, d11, P12, 022, 9) = (f, 0, 9) = (f,g) satisfies the following conditions:

i 0% f,
f1 =21+ 52111) + Owt(3), W(O) = O,
) 02
(4.1) fo = 7+ T2 20w + 00 (3), 81522 (0)=0, pz > 1

P11 = Z% +0ut(2), @12 =/ 1+ paz122 + 04 (2),
Po2 = /11225 + 0wt (2), g =w + 0ue(4).

By the argument in [HJ01, Lemma 5.2], we have

ry t_ I 0 Zt _ Zt
(42) f(CvO) - <_B—1A B_1> (0> - (—B_1A<t> )
where
(4.3) )
A LiLi(f1) LiLi(f2) —2¢, 0
A= <A2X2> = | £1La(fr) Lala(f2) | 00061200 = | —C2 =Gy |
12 LoLy(f1) LaLa(f2) 0 —2us(sy
and
L1Li(p11) LiLi(d12) L1Lr(¢22)
(4.4) L1Ly(P11) LiLa(p12) L1La(d22) | 1(0,0,0,¢1.,¢0,0)
LoLo(Pp11) LaLa(pi2) LaLo(paz)

Here we denote by £; = ZZCJ 55 T 37 the complexification of L;. By (4.1), we
have

9 fr 2f
L5 Ly (fr)](0,0,0,¢1,¢2,0) = (QZCga ow +2i Cz : )|(00 0,¢1,¢2,0)

and

£j£1(¢kt)|(0,0 0,¢1,¢2,0)

— = 0% Pne O bra
_(82]821 + Cj 82’[8’[}) + ZCZ 8,2]8 C]Cl 8 2 )|(070,07C17<270).




Hence

(4.5)
— —2
L1L1(011)](0,0,0,¢1,¢2,0) = 2+ 4ZC1b%11) —8C; b(%lg),
5 (12) -—2,(12)
L1L1(012)](0,0,0,¢1,¢2,0) = 4iC1big1 — 8C1 bygy 5
— —2
L1L1(622)](0,0,0,61.2,0) = 4iC10507 — 8C1 bl s
L1L2(611)](0,0,0,61.60,0) = 20C1b517) + 2iCabley — 81 Cablpy
L1L2(12)1(0,0,0,¢1,¢2,0) = V1 + pz2 + 22’55(()1121) + 2iC_2b§%J21) - 8214_2[?&)22)7
L1La(622)](0,0,0,61.60,0) = 20C1b513 + 2iCabley — 81 Cablgy s
— —2
L2La(611)](0,0,0,¢1.62,0) = 4iCablry — 8Ca by s
— —2
L2La(612)] (0,0,0,61.2,0) = 4iCabliy — 8Ca b
—_— —2
LoLo($22)](0.0.0.1,00.0) = 2v/Ha + 4iCablry) — 8Co by
: _ (kt) j 1, s
where we write ¢, = Dby 21 25w,

Lemma 4.2: Let B be the matrix in (4.4). Then

| o1 [t b b
(4.6 B = —— | —bgy; by —byg
B\ bl by b

where

by = Aoo + A10G + AnGe + Anie + Aoxla” + AnGiG + AosGa

by = Biol1 + Bzoa2 + B11GiGe + 321525 + 312@27

bis = Ciol1 + Coolr + Csoli + Oy Ca,

by = D10Gi + Do1la + D11GiGa + Do2G’ + Di12GiGa” + DosGa

by = Eoo + E10¢1 + Eo1lz + Exli” + E11GG + Enla + EnG G+ E1sGGa s
by = Fioli + Foila + Faoli- + Fi1Cia + Faol + FoiG Ga,

by = Goi1la + Cools” +Gr12GGa + Gosla s

by = HoGe + HiuGiGa + Hooly' + Ha G Go + HioCiGo s

bys = loo + I10C1 + To1(a + InoCi” + 11GiGa + IsoGr + InGr Ca

with

AOO = 2\//12\/ 1 + Mo, A10 = 42\//1217(()1121), A01 = 47:\/ 1 + [Lgb(()lel) + 42«/#2()5})21),
A = =8y/T+ pabigy) + 8657 b{o7 — 8bEVB(LY S A = —16/7iabiiy

Aps = —16ibio7 by + 16ibo bioy . Arz = —16ibies by + 16ibgy 3 by



Bio = 8i/lizblyy, Bii = —16b3570553 + 160076557, Bag = —164/fizbgs

002 »
Biy = —32ib{{7 bies) + 32l biey, Bar = —32ibn b5y + 32ib51Y blns ;
Cro = —4i/T+ pabley), Cao = —8biGY 0513 + 8y/1+ pabliy + 86017 bl
Car = 16l bie?) — 16ib\ (2 bes), Cag = —16ibl by + 16ib\3 b

Dip = 4i/izbgyy, Din = —16y/Eizbing Doa = —8bioy b7 + 85y bi5y

101 »
Diy = —16ib095%2 + 16ib\00(22) | Dos = —16ib{0622) + 16ib{LL b (22

002 O101 3

Eoo = 4y/112, E1o = 81’\/,&25%11)7 Lo = 8ib(()2121),

Eoy = —16bly, Eao = —16,/iiaby . E1y = —16bioy b5ty + 1660116051,

By = —32ibig by’ +32ib by, Bz = —32iboy by + 32ibgoy by,
Fiy = —16b555), Fao = —8bioy by +8b; bioy
Fio = ~16iboy b1’ + 16ibiny bz » For = ~16ibio, by + 161Gy by,

Gor = —4i/T+ pablyy, Goz = —8bio7 b1y + 8bG11 bioy’ +8v/T+ pabies

Gha = 16ibg1; b — 16ib505'bin?, Gos = —16bip; by + 16iboy oy

Hop = 8ib5s2 ) Hyy = —16b5065:2) + 16650602 Hyy = —16052)

011 0101 > 002+
Hoy = —32ibioy by + 32361y ooy Hiz = —32ib{oy bioy + 32ibGoy bioy

Too = 2/T+ pra, Tor = 4ib{GY, Too = —8bi) b7 + 861 bioy) — 8+/1+ pably
o = 4ib8\2) + i /T + pablLy), Iy = —16b057),

Iy = —16ib552 b4y + 160055 b1, Iso = —16ib{55 b5Y + 160655652

Proof of Lemma 4.2: Denote by B = (b;;)3x3. By (4.5)

- bao  bos
by = det = boobgg — b3ob
11 € (b32 b33> 22033 32023

002

— — N — —2
— (VI 2 + 2 — 8, Gl ) (v + i) 564
— —2 — — S—
- (it — G0 ) (26 + 2o — 5, Gy
_ _ _ —9 — 3
= Ago + A10C1 + Ao1Ga + A1GiGe + Apale + A12iCe + Aoze

10



where the A; are as above. Other formulas are obtained by the similar compu-
tation. N

Proof of Theorem 4.1: From (4.6) (4.3) and (4.2), we have

- @11 o N @12 Do (C.0) (DZQ
(47) d)ll(CaO) = m, ¢12(<ao) - det(B)’ ¢22(<ao) = det(B)’
where
(4.8)

— _9 _ - 2 _
®11(C1,C2) = 200 b7 — (14 p2)CiGabry 4 212G by

= 2?12 (Aoo + A10G1 + Ao1Ce + A11G1 G + A02C722 + A12C1@2 + A03C23>
— (1 + p2)C1Ce <Bloz + B20C_12 + Bi1GiG + B21EQC_2 + 312@2)

+ 2M2C_22 (Cma + C’QOC_l2 + 0304_13 + 0214_125> ;

N _9 — 2 _
®15(C1,Ca) = =281 bogt + (14 p2)Cilabyy — 212Cs by

= -2 <D10C1 + Do1C2 + D11¢1¢2 + Do2Ca + D12G1¢a + Do3(2 )
GGy ra = —2
(49) (1 + p2)Gie (EOO + Ev0C1 + Eo1Ce + E20G
YN =2 —2— —2
+ E11GiGe + Eo2Ge + E21G1 G2 + E12G1G2 )

=2 - - =2 — —3 —2—
— 2p2C2 <F10C1 + Fo1Ce + FooCi + Fi1CiGe + F3ol1 + Foi1 Gy CQ)

and
(4.10)

— —2 _ — —2 _
(1)22(417 CQ) = 2Cl b311 - (1 + NQ)C1C2b321 + 2N2C2 b331

= 252 (Gm@ + Goz@2 + G12@2 + G03§3)
— (14 u2)Gi G (Hm@ + H11Gi G + 1570252 + H2152C_2 + H12m2>
+ 2#2?22 (Ioo + LG + I + 120?12 + 111G G + 13053 + I21C12§2> .

From (4.2), it follows that f;(2,0) = z;, j = 1,2. Also g(2,0) = 0 always
holds. In fact, after complexifying Im(g) = | f|?, we have

9e) ~ 9 e FE) + 0l w)d . ¥ = (2,0,
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By putting z = w = 7 = 0 in the above equation, we get ¢(¢,0) = 0 and this
means ¢(z,0) = 0. Therefore, in order to prove Theorem 4.1, by Lemma 2.3. it
suffices to prove

(4.11)
deg(®11(C)) < 4, deg(®12(Q)) < 4, deg(P22(C)) < 4, deg(det(B)(C)) < 3.

To prove the first inequality in (4.11), by (4.8), one needs to show
2A12 — (14 p2)Ba1 + 2p2C30 = 0, 2403 — (1 + po) Bia + 2p2Co1 = 0.

This can be verified by the formulas in Lemma 4.2. The second and the third
inequalities in (4.11) can be similarly obtained.

To prove the last inequality in (4.11), we write the 3 x 3 matrix B in (4.4)
as (B;1). Then
(4.12)

_ B2 Pis Pii Biz) Bi1 bz
det(B) = —fadet (ﬂsz @J*ﬂﬂdet (ﬁgl 633> Paadet (631 ﬁ32>

and from (4.5) we obtain
der() = — (20l + 20— 2.t )

[ caicolsy - SR v+ i - 80
- (TG — G o) G - 07|
+ (m + 200bgy + 2iCbloy — 86@6810?)

| TR — ST 2 T 560
- (Y G G — T )|
- (2 + 2ty - T, )

| TR — S Tl — 68
- (G — S5 AT — S8

By direct computation, one can verify that the ﬁjgl terms of degree 4, 5 and
6 above all vanish so that the last inequality in (4.11) holds. B

§ 5. A characterization of maps with degree 2
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In this section, we give the following;:

Theorem 5.1: Let F' € Rat(Hs,Hg) with k9 = 2. Assume the same
notation as in the beiginning of §4. Then deg(F) = 2 if and only if for each
p ~ 0, the associated map, defined as in Lemma 2.2, F;** = (f, ¢, g) satisfies
(5.0)

P 0) — 9 par (0) = 9 pay (0) = D%p11 (0) = 32¢12(0) _

0290w 0210w ow? ow? ow?

o2 . p2 Pén Phay ——— 9912
0290w 0) = VI p2 0210w ©), 0290w (0) = Vi v1+pe 0210w (0)

We first prove the following:

Lemma 5.2: Let F;** = (f,¢,9) with p ~ 0 and ko(F) = 2 be as above.
Then deg(F') = 2 if and only if

(5.1)
2
= — A
fi(z1,22,0) = 21, fa(21,22,0) = 22, é11(21,22,0) = T+ am + b2
V14 pozi2e VY 22
$12(21, 22,0) 1+ am + b2’ $22(21, 22,0) = 1T az + bay’ 9(z1,22,0)

Proof of Lemma 5.2: 1f (5.1) holds for any p € U, by Lemma 2.3, deg(F) < 2.
From the expressions in (5.1), deg(F') = deg(F,;**) > 2. Hence deg(F) = 2.

Conversely, assume deg(F) = 2. In the proof of Theorem 4.1, we al-
ready obtained the formulas for f; and g. To prove the formulas for ¢;;, since
deg(F') = deg(F;**) = 2, we can write f; = &, g b= —jl with (Pj, Pj;, Q) =1,
deg(Pj;) < 2 and deg(Q) < 2. We claim that deg(Q(z, O)) = 1. Otherwise, by
the definition of the degree of F', P;(z,0) = z;Q(z,0) and thus deg(f;) > 3
This contradicts the fact that deg(F,**) = 2. By the normalization condition
(4.1) and deg(P;j;) = 2, the formulas follow immediately. B

In terms of Lemma 5.2 and (4.7), deg(F) = 2 if and only if, for each p and
the corresponding F;**, there is a polynomial H* such that
*_2 * o
Q11 =H"CG , P12=H"\/1+ p2 1(o,
* =2 * - e
@22 =H \/[1,2(2 s det(B) =H (1 + aCl + bCQ)

To prove Theorem 5.1, it suffices to prove that (5.2) holds if and only if
(5.3)
11 11 12
b(()11) = bgm) = béoz) = b((JO2) = b(()02) =0,

(5.2)

p(1D)
p(12) _ _H20%101 : p(22) _ T+ bt )7
011 m bo11 VH H20101
H* = 4\/pa/1+ po + SiVM2b<()1121)C_1 + 8iy/Hi2b o + 162 — 1)y/Hizby2,C1 Co,
a=2ibtY b=2i\/1+ pblL?.
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We need only to prove that the above are necessary conditions. From (4.7)
and (5.2), we obtain Cjg = D19 = Fp1 = Go1 = 0, which can be used with
Lemma 4.1 to conclude that

11 22
(5~4) b(()ll) = bgm) =0.

We also have

(5.5) - o _

H* =240 + 24100 + (2401 — (14 #2)B10)G + (2411 — (1 4 p2) B20) 1
+ (2402 — (1 + p2)B11 + 2u2020)§2 + (2412 = (1+ p2) Boy + 2“2030)@2
+ (2403 — (1 + p2)Bi2 + 2#2021)?237

V14 peH* = (14 p2)Eoo + (—2Do1 + (1 + p2)E10)1

+ (14 p2) Eor — 202 F10)Ca + (—2D11 + (14 j12) E20) Gt

(56) + (~2Dg2 + (1 + p2) By — 2u2F20)CiCe + (1 + 1) Eoz — 212F11)Co”
+ (=2D12 + (1 + p2) Eoy — 2u2F30)525
+ (=2Do3 + (1 + p2) E12 — 2M2F21)m2,

(5.7)

VizH* = 2p0Io0 + (—(1 + p2)Hor + 2p2110)C1 + 2p2101G2

+ (2Go2 — (1 + p2)Hyy + 2#2120)52 + (—(1 + p2)Hoz + 2p2111) 1. G
+(2G12 — (14 p2)Hor + 2p2T30) G + (2Gos — (1 + o) Ho + 21211)C1 o
From (5.5) (5.6) and (5.7), we obtain

2400 = /1 + paEoy = 24/p21no,

94,y = —2Dg1 + (1 + p2)E10 _ —(1+ p2)Hor + 2#2110’
VI+po iz

2401 — (1 + p2)Bio = 1+ NQ\)/%2MFIO = 2y/p21o1,

0= —2D11 + (1 + p2)Eoo = 2Goz — (1 + po)Hiy + 242120,

—2Dos + (1 + p2) E11 — 22 Fao

V14 pe

2417 — (1 + p2)Boo =

=1+ p2)Hop + 2pal1y

= N ’

2A02 — (14 p2)B11 + 2p2C20 = (1 + p2) Eog — 2p2F11 = 0,
0=2G12 — (1 + p2)Ho1 + 2u2l30,

0= —2D1p + (14 ug)Ea1 — 230 = 2Go3 — (1 + po) Hio + 2p01o1,
2A12 — (14 p2)Boy + p2Cs0 = —2Do3 + (1 + p2) E1a — 22 F = 0,
2A03 — (1 + p2)Biz + 2p2C21 = 0.

14



Making use of Lemma 4.2, the above equations give

(11)
12) g 22 12
(5.8) by = ﬁ’ b5y = Vi 1+ pablpy,
From Lemma 4.2 and (5.8), we get

H* =2A00 + 2A10C; + [2401 — (1 + p12) B1o]Cy + [2411 — (1 + p12) B20] 1 Co
= 4y/la\/1 + pio + 8in/liabyi1 ¢y + [8in/1 + pabity + 8iy/m2big,

— 8iy/pa (1 + p2)bio|Co + [=32/p2bgos + 163/m2(1 + p2)bogal €1 Co
= 4y/p2 /1 + p2 + 8iy/pabit  Cr + 8iv/m2bip Co + 16(p2 — 1)y/1i2b55¢1 Co-

Hence the last equation in (5.2) can be written as
(5.9) B B
det B=H"-(1+aC; +b(y)

= 4y/liz /1 + piz + 8iy/lab3 €y + 8in/iabliy Co + 16(s2 — 1)y/izbly C1Co
+ aly[4y/p2y/ 1+ p2 + 8iy /v‘2b(()1121)21 + 8iy/ M2b%21)62 +16(p2 — 1)\/!‘2[’&)22)2122]
+ (5[4 2/ 1+ po + 82\/#2175)1121)51 + 8iy/ N2b%21)62 + 16(p2 — 1)\/#26(()%)22)2122]-

Comparing the terms containing ¢; and ¢,, we have
(5.10) a=2ib\tY, b=2i\/1+ pbll?.

Here we used the fact that b62121) = 21+ ﬂ,gbg%ﬁ) in (5.8) to get the second
equation.

Let ¢; = 0 in (5.9). Comparing the terms with Z; and making use of
(5.8),(5.10), we have b\e2) = 0. i
Similarly, letting ¢; = 0 in (5.9) and comparing terms with (], we have

(1) _
booz = 0.
Making use of the formulas: béllll) = b§2021) = b(()})12) = b82022) = 0, we have

det(B) :( - Qigb%ll)) : [(Mgb%zl) - 86217(()})22))(2\/,11_2 + 4i§_2b(()2121))}
-2 (2 i) (Tl — )|
(VI + 2000 + 2 - 5T,
: {(2 + 4G b)) (2 + 4@73"@} .

By (5.9) (5.10) and by considering terms with (;(,, we have b81022) =0.
Hence (5.3) is proved and thus the proof of Theorem 5.1 is complete. B

15



From Lemma 5.2 and Theorem 5.1, the following lemma follows immediately:

Lemma 5.3: Let ' € Rat(Hsz, Hg) with deg(F) = 2 and F;** = (f, ¢, 9)
be as above. Then

f1(21,2270) = 21, f2(21:Z270) = 22,
27
$11(21, 22,0) =
1- 221)101 21— 2iy/1+ :“2b101 22
\/ 1+ H22122
1- szlol z1 — 2iy/1 + N2b101 29
2
2z
fo% . 9(2,0) =0.
1- szml z1 — 2iy/1 + ,U,ng(n 22
86. Proof of Theorem 1.5

$12(21, 22,0) =

¢22(213 22, 0)

Proof of Theorem 1.5: Suppse that F' € Rat(Hs, Hg) satisfies (5.1) with deg(F') =
2. We write

) 1
Zl§l+s+t<2 Alstzlz2w

. 1<j<2
Do i<iteti<a Bzl zswt + 1

— )

fi=

il m
Zl<m+s+t<287(nstz ZQU’
= = = , (g1 € {(11),(12),(22)},
= T D € (1,012, 22)

l s,,t
Zl§l+s+t§2 Cistzi 25w
l os,,.t :
Di<itsri<a Bistzizswt +1

By Lemma 5.3, we obtain

g:

Eop0 = Ep20 = E110 = Aézo = Agﬁ)@ =0, Fig = Azo)m Ep1o0 = Anoa A%)o =1,
AéQO)o = Agoo =0, A((Jz2)0 Eoro, A§1)0 = Ehoo A(()lo =1,

11 11 11 11 11
B§00) = 3810) B(gzo) B§10) =0, Béoo) =1,

Eqp0 = *QiBSﬁ), Eo10 = —2i/1 + H2B§<1)?)7
12 12 12 12 12
B%oo) = B((no) Béoo) B( ) =0, Bgm) =1+ pe,
22 22 22 22 22
B%oo) = B((no) Béoo) B( ) =0, B(()zo) = VH2,
C110 = Co20 = C100 = Co10 = Cap = 0.
By (5.1), we have

1

1 1 1 1
Aéo)l = A(()1)1 = A(()o)z =0, Ago)1 =3 + Eoo1,
2) 2 )
A001 = Agm = Ag)o)2 =0, Ag)l)l = h2 + Eoo1,

11 12 29
B(gm) = B(gm) B(gm) =0,
Cio1 = E100, Co11 = Eo10, Coo2 = Epo1, Coo1 = 1.
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By Theorem 5.1 and making use of the formulas: B(()%ﬁ) = B(()é?) = B(%?) =0,
we further have:

B
B(ll) — B(ll) — B(ll) =0, B(lz) _ H2Bio ’
001 011 002 011 m

12 12 22 12
B((JOl) = B(()OQ) =0, B(()u) =21+ MZB§01)
22 22 22
B(g(n) = 3501) = B(go2) =0,

From this, we have

_2@31&)21 — 214/1 4+ M2Blol 2129 + (Z + EOOI)le + z1
E002w2 + Elolzlw + E0112’2w — 2iB101 zZ1 — Zi\/ 1 + ILLQB:E%?)ZQ + EO()lw + 1
2i/1 4 uzBﬂn 25 — 2BV 212 + (22 + Eoor)zow + 22

f2 _ 101 ’
EOOQU) —+ Elolzlw —+ E()llZQ’lU — 223501 zZ1 — Qi\/ 1 + /lQB:E(lj?)ZQ —+ EO()lU) —+ 1

fi=

$11 = 4+ B ey — ;
Eopew? + Eijg121w + Eg11 20w — 22'3501),21 — iMB%?)zg + Eporw + 1
P12 = VIF i1z + B 2w + Béﬁ)zw_ ’
Eppow? + Ero121w + Ep1122w — 21’3&1&)21 - Qi\/mB%?)Zz + Eporw + 1
. Ve |
Eopaw? 4+ E1g1 21w + Ep1120w — QiB%i)zl — QiWB%?)zg 4+ Egprw + 1
= Eoo1w? + Crorz1w + Copizow +w

E002w2 + E10121w + E01122’w — 213§éi)21 — 2i\/1 + LLQB§%)?)ZQ + EOOlw =+ 1
Let 2o = 0 and Im(w) = |21|>. We have
_2235(1)1)3% +(5+ E001)le + 2z

fl = 7f2 =0,
E002w2 + E10121w QZB 01 2’1 -+ E()Olw + 1

zl + B§01)le

$11 =
E002w2 + Fioiziw — ZiB(Ol)Zl + FEgorw + 1

B%l)zlw

¢12 = ) ¢22 = Oa

E002w2 + Fio1z1w — 2iB§01 z1 + Egprw + 1
Eoo1w? 4+ Chorz1w + w

9= —— :
E002w2 + E1012’1w — 2235(1)%)21 + EOOl’LU + 1
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Denote w = u + i|z1|2. The equation I'm(g) = |f|? becomes

(EOOl(u2 — |z |* + 2iu|z1|?) 4+ Cror 21 (u + il 21 |?) + (u + i|zl|2)

. <m(u2 — |z1|* = 2iu|z1 |?) + Erorz(u — il21 %)
+2iB{o) 7T + Eoor (u — il 2) + 1)

= (Booate® = Il = 20ufa )+ Crorantu = 1:2) + (u = %))

. (Eoog(u2 — |z |* + 2iu|z1|?) + Frorz:(u + 4| 21]?)

- 21'3%1)21 + Eoor(u +i[2]*) + 1>
=2i| —2iBUD 22 4 (5 + Eoor)z1(u +ilz1[?) + 21

+ 228 + BYY 21 (u + i1 2)? + 20| B 21 (u + i1 2]

Considering u3-terms, we see that Fggs is real. Considering the u*-terms,
we get

(6.1) Eoo2(Eoo1 — Eoo1) = 0.

Considering the uzi-terms, we get Cig; = —22'3%1). Then considering the
u?z;-terms, we get
(6.2) Eq01 = 0.

Comparing the u3z;-terms and making use of the fact that Eg; = 0, it follows
that

(6.3) B By = 0.

Similarly, if we put z; = 0 and let Im(w) = |22|?, we obtain
(6.4) Cot1 = —2i\/1+ B, Eon = 0, BYGY Egea = 0.

Therefore the remaining proof can be divided into two cases: (i) Epo2 # 0
and (ii) Foo2 = 0.
Case (i) Since E002 7é 0, we get 0011 = C101 = Bi(l)?) = Bg(lﬁ) = 0. By (61)
Eyp1 is a real number. By (5.8), the map F' is given by

(3 + Eoo1)z1w + 21 (412 + Eoo1) 22w + 22

fr= Eopow? + Egprw + 17 J2 = Egoow? + Egprw + 1’
_ % _ V14 pazi2o
b = FEooow? + Egpyw + 1’ b12 = FEooew? + Egnw + 17
\/,U,_QZ% E001w2 +w
P22

- Eopow? + Egprw + 17 9= Eopow? + Eggpyw + 1
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where Ego; and Ego are real numbers. Consider the equation Im(g) = |2|2:

{Eom(u2 — |2* + 2iu|z*) +u + z|z|2}

N\ Eooz(u? — |2|* — 2iu|z|?) + Egor (v — i|z]?) + 1

_ [Eom(u2 — \z|4 — 2iu|z|?) 4+ u — z|z|2}

Eoog(u2 — |Z|4 + 2ZU|Z|2) + E001(u + Z|Z|2) +1
i_

= 21|21|2|(§ + Eoo1) (u +i|z[*) + 1]* + 21|22|2|(§M2 + Eoo) (u +i|z]*) + 17

+ 2|21 |* + 20(1 4 p2)|z1 20| + 2ipo| 20|t

Let z; = 0, consider the terms about |23|%, we have

—4Fq02 = 3.
Similarly, if we let zo = 0, we have
1
Egp2 = vk
Hence
Mo = 1.

Then the map F is of the form

(L + Ego1)z1w + 1 (L + Eoo1)zow + 22

fl_ 7iw2+E001’w+1, f2_ 7iw2+E001w+17
¢11 = Z% ¢12 = \/52:12:2
—iw2+E001w—|—17 —%1,()24-19001104—17
2 2
z Eyorw* +w
¢22 = 2 9= w

—%’LUQ-i-E‘()()l’LU-i-l7 —%’w2+E001’w+1'

By making use of the Calyay transformation, this map can be identified as
the following map, still denoted as F, in Rat(B3, BS):

f _ 421 [iEQOl + (1 — iEOOl)’LU} _ 422 [iEO()l + (1 — iEom)w]
' w2 —4iBgqw + 3+ 4iEg1’ 7 w? — 4iEgiw + 3+ 4iEop; |
2\/52% 42’12’2
P11 = —5—— ‘ s P12 = —5—— . )
w? — 4iFgg1w + 3 + 4iEyo1 w? — 4iEyg1w + 3 + 41 Fgor
¢ o 2\/52% o (3 - 4iE001)’LU2 + 4iE001w +1
2 U}2 - 4iE0()1’lU + 3 + 4iE001 » 9= 'lU2 - 4iE001U) + 3 + 4iE001 '
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Since F(0,0,0) = (0,---,0,a) with a = m, F is equivalent to a new
map in Rat(B3, B®) defined by ¥ o F' where ¥ € Aut(B®) is given by ¥ =
22 ... #Es e W ) with s = /1 — |al?. This new map, still denoted

l1-aw’ ?l1—-aw’ l-aw’

by F, satisfies that F(0,0) = (0,0,0) and is of the form

fle— 2s(9 + 161?301)21 [iEoo1 + (1 — iEOOl)w]
—22E001(16E()01 +4iEp + 12)w + (3 + 4ZE001)(4 + 8E()01) ’
e 25(9 + 16@301)z2 [iEgor + (1 — z‘Eom)w] ’
—2iEg01 (16 Ego1 + 4iEoo1 + 12)w + (3 + 4iEoo1 ) (4 + 8Ego1)
B 5(9 4+ 16 Eno1 ) v/ 227
(6.5) o = —2iEg01 (16Ego1 + 4iEqo1 + 12)w + (3 + 4iEoo1)(4 + 8Ego1 )’
$(9+ 16 Eg01)221 22
P12 = —2iEo01 (16 Ego1 + 4iEoo1 + 12)w + (3 + 4iEo01)(4 + 8Fgo1)’
oy = 5(9 4+ 16 Eno1 ) /223

—2iF001(16Egoy + 4iEno1 + 12)w + (3 + 4iFoo1)(4 + 8Eg01)’
(3 - 42E001)(4 + 8E001)’LU2 + 2’iE001(16E001 - 4iE001 + 12)'[1}

—2iFp01(16 Ego1 + 4iEgo1 + 12)w + (3 + 4iEo01)(4 + 8Fpo1)

Notice that when Eyp; = 0, the above map becomes
(66) (fla f27¢11a¢127¢227g) = (\/izlwa \/5221”7 2’%7 \/521223 Z%a w2)'

We want to show that the map (6.5) is equivalent to the map (6.6) even for
FEoo1 # 0. To do this, it is enough to choose complex numbers o and § so that
for the map F' in (6.5), the new map ¢g o F' o ¢, is exactly (6.6). Where

SaZ1 SaZo  Qa—w 5371 sgzs B—w
d)a: — —_ — 5 |> ¢ﬁ: = " = = -
l—-aw’1l—aw’ 1-aw 1—pBw 1—pw 1-pw

with s = /1 —|a|? and sz = /1 —|5]%. Since ¢ o F o ¢, maps (0,0) to

(0,0,0), g is determined by «. In fact, since

F(¢4(0,0))
. (0 — (3 —4iFEg01)(4 + 8E001)O(2 + 2iFoo1 (16 Egp1 — 4iEgo1 + 12)0[)
’ T —2iE001(16E001 + 4iFgo1 + 12)04 + (3 + 4’LE001)(4 + 8E001) ’

we have to choose

(3 - 4ZE001)(4 + 8E001)Oé2 + 2iE001(16E001 - 4iE001 + 12)Oé

6.7 = .
(6.7) s —2iE001(16E001 + 4iFgo1 + 12)a + (3 + 4iE001)(4 + 8E001)
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In order to determine «, we notice that the first component function of the
map ¢g o F o ¢, is of the form

constant - z1[iEyo1 + a — iaEg1 + w(—iEy1@ — 1 + iEgo1)]

(6.8) )
Where ” - - -” is a polynomial of w. To make the map (6.5) equal to the map (6.6),
we need to have iFgy; + o — iaEyy = 0. Hence we can choose a = — £

1—iEgo1 *
Then from (6.7)
5= Eoo1 — iEioo1
1+ Ego1
(3 —4iEo01)(4 + 8En01)(Eoor — iEoo1) + 2iEno1 (16 Ego1 — 4iEoo1 + 12)(1 + Eoor)
—2iFEg01(16 Eoo1 + 4iEoo1 + 12)(E3), — iEoo1) + (3 + 4iEg01)(4 + 8Fo1)(1 + Eoo1)

Then the first component function of ¢g o F' o ¢, becomes

(6.9)
(4858a8(9 + 16E001)21(—iE001 -1+ iEo(n)U})

. ( — 4iEy01(16Ego1 + 4iFgp1 + 12)(a — w) (1 — aw)
+ (3 + 4iEp01)2(4 + 8Eno1 ) (1 — aw)? — B(3 — 4iFg01)2(4 + 8E2), ) (a — w)?

—1
— 4iE01 (16 Eggy — 4iEgo1 + 12)(a — w)(1 — aw)) )

By direct computation, the w? and w terms of the determinant of (6.9)
are zero. Hence the first component function of the map ¢g o F' o ¢, is of
the form constant - zyw. Similarly, we can prove that: fo = constant - zow,
¢11 = constant - z%, @12 = constant - z1 29, ¢o2 = constant - z%, g = constant - w?

Assume ¢g o F o ¢ = (a121w, a22ow, azz?, asz122, asz3, agw?) with a;
constants. Since ¢go F'o ¢, is a proper mapping from B3 to Bg, letting 2z = 0,
we have:

a1 [? |21 PJw]? + Jag |*[z1]* + [ag|*|w]* = 1

for any (z1,w) with |21|2 + |w|? = 1. Replacing |21]? by 1 — |w|? in the above
equation, we have

(6.10) (laa* = 2las[*)[w|* + (Jas|* + las|* — la1 |*)w]* + Jas]* = 1.

Let |w|? = 0. From (6.10), |ag| = 1. Similarly, let |w|> = 1. We then get |ag| = 1
and hence |a;]|?> = 2. Let z; = 0. By the same proof, we get |as|?> = 2, |as| = 1.
Since |¢g o F o ¢z, w)|* = 1 for (21,22, w) with |21]% + |22]? + |w|* = 1, we
must have |ay|? = 2. Therefore ¢35 o F o ¢, is equivalent to the map in (6.6).
Case (ii) Since Eyg2 = 0, the map F' becomes
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-2 B%})zl — 2’i\/1 + ‘LLQB:EE?)leQ + (% + Eo()l)Zl’lU + 21
—2238)1)21 — 2’L'\/ 1+ M?B§é?22 + Eo(nw +1
-2 1/ 1+ ,U,QBSH)ZQ — 21355?2122 + (%MQ + EOOl)ZQ’w + 29

1

)

R 2By — 2% TT B2 2, + Byrw + 1 7
(6.11) b1y = - z% + Bi%ﬁ)zw) 7
~2B\V 21 — 20T F 2B 22 + Egorw + 1
by — VI+ poziz0 + 3501)21?0 + mbgm)@w
12 —QZB£01)221 — 2T+ 2B 2 + Egorw + 1
oz = V223 + \/_mBlol Zw g=w.

—2ZB§51)21 - 2’&\/1 + /j‘zBlOl 29 + EOOlw + ].
The equation Im(g) = | f|? becomes
(6.12)
|2|?| — QiB%i)zl —2i4/1+ ,U/2B£(1)?)ZQ + Eoorw + 1/?

. )
_‘Z | | — 213]{01)21 — 214/1 + /LQB]%?ZQ + (5 + E001)w + 1|2

. 2y {
22| — 2iB0Y 2, — 2 1+MQB§})§>Z2+(§u2+E001)w+1|2

(11), 12 H2 (11) 2
+ |z1%|z1 + B w+\/1—|— zz—|—B zw+ ————— B’ 29w
| 1| |21 101 ‘ ‘ H2Zz122 101 1 ST 101 <2 ‘

+ |22 |/ B222 + /B2y/1 + uaBﬂﬁ)wIQ.

Let w = u + z| |2 as before. Since the only 21Zzu? term is contained in
[WVI+ pozize + B101 1w + mB%?zsz, it implies

12) (11
(6.13) Bim)Bgm) =0.

Let 2o =0, (6.12) is

o1 | = 20Blo1 21 + Foo (u+ 1) + 11
(6-14)  =[z1’| = 2iBigy)z1 + (5 + Eoor) (u + il ) + 17

+ 121221+ Bloy (w+ il )P + 21 2B (u + il )
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Or

| — QZBS& 21+ Eoo1 (u +i|z1 %) + 12

7
(6.15) - fQZB%i)zlJr( + Eoor)(u + il z1[*) + 1
+ |z +B§01><u+z|zl| )W+ [Blo? (u + i]z1[?)

Consider the u>-terms, we have

1
(6.16) 0=+ IBUD12 4+ | BUD12 4 Im(Egor).

Similarly, if we let z; = 0, from (6.12), we can get

| — 2iy/T + @2 B2 22 + Eoor (u + il22]?) + 112

mn)#—%ﬂ+mﬂgﬁ+gm+%mw+Wﬁﬂﬁf
+ pzlee + /T p2BYY (u + iz ) + wéﬂu+ﬂ@ﬁﬁ

Consider the u>-terms, we have

M2 p2 1 (12
(6.18) 0= "7+ Im(Bonn) + 7= Bioy I* + (L o) Bio
From (6.16) and (6.18), we get
p2 —1 12 11
(6.19) = B P = 1+M\§JF

By (6.13), B2 =0 or B{Y = 0.

1f B{!?) = 0, then from (6.19), we get ps = 1, B{}? = 0. Then by (6.16)
Im(Eoo) = 5. Hence F becomes

b= (3 + Eoo1)z1w + 21 fo = (% + Eoo1)zaw + 22 by = 23
! E()()l’w + 1 ’ 2 EOOlw + 1 ’ H E()Ql’w + 1,
\/—2’122 Z%
"2 Bw+ 1 2T Bur 1 YT

Then simple computation shows that Im(g) = |]?|2 holds if and only if Im(FEgg1) =

—i. By the same proof used in [JX 2003, § 4], the map F is equivalent to the
generalized Whitney map defined in Theorem 1.5.
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If B%?) =0, (6.11) becomes

;i —22’@21 + Egorw + 1 7
by = —2@'@2122—4—(%;@ + Ego1)zow + 22 7
—2iBV 21 + Egyw + 1
(6.20) 11 = 4+ Bz ;
—2iB£(1ﬁ)zl + Egorw + 1
P12 = miﬂz il ﬁb%ll)zzw7
—2iBV 2 + Egyw + 1
P22 = \/M_QZ% , g=w.

—223&3}) 21+ E()Olw +1

Compare the above map with the one in Theorem 6.1[JX 2003, § 6]. By
using Corollary 6.2[JX 2003, § 6] and let z3 = 0, we see that they are the same
map if we omit the 0-components. That means by the same proof in §7[JX
2003], we can get pus = 1. By (6.19), B%?) = 0 and hence Im(Eop1) = —. By
the proof used in [JX 2003, § 4] again, the map F is equivalent to the generalized
Whitney map defined in Theorem 1.5.1
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