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Abstract

We give a solution to the equivalence problem for Bishop surfaces with the Bishop invariant
A = 0. As a consequence, we answer, in the negative, a problem that Moser asked in 1985 after
his work with Webster in 1983 and his own work in 1985. This will be done in two major steps:
We first derive the formal normal form for such surfaces. We then show that two real analytic
Bishop surfaces with A\ = 0 are holomorphically equivalent if and only if they have the same
formal normal form (up to a trivial rotation). Our normal form is constructed by an induction
procedure through a completely new weighting system from what is used in the literature. Our
convergence proof is done through a new hyperbolic geometry associated with the surface.
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As an immediate consequence of the work in this paper, we will see that the modular space
of Bishop surfaces with the Bishop invariant vanishing and with the Moser invariant s < oo
is of infinite dimension. This phenomenon is strikingly different from the celebrated theory
of Moser-Webster for elliptic Bishop surfaces with non-vanishing Bishop invariants where the
surfaces only have two and one half invariants. Notice also that there are many real analytic
hyperbolic Bishop surfaces, which have the same Moser-Webster formal normal form but are
not holomorphically equivalent to each other as shown by Moser-Webster and Gong. Hence,
Bishop surfaces with the Bishop invariant A = 0 behave very differently from hyperbolic Bishop
surfaces and elliptic Bishop surfaces with non-vanishing Bishop invariants.

1 Introduction and statements of main results

In this paper, we study the precise holomorphic structure of a real analytic Bishop surface near
a complex tangent point with the Bishop invariant vanishing. A Bishop surface is a generically
embedded real surface in the complex space of dimension two. Points on a Bishop surface are
either totally real or have non-degenerate complex tangents. The holomorphic structure near
a totally real point is trivial. Near a point with a complex tangent, namely, a point with a
non-trivial complex tangent space of type (1,0), the consideration could be much more subtle.
The study of this problem was initiated by the celebrated paper of Bishop in 1965 [Bis], where
for a point p on a Bishop surface M with a complex tangent, he defined an invariant A now
called the Bishop invariant. Bishop showed that there is a holomorphic change of variables,
that maps p to 0, such that M, near p = 0, is defined in the complex coordinates (z,w) € C?
by

w=2Z + MN22+7%) + o(|z]*), (1.1)

where A € [0,00]. When A = oo, (1.1) is understood as w = 2% 4+ z? + o(|z]*). It is now a
standard terminology to call p an elliptic, hyperbolic or parabolic point of M, according to
whether A € [0,1/2), A € (1/2,00] or A = 1/2, respectively.

Bishop discovered an important geometry associated with M near an elliptic complex tan-
gent p by proving the existence of a family of holomorphic disks attached to M shrinking
down to p. He also proposed several problems concerning the uniqueness and regularity of
the geometric object obtained by taking the union of all locally attached holomorphic disks.
These problems, including their higher dimensional cases, were completely answered through
the combining efforts of many people. (See [Hu3], [BG], [KW1], [KW2], [MW], [Mos|, [HK]).

Bishop invariant is a quadratic invariant, capturing the basic geometric character of the
surface. The celebrated work of Moser-Webster [MW] first investigated the more subtle higher
order invariants. Different from Bishop’s approach of using the attached holomorphic disks,
Moser-Webster’s starting point is the existence of a more dynamically oriented object: an in-
trinsic pair of involutions on the complexification of the surface near a non-exceptional complex
tangent. Here, recall that the Bishop invariant is said to be non-exceptional if A # 0,1/2, 0o or



if \v?2—v+\ = 0 has no roots of unity in the variable . Moser-Webster proved that, near a non-
exceptional complex tangent, M can always be mapped, at least, by a formal transformation
to the normal form defined in the complex coordinates (z,w = u + iv) € C? by:

u=22+N+eu’)(z*+7%) ,v=0, ec{0,1,-1}, s€Z". (1.2)

Moser-Webster also provided a convergence proof of the above mentioned formal transfor-
mation in the non-exceptional elliptic case: 0 < A < 1/2. However, the intriguing elliptic case
with A = 0 has to be excluded from their theory. Instead, Moser in [Mos| carried out a study
for A = 0 from a more formal power series point of view. Moser derived the following formal
pseudo-normal form for M with A\ = 0:

w=2Z+ 2° +7Z° + 2Re{ Z a;z'}. (1.3)

j>s+1

Here s is the simplest higher order invariant of M at a complex tangent with a vanishing
Bishop invariant, which we call the Moser invariant. Moser showed that when s = oo, M is
then holomorphically equivalent to the quadric M., = {(z,w) € C? : w = |z|*}.

Moser’s formal pseudo-normal form is still subject to the simplification of a very complicated
infinitely dimensional group auto(My,), the formal self-transformation group of M. And it
was left open from the work of Moser [Mos| to derive any higher order invariant other than
s from the Moser pseudo-normal form. At this point, we mention that auto(M.) contains
many non-convergent elements. Based on this, Moser asked two basic problems concerning a
Bishop surface near a vanishing Bishop invariant in his paper [Mos]. The first one is on the
analyticity of the geometric object formed by the attached disks up to the complex tangent
point. This was answered in the affirmative in [HK]. Hence, the work of [HK], together with that
of Moser-Webster [MW], shows that, as far as the analyticity of the local hull of holomorphy
is concerned, all elliptic Bishop surfaces are of the same character. The second problem that
Moser asked concerns the higher order invariants. Notice that by the Moser-Webster normal
form, an analytic elliptic Bishop surface with A # 0 is holomorphically equivalent to an algebraic
one and possesses at most two more higher order invariants. Moser asked if M with A = 0
is of the same character as that for elliptic surfaces with A # 0. Is the equivalence class of
a Bishop surface with A = 0 determined by an algebraic surface obtained by truncating the
Taylor expansion of its defining equation at a sufficiently higher order level? Gong showed in
[Gon2] that under the equivalence relation of a smaller class of transformation group, called
the group of holomorphic symplectic transformations, M with A = 0 does have an infinite set
of invariants. However, under this equivalence relation, elliptic surfaces with non-vanishing
invariants also have infinitely many invariants. Gong’s work later on (see, for example, [Gon2-
3] [AG]) demonstrates that as far as many dynamical properties are concerned, exceptional or
non-exceptional hyperbolic, or even parabolic complex tangents are not much different from
each other.

In this paper, we derive a formal normal form for a Bishop surface near a vanishing Bishop
invariant, by introducing a quite different weighting system. This new weighting system fits



extremely well in our setting and may have applications in the study of many other related
problems. We will obtain a complete set of invariants under the action of the formal trans-
formation group. We show, in particular, that the modular space for Bishop surfaces with a
vanishing Bishop invariant and with a fixed (finite) Moser invariant s is an infinitely dimen-
sional manifold in a Fréchet space. This then immediately provides an answer, in the negative,
to Moser’s problem concerning the determination of a Bishop surface with a vanishing Bishop
invariant from a finite truncation of its Taylor expansion. Furthermore, it can also be combined
with some already known arguments to show that most Bishop surfaces with A\ = 0, s # oo
are not holomorphically equivalent to algebraic surfaces. Hence, one sees a striking difference
of elliptic Bishop surfaces with a vanishing Bishop invariant from elliptic Bishop surfaces with
non-vanishing Bishop invariants. The general phenomenon that the infinite dimensionality of
the modular space has the consequence that any subclass formed by a countable union of finite
dimensional spaces is of the first category in the modular space seems already clear even to
Poincaré [Po]. In the CR geometry category, we refer the reader to a paper of Forstneric [For| in
which the infinite dimensionality of the modular space of generic CR manifolds is used to show
that CR manifolds holomorphically equivalent to algebraic ones form a very thin set among
all real analytic CR manifolds. Similar to what Forstneric did in [For|, our argument to show
the generic non-algebraicity from the infinite dimensionality of the modular space also uses the
Baire category theorem.

It remains to be an open question to answer whether the new normal form obtained in this
paper for a real analytic Bishop surface with A = 0, s < oo is always convergent. However,
we will show that two Bishop surfaces with A = 0 and s < oo are holomorphically equivalent
if and only if their formal normal forms are the same up to a trivial rotation of the form:
(z,w) — (e?z,w) with e"* = 1. Hence, the formal normal form that we will derive provides a
solution to the equivalence problem also in the holomorphic category. We will achieve this goal
by proving that any formal map between two real analytic Bishop surfaces with A =0, s < oo
is convergent. Remark that there are many non-convergent formal maps transforming real
analytic Bishop surfaces with a vanishing Bishop invariant and with s = oo to the model
surface M, defined before. (See [MW] [Mos] [Hu2]). Hence, our convergence theorem reveals
a non-trivial role that the Moser invariant has played in the study of the precise holomorphic
structure of a Bishop surface with A = 0. At this point, we would like to mention that there are
many other different type of problems where one studies the convergence problem for formal
power series, though very different methods and approaches need to be employed in different
settings. Just to name a few, we here mention the work in [BER], [Mir], [We], [Sto] and the
references therein.

Our convergence argument uses the Moser-Webster [MW] polarization, as in the non-
vanishing Bishop invariant case treated by Moser-Webster. However, different from the Moser-
Webster situation, we do not have a pair of involutions, which were the starting point of the
Moser-Webster theory. The main idea in the present paper for dealing with the convergence

problem is to find a new surface hyperbolic geometry, by making use of the flattening theorem
of Huang-Krantz HK].



We next state our main results, in which we will use some terminology to be defined in the
next section:

Theorem 1.1. Let M be a formal Bishop surface which has an elliptic complex tangent at O
with its Bishop invariant A = 0 and its Moser invariant s > 3 and s < co. Then there exists a
formal equivalence map:

(Z/,’LU/) = F(Zuw) = (f(zaw)ag(zaw))v F<070) = (070)

such that in the (2',w'") coordinates, M' = F(M) is represented near the origin by a formal
equation of the following normal form:

w =22+ 2+ 2+ () + ()

where
oo s—1

N o tks+j
() = 33 gy,
k=1 j=2

Such a formal transform is unique up to a composition from the left with a rotation of the form:
(2", w") = Ry(2',w') := (V12 w'), where 0 is a constant with vV~ = 1.

Namely, if there is another formal equivalence map (2", w") = F*(z,w) with F*(0) = 0 that
maps M into the following normal form:

w” = 2" 4+ 2+ 2+ (2 + o (27) with
oo s—1
CUED DD P IELS
k=1 j=2
Then

F* = Ryo F for a certain 6 with ¢V~ =1 and Akstj = eﬁjﬂazsﬂ‘

Theorem 1.2. Let M, and M be real analytic Bishop surfaces with A = 0 and s # oo at 0.
Suppose that My has a formal normal form:

oo s—1
w =22 +2" 42"+ 2Re{z Z apspi 2" Y
k=1 j=2
and suppose that My has a formal normal form:
oo s—1 .
w =22 +2"+ 2"+ ZRG{Z Z brsy; 2L
k=1 j=2

Then (My,0) is biholomorphic to (Ms,0) if and only if there is a constant  with e**vV=1 = 1,
such that aysy; = eejﬁbksﬂ foranyk>1and j=2,---,5—1.
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Theorem 1.1 and Theorem 1.2 give a solution to the equivalence problem for Bishop surfaces
with A = 0 and s < co. Theorem 1.1 is used to prove the following Theorem 1.3. Theorems 1.1
and 1.3 provide, in the negative, a solution to a problem that Moser asked on [pp 399, Mos].

Theorem 1.3. Most real analytic elliptic Bishop surfaces with the Bishop invariant A = 0 and
the Moser invariant s < oo at 0 are not equivalent to algebraic surfaces in C2.

Define Z for the group of transformations consisting of maps of the form {uy : (z,w) —
(e?z,w), € = 1}. Then the following corollary is a consequence of Theorems 1.1 and 1.2:

Corollary 1.4. (a). Suppose M, is a formal Bishop surface near the origin defined by

co s—1

w=zz+2°+2°+ QRG{Z Z Apss 2}

k=1 j=2

Then the group of the origin preserving formal self-transformations of M, denoted by auty( M),
is a subgroup of Zs. Moreover, 1y € auty(Mpor) if and only if

apst; =0 for any k and jwithk>1, 2<j<s—-1, e\/jle#L

(b). auty(Ms) = Z,, where M; is defined by w = 2Z + 2° + Z°.
(c). Any subgroup of Z, can be realized as the formal automorphism group of a certain algebraic

surface M.
(d). Let M be a formal Bishop surface with a vanishing Bishop invariant and s < oo at 0. Then

auty(M) is isomorphic to a subgroup of Z;.

(e). Let M be a real analytic Bishop surface with a vanishing Bishop invariant and the Moser
invariant s < oo at 0. Suppose that auto(M) is isomorphic to Zs. Then (M, 0) is biholomorphic
to (Ms,0), where My, as before, is defined by w = 2Z + z° + Z°.

(f). Let M be a real analytic elliptic Bishop surface with A = 0 and s a prime number at 0.
Then auty(M) is a trivial group unless (M, 0) is biholomorphic to (Ms,0).

The convergence statement in Theorem 1.2 is obtained by proving the following:

Theorem 1.5. Let M and M’ be real analytic Bishop surfaces near 0 with the Bishop invariant
vanishing and the Moser invariant finite. Suppose that F' : (M,0) — (M’',0) is a formal
equivalence map. Then F 1s biholomorphic near 0.

Idea for the proof of Theorem 1.1: We give the main idea behind the complicated
argument for the proof of Theorem 1.1. Let M be as in Theorem 1.1. We want to find a formal
biholomorphic map sending M into a formal normal form. We also need to prove that such
a map is unique up to a trivial rotation. This then leads us to study an infinite system of
homogeneous equations by truncating the original equation. Now, the homogeneous linearized
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normalization equations (see §3) have non-trivial kernel spaces, due to the fact that auty(My)
is of infinite dimension. The non-uniqueness part of the lower degree solutions needs to be
uniquely determined in the higher order equations. Unfortunately, these lower order terms get
into the scene in the higher order truncation non-linearly. Hence, the normalization problem in
this setting is a non-linear normalization problem, which is quite different from the consideration
in the literature (see Chern-Moser [CM] and Moser in [Mos]), where the normalization equation
is always truncated into an infinite system of linear equations. The new idea to overcome this
difficulty is to consider a new model w = |z|* + z* instead of the quadric, which reduces the
automorphism group to the finite group Z,. Now, to treat |z|* equally with the term 2° it forces
us to define the weight of Z to be s—1 and thus |z|?+2° is a weighted homogeneous polynomial of
degree s. Indeed, under the new weighting system and with a complicated induction argument,
we will be able to trace precisely how the lower order terms get involved non-linearly: The
kernel space of degree 2t + 1 is used and determined at the truncated equation of degree ts+ 1
and the kernel space of degree 2t +2 is used and determined at the truncated equation of degree
ts + s. This approach seems to be powerful in handling the normalization problem, where the
model has a big automorphism group. It may find applications in the study of many other
related problems.

One of the new features of this part of the paper is that we are studying a normalization
problem whose linear truncation at each weighted degree level turns out to be a semi-non-linear
equation. In this sense, our normalization problem seems to be quite different from what has
been studied in the literature.

Idea for the proof of Theorem 1.5: We next say a few words about the complicated
argument for the proof of Theorem 1.5. Let M be a real analytic Bishop surface as in Theorem
1.5. (Assume that M has been normalized up to a certain order, say order s.) By a result
of Huang-Krantz [HK], M can be assumed to be in C x R. Consider its Moser-Webster com-
plexification M, which is a complex surface in C*. There is a natural projection from M into
C2, which is generically s to one. The projection is branched along a one dimensional complex
analytic variety, whose intersection with C x R gives s—curves z = A;(u) with j =0,--- ,s—1.
Here, we use (z,u) for the coordinates of C x R and each A;(u) has a convergent power se-
ries expansion in u'/*. These curves are invariant under a biholomorphic transformation and
are formally invariant in a certain sense under a formal invertible transformation. For each
0 <u <1, (Aj(u),u)'s are roughly equally distributed s-points on the circle with center at the
origin and of radius C(s)u*~Y/¢ in a simply connected Riemann surface D(u) x {u} attached
to M. (D(u) is roughly a disk centered at the origin with radius y/u.) The hyperbolic geometry
derived from A;(u)’s with the Poincaré metric over D(u), as well as its counterpart from M,
can be used to control the (normalized) formal map F' from M to M’. This, in particular,
provides us a convergence proof for the map in Theorem 1.5.
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Wuhan University, China in the Spring of 2006 and when both authors were enjoying the
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2 A uniqueness theorem for formal maps

In what follows, we use (z,w) or (2/,w’) for the coordinates of C%. Let A(z,Z) be a formal
power series in (z,Z) without constant term. We say that the order of A(z, 2) is k if A(z,%) =
> ivimk A2'Z 4 o(]2]*) with at least one of the A;; € C (j +1 = k) not equal to 0. In this
case, we write Ord(A(z,%)) = k. We say Ord(A(z,2)) > k if A(z,Z) = O(|2|*). When A =0,
we say that the order of A is oc.

Consider a formal real surface M in C? near the origin. Suppose that 0 is a point of complex
tangent for M. Then, after a linear change of variables, we can assume that Tél’O)M ={w =
0}. If there is no change of coordinates such that M is defined by an equation of the form
w = O(]z|?), we then say that 0 is a point on M with a non-degenerate complex tangent. In
this case, Bishop showed that there is a change of coordinates in which M is defined by ([Bis]
[Hul]):

w = 2Z + A2* + 2%) + O(|2]*). (2.1)

Here A € [0, 00] and when A = 0o, the equation takes the form: w = 2% + 2% + O(|z]3). A is the
first absolute invariant of M at 0, called the Bishop invariant. Bishop invariant is a quadratic
invariant, resembling to the Levi eigenvalue in the hypersurface case. When A € [0,1/2), we
say that M has an elliptic complex tangent at 0. In this paper, we are only interested in the
case of an elliptic complex tangent. We need only to study the case of A = 0; for, in the case
of A € (0,1/2), the surface has been well understood by the work of Moser-Webster [MW].
When A = 0, Moser-Webster and Moser showed in [MW] [Mos| that there is an integer s > 3
or s = oo such that M is defined by

w=z2Z+ 2"+ 2+ E(z, %), (2.2)

where F is a formal power series in (z,%z) with Ord(E) > s+ 1. When s = oo, we understand the
above equation as w = 2z, namely, M is formally equivalent to the quadric M., = {w = 2Z}.
s is the next absolute invariant for M, called the Moser invariant. The case for s = 0o is also
well-understood through the work of Moser [Mos|. Hence, in all that follows, our M will have
A =0 and a fixed s < oo.



A formal map 2’ = F(z,w), w' = G(z,w) without constant terms is called a formal equiv-
alence transformation (or simply, a formal transformation) if g((fg)) (0,0) is invertible. When a

formal map has no constant term, we also say that it preserves the origin.

Lemma 2.1. Let M be defined as in (2.2). Suppose that 2’ = F(z,w),w" = G(z,w) is a formal
equivalence transformation preserving the origin and sending M into M', where M’ is defined
by w' = 27 + 2'° + 2/° + E*(¢, ) with Ord(E*) > s+ 1. Then

(1): F =az+bw+ O(|(z,w)]?), G=cw+ O(w|*+ |zw| + |2|*) where ¢ =|al? a # 0.

(i1): Suppose that M and M' are further defined by w = H(z,Z) = 2Z + 2° + Z° + o(|z|*) and
w' = H* (', 2) = 22 + 2"° + 2" + o(|2'|°), respectively, where s > 3. Then

(F,G) = ("2 + O(|2* + |w|), w + O(|w|* + |zw| + |2]*)) where 0 is a constant with ¢ = 1.

(iii): In (i), when E(z,Z) = E(2,%Z) + o(|2|") and E*(2',Z) = E*(2,Z') + o(|z|") with N > s,
we then have

G(z,w) = Z ajw’ + Z bjp?wh with @ = a; for j € [1,[N/2]].

1<5<[N/2] GH2k>N+1

In particular, when E(z,Z) = E(z,%Z) and E*(2',Z') = E*(Z/,Z'), then G satisfies the following
reality condition:

G(z,w) = G(w) and G(w)= G(w).
Proof of Lemma 2.1: (i) is the content of Lemma 3.2 of [Hul]. To prove (ii), we write
(F,G) = (az+ f,cw + g), where by (i), we can assume that
fzw) = O(2l + [w]) . g(z,w) = O(Jw|* + |zw] + |2[*).
Notice that
F(0,H(0,2) = O(2") , f(%H(2,0)) =0(z*) , ¢(0,H(0,%)) = o(2").
Applying the defining equation of M’ , we have on M the following:

cw + g(z,w) =|al*|z|? + azf(z,w) + azf(z,0) + f(z,w)f(Z,0)
+ (az + f(z,w)* + @z + f(z,@))° + o(|2]").

Regarding z and z as independent variables in the above equation and then letting z = 0,w =

H(0,Z) =254 0(2%), w = H(Z,0) = z° + 0(z%), we obtain

cz® 4 0(z°) = (az)® + o(2°).



Hence, it follows that ¢ = a®. Together with ¢ = |a|? # 0 and s > 3, we get

c=1, a=¢", where 6 is a constant with €% = 1.

This completes the proof of Lemma 2.1 (ii).
Now we turn to the proof of (iii). Notice that

G(z,w) = |F(z,w)]* + (F(z,w))" + F(z,w) + E*(F(z,w), F(z,w)) for (z,w) € M.
Since F, E* are assumed to be real valued up to order N, we have
G(z,w) = G(z,w) 4+ o(|z|Y) when w = |2* + 2° + 2% + E(z,2).
Write -
G(z,w) = Z aop2°w".
a+28>0

When a + 28 < N, we will prove inductively that a,3 = @as for o = 0 and a,3 = 0 otherwise.
First, for each positive integer m, write E(2,2) = Eum)(2,2) + En(2,%Z) with Eu)(2,%) a

polynomial of degree at most m — 1 and FE,,(z,%) = O(|z™). Since E(n41)(2,%) is real-valued
by the hypothesis, we then get the following:

N N

Z Aopz™w” = Z Aapz®w” +0(|2|N), w=2Z+ 2" + 7% + Bz, 2). (2.3)

a+26>0 a+23>0

Next, suppose that Ny = o+ 20 is the smallest number such that a,g is real-valued for o = 0,
and zero otherwise whenever a + 206 < Ny. If Ng > N + 1 or Ny = oo, then Lemma 2.1
(iii) holds automatically. Hence, we assume that Ny < N. For 0 < r << 1, define on(&,7)
to be the biholomorphic map from the unit disk A := {7 € C |r| < 1} to the smoothly
bounded simply connected domain: {€ € C: [£> +r72{r¢* +r°¢* + E(nv11y(r&, 7€)} < 1} with
on(&,r) =&(1+0(r)). (See [Lemma 2.1, Hu3]). Since the disk & — (rox(&,7),r?) is attached
to My defined by w = 2Z + 2° 4+ 25 + E(n41)(2, Z), it follows that

D aapr™et = Y aagtr™ +o(r™), ¢ = 1. (2.4)
a+28=No a+26=No

Deleting the common factor 7™ of both sides and then letting r — 0, we get
Y. st = ) awgle, =1 (2.5)
a+23=No a+28=Noy

Hence, under the assumption that o + 28 = N, it follows that a,g is real when a = 0,
0= % € N and a,3 = 0 otherwise. This contradicts the choice of Ny and thus completes the
proof of Lemma 2.1 (iii). W

The main purpose of this section is to prove the following uniqueness result:
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Theorem 2.2. Let n,jo be two integers with n > 1 and jo € [0,s — 1]. Suppose that the
following formal power series

{ 2 =2+ f(z,w), f(z,w) = O(|w| + [2]?),

W' = 1w+ g(W) + Gerno(2,w),  9(@) = g(w) = O(|w]?), Gerro(tz, *w) = o(t"*70) (as t — 0),

(2.6)
transforms the formal Bishop surface M defined by
w = 2z + 2Re (zs + Z Akstj2 ’““) + E1(2,2)
ks+j<ns+jo;0<j<s—1
to the formal Bishop surface defined by
w' =22 + 2Re (z's + Z bks+jz’ks+j> + By (2, 7).
ks+j<ns+jo;0<j<s—1
Here for ks + j < ns+ jo, Grstj, brstj are complex numbers with
Wkstj = brsyj for j =0,1; (2.7)

and E\(2,Z), Ex(z,Z) = o(|z]"*1%). Then the following holds:

(1). rsyj = bsyj for all ks +j5 <ns+jo, 0<j<s—1.

(II). When Ord(f(z,2Z)) = 2t is an even number, it holds that st + 1 > ns + jo When
Ord(f(z,2%Z)) = 2t + 1 is an odd number, it holds that st + s > ns + jo.

(III). Ord(g(z%z)) > min{ns + jo + 1, Ord(f(z, 2Z)) + 1}.

One of the crucial ideas for the proof of Theorem 2.2 is to set the weight of Z differently from
that of z. More precisely, we set the weight of z to be 1 and that of Z to be s — 1. For a formal
power series A(z,Z) with no constant term, we say that wt(A(z,Zz)) = k, or wt(A(z,%)) > k, if
Atz t°712) = tF A(2,2), or A(tz, t°71%) = O(t’“) respectively, as ¢ € R — 0. In all that follows,
we use @{ to denote a formal power series in z and z of order at least 7 and weight at least
I. (Namely, ©](tz,tz) = O(t/) and ©](tz,t*'%) = O(t") as t — 0). We use P/ to denote a
homogeneous polynomial in z and z Wlth P! (tz,1Z) = /P}(2,%) for t € R and Welght at least [.
We emphasize that @] and ]P” may be dzﬁerent in dzﬁerent contexts.

In what follows, we also define the normal weight of z,w to be 1,2, respectively. For
a formal power series h(z,w,Zz, W), we use wtyo(h) > k to denote the vanishing property:
h(tz, 2w, tz,t?w) = O(t*) as t — 0. Let h(z,w) be a formal power series in (z,w) without a
constant term. Then we have the formal expansion:

[e.e]

= Z hggr(z7 w),
=1
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where
A (tz, t2w) = t'hY) (2, w)

nor nor

is a polynomial in (z,w). Notice that hggr(z,w) is homogeneous of degree [ in the standard
weighting system which assigns the weight of z and w to be 1 and 2, respectively. In this and
the next sections, we write

Zhnor z,w) and hg Zhgm (2.8)

Proof of Theorem 2.2: Besides proving that ags;; = bisy; for ks+j <ns+jo, 0 < j < s—1,
we need to show that any solution (f, g) of the following equation has the vanishing property as
stated in Theorem 2.2 (II)-(III), under the normalization condition for (f, ¢) as in the theorem:

w+ g(w) + o(|2|"H°) = (2 + f(z,w))(Z + f(z,w)) + 2Re{(z + f(z,w))*
+ Z bis+i(z + f(z, w))k$+j} + Ey(z+ f(z,w), z + f(z,w)), (2.9)

ks+j<ns+jo;0<j<s—1

where w = 22+ 2°+2°+ F(z, Z) with F = 2Re ( > aksﬂ-z““) + E1(z,z). With

kistj<ns+joi0<j<s—1
an immediate simplification, (2.9) takes the form:

g(w) = z2f(z,w) + zf(2, )+|f(zw)|2+2Re{z—|—fzw)) — 2
+ Z (brsts(z + f(z, w))F — aksﬂ-zksﬂ) } 4 of|z]"5H0). (2.10)

ks+j<ns+jo;0<j<s—1

In the proof of Theorem 2.2, we set the following convention. For any positive integer N,
we define ay and by to be as in Theorem 2.2 if N = ks + j with ks + j < ns+ jp, and to be 0
otherwise. For the rest of this section, we will define a positive integer Ny as follows:

Suppose that there is a pair of positive integers (j*,k*) such that (s <)k*s + 7*(< ns + jo)
is the smallest number satisfying agssij= 7 bp=syj+. We then define Ny = k*s + 7*. Otherwise,
we define Ny = sn+ jo+ 1. Here n, jo are as in Theorem 2.2.

The proof of Theorem 2.2 is carried out in two steps, according to the vanishing order of f
being even or odd.

Step I of the proof of Theorem 2.2: In this step, we assume that either
Ord(f) := Ord (f(z, 22)) (2.11)
is an even number denoted by 2t or f =0, where w(z,z) = 2z + 2° 4+ z° + E(z, z). Write

g(w) = ' + o(w').

12



Denote by e
Ny = min{ Ny, Ord(f),sn+ jo}.

(When f =0, we define Ord(f) = oo.) Then (2.10) gives the following:
a2 4+ O(|z|*Y) = 2Re|(bn, — an,)2™°] + O(|z]ﬁ°“). (2.12)
Notice that the first term on the left hand side is a mixed term, while the first term on the

right hand side is a harmonic term. From this, we can easily conclude the following:

(2.I). Suppose that 2t > Ny and ¢; # 0. Then 2] > min{Ny, sn + jo} and by, = an,. By our
definition of Ny, No must be ns + jo + 1. Hence, the theorem in this case readily follows. A
similar argument can be used when 2t > Ny and Ord(g) = oo.

(2.IT). When 2t < Ny, then 2] > J/V\O—i—l = min{2t+1, sn+jo+1} = 2¢t+1 under the assumption
that ¢; # 0. Thus we either have Ord(g) = oo or we have [ >t > 1 when ¢; # 0.

Suppose that Ny = 2t + 1 in Case (2.11). Assuming that Ny < ns + jo + 1 and collecting
terms with degree 2¢ + 1 in (2.10), we obtain

nor

22 (2, 22) + 280 (2, 22) + 2Re ((by, — an,)2™") = 0. (2.13)

Notice that in the above, the first two are mixed terms, while the last term is a harmonic term.
This clearly forces that ay, = by,. Thus, we must have Ny = ns+ jo+ 1 and Theorem 2.2 also
follows easily in this setting. Hence, we will assume, in what follows:

(2.111). Ny > 2t +2. ( As a consequence, it also holds that g(w) = O(Jw|') withl >t >1.)
Collecting terms with (the ordinary) degree 2t + 1 in (2.10), we get:

Ff2 (2, 22) + 2fio) (2,22) = 0. (2.14)
Writing f,%f»)(z, w) = > anz*w and substituting it back to (2.14), we then get:
k+21=2t
Z akleHzHl + Z mzl’—klzl’ﬂ-k’ -0
k+21=2¢ k20 =2t

Since k + 21 = 2t, k' + 2" = 2t, we get k+Tk/ =2t — (I +1). Now, for k > 2, we have
(k+0)—(U'+1)=2t—({+1V')—1>0,0r k+1>1+41. Thus, we conclude that ay = 0 for
k > 2. In the other cases, we get ag + agr = 0 with [ =t and I’ =¢ — 1. Let a = ap;. We get
that

2 (2 w) = aw' — az?w!™? (2.15)

for a # 0. Hence
fz,w) = [ (z,0) + farna(z,w) = aw' — @20~ + forya (2, w). (2.16)
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Next, a simple computation shows that wt(w) > s, Ord(w(z,z)) > 2, wi( T(Z?,f«)(z,w)) > st +

2 — s, wi( ,(mfn)( w)) > st, g(w) = gorro(w), wt(forr1(z,w)) > st+s—1. Alsoif Iy +1o > s
with Iy > 1, or [y + [y > s with [y > 1, then wt(z llfﬁ;b( w)) >l + l(ts+2—5s) > ts+ 2.
Moreover, wt(z llfnof«)b(z,w) 2o(zw) > sifly+ 1 +13 > s—1, 3+12 #0. Now we can
conclude that

wt (|f2) (2, w)?) > ts+2, wt( éi?(z,w)fml(z,w)) > ts+ 2t + 1,
wt (F2(zw0) farea (5,0)) = (24 (£ = 1)s) + (ts+5— 1) > ts +2,
wt (| fors1(z,0)[7) > 2t +1+ (ts+s—1) > ts+2.

Hence, we have the following

(2, w)[2 = [ £ (2,w)[* + 2Re(fror (2,w) fors1 (2, 0)) + | forr (2,0) [P = ©FF3.

Substituting (2.16) into (2.10) and making use of the estimates we just presented, we get:

goera(w) = 2Re{(Z + 52° ) [} + | [ (z,w) P+ 2Re{ Y 2" '}
=2

7—1
r— min{ No+1,ns+j0+1
+2Re( > > b fT) 4 2Re ((by, — any)2™°) + OmaR T (947)
s<t=ks+j<Ng l=0
= 2Re{(2 + 52" ") [2) (z,0) + (2 + 52°71) faria (2, w) }

+2Re ((byy — ang)2™) + 2 fari1 (2, w) + O fary1 (2, w) + %2,
Here ¢, by, are complex numbers, Ny is defined as before and
Ny :=min{ts + 2, Ny + 1,ns + jo + 1}. (2.18)
Notice that

2Re{(z + sz~ ) f{2) (2, w)}
= QRe{z(a,w —az*w'™) + sz aw' — az?w'™h)}

2.19
= azw' — az2?w'™! —asz*twtt + 071 (2.19)
= azw' N w — [2]?) —@s* T + 07115 = (1 — s)az*Tw! ! + 0717,

Hence, we obtain, over M, the following:

Gorro(w) = (1 — 8)az* (22 + 2°) 71 + (2 + 521+ ©2) farsa (2, 0)

TS 2.20
+2Re ((bNo - aNO)ZNO) + (2 + 82571+ 0?) far1 (2, w) + @%:2‘ ( )

If t =1, collecting terms of degree s + 1 in (2.20) and noticing that
w =22+ 0(|z]*), No>s+1
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by the given condition, we get

Z 0571 g) (27) = (1 — s)az""" + 2f (2, 27) + 2fion(z, 27) + P13, (2.21)

Here 5;}1 takes value 1 when 25 = s+ 1, and 0 otherwise.
Since s +2 > s+ 1, PiT) = 2A(2,z) with A(z,%) a polynomial. Thus it follows easily that
(1 — s)az**! is dividable by z. This is a contradiction and thus the case of t = 1 is proved.
We next prove the following crucial lemma for the proof of Theorem 2.2:

Lemma 2.3. Assume the hypothesis and the notation in Theorem 2.2. Let Ord(f(z,z2Z)) =
2t < oo and keep all the notation that we have set up so far. Suppose that Ny > 2t +2. Assume
that 2t + j(s —=2) +2<m <2t + (j+1)(s —2) + 1 with 0 < j <t —1 and m < Ny. Then,
over M, we have

gm(w) =a(1 — sy 120D oz 4 o871 (2 4 5271 4+ ©2) frui (2, w)

2.22
+ (Z + 5z2°7 ! + @§>fmfl(z7w) + 2Re ((bNo - aNo)’ZNO) + @Tan ( )

Proof of Lemma 2.3: When m = ns + jo + 1, we have Ny < m. Thus, (2.22) holds trivially
due to the presence of the term ©% . Hence, in the proof of the lemma, we always assume that
m < ns+ jo for the m in Lemma 2.3. We also recall that Ny = min{ts +2, No+ 1,ns + jo+ 1}
with n, jo defined as in Theorem 2.2.

The argument presented above gives the proof of the lemma with m = 2t 4+ 2. We complete
the proof of the lemma in three steps.

Step I of the proof of Lemma 2.3: This step is not needed when s = 3. Denote
mo = 2t + j(s — 2) + 2, where j is an integer with 0 < j <t — 1. Suppose that mo < Ny. We
also assume that there is an integer m such that m > mg, m+1 < 2t 4+ (j + 1)(s — 2) + 1
(such an m certainly does not exist if s = 3), m + 1 < Ny and moreover (2.22) holds for this
m. Collecting terms of degree m in (2.22), we get

g (22) = Zfm (2, 22) + 2 flor (2, 22) + P (2.23)

Since g (2%) is real-valued, the ]IA’% here is real valued. Notice also that g (2%) is of weight

at least N,. We can write

G B = Y (2.21)
ot B=m
a+B(s—1)>Ns
Write N o
Dz 22)= Y bagz&(zé)ﬂ = > bagz‘prﬁiﬁ. (2.25)
a+28=m—1 a+20=m—1 )



Then

P - T S N D D N e (2.26)
~ "’7 _ * 2 * — 1 o =m
a+2f=m—1 or 26 =m— a+ﬁ(;€1)2Ns

As in the discussion for (2.15), z28T8zF+1 = 048" 28"+1 if and only if @ + o = 2. Notice also
that the reality in (2.24) shows that 8+ a(s — 1) > N, for a,5 # 0.
Now, if m is even, then

2bs5 = aqp + ic with ¢ € R under the condition that a = § = %, a=1, = % —1. (2.27)

The other relations are as follows:

b= op Ea+F=0, G+20=m—1, f+1=0a#La+=m.

Here a 4 (s — 1)8 > Ny, 8+ (s — 1)a > N.. (2.28)

If m is odd, we still have the same relation as in (2.28) except when o = 0, B = mT_l or
when a = 2, 5 = mT_?’

Next, for m even and o = 1, 8= 7—1, letting o = § = %, we also have a = &—I—g, B = 3—{—1,
atfB=m,a+(s-1)=0+(s-1)a="Fs> (t—|—1)3>N

Assume that m is old (Thus m > 2t + 3) When a=0, 0= et o = 2L 3 = mEL
When a = 2, ﬁ ,let o= m“ and 0 = . We similarly have the relation as in (2.28):

a=a+p, ﬁ—ﬁ—i—l, oz—l—ﬁ—m, oz—l—(s—l)ﬁZ Ns, B+ (s —1)a > N,. Thus for all the «,
uniquely determined by a and [ as just discussed above, we always have:

A+ B+ (s-1f=a+(s—DB-1)=a+(s—1)F—(s—1)>N,—(s—1). (2:29)
From this, one easily sees that

wt(f,(;;;‘fl)(z, 2Z)) > rp;g{& + B—i- (s — 1)5} = min{a +(s—=1)f—s+1} > N,—s+1, (2.30)

wt(fim D (z,w)) = Ny — s+ 1, wi(g\n)(z, 22)), wi(gip) (z,w)) = N, (2.31)
wt{ fim (2, 22) = floV(z,w)} > Ny — s+ 1, (2.32)

wt(fimV(z, 2z)) > min{ (s - Da+sf} = min{(s —1)(a—F+1)+s(5-1)} = N, -1, (2.33)

wt{ fim (2, 22) — fim V(z,w)} > N, — 1. (2.34)
Substituting fo_1(z,w) = fim V(z,w) + fm(z,w) into (2.22) and making use of (2.23),
(2.30)-(2.34), we get
G (W) =(1 — s)7Haz0F Vs oz 4 9=l 4 (7 4 52571 1 ©2) fon (2, w)
+ (2452 + 02) frnu(z,w) + OF T + (s2° 1 + © 2 flim=b (5 27) (2.35)

+ 2Re ((by, — any)z™°) + (s2°7 ! + ©2) ngn_l)(z, 2Z).
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By (2.30) and (2.33), we get

(s2° 71+ ©2) fim D (z,w) + (s + ©2) figr (z,w) = O (2.36)
Hence

Gms1(w) =(1 — 8)UHDg0HDsH (2 4 o)1 (2 4 5257 + ©2) fu(2, w)

2.37
+ (24 521+ 02) fin(z,w) + 2Re ((by, — an,)2"°) + O 3

By induction, we showed that if the lemma holds for mq defined above, then it holds for any
m with mg <m <2t + (j+ 1)(s —2) + 1 and m < Nj.

Step II of the proof of Lemma 2.3: In this step, suppose that we know that the lemma
holds for m € [2t + j(s — 2) + 2,2t + (j + 1)(s — 2) + 1] with m < Ny, where j is a certain
non-negative integer bounded by ¢t — 2. We then proceed to prove that the lemma holds also
forme 2t+ (j+1)(s—2)+ 2,2t + (j + 2)(s — 2) + 1], whenever m < Nj.

Suppose that 2t + (j + 1)(s — 2) + 1 < Np. By the assumption, we have over M

Pt (w) = a(l = s)H2UFDH (2 4 2770 4 (2 4 6257 4+ O2) farg gy s-2) (25 0)

+ (Z + 825_1 + @g)f2t+(j+1)(s,2)(2, w) -+ 2Re ((bNo — CZNO)ZNO) + 6%1(j+1)(572)+1.

(2.38)
Collecting terms of degree 2t + (j 4+ 1)(s —2) + 1 in (0.1), we get
gﬁﬁ(ﬁl)(s‘?)“)(zi) _ a(l _ 8)j+lz(j+1)s+1<25>t—j—1 + I@,%S—F(jﬂ)(s—?)ﬂ (2 39)

+ EfEGIDE) (4 27) + 2 flat VO (2, 22).

S 2t+(j+1)(s—2)+1
Here ]P’NS (G+1)(s=2)

weight at least N.
Now, we solve (0.2) as follows. Denote by A = 2t + (5 + 1)(s — 2). Notice that

is a certain homogeneous polynomial of degree 2t + (j 4 1)(s — 2) + 1 with

I:= _]@)%jl +a(l — s)IHEIHDs T (zyimiml 4 (D) ()

is real valued and I = P\, Then (0.2) can be rewritten as
I :a(l _ S)jJrlZ(jJrl)erl(Zz)tfjfl + a(l o 8)j+1§(j+1)s+1(22)t7j71

+ 2fREGHDED) (4 2 7) +zf,(3,f~+ J+1)(s— 2))(2725)_

I = Z aa[;zaiﬂ.

a+pB=A+1
O‘+(5_1)52Ns

(2.40)

Write
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Since a,5 = @ga, we also require that § + (s — 1)ae > N,;. We next have the following general
solution of (0.3):

AR ”( w) = Az w) + [V (z,w)  with

A
( )( w) = Za+2ﬁ A hagz wﬂ

where hg; are determined by the following:

Z haBZaJrﬁEﬁH + Z %ZBHE&“B = Z aaﬁzaéﬂ. (2.42)
a+28=A a+28=A a+fxﬁ+(§ffl\)+21 N,

Now, (0.5) can be handled exactly in the same way as for (2.26). (The only difference is
that the role of m — 1 is now played by A.) For convenience of the reader, we repeat some
details as follows:

First, we have similar relations as those in (2.27), (2.28), (2.29), etc. Next, we can conclude
the following:

wt(fQ(A)(z, 2Z)) > r~n>i{)1{& + 3+ (s—1)F=min{a+(s—1)F—s+1} > N, —s+1, (2.43)

wt{ iV (z,w)} > N, = s+ 1, wi{g™ ) (z,w)}, wt{g® (2, 22)} > N, (244)
wt{ M (z,w) = fM(z,22)} > Ny — s + 1, (2.45)
wt{ fi (z,w)}, wt{ £V (z,22)} > N. - 1, (2.46)

(5251 + O iV (2, 22) + (52571 + O iV (2, 22) = O42, (2.47)
(52571 + 02) 1V (2, w) + (527 + 02) IV (2, w) = OV, (2.48)
wt{fM (2,22} > st — s+ 2, wt{fD(zw0)}, wt{fP(z,22)} > N,. (2.49)

For instance, to see (0.11), it suffices to notice that by (0.6)- (0.9), we have

wt{(sz* '+ O Mz w) + (s7 + )N w) > s -1+ N, —s+1=N,.  (2.50)
Hence, from (0.1)-(0.12), we get

gara(w) + g5 (w) =(2 + 5257 + O2) fara(z,w) + (2 + 827 + OF) faga (2, 0)

+ ®A+2 + E}A-s—l + d(l . S)j+1z(j+1)s+1(22 + Zs)t—j—l
—_ (25])
+(Z+ 52"+ OBz w) + (24 5277 + 02) f5) (2, w)

+ 2Re ((bNo - CLNO) NO) .
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Notice that
gg}jl)(z,?) =a(l — s)j+1z(j+1)s+1(22)t_j_1 + Ef,sjo\r)(z, 2Z) + Zf7(z/o\12 (2,22Z) + I@)xfl (2.52)

Also,

A+1 1
wt{g®H (w)}, wt{gh ) (22)} > sAD o ~s(j +1)(s —2) +§ > ts+ 2.

2 2

Hence
gimi(w) — gl (2z) € O, (2.53)

Subtracting (0.15) from (0.14) and then making use of (0.16), we obtain

gara(w) =(2 + 52" + O2) fayr (2, w) + 2Re (b, — any)2™)

- 2.54
+ (2 + 52+ 02) fayi(z,w) + @xf + J, ( )

where

J=(z 452" + O fD)(z,w) + (2 + 527 + O2) fro) (2, w)
+ C_L(l _ S)j+1z(j+1)s+1(22 + Zs)tfjfl _ (_1(1 _ S)j+lz(j+1)s+1(zz)tfjfl (2'55)
— (ZF{3)z,22) + 2faon (2, 22)).

Here, by (0.10)-(0.12)and the formula in (0.4) for fl(A) , we notice that

2fior (2,0) + 2 o (2, w) = (2o (2, 22) + 2 faod (2, 22))
(1 — s)/H1pUtDstl(pz 4 2)imi=1 _G(1 — g)I 1 UHDsH (5 z)t=i—1
= —a(1 — s)7H1UDsHl 527 4 25) 972 4 g(1 — )7+ 12U+ DsHI (7)1
B L ey AT v A
+a(1 _ S)]'Hz(frl) +1(zz +z )t g. 1 _ a(l _ S)gHZ(gH) +1(ZZ>t i-1 4 @N-ss-Q
= —a(l — s)T Ut (27 4 29)7072 (27 — (22 + 2%)) + ON'?
= a(1 — s)I 12Ut (17 4 25)t-7-2 1 QA2

Hence by the formula in (0.4) for fl(A) and by (0.12) (0.13), we have
J=(s2" + O AV (2, w) + (577 + OD £V (2, w)

Fa(l — ) T (7 po)tmi=2 4 @At (2.56)

—a(1 — s)H220PH (27 4 )i 4 @2,

This proves the lemma when m = 2t + (5 + 1)(s — 2) + 2. Now, the result obtained in the
previous step completes the proof of the claim in this step.

Step III of the proof of Lemma 2.3: We now can complete the proof of the lemma
by inductively using results obtained in Steps I-II. Indeed, since we know that the Lemma
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holds for m = 2t 4+ 2, we see, by Step I, that the lemma holds for any m < Ny with m €
[2t + 2,2t + (s — 2) + 1]. First applying Step II and then applying Step I again, we see the
lemma holds for any m < Ny with m € [2t + j(s — 2) + 2,2t + (j + 1)(s — 2) + 1] and with
J = 1. Now, by an induction argument on j, we see the proof of the lemma. B

Now we are ready to complete the proof of Theorem 2.2 in case Ord(f) = 2t. Since by
(2.IIT), we need only to consider the situation when Ny > 2t + 2, it suffices for us to study the
following two subcases:

Case I If Ny > m = ts+ 1, then m € [2t + j(s — 2) + 2,2t + (j + 1)(s — 2) + 1] with
j =1t —1. Also, notice in this setting that Ny = ts + 2. Applying Lemma 2.3 with m =ts + 1
and j =t — 1, we have:

Grsi1(w) =a(1l — s)tztsJrl + @iiié +(z+ szt 4 @?)fts(z, w)
+ (24 5257 + 02) fro(2, w).

Collecting terms of degree ts + 1 in the above equation, we obtain:

gtV (22) = all — )2 4 Pty + 2fU) (2, 22) + 2 a0 (2, 22). (2.57)

nor

Since ts+2 > ts+1, we can write Pi*T) = 2A(z, 2) for some polynomial function A. Hence,
the equation is solvable only if a = 0, which is a contradiction.

Case II: Suppose (2t +1 <)Ny < ts+ 1.
Assume that Ny < ns + jo. By the assumption that a1 = bgsy1 for ks +1 < ns + jo and
by the definition of Ny, we notice that Ny # ts+ 1. Hence, we must have 2t +1 < Ny < ts+ 1.
Notice that Ny = Ny + 1 now. Assume that j is the integer such that 2t + j(s —2) +2 < Ny <
2t + (7 +1)(s —2) + 1. By Lemma 2.3 and collecting terms of degree Ny in (2.22), we have
gM0)(22) =2Re{(bn, — an, )20} 4 6(1 — )/ TlazUtDstl (7)1

0
or

+2f0 (2, 22) + 200V (z,22) + ON .

Here 6 = 0if No <2t +(j+1)(s—2)+1and 6 = 1if Ny = 2t + (5 + 1)(s — 2) + 1.
Notice that when j =¢—1, 2t + (j +1)(s —2) + 1 = ts + 1 > Ny. Hence, when 6 = 1, we
have t —j — 1 > 0. Now, since 2Re{(by, — an,)z"°} is the only non-mixed term, by the same
argument as above, we can see a contradiction too. Hence, to reach no contradiction, we must
have by = ay for any N < ns + jo, namely, Ny = ns + jo + 1. Back to the hypothesis in Case
II, we obtain ts + 1 > ns + jo + 1. This finally completes the proof.

Step II of the proof of Theorem 2.2: In this step, we show that we also have the result
stated in Theorem 2.2 when Ord(f) is a finite odd number by applying the same argument
as that in Step I. (See (2.11) for the definition of Ord(f)). Since the argument is completely
parallel to that in Step I, we will be very brief.
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Suppose that Ord(f) = 2t+1 < oo, g(w) = w'+o(w'). And let Ny = min{ Ny, Ord(f), sn+
Jo} as in Step I. We then also have (2.12) and the proof of the theorem in the case of 2t+1 > N,
can be similarly achieved. -

Assume that 2t +1 < No(< ns+jo+1). As before, we have 20 > Ny + 1 = min{2t +2, sn+
Jo + 1} = 2t + 2 under the assumption that ¢; # 0. Thus we have [ > ¢t + 1 when ¢; # 0.

Suppose that Ny = 2t 4+ 2. Assuming that Ny < ns+ jo+ 1 and collecting terms with degree
2t + 2 in (2.10), we obtain

gD (2z) 4 £ (2, 22) + 2o (2, 22) + 2Re (by — any)2™°) = 0. (2.58)

Since the last term is harmonic and the others are divisible by 2%, we see that ay, = by,. This
is a contradiction. We thus have Ny = ns+ jp+ 1 and Theorem 2.2 also follows easily as before.
Hence, it suffices to consider the following case:

Ny > 2t + 3. (Then g(w) = O(Jw|") with [ > ¢ +1.)

Collecting terms of degree 2t+2 in (2.10), we get

gt (z2) = 2 (2, 22) + 2 fiort (2, 22). (2.59)
Its solution is given by
FRED (5 ) = bzw!, gD (w) = (b4 b)w't!, b# 0. (2.60)

Similar to the definition of Ny, we set
N! :=min{ts+s+1, Ny + 1,ns + jo + 1}.

Then substituting (2.60) into (2.10) and letting A = (s — 1)b — b, we get the following dual
version of (2.20):

Gors(w) = Az5 (22 + 25) 4+ (2 + 82°7 1 + ©2) forpa(z,w)

- 2.61
+ (24 52571+ O2) farra(z, w) 4+ 2Re ((byy — any)2™°) + @%Z’?’. (2:61)

Exactly the same argument as that in Lemma 2.3 (except a few obvious and trivial changes
to fit into the current situation that Ord(f) is odd) can be applied to prove the following
corresponding lemma:

Lemma 2.4. Assume the hypothesis and the notation in Theorem 2.2. Let Ord(f(z,z2Z)) =
2t + 1 < oo and keep all the notation that we have set up so far. Suppose that Ny > 2t 4 3.
Assume that 2t + j(s —2) +3 <m < 2t+ (j+ 1)(s —2) +2 with 0 < j <t and m < Ny. Then
we have on M the following:

Gm(w) =A(1 — s)Y 20327 4 297 4 (24 52571 + ©F) fruoi (2, w) (2.62)
+ (24 52+ 02) frimi(2,w) + 2Re ((by, — any)2™°) + O '

21



We next proceed in the same way as before.

Case I: Assume Ny > m = ts+s. Let j = ¢ and m = ts + s in (2.62). Then we get
Nl =ts+s+1and

Grsrs(w) =A(1 — 8)' 25T 4 (2 4+ 82571 + O frgrs1(2, W)

R (2.63)
+ (24527 + O] fuors1(z,w0) + O
Collecting terms of degree ts + s in (2.63), we obtain:
gt (22) = A(L = 8)' 2" + P, + 2T (z,22) + 2 fler ™7V (2, 22). (2.64)

As in Step 1, it is solvable if and only if A = 0, and thus b = 0. This gives a contradiction.

Case II: Suppose (2t + 3 <)Ny < ts + s. Assume that Ny < ns + jo. By the assumption
that agps = brs for £ < n and by the definition of Ny, we must have Ny # ts + s. This gives
that 2t + 3 < Ny < ts + s. Suppose that j is the integer satisfying 2t + j(s —2) +3 < Ny =
kos + jo < 2t + (5 + 1)(s — 2) + 2. Collecting terms of degree Ny in (2.62) and making use of
Lemma 2.4, we get

g\No)(2z) =2Re{(by, — an, )2} + 0A(1 — 5)7 20D (2z)t7
+ zfnjo\g? b (z 2Z) + zfy(wro 2 (z 2Z) + 9No+1
Here § is 0 when Ny < 2t+(j+1)(s—2)+2, and § = 1 when Ny = 2t + (5 +1)(s—2) +2.Notice
that when j =1¢, (j +1)s+2(t —j) = ts+s > Ny. Hence, when 6 = 1, we have t — j > 0.
As before, we can easily reach a contradiction by considering the divisibility by Z. Hence, we
have by = ay for any N < ns + jo, that is, Ng = ns + jo + 1. This is a contradiction. Hence
ts+s > ns+ jo+ 1 by the assumption in Case (II), which gives immediately Theorem 2.2(II).

This also completes the proof of Theorem 2.2 when ord(f) = 2¢ + 1. The proof of Theorem 2.2
is finally complete. B

The following is a combination of Theorem 2.2 and Lemma 2.1 (ii) (iii):

Corollary 2.5. Suppose that the origin preserving formal equivalence map
(Zlv w,) = (F(Z7 ’LU), G(Z> w))
transforms the formal Bishop surface M defined by

w = zZ + 2Re (zs + Z aks+jzks+j> + o(|z|™)

J=2,+,s—Lks+j<N

to the formal Bishop surface defined by

w' =22 + 2Re (z’s + Z bks+jz/ks+j> +o(|Z|),

j=2, ,5—1;ks+j<N
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where N(> s) = ns + jo with a certain jo € [2,5 — 1], psyj, brss; are complex numbers.
Then there is a constant @ with eV~ =1 such that (F,G) = (e¥="2 + f(z,w),w + g(z,w)).
Moreover, we have the following conclusions stated in (1), (II) and (III), respectively:

(I). When Ord(f) = 2t, it holds that st +1 > N; and when Ord(f) = 2t + 1, it holds that
st+s> N. L

(I1). g(z,w) = g(w) + Gerro(z, w) with g(w) = g(W), Wtpor(Gerro(z,w)) > N and

Whnor (g(w)) > min{ N, wt o (f(2,w)) + 1}.
(II1). aysy; = €j\/jwbks+j for ks+j5 < N.

3 A complete set of formal invariants, proofs of
Theorem 1.1, Theorem 1.3 and Corollary 1.4

In this section, we will establish a formal normal form for the formal surface defined in
(2.2), by applying a formal transformation preserving the origin. This will give a complete
classification of germs of formal surfaces (M,0) with A = 0, s < oo in the formal setting,
which, in particular, can be used to answer an open question raised by J. Moser in 1985 ([pp
399, Mos]).

As another application of our complete set of formal invariants, we show that a generic
Bishop surface with the Bishop invariant vanishing is not equivalent to an algebraic surface,
by applying a Baire category argument similar to the study in the CR setting. (See the nice
paper of Forstneric [For].) Notice that this phenomenon is strikingly different from the theory
for elliptic Bishop surfaces with non-vanishing Bishop invariants, where Moser-Webster proved
their celebrated theorem, that states that any elliptic Bishop surface with a non-vanishing
Bishop invariant has an algebraic normal form.

Let M be a formal Bishop surface in C? defined by

N
w=H(z,Zz)=z2z+ 2Re{z a;2’} + Exy1(2,2), (3.1)

Jj=s

where s > 3 is a positive integer and E; is a formal power series in (z,%) with Ord(En41) >
N + 1. Moreover, a;, =1 and for m > s, m < N,

ay =0 if m=0,1mod s.
Our first result of this section is the following normalization theorem:

Theorem 3.1. With the above notation, there is a polynomial map

Y=ot f(mw), f(mw) = O(u] + |4?)
{ w' =w+ g(z,w), g(z,w)=0(w)*+|z]> + |zw]|), (32)
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that transforms the formal Bishop surface M defined in (3.1) to the formal Bishop surface
defined by

N+1
w' = H*(Z,7) = 2'2 + 2Re{) _ b;z"} + Ex (2, 7). (3.3)
Jj=s
Here By 5 = O(|2["12), a; = bj for s <j < N and

bnyi1 =0 if N+1=0,1 mod s.

Moreover, we have the following conclusions:

(I). When N +1+# 0,1 mod(s), then wtne(f) > N and wt,e.(g) > N + 1.
(II). When N = ts, then wt,o.(f) > 2t and wt,,-(g) > 2t + 1.

(III). When N =ts — 1, then wtpe-(f) > 2t — 1 and wt,.-(g) > 2t.

Before proceeding to the proof, we recall a result of Moser, which will be used for our
consideration here. For any m > 4 and holomorphic polynomials

Fa Dz w), gio (z,0), 6™(2),

we define an operator, which we call the Moser operator L, as follows:

LUz, w0), g6 2 0), 0™ (2)) = ) (2, 22) — 2R3z, 22) + 9™(2)).

nor ? gnor nor nor

The following lemma is an immediate consequence of [Proposition 2.1, Mos| and [(2.10), pp401,
Mos]:

Lemma 3.2. Let G(z,%Z) be a homogeneous polynomial of degree m. Then
L(fin V(= w), g0 (z,w), 9" (2)) = G(z,%)

has a unique solution {fr(ﬂ_l)(z,w),gﬁLTr)(z,w),qb(m)(z)} under the normalization condition:

7(;:;—1) = 22 f* with f* a holomorphic polynomial. In case G(z,Z) is real-valued, then we have
the reality property for gim: gr(ﬂn)(z,w) = g,(ﬂ«)(w), gr(g?(w) = g,%?(w) Moreover, when G
has no harmonic terms, then L <f7(12r§1_1)(z,w),g,($~)(z,w),0) = G(z,%) has a unique solution

{fégn_l)(z, w), g%ﬂ)(z, w)} under the same normalization condition just mentioned. (When G is
further assumed to be real-valued, we then also have the same reality property for g(w).)

The proof of Theorem 3.1 follows from a similar induction argument that we used in the
previous section.

Proof of Theorem 3.1: We complete the proof in three steps.
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Step 1: We first show that there is a polynomial map: 2z’ = z + féii)(z,w), w = w+

gqg](\f,«ﬂ)(z, w), which maps M to a surface defined by the following equation:

N+1
w=zz+ 2Re{z b2} + Enya(z, 2) (3.4)

j=s

with b; = a; for s < j < N and byy1 to be determined. Substituting the map into (3.4) and
collecting terms of degree N + 1, we see that the existence of the map is equivalent to the
existence of the solution of the following functional equation:

LU (2 w), gl (2, w), by a2V = =EQEY(2,2). (3.5)

By Lemma 3.2, we know that (3.5) is indeed solvable and is uniquely solvable under the nor-
malization condition as in Lemma 3.2.

For the rest of the proof of the theorem, we can assume that Ey.; = 2Re{bN+1zN+1} +
o([2|N*).

Step 2: We now assume that M is defined by (3.4). In this step, we assume that N +1 =
1 mod s. Write N = ts. We then show that there is a polynomial map of the form:

(2t+1)

Y=t Ty e ) (3.0
t— T .
w=w+) + {gﬁmf )(w)},

such that under this transformation, M is mapped to a formal surface M’ defined by (3.3) with

by+1 = 0, where ggjo)r( )= gﬁwr( )forueR, j < N-+1. The map is also uniquely determined

by imposing the normalization condition as in Lemma 3.2 for fnor(z, w) with 2t < 7 < N.

As in Step I, this amounts to studying a series of normally weighted homogeneous functional
equations with the normally weighted degree running from 2¢ + 1 to N + 1. Substituting (3.6)
into (3.3), over w = zz + QRG{Z?Q: bzl } + En4a(z, 2), we get the following:

N+4+1-2t—2 N-—2t N—-2t
E : 2t+247) § : 2t+l z : 2t+l
w + giwr T = Z + fnor Z U} Z + anT

N—-2t

+2Re{z z+z JED (2, w)) |+ Byl 7).

Jj=
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With an immediate simplification, (3.7) takes the following form:

N+1-2t—2 N-2t N-2t
E 2t+2+7’ E : 2t+l 2 : 2t+l
gnor nor Z U} + < fTLOT
—2t N-2t
2 : (2t+1 2 : (2t+1 N+1
nor+) fnor ) — 2R€ (bN-i-lZ + )

=0

(3.8)

N—-2t

+zRe{ibj( (4 3 S0 w)) = )} + 0,
j=s
N+1

w=z2Z+ QRG{Z bz} + Enya(z, 7).

Jj=s

We need to inductively solve the above equation up to order N + 1. Collecting terms of degree
2t + 1 in (2z,%), we obtain the equation (2.14), which can be solved as:

J2(z,w) = aw' — az?w'

with a to be (uniquely) determined later.

Now, suppose we are able to solve f,%trH), g%ﬁrlﬂ) for 2t +1=2t,--- . m—1<st—1, by
making use of the equation (3.8) up to the level of degree m < st. Also, suppose that ggjgr(zz)
is real-valued for 7 < m. By arguing exactly in the same way as in the proof of Lemma 2.3, we
obtain from (3.8) the following equation in our setting:

Gmr1(w) =a(1 — s)T LU (2 4 297371 4 (2 4 527 4 ©2) f(2, w)

- 3.9
+ (24 8271+ 02) fn(z,w) — 2Re (b1 2 7) + ©)215, for m < ts = N, (3.9)

where 2t + j(s —2) +2<m+1<2t+ (j+1)(s —2)+ 1 with 0 < j <t — 1. Suppose that
m — 1 < st — 1. Collecting terms of degree m + 1 in (3.9), we get

gﬁglrﬂ)(zg) =z éor)(z 2Z) + anor (2,22) + Pgi% + 5$i(lj+1)(s—2)+1a(1 — 5)j+12(j+1)s+1(22)t i1
(3.10)

Here 52t+ (j+1)(s_2)11 takes value 1 when m+1 = 2t+(j+1)(s—2)+1 for some integer j € [0,1—2],
and 0 otherwise. Notice that gmr(zz) is real-valued for j < m. Since w(z,z) and the right hand
side of (3.8) are also real valued at each homogeneous level of degree up to N + 1, we easily

see that the sum of the last two terms in (3.10) must be real valued. Here 115;';1; is uniquely

determined by the known data such as M and fn?fﬁl , g%trﬂﬂ) for 2t+1=2t,--- ,m—1<st—1.
Since m + 1 < ts + 1, this equation, in terms of the Moser operator, can be rewritten as:

L(fi(z,22), 65 (22),0) = PRy 4 05ty (omgy g @1 — s F20TDH (22) 700 (311
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Here 05,1 (111 (541 18 defined as in (3.10). Since Pl +§$_t(1j+1)(s'_2)+1&(1—3)j+1z(j+1)8+1(2.5>t—j—1
is real-valued and divisible by Z, it does not contain any harmonic terms. By Lemma 3.2, it can
be solved, and can be uniquely solved under the normalization condltlon as in Lemma 3.2. Also

g,&?ﬁl)(zz) is real-valued. By induction, we can uniquely obtain f OT, gﬁ?ﬁl form <ts—1

with the reality property for gnmjr ), Collecting terms of degree m + 1 = ts+ 1 in (3.9), we

obtain an equation similar to (2.57), which can be rewritten as:

LG (22), £z, 22),0) = 2Re{a(1 — s)zt++1}

3.12
+PEHL — a1 — 5) 5 — 2Re(byey 21Y). (3.12)

As argued above and as in the proof of Theorem 2.2, the real-valued homogeneous poly-
nomial ]P’,fjié a(l — )zt has a z factor and thus has no harmonic terms. Hence, if we
choose a = by, 1/(1 — s)!, then (3.12) is uniquely solvable, under the normalization condition

in Lemma 3.2, with gﬁfff 1)(22) real-valued. This completes the proof of the claim in this step.

Step 3: In this step, we assume that N + 1 = 0 mod s. Write N = (¢ + 1)s — 1. We then
show that there is a unique polynomial map of the form:

f =t Ty Sl ) (313)
w' = w A+ NS (),

nor

such that under this transformation, M is mapped to a formal surface M’ defined by (3.3) with

byy1 = 0. Here féz) satisfies the normalization condition in Lemma 3.2 for m # 2t 4+ 1, and
gﬁfo)r(u) = gnor( ) for u real and j < N + 1.
The argument for this step is the same as that for Step 2. We first have to choose

Fior D (z,w) = bawt, g5 (w) = (b+D)w'™!

nor

with b to be uniquely determined later. Arguing exactly in the same way as in Step 2, we can
inductively find the unique solution (under the normalization condition) for 20 gt

with 2t +1 =2t +2,--- ,< st + s — 1 with the reality property for ggfﬁrl“). At the level with
degree ts 4+ s, we have the following equation:

2Re(by12" ) + gior ™ (22) = (5 = )b — D)(1 — 5)'2"**
+P§iii+1 + fnf)sr—‘_s 1)(75 ZZ) + Zfézsr+s_1)(2722).

Now, arguing in the same way as in Step 2, (3.14) is uniquely solvable by choosing b such
that ((s — 1)b—b)(1 — s)" = byy1 and by imposing the normalization condition as in Lemma

(3.14)

3.2 to fUsD  The reality for gia™ follows in the same way.

Now, the map in Theorem 3.1 can be chosen as the map in Step 1 if N 4+ 1 # 0,1 mod(s).
When N + 1 = 0, or 1 mod(s), the map in Theorem 3.1 can be defined by composing the
map in Step 2 or that in Step 3, respectively, with the map in Step 1. We see the proof of
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Theorem 3.1. Moreover, with such fixed procedures and normalizations described in the above
steps, for k + 20 < N and j 4+ 27 < N + 1 there are polynomials {Pyi(@us, Gap)i<ats<n+1}
and {Q;r(Gap, Tap)i<a+s<n+1} (depending only on s and N) such that the coefficients of the
map (2, w') = (z,w) + (f,9) = (z,0) + (X4 poma buiz* ', 325 o o5 ¢j-2/wT) in Theorem 3.1 are
determined by

bt = Pu(ap; Gap); Cjr = Qjr(ap, Gap) With 1 <o+ 3 < N 41, (3.15)

where k +2l < N, j+21 < N+ 1and H = Za+522 aagzazﬁ.
The rest of the proof of Theorem 3.1 follows from the procedures that we used to prove the
existence part. i

We next choose the map 2z’ = z + f, w’ = w + ¢ in Theorem 3.1 such that its coefficients
are determined by (3.15). Let z = 2/ + f*(2/,w') and w = w' + g*(2',w’) be its inverse
transformation. Notice that the coefficients of (f*, g*) in its Taylor expansion up to degree, say
m, are universal polynomial functions of the coefficients of (f, g) up to degree m for any m.
Hence we have the defining equation of M*, the image of M, as follows:

w' +g" (2 w') = H(Z + f* (', w'), 2 + f*(2/,w')).

Applying an implicit function theorem to solve for w’ and making use of the uniqueness of the
graph function, we see that the coefficients in the Taylor expansion of H* up to degree m must
also be (possibly non-holomorphic) polynomial functions of the coefficients of H of degree not
exceeding m in its Taylor expansion. Repeating such a normalization procedure that we did
for M to M* and by an induction argument, we get the following theorem: (The uniqueness
part follows from Lemma 2.1 and Theorem 2.2.)

Theorem 3.3. Let M be a formal Bishop surface defined by

w=H(z2,2) =22+ 2"+ 2"+ E(2,2), (3.16)

where s > 3 is a positive integer and E(z,Z) = Za+5>8+1 aaﬁzaz_ﬁ. Then there is a unique
formal transformation of the form:

2 =24 f(z,w), flz,w)=O0(w|+ |z]?),
{ w=w+g(z,w), g(z,w)=0(w]*+|z]> + |2w]), (3.17)

that transforms M to the formal Bishop surface defined by

w' = H*(¢,2) = 22" + 2° + 2" + 2Re{ Z Ahsij 2™ (3.18)

J=2,-,5—1; k>1
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The normal form in (3.18), up to a transformation of the form 2" = 2’ w" = w with *? = 1,
uniquely determaines the formal equivalence class of M. Moreover, there are a set of universal
polynomial functions

{Aks—l-j(Zaﬂa Ta,@)s—l—lga—ﬂ—ﬂgks—l—j} 7=2,,5—1; k>1

depending only on s, such that:

Aksti = Mrstj(Qap, Gap)sti<at kst j=2,- s—1; k>1- (3.19)

Proofs of Theorem 1.1 and Corollary 1.4: Theorem 1.1 follows immediately from Theorem
3.3 and Lemma 2.1 (ii) (iii).

The proof of Corollary 1.4 (a), (b), (d) also follows easily from Theorem 3.3. To see Corollary
1.4 (c), we let G be a proper subgroup of Z,. Define Jg := {j : 2 < j < s—1, % =
1, for any (e?z,w) € G}. Let Mg be defined by

w=2Z+ 2° +Z° + 2Re{ Z sy ;25 Y,
Jj€Ja

with as1; # 0. Then we will verify that auto(Mqg) = G. To this aim, write G* to be the
collection of ¢'s with (z,w) — (£z,w) belonging to G. By Corollary 1.3 (a), we need only to
show that if £** =1 and &% = 1 for any j € Jg, then £* € G*. Write k = |G*|. Then s = km
with m(€ N) > 1. For any (€ G*) # 1, since the order of £ must be divisible by k, we see
that &8 = 1. Therefore, G* forms a complete set of the solutions of z¥ = 1. Now, it is clear that
Jo=1{k,---,(m —1)k}. Hence, we see that £&** = 1. Thus, £* € G*. This completes the proof
of Corollary 1.4 (c).

Now, by Corollary 1.4(a), we see that for M as in Corollary 1.4(e), M must be formally
equivalent to M,. Assuming Theorem 1.5, which we will prove in the next section, we also con-
clude that M is biholomorphically equivalent to M. Corollary 1.4 (f) is a simple consequence
of the results in (a) and (e). B

Corollary 3.4. Let M be a real analytic Bishop surface defined by an equation of the form:
w=H(z,Z) =2z + 2Re{2° + Z Apsy 2™} with infinitely many agsi; # 0.
k>1, j=2,,5—1
Then for any N > s, M is not equivalent to the Bishop surface My defined by

ks+j<N
— ) — ~7% s ks+j
w = Hn11)(2,Z) = 2Z 4+ 2Re{2" + E Apsti2 7}
k>1, j=2, 51

Here H(ny1) is the N _truncation from the Taylor expansion of H at 0. In fact, Mny1) s
equivalent to Myi41y with N' > N if and only if apey; = 0 for any N < ks +j < N'.
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Corollary 3.4 answers, in the negative, the second problem that J. Moser asked in his paper
([pp 399, Mos]).

As a less obvious application of Theorem 3.3, we next show that a generic Bishop surface
with the Bishop invariant vanishing at 0 and with s < oo is not even formally equivalent to
any algebraic surface in C?. For this purpose, we borrow the idea used in the CR setting based
on the Baire category argument. For the consideration in the CR setting by using the Baire
category theorem, the reader is referred to the paper of Forstneric [For].

Write M for the collection of all formal Bishop surfaces defined as in (3.16):

w=H(z,Z) = 22+ 2Re(2°) + Z (32 2P. (3.20)
a+pB>s+1
Write F :={d@ = (a1, -+ ,an,---): a; € C}, equipped with the usual distance function:
dist@ By =Y 1 =bl__
’ = 2(1+ |a; = bs])

We know that F is a Fréchet space. There is a one-to-one correspondence between M, and
F, which assigns each M € M, to an element: M = (anp) € F labeled in the lexicographical
order. Therefore, we can, in what follows, identify M, as a Fréchet space. We define the
operator J such that it sends any M € M, to (Apsij)j201;6>1, Where (Agpy;) is described as in
Theorem 3.3. By (3.19), we easily see that J is a continuous map from M; to F.

(M, p) in C? is called the germ of an algebraic surface if M near p possesses a real polynomial
defining equation. If p € M is a point with an elliptic complex tangent, whose Bishop invariant
is 0 and whose Moser invariant is s < oo, then there is a change of coordinates (see [Hul], for
instance) such that p = 0 and M near 0 is defined by an equation of the form:

w=2Z+ B(z,zZ,w,w), B(z,Z,w,w) = Z canga?guﬂ@ﬂ (3.21)
3<a+f+2v+27

where B is a polynomial in its variables. By using the implicit function theorem and using
the argument in the step 1 of the proof of Theorem 3.1, it is not hard to see that there is a
fixed procedure to transform (3.21) into a surface defined by an equation as in (3.20), in which
aqp are presented by polynomials of c,g,, and H(z,Z) becomes what we call a Nash algebraic
function to be defined as follows:

We call a real analytic function h(z,Z) near 0 a Nash algebraic function if either h = 0 or
there is an irreducible polynomial P(z,Z; X) in X with polynomial coefficients in (z,Z) such
that P(z,Z;h(z,%Z)) = 0. Certainly, we can always assume that the coefficients of (z,£, X) (in
P(z,&, X)) of terms with highest power in X have maximum value 1. The degree of h is defined
as the total degree of P in (z,%, X).
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For d, n, m > 1, we define A%(n,m) C M, to be the subset of Bishop surfaces defined in
(3.20), where H(z,Z)'s are Nash algebraic functions derived from the B’s in (3.21) by the pro-
cedure described above with the degree of B’s bounded by d, that further satisfy the following
properties:

Cond (1): H(z,£)'s are holomorphic over |z|? + [£]? < 1/m?;
Cond(2): max(.;24iep)<1/m2 |[H(2,£)| < n and |capyr| < n.
Write AL = U, 1 A%(n,m) and Ap = UX A%, Tt is a consequence of Theorem 3.3 that

M, defined in (3.165, is formally equivalent to an algebraic surface if and only if 7(M) € J(Ag).
(Therefore, M defined in (3.16) is not formally equivalent to an algebraic surface if and only if
J(M) & T(Ag).)

Now, for any sequence {M;} C A%(n,m) with M; : w = Hj(2,%Z) = 2z + 2° + Z° + o(]2]*),
by a normal family argument and by passing to a subsequence, we can assume that H;(z,§) —
Hy(z,&) over any compact subset of {|z]? + |£]* < 1/m?}. If follows easily that M, defined by
w = Hy is also in A%(n, m). Moreover, D?D?Hj(O) — DijHO(O) for any (a, 3). By (3.19),
J(M;) — J(Mp) in the topology of F. Therefore, we easily see that J(Ag) is a subset of F
of the first category.

Next, for any R > 0, we let

Sri= X = Asrihizryma o1} o [IMlr = Y Pesis| R < oo}

ks+j

It can be verified that Sg is a Banach space under the above defined || - ||[g-norm. (In fact,
it reduces to the standard [*-space when R = 1.) We now claim that K%, defined as the closure
of J (A%(n,m)) NSk in Sg in its Banach norm, has no interior point.

Suppose, to the contrary, that a certain e-ball B of ap = (Agkﬂ)@l;jzz...,s_l in Sy is con-
tained in K%. We must then have B C J (A%(n, m)) N Sg. Indeed, for any @ € B, let
J(M;) — @ with M; € A%(n,m). By the argument in the above paragraph, we can assume,
without loss of generality, that M; — M, € A%(n,m) in the F-norm. By (3.19), we see that
J(My) = d@. Choose @ = {Aporj} such that [Aesrj — Mgy ;| - (2R)*% < € for any ks + j. For

any N > 1, then we see that there is a certain H = 2Z + 2% + 25 + )
algebraic near 0 such that

st1<ass Gapz®z’ Nash

/\ks+j = Aks—&-j(aa&@), N > ks +.7 > S+17 Oé—f-ﬁ < ks +j7 A= (Aks+j)s+1§ks+jSN- (322)

Here H is obtained from B in (3.21) with degree of B bounded by d. Since a,g are polynomial
functions of ¢,g,-, we can conclude a contradiction from (3.22). Indeed, since the variables on
the right hand side of (3.22) are polynomially parametrized by less than (2d)® free variables
(Capyr), the image of (3.22) can not fill in an open subset of R¥ "% as N > 1.

Therefore, we proved that Ag = Ufﬁmm:lAle(n, m) is a set of the first category in Sg. By
the Baire category theorem, we conclude that most elements in Sg are not from J (Ag N Sg).
For any d = (Ask1j)(€ Sr) &€ J (Ap N Sgr), the Bishop surface defined by: w = 2Z + 2° 4+ 2° +

31



2Re(Y is10<jcs 1 Akst527577) is not equivalent to any algebraic surface in C2. When R varies,
we complete a proof of Theorem 1.3. R

A real analytic surface in C? is called a Nash algebraic surface if it can be defined by a Nash
algebraic function. By the same token, we can similarly prove the following:

Theorem 3.5. Most real analytic elliptic Bishop surfaces with the Bishop invariant A = 0 and
the Moser invariant s < oo at 0 are not equivalent to Nash algebraic surfaces in C?.

Proof of Theorem 3.5: To prove Theorem 3.5, we define A% (n, m) in the same way as before
except that we now only require that H(z,2) = 2Z 4+ 2° + 2° + Y., 52,11 Gapz®Z’ is a general
Nash algebraic function with total degree bounded by d and with the same conditions described
as in Cond (1) and the first part of Cond (2). The last part of Cond (2) is replaced by the
condition that [bag,| < n, where P(2,%, X) = 370;(2,2) X7 = 3 5 bap,2°Z° X7 is a minimal
polynomial of H with the same coefficient restriction as imposed before.

We fix an Hy and its minimal polynomial Py(z,Z; X). (We will fix a certain coefficient of
P in the top degree terms of X to be 1 to make the minimal polynomial Py unique). Let
A% (n,m; Hy, 6) be a subset of A%(n,m), where M = {w = H(z,2)} € A%(n,m; Hy,?) if and
only if |bagy — 005, < 0. Here P = Y7 bap,2°2° X7 and Py = Y b0 5 2°Z° X7 are the minimal
polynomials of H and Hj, respectively. We assume that P is normalized in the same manner
as for Py. (Certainly, we can always do this if 0 < 1.)

Consider an H and its minimal polynomial P associated with an element from A% (n, m; Hy, §).
Let R be the resultant of P and P} with respect to X. We know that R is a non-zero polynomial
of (z,%) of degree bounded by Ci(d), a constant depending only on d. Write H = H{y, + HY
with H (*N) the Taylor polynomial of H up to order N — 1 and Hy' the remainder. Then from

P(z,%z, Hyyy + HY) = 0, we obtain

P*(2,7,X™) =0 with X*™ = H% (3.23)

Here P** is a polynomial of total degree bounded by Cs(d, N), a constant depending only
on d and N, and its coefficients are determined polynomially by the coefficients of P and H EKN)'
Notice that Dx«« (P*™(2,Z, X*)) |x+=0 = Dx (P(z, Z, X))X:H(*m. Since there are polynomials

G1 and G5 such that G1P 4+ GoPy = R and since P(2,%, Hy,)) = o(|z]"V), we conclude that
the degree ko of the lowest non-vanishing order term of Py(z,%, H(y,) is bounded by C1(d),
depending only on d.

Choose an N > ('j(d) and a sufficiently small positive number §. We can apply a comparing
coefficient method to (3.23) to conclude that each an,5, With ag + Gy > N is determined by
bagy and a.p with a + F < N — 1 through rational functions in a.s (@ + 3 < N — 1) and
bagy (v + B+ v < d) with at most C(ko,d, N) variables, here C(ko,d, N) depends only on
ko,d, N. Now, (3.22) can be used in the same manner to show that the interior of the closure
of J(A%(n,m; Hy,8)) NSk in Sk is empty. It is easy to see that J(Ap) can be written as a
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countable union of these sets. We see that J(Ag) is a set of the first category in Sg. This
completes the proof of Theorem 3.5. R

Remark 3.6. (A). The crucial point for Theorem 3.5 to hold is that the modular space
of surfaces with a vanishing Bishop invariant and s < oo is parameterized by an infinitely
dimensional space. Hence, any subclass of My, that is represented by a countable union of
finite dimensional subspaces of M., is a thin set of M, under the equivalence relation. This
idea, that the infinite dimensionality of the modular space would generally have the consequence
of the generic non-algebraicity for its elements, dates back to the early work of Poincaré [Po.
In the CR setting, Forstneric in [For| has used the infinitely dimensional modular space of CR
manifolds and the Baire category argument to give a short and quick proof that a generic CR
submanifold in a complex space is not holomorphically equivalent to any algebraic manifold.
Some earlier studies related to non-algebraicity for CR manifolds can be found, for instance,
in [BER] [Hu2] [Ji]. However, by a result of the first author with Krantz [HK] and a result
of the first author in [Hu3], a Bishop surface with an elliptic complex tangent can always be
holomoirphically transformed into the algebraic Levi-flat hypersurface C x R and also into the
Heisenberg hypersurface in C2.

(B). In the normal form (3.18), the condition that Aysy; = 0for j =0,1, k=1,2,--- can be
compared with the Cartan-Chern-Moser chain condition in the case of strongly pseudoconvex
hypersurfaces (see [CM]). In the hypersurface case, the chain condition is also described by a
finite system of differential equations. It would be very interesting to know if, in our setting
here, there also exist similar equations describing our chain condition.

4 Surface hyperbolic geometry and a convergence
argument

In this section, we study the convergence problem for the formal consideration in the previous
section. Our starting point is the flattening theorem of Huang-Krantz [HK], which says that
an elliptic Bishop surface with a vanishing Bishop invariant can be holomorphically mapped
into C x R.

Hence, to study the convergence problem, we can restrict ourselves to a real analytic Bishop
surface M defined by

w=2Z2+2"+2"+E(2,%), E(2,2) = E(2,Z) = 0(]#]°), 2~0, 3<s<o0. (4.1)

Here F is real analytic.
For the rest of this section, we assume that all Bishop surfaces (which we will denote by
M, M' My, M! ., -+ ) are real analytic and are holomorphically flattened. (Namely, they are

defined by real analytic equations of the form as in (4.1)). Thus the second-component (denoted
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by (w + g(z,w))) of any map (formal or holomorphic) between such surfaces has the reality
property: (See Lemma (2.1)(iii))

9(z.w) = g(w), g(w) = g(w). (4.2)

Recall that the Moser-Webster complexification 90t of M is the complex surface near 0 € C*
defined by:

{ w=2z(+ 25+ + F(z,0), (4.3)

n=20+2"+C+ E(z0).
We define the projection 7 : 9 — C? by sending (z,¢,w,n) € M to (z,w). Then 7 is
generically s to 1. Write B for the branching locus of 7 near the origin. Namely, (z,w) € B if
and only if 3(p,7m0) such that (z, (o, w,n9) € M and 7 is not biholomorphic near (z, o, w, no).
Write B = 7~ !(B). Then
(z,w) € B
<= 3¢ such that w = 2(+2°+ (*+ E(z,¢) and z+ sC*™' + E¢(2,¢) =0,
— t{r ' (z,w)} < s.

It is easy to see that near 0, B is a holomorphic curve passing through the origin.

Now, suppose M’ is defined by
w =22+ 25+ 2+ EX(Y, ), E*Z,7)=E*(%,2)=o(|Z|") for 2’ =~ 0. (4.4)
Write 9V for the complexification of M’. Suppose that F' : (M,0) — (M, 0) is a biholomorphic
map. Then F induces a biholomorphic map F from (90t,0) to (9, 0) such that 7’ o F = Fo.
From this, it follows that F'(B) = B’, where B’ is the branching locus of 7’ near the origin.

We next give the precise defining equation of B near 0. From the equation z + sC57! +
E(z,¢) =0, we can solve, by the implicit function theorem, that

z=h(¢) = —sC* "+ o(¢*T), (4.5)
where hq(¢) is holomorphic near 0. Substituting (4.5) into (4.3), we get

w = hy(¢) = (1= )¢+ 0(¢%). (4.6)
From (4.6), we get

— = (1)) with By(€) = €+ 0(C). (47)
Hence, we get
—1 w 1 1 1 1 1

¢ = hs ((_8 — 1)) = (—1)5(5 — 1)sws + o(ws),
z=ho hgl((_s ﬁ} 1)%) = I ( _1)%<3 Qi} 1)% +o(ws)) =s(=1) 5w -(s— 1)1?5 + o(w%)
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Here, h’s are holomorphic functions near 0. B is now defined by the second (multiple-valued)
function in (4.8).
Next, let w = u > 0 and we define

_ _Q@it)rv=T U s
o) = mong! () (w9

(142j)7/—=1  s—1
S

= se (7 -(5—1)%+0(u%), j=0,1,---,s—1

Then A;(u) is a well-defined function for 0 < w < 1 and has a convergent power series

expansion in u'/*.

The following immediate fact will be crucial for this section:

Lemma 4.1. (a). For any u with 0 <u < 1, Aj(u) € D(u). Here

Du)={z€C'iw=22+2°+72+ E(z2) < u}. (4.10)

(b).{(A;(u), u)}j;(l) = BN{w=u} and A;(u) has a convergent power series expansion in u*/*

for each fized j € [0, s — 1].

Proof of Lemma 4.1: The proof of Lemma 4.1 (a) follows clearly from the following estimate:
A, ()? + Re{245(u) + B(A;(), A ()} = O(w” =) < u
asfaras 0 <u <« 1 and s > 3.
Lemma 4.1 (b) follows from the way A;(u)’s were defined and the result in Lemma 4.1(a).
|

We remark that (4.1)-(4.9) also hold in the formal sense, when M is just assumed to be a
formal Bishop surface with a vanishing Bishop invariant.

Consider a surface (M, p) in C2. We say that M near p is defined by a complex-valued
function p, if M near p is precisely the zero set of p and {Re(p),Im(p)} has constant rank
two near p as functions in (x,y,u,v). For a surface (M, p) defined by p and a biholomorphic
map F' from a neighborhood of p to a neighborhood of p’, we say that F(M) approximates
(M*,p') defined by p* = 0 to the order m at p' if there are smooth functions hy and hy with
|hi]? — |hof?> # 0 at p such that p* o F(Z) = hy - p(Z) + hy - p(Z) + o(|Z — p|™). Tt is easy to
check that this notion is independent of the choices of p and p*.

Lemma 4.2. Let M, M’ be Bishop surfaces near 0 defined by (4.1) and (4.4), respectively.
Suppose that F(M) approximates M’ to the order N = Ns+ s —1 at 0 with N > 1. Then

F(A (), w) = A5 ()| < [u]V, for j=0,--- s =1, 0<u <1,

where A%(u) is the function associated with M' defined as in (4.9). Here F' = (f,g) = (2 +
f,w+g) is assumed to be a holomorphic map with f = O(Jw| + |z|*), g(z,w) = g(w) = O(w?),
g(w) = () and of = u + g(u).
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Remark 4.3. In Lemma 4.2, since it is not assumed that F'(M) C M’, the reality of g is not
automatic from the property that F'(M) approximates M’ to a high order.

Proof of Lemma 4.2: Let ®; be a biholomorphic map, which maps M into MY defined by

nor
N s—1

w = zZ + 2Re{z" + Z Z Apss 27T} + R(2,2), (4.11)

k=1 j=2

and let ®, be a biholomorphic map from M’ to M’ with M'Y defined by

N s—1
w = 2"z 4+ 2Re{” + Z Z ayss; 2+ R(Z, 7). (4.12)

k=1 j=2

Here R(2,%Z) = R(z,2) = o(|z|*N**71) and R'(2,2) = R/(z,2) = o(|z|*N**71). Define & =
dy0F o <I>f1. Here we assume ®;, ®, satisfy the normalization as in Theorem 3.1 at the origin.
(Notice that the second components of @1, ®5 have the reality property as mentioned before).
Then ®*(MY ) approximates M’ N up to order N.

nor

By Theorem 2.2(I) (II), we conclude that
kstj = Apgyj for ks +j < N and & =Id+ O(|(z,w)|Y), with N=Ns+s—1. (4.13)

In what follows, we write A;(u), Aj(u), A3 (u), A7 (u) (j =0,---,s—1) for those functions
in u for 0 < u < 1, defined as in (4.9), corresponding to M, M’, MZXN . M'an, respectively.
Notice that they have convergent power series expansions in «!'/* with the same first nonzero

s—1
term Cs_o ;u = , where

Cpgy = se 8 (s — 1) (4.14)

Write 2777 (¢) and h3""(¢) (j = 1,2, 3) for those holomorphic functions, defined as in = (4.5),
(4.6) and (4.7), corresponding to MY and M'Y

nor nor’
functions were constructed, we have

respectively. Then from the way these

R (C) = hi""(Q) + O(I¢] ™) for j = 1,2,3.
Thus,
(R5°)7H(C) = (h3™)~HO+O(IC]Y ), and Ay o(R5™)H(C) = hi"" o (h3")~HO)+O(ICIV ).
Hence, from the way A; and A} were defined, we have
AR (u) = A5 (u) + O ). (4.15)

Write @;(z, w) = (¢;(2,w), ¢, (w)) with ¥;(u) = ¢;(u) for j =1,2.
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By the invariant property that we mentioned above, we have, for 0 < u < 1 and 0 < j <
s—1,
©1(A;(u),u) = (A7 (Ui (w), 1 (w)) , Pa(Af(u),u) = (A7 (Y2(u)), 2 (u)) -

Since F' = &, 0 @ o ®; and ®* = Id + O(|(z,w)|"), we see that u + g(u) = ¥y * (Y1 (u)) +
O(u").
This immediately gives the following:

F(Aj(u),u) = &y oqﬂo@( <u>7u) o@ﬁ(A”O’“(w (), ¢1(u))
= 05" 0 & (A (¢ )) =0, (A (¢1(w)), 1(u)) + O™ ) (4.16)
= (A3(W3 ' (1 (w)) u))) + '

= (A5 (u+ g(w),u+ g(U)) + O(UN‘I)-
The proof of Lemma 4.2 follows. B

We now state the following proposition, whose first part is the content of Lemma 4.2.

Proposition 4.4. (1). Suppose that there is a holomorphic map F from (C%0) to (C?,0) such
that F(M) approzimates M' up to order N = Ns+s—1>2s—1 at 0. Then

Af(u+ g(u) = f(Aj(u),u) + O@™™Y), j=0,1,---,5s—1, for 0 <u< 1. (4.17)

Here we assume that F' = (f( w),g(z,w)) = (z+ f(z,w),w+ g(w)) with f(z,w) = O(|w| +
21), g(w) = O(w?) and g(w) = g(w).

(2). Suppose that there is a formal holomorphic map F : M — M’', where we write F' =
(f(z,w), g(z,w)) = (2 + f(z,w),w+ g(w)) with f(z,w) = O(|w| + [2*) and g(w) = O(w?).
For an N > 1, write, for the rest of this paper, f(ﬁﬂ)(z,w), §(N+1)<Z7w) for the (chbvylor)
polynomials consisting of terms of degree < N in the Taylor expansions at the origin of f and
g, respectively, with N = Ns+ s — 1. Then

A;‘(u + 9(1\7+1)(U)) - f(ﬁﬂ)(Aj(u)v u) =OW"™), asu— 0" (4.18)

Remark 4.5. Proposition 4.4 (2) is the first place in this section, in which we use the truncation
to deal with formal power series. We give a little more detailed explanation in this remark.
(A) We emphasize that A} is a function in its variable over the domain (0, €) with 0 <
€0 < 1. Hence, for any other function h(u) > 0 with 0 < u < wug, if lim,_o h(u) = 0, then
Aj o h = Ai(h(u)) is also a well defined function for 0 < v < 1. In Proposition 4.4 (2), since
h(u) =u+ g5, (u) > 0 for 0 <u < 1and limy,_o+ h(u) = 0, A7 o h(u) = A5 (u+ g5, (u))
is a well-defined function for 0 < u < 1. As a point in the complex plane, Aj(h(u)) €
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D*(h(u)) for each 0 < u < 1. (See, for example, (4.20) for the notation of D*(u).) Of course,
since f5,1y(2,w) is a polynomial in (2, w), f 5 (A;(u),u) is a well defined function in u for
0 < u < 1. The precise meaning of (4.18) is that

Aj(u+ g(ﬁﬂ)(“)) - f(N+1)(Aj(u)7 u)

N-1

<C

u

for a certain constant C' when 0 < u < ¢; with €; a sufficiently small positive number. In what
follows, the same explanation applies in the similar situations.

(B). Let m be a positive integer and let n be an integer. Let hy(u) = > .o apum and
ho(u) => e bkum be formal Laurent series in u!'/™ with at most finitely many negative power
terms in u'/*. In what follows, we say that h;(u) = hy(u) in the formal sense if a;, = by, for any
k > n. Now, in Proposition 4.4 (2), since u + g(u) is a formal power series without constant
term and A%(u) admits a power series expansion in u'/*, A%(u + g(u)) = Cy_pul=D/* 4 ...
also has a formal power series expansion in u'/*. Similarly, f(Aj (u),u) admits a formal power
series expansion in u!/*. Then it follows from (4.18) that

AZ(u+g(u)) = f(Aj(u),u) in the formal sense, (4.19)

which is all we need for our later application of Proposition 4.4 (2). Namely, the precise estimate
for the error term O(]z|¥~!) in (4.18) is not crucial for our application. All we need is that
there is an N, depending only on N with N’ — oo as N — oo, such that the right hand side
of (4.18) is O(|z|N"). (There are many similar situations in the later discussions where what is
important is the error term of order O(|z|"") with N’ — 0o as N — oc.) Indeed, to see (4.19),
write

A (u+g(u)) = Z aut/*, and f(A Z bpuk/*
k=s—1 k=s—1
Then by (4.18), we have
s(N—-1)—1
Z bku Z apu?’* + O(uN ).
k=s—1 k=s—1

Hence, we have a; = by for any s — 1 < k < s(N — 1) — 1. Since N is arbitrary, we see aj = by,
fork>s—1.

(C): In what follows, we often use the following simple fact without mentioning specifically:
Let B(u) be a formal power series in u!/™ and y;(u) = c;u™ + - -+ be a formal power series in
u without constant term for j = 1,2. If x;(u) = xa(u) + O(u®), then B(x1(u)) = B(xa(u)) +
O(uN=r+7/m) = B(xa(u)) + O(u™").

(D). We emphasize again that since the real analytic surfaces M, M’ are assumed to be
holomorphically flattened, the formal reality for g in Proposition 4.4(2) follows from Lemma
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2.1(iii), as mentioned before. However, the reality for g in Proposition 4.4(1) has to be taken
as part of the hypothesis there. The same remark applies in the other similar situations.

(E). Fix an M. Notice that for any v with 0 < v < 1, {(2,u) : z € D(u)}, with D(u)
being defined in (4.10), is a simply connected Riemann surface attached to M, whose Euclidean
diameter d(u) is of the quantity 2/u + o(u'/?). We notice that the Euclidean distance from
A;(u) to the boundary of D(u) divided by the diameter of D(u) approaches to 1/2 as u — 0F.
This roughly says that A;(u)'s are close to the the center of D(u). More precisely, when
we scale both D(u) and A;(u), for each 0 < u < 1, by the factor \/%7, \%D(u) uniformly
approaches to the unit disk in the sense that for any 0 < 6 < 1, when u > 0 is sufficiently
small, Aj_s C \%D(u) C Aq.s; while \/iaAj(u) — 0, the center of A. Here for any R > 0,
Ap:={¢e€C: [¢| < R}.

Proof of Proposition 4.4: We need only to prove the second part of the proposition. We fix
0<j<s —Nl. Let the polynomial map Fg. ) = (f(ﬁﬂ)j(ﬁﬂ)) be the Taylor polynomial of
F of order N at the origin, namely, polynomial consisting of terms in the Taylor expansion of
F at the origin of degree < N. Then F(N+1)(M) approximates M’ up to order N. By the first
part of the proposition, (see Remark 4.5(D) for the explanation for the formal reality of g), we
have _

which is precisely (4.18). B

Let z = ro(r,r) with u = r? and r > 0 be the uniquely determined conformal map from
the unit disk A := {7 € C: |7| < 1} to D(u) with ¢(0,r) =0, ¢-(0,7) > 0. Here, as defined
before,

Du)={z€C': 224+ 2+ 2 + E(2,2) <u=r?}.

Then ¢(7) = (ro(r,r),r?) is a holomorphic disk attached to M.
Similarly, let z = ro*(7*,r) with u = r* and r > 0 be the conformal map from the disk A
to D*(u) with 0*(0,7) =0, 0*.(0,7) > 0. Here,

D*(u)={z€C': 22+ 2°+2° + E*(2,2) <u=1r}, (4.20)
with M’ being defined by w = 2z 4 2° + z° + E*(z, Z) as before. Then we know that

o(r,r) =7(14+O(r)) and o extends to a real analytic function in (7,7) over A . X (—¢,¢)
(4.21)
with 0 < e < 1. (See [Lemma 2.1, Hu3J). Similar properties also hold for o*.
For each j € [0,s — 1], we will write, in what follows, 7;(u) € A for the point such that
ro(rj(u),r) = Aj(u). Then

V) =20 4 o) = Cugyu

1
u?z u

= oto(uT), 0<j<s—1. (4.22)

(ST
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Here o~!(-,r) denotes the inverse of o(-,r). In particular, as a function of u with 0 < u < 1,
we have the following property for 7;(u) for each j € [0,s — 1]

Lemma 4.6. When u — 07, 7;(u) approaches to the origin.

Remark 4.7. By (4.22) and (4.14), for each 0 < u < 1, {7o(u), -+ ,7s_1(u)}, as points in

11

A, are approximately equally distributed on the circle with radius equal to s - (s — 1) Uz,
{70, T 1} are labeled counter-clock-wisely along the circle starting with 79(u) = se™ -
(s — 1) uzs + o(u2 V%), For 0 < u < 1, {Ag(u),---, As_1(u)}, as points in D(u), are
approximately equally dlstrlbuted counter-clock-wisely on the circle centered at the origin with
radius equal to s - (s — 1)"s u’s, while D( ) is approximately a disk centered at the origin
with radius approximately equal to v/u > u"= . Notice that the ratio of the Euclidean distance
from A;(u) to 0D (u) with the Euclidean distance from A;(u) to the origin is approximately of

the quantity Cou%;ss(ﬁ 00, as u — 0) with the constant Cy # 0.

(23

Notice that 7;(u) has a convergent power series expansion in u'/ ( Or, we will simply

say that 7;(u) is analytic in uzs)

o0
l
= E CIJUX.

l=5—2

Here, as before,
1-s w ©V/1042)

Csoj=s(s—1)+ , 0<j<s—1. (4.23)

Recall that for any 0 < j,l < s —1 and any v with 0 < u < 1, A;(u), A/(u) € D(u). We
define the hyperbolic distance between A;(u) and A4;(u), as points in D(u), to be the distance
determined through the metric pulled back, by a conformal map, the classical Poincaré metric
d?s = 24292 over the unit disk A. Now, the hyperbolic distance between A;(u) and A;(u)

(1-z?)?
as points in D(u) is the same as the classical hyperbolic distance between 7;(u) and 7(u) as
points in A with respect to the Poincaré metric d*s = (14d|“|r Write dpy,(7;(u), 71 (w)) for the

classical hyperbolic distance between 7;(u) and 7;(u) as points in A.
Write Ly(ji1)(u) = e®w»(7) — 1 which is a function in u for 0 < u < 1 and for each
j € [1,s — 1]. In particular, Lia(u) = e®wr(™:7) — 1. Since

1-70m1

1+ ’17—07':}
dhyp(T0,T1) = In 1—700711 , we have

V=1r 3v/—17 s—2 s—2
so—e s |uz Fo(u).

Lis(u) = 2s(s — 1)+

40



Also, Lq2(u) has a convergent power series expansion in us.

Next, suppose that F' : M — M’ is a biholomorphic map with F = (f,@ = (z,w) +
(O(lw| + |2]2), 0(w?)). Then f(z,u) = z + f(z,u) is a conformal map from D(u) to D*(u/)
with ' = u+ g(u) for each u with 0 < v < 1. Hence the hyperbolic distance between Ag(u) to
Aj(u) is the same as the hyperbolic distance from Af(u') to Aj(u') with respect to the hyperbolic
metric in D*(u'); for f(Aj(u), u) = A%(u+ g(u)) as mentioned at the beginning of this section.
Similarly, we can define functions LT( 1) associated with M’. We have the following;:

Lemma 4.8. Suppose that F is a biholomorphic map with F = (f(z,w),g(w)) = (2 +
f(z,w),w+ g(w)) = (z,w) + (O(|w| + |2[*), O(w?)) such that F(M) approzimates M’ at 0
up to order N = Ns+s—1>2s— 1. Assume that g(w) = g(w). Then, we have

Liy(u+ g(u)) — Lio(u) = O(u™¥2) as u — 0.

Proof of Lemma 4.8: We first assume that M, M’ are already normalized up to order N.
Then, by Theorem 2.2, we see that F' = Id+O(|(z, w)|"), M is defined by w = 2z+2Re{po(2) } +

o(|z|"), M is defined by w = zz+2Re{po(2) }+o(]z|V), where po(2) = 2°+0(2%), v’ = utg(u) =
u+ O(|uY) and o{*7(0) = 0 for j = 0,1 mod (s).

Since v’ = u+ g(u) = u+ O(u") and u = r?, v/ = r?, we have v’ = r + O(u"""1). From the
way o and o* were constructed, we claim that there is a constant C' independent of 7 and u
such that for 0 < u < 1, we have the following:

lo*(1,7") — o(7,7)| < C|r|u™ " for 7 € A, (4.24)

Indeed, by the way o*(-, ) was constructed, we can write o*(7,7) = 7(1+x(7,7)), where x(7,7)
extends to a real analytic function over A X (—¢g, €g). (See [Lemma 2.1, Hu3] or the following
Lemma.) We see that

o*(r,7") — o*(r,7) = TO(WN ™). (4.25)

Hence, (4.24) follows from (4.25) and the following more general result:

Lemma 4.9. Let o(&,7) =&-(1+0(r)) and o* (&, 1) = £- (14 O(r)) be the biholomorphic map
from the unit disk A to

D(r) :={§ € C(= A) : [¢]* +rFi(r,& &) <1},

D 7”) = {§ € (C(z Z) . |§|2 _|_TF1(T7§75) + TmFQ(T‘,f,g) < 1}7 (4.26)

respectively. Here Fj(r,f,g) are real-valued real analytic functions in a neighborhood of {0} x
A X A. Then there is a constant C, depending only on Fy, Fy, such that

0" (&) — (&) < ClEpr™, € €A
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Proof of Lemma 4.9: From the way o and ¢* were constructed (see [Lemma 2.1, Hu3)),
there are U, U* € C*(0A x (—¢p, €y)) with 0 < ¢y < 1 such that

o(&r) =&+ UEr)+HU(,7)), 07(&r) =EA+U(Er) +HU (1)), €€ IA.
Here 'H is the standard Hilbert transform and U, U* satisfy the following equations:
U=G(r,§,U,H(U)), U"=Gi(r,§, U H(U")) +r"Gy(r, &, U, H(U™)),

where G;(r, &, z,y) are real analytic in (r, &, x,y) with |G;| < |r| + |z|* + |y|*. Notice by the

implicit function (see [Lemma 2.1, Hu3)), ||Ull12, |U*|lij2 < Ci|r| with || - ||li/2 the Holder-1
norm in £ € 0A. Next, we have

= [ % (&, 7U* + (1 — 1)U, 7H(U*) + (1 — 1)YH(U)) (U* — U)dr
- fl 801 2 (r¢, PO + (1= 1)U, 7H(U") + (1 — TYH(U)) (H(U*) — H(U))dr (4.27)
+rmG2 (7’ &U* H(UY)).
By noticing that the Hilbert transform is bounded acting on the Holder space, we easily conclude
that when 0 < v < 1, it holds that ||[U* — U||1/2 < Cr™ for a certain constant C. The result
in the lemma follows accordingly for 0 <r < 1. i

Now, recall that v/ = u+g(u) = u+OW"™), r = u,r = V' and v’ = r+O(u"""). Notice
that A*(u') = A;(u) + O(u™N"") as a function of u with u — 0%, by Proposition 4.4 (1). Hence

AW A AW A
! r r r
By the definition of 7;(u) and 77 (u'), we have

+OWN2) = O(uV2). (4.28)

Aj(u) =ro(rj(u),r), and A;(u’) =7r'c* (T;(Ul), ). (4.29)
Recall that, by Lemma 4.6, we have
7;(u), 77 (u) are inside A, and approach to 0 as u — 07. (4.30)
Now, from (4.28) (4.29), we get the following
o* (i (), r") — o(ri(u),r) = O(uN72). (4.31)
On the other hand,

— (0"(72 (), #") — o (73 (), ) + (o7 (), ) — o (my(us), 7)) (4.32)

Notice that o(&,r) = £(1 + O(r)). Also, notice that |%g)_5}| <r.C for [¢| < 1/2 with C
a constant independent of r. (This can be seen immediately from the Cauchy estimate, for
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instance; or it can be easily derived by the property of o(7,r) itself.) Hence for 0 < u < 1, by
(4.30) and the estimate just mentioned, we have

o(t (W), r) — o(r;(u),r) = (77 (u) — 75(w)) - (1 + o(1)). (4.33)
Now, it follows from (4.32), (4.31), (4.24) and (4.33) that

(™) = 0" (7 (u),1") = 0(r3(w),7) = O(N2) + (7 (') = 75(u)) - (1 + (1)),

J J

This immediately gives

() = 7y(u) = O@WN?) as w — 07, (43

Here, we mention again that, as in Remark 4.5 (A), 77(v') is understood as a well defined

composition function of 7 with v’ = u + g(u). Hence, we have

L) — Lup(u)| = |edhyp<r5(u’>:f(u'>> _ dhym(u),n(u)),
= 2| |75 () — 7' ()] = |7o(w) — ma(w)]| - (1 +o(1

< 2(|(r5 (') = mo(w) + (ra(w) — 7' (W)]) - (1 + 0(1))
= O(uM7?).

We thus obtain
Liy(u+ g(u)) = Lis(u) + O(u?), as u — 0F.

This completes the proof of Lemma 4.8.

For the general M and M’, using the invariant property for the hyperbolic distance function
under a conformal transformation, we can proceed in exactly the same way as in the proof of
Lemma 4.2 to reduce the proof of Lemma 4.9 to the case when M and M’ are already normalized

up to order N = Ns+ s — 1. For convenience of the reader, we say a few words as follows:
Let MY = MN &, = (d1,11), Py = (P2,1), P* be defined as in the proof of Lemma

nor’ nor’

4.2. For 0 < u < 1, define L19"(u) and L73°"(u) in a similar way as for Ly». Since P MN )

nor

approximates MY up to order N and since ®#(z, w) = (z, w) + O(|(z,w)[), by what we have

nor

obtained and Remark 4.5(C), we have Li3"(u) = L% (u) + O(u™~2) for 0 < u < 1. Recall
that v+ g(u) = 15 " o ¥y (u) + O(u”). Also by the invariant property of hyperbolic distances,
we have L1§" (11 (u)) = Lio(u) and L35 (19(u)) = Liy(u). Therefore, we obtain the following:

Liy(u+ g(u)) = Liy (3 ' o hr(u) + O 1)
= L35 (1 (u) + O(w™ 1) = Lig" (41 (u) + O(u™?) (4.35)
= Liap(u) + O(u™7?).

Now, let F : M — M’ be a formal equivalence map with F := (f,§) = (z,w) + (O (Jw| +
12?), O(w?)) and let the polynomial map F, 5 (41) be the Taylor polynomial of F' of order N, as
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before. Here N = Ns+ s — 1. Then F(N+1)(M) approximates M’ up to order N. Applying
Lemma 4.8, we get

L>{2(§(1\7+1)(u)) = Lua(u) + O(u”2). (4.36)
Here, as before, the polynomial g5, (u) is the Taylor polynomial of g(u) at the origin of order
N. We mention again that if ¢ is a formal power series in uzs and h(u) is a formal power series

in u without constant term, then ¢ o h gives a formal power series in uzs. Now, since N is
arbitrary, we get from (4.36) the following:

L35(g(u)) = Lyi2(u) in the formal sense. (4.37)

Namely, the right hand side and left hand side of (4.37) have the same formal power series
expansion in u'/(%), (See Remark 4.5(B) for the related notion.)

Since Li(u) is a well-defined function of u for 0 < u < 1, (4.37) shows that Li,(g(u)) also
gives a function in u even though we do not know yet the convergence of g(u). This fact will
be one of the crucial points for our convergence argument.

Making use of (4.37), we next prove the following:

Lemma 4.10. Let F': M — M’ be a formal equivalence map such that

F(z,w) = (f(va)vg(w» = (Z + f(sz)vw +g(w>>

with f(z,w) = O(|lw| + |2|*) and g(w) = O(w?). Then g is convergent.

Proof of Lemma 4.10: We remark again that the reality property of g follows from Lemma
2.1(iii).
Notice that we already proved (see (4.37)) that

Li5(g(u)) = Ly2(u) in the formal sense.

Write u = V2. Define U = (§(u))”/®) = 4!/ 4 ... which has a formal power scries

expansion in u2s and thus can be regarded as a formal power series in V.
Then
Liy(U*(V)) = Lio(V*)

in the formal sense. Notice that L, (t***) and L;5(t**) have convergent power series expansions
in t* and t, respectively. Moreover,

Li,(#%) = (" ()", Lio(t*) = (1))
with v, ¢* invertible holomorphic map of (C, 0) to itself, and with ¢'(0) = *'(0)(= |2(Cs_2,0—

Cs—21) %2) Hence, we get

U =4 owp(ud) and lu) = U% = (v opui))
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The above are regarded as equalities as formal power series in uzs. Notice that (1 ow(zz%s))%

defines a multiple valued holomorphic function near the origin. By the Puiseux expansion, we
get

(Pt or u2s Z cju%.

Jj=2s
Here |¢;| < R’ for some R > 1. However, (¢*!o W(uz))2 = § in the formal sense and the

latter has a formal power series expansion in u. We conclude that ¢; = 0 if 2s does not divide
j. This proves the convergence of g(u). B

We next prove the following theorem:

Theorem 4.11. Let M and M’ be real_analytic Bishop surfaces near 0 defined by (4.1) and
(4.4), respectively. Suppose that F = (f,q) : (M,0) — (M’,0) is a formal equivalence map.
Then F' is biholomorphic near 0.

Proof of Theorem 4.11: We can assume that f = z + f with Wtpor(f) > 2 and g = w+ g(w)
with wt,-(g) > 4. We can also assume that M and M’ have been normalized to a certain high
order, say, to the order of 2s?, such that F' = (z,w)+O(|(z, w)|**!). Then Fy(M’) is still defined
by an equation of the form as in (4.4), where Fy(z,w) = (z,(9)"'(w)). By Lemma 4.10 and
by considering Fy o F', Fy(M') instead of F' and M’, we can assume, without loss of generality,
that ¢ = w. We will prove the convergence of ]?by the hyperbolic geometry associated to the
surface discussed above. B B

By Proposition 4.4(2), we first notice that f 5, (4;(v),u) = Aj(u) + O(w™N™1) for N =
Ns+s—1>2s—1. Here, f N1 is the Taylor polynomial of order N in the Taylor expansion
of f at 0, as defined before.

Write M and M’ for the local holomorphic hull of M and M’ near the origin, respectively.
We next construct a holomorphic map from M \ M to M’ \ M’ as follows:

Let W(-,r) be the biholomorphic map from A to itself such that W(7;(u),r) = 77 (u) for
J = 0,1. Since 7;(u), 7j(u) € A, to see the existence and uniqueness of W(:,r), it suffices for
us to explain that dhyp(TO( ), 7'1<u)) = dpyp(73 (1), 71 (u)). But, this readily follows from (4.37)
with g(u) = u; for once we know that (4.37) holds in the formal sense and when both sides are
well defined analytic functions in u!/(3%), then (4.37) holds for 0 < u < 1 as functions in u.

For a non-zero complex number z, its principal argument arg(z) is set such that 0 <
arg(z) < 2m. Now, for 7 € A, 0 <r =+\/u< 1and j € [l,s— 1], write

(93( )—CLTg{l :;(;TSJ(QL s 2} 9*( >—CL7‘9{1 ru(u‘r (u) 2}

Then, by (4.22) and (4.23), we get 0;(r) = (5 + (H])W) + O(u!/(29), 9;(7’) = (5 + (1+j)7r) +

S
O(u!/?9)), for 0 < u < 1, which also have convergent power series expansion in u'/(2*). Write

T—To(u) . T — 15 (u) —i01 (r)+i03 ()
U = 7y — U R — 101 (r)+i07 (1) -
1(7,7) e H(r,r) () (r,r)=¢e T

45



Then
U(,r) =V, r) o R(,7) o WUy (e, 7). (4.38)

It is clear that there is a real analytic function U (7, v) in (7,v) € Ay, X (—€0,&0) wWith
0 < €y < 1 such that U(7,r) = U=!(7,us) for 0 < u = r2 < 1. For simplicity of notation,
we shall simply say, in what follows, that ¥(7,7) has a real analytic extension in (7,u!/(*) to
Al—i-ao X (-80,60).

We notice that when f is a priori known to be convergent, we then have, by the uniqueness
property of the conformal transformation, that

flro(&,r),r%) = ro™ (W (€, 7). 7). (4.39)
The idea for the proof of the theorem is actually to find a way to make sense of (4.39) even in
the formal case.

Write, for each 0 < u < 1, O;(u) (j = 2,---,s5 — 1) for the (counter-clockwise) angle
from the hyperbolic geodesic (in A) connecting 7o(u) to 71 (u) to the hyperbolic geodesic (in A)
connecting 7y to 7; at their intersection 75(u). As a function of u (or r = /u) for 0 < u < 1,
we have the following, which can also be taken as the definition of ©,(u), j =2,--- ,s — 1

() = ar 7j(u) — 1o(u) 1 — 7o(u)71(u)
@j( ) g{Tl(U) — T(](U) 1— TO(U)TJ'(U)

05—2 J 05—2 0 1
: 21+ O(ut/®).
05—2,1 - 05—2,0} ( )

t
(4.40)

= arg{

Remark 4.12. We remark that ©;(u) = 6;(u) — 61 (u) = Zir + O(uz) for j € [2,s — 1], as
far as 0 < u < 1. A geometric way to see O;(u) is as follows: Find an automorphism x of A to
transform 7y(u) to the origin and 71(u) to the positive real axis. Then the principal argument

of x(75(u)) is ©;(w).

We can similarly define ©F for M’. Then the same argument, which we used to show that
Lia(u) = Liy(u), can be used to prove that

0j(u) = 0j(u) and Lijy1)(u) = Lijg(u), 2<j<s—1 (4.41)

first in the formal sense and thus also hold as functions of u.

Now, we can use an automorphism of A to map 7y to the origin and 71 to a point in the
positive real line. Then we easily see that ©; and L;(;;1) uniquely determine 7;(u).

Recall ¥(-, 7) is an automorphism of A and thus is an isometry with respect to the Poincaré
metric, that maps 7;(u) to 77(u) for j = 0,1. Write 7;(u) = V(7;(u),r) € A for each
j €[2,s —1]. Then the hyperbolic distance between 7;(u) and 7j(u) = ¥(7ro(u),r) equals
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to that between 7;(u) and 7o(u), that is Li(j+1)(u) and thus is also the same as L (u).
Moreover, the angle between the hyperbolic geodesic (in A) connecting 7 (u) to 77 (u) and the
hyperbolic geodesic (in A) connecting 7 to 7; at their intersection 7;(u) equals, first, to ©;(u)
and thus also equals to ©F(u). Hence, we see that 7;(u) = 7;(u). Namely, we proved the
following:

Lemma 4.13. ¥(7;(u),r) =7/ (u) forj=0,---,5—1

Now, for (z,u) € M\ M close to the origin, we define
z

ff(zu) = \/ﬂo*(\lf(a_l(ﬁ, Vu), V), Vu). (4.42)
Here, we recall that o~!(-, ) denotes the inverse of o(-,r). Then f*(z,u) is analytic in M \ M.
Our crucial point is to show that f*(z,u) is actually the same as f(z,u) in a certain sense. For
this purpose, we next prove the following lemma:

Lemma 4.14. Let a be a non-negative integer. Let N = Ns+s—1> 1. Stll write f(ﬁﬂ)

for the polynomial consisting of terms of degree < N in the Taylor expansion off at 0. Then
we have

TS (0,u) - LI
’ 0z
Here C' is a constant independent of u, N' is an integer depending only on N and o such that

N’ — oo when N — oo. (Indeed, we can take N’ = [EN] —a — 3.)

(0,u)] < Cu™', for 0 <u < 1. (4.43)

Proof of Lemma 4.14: Let S(u) be the hyperbolic polygon in D(u) with vertices A;(u)(j =
0,1,---,s—1), whose boundary consists of the geodesic segment connecting A;(u) to A;+1(u)
for j =0,---,s — 2 and the geodesic segment connecting As_;(u) to Ag(u). Let S*(u) be the
one corresponding to M’. For any points P, Q) € A, we define the following curve, whose image
is precisely the geodesic segment connecting P to Q:

Q=P  p
A 1-QP
t)=——, 0<t< 1. 4.44
Yeo(t) 14+tP- fi—QPﬁ (4.44)

For a more general bounded simply connected domain D and P,Q) € D, let op be a conformal
map from D to A with op(P) = 0. We then define v£,(t) to be o' (top(Q)) for 0 <t < 1.

712 Q(t) is independent of the choice of op, by the fact that 71’2’ 0 (t) is sitting on the hyperbolic
geodesic (with respect to the hyperbolic metric in D) connecting P to () with the hyperbolic
distance from P to 75, (t) being

(1—1t)+ (1+t)e

1n(1+t)+(1—1t)el’
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where [ is the hyperbolic distance from P to @) (with respect to the Poincaré metric over D).
Yho(t) coincides with (4.44) when D = A.
Next, we have

Lemma 4.15. For P € 0S(u) and 0 < u < 1, it holds that
F(Pu) = fi.,1)(Pou) + Error(P,u), (4.45)

where | Error(P,u)| < Cus™N~2 with C' a constant independent of P € 8S(u) and u.

Proof of Lemma 4.15: This can be done by the same argument used in the proof of Lemma
4.2 and by making use of the property that f(A;(u),u) = Aj(u) (in the formal sense) as a
formal power series in u!'/*. In detail, we argue as follows:

Let u > 0 be sufficiently small. Without loss of generality, we just explain how to obtain
(4.45) for points sitting on the hyperbolic geodesic segment in D(u) connecting Ag(u) to A (u).

. D(u * u

Write P(t,u) := 7A0((zz) ar(wy(t) and P(t,u) := 7A*((u))A*( (t) for t € [0,1]. Here, as before,
D*(u), A§(u), Aj(u) denote, respectively, the similarly deﬁned objects ( but associated with M)
as D( ) Ao( ) Al( ) _

Notice that FN+1)(M) approximates M’ up to order N = Ns + s — 1, where Fiyy =

(f(N+1) (z,w),w) is defined as before. As in the proof of Lemma 4.2, we have biholomorphic maps
D, and ®, satisfying the normalization in Theorem 3.1, such that ®;(M) = MY & &,(M') =

nor’

M . Moreover, MY and M"; N . are defined by equations of the form as in (4.11) and (4.12),
respectlvely. Write (znw,wnm) = ®y(z,w) and write (2., w’,,.) = P2(z',w'). As in Lemma

nor?’ nor
4.2, we have

(¢ﬁ wﬁ) ( nor<znor> wnor) wnor(wnor)) . CDZ o F(N—H) o q)fl(znOTa wnor)

(4.46)
- (Znora wnor) + O(|(znora wnor)|N)‘

Define D™ (u) and D*"" (u), associated with MY and M N  respectively, in a similar way
as for D(u). Let ryor+0pnor(, Tnor) be the conformal map from A to D" (u™°"), where anm( Tnor)
has the same normalization at the origin as that for o(7,7). (Notice that wu,,. = r2,.) Then
7" (Unor) is defined such that AT (tnor) = Thor * Tnor (T (Unor ), Tnor)- Similarly, we can define

J *nor !
nor(7-7 Tnor) Tj

Notice that ®*(M"") approximates M*™" to the order N = Ns+s—1 and the defining
equation of M*"°" given in the form of (4.12) coincides with that of M™" given in the form of
(4.11) up to order N. As in (4.13), (4.15) and (4.34), we obtain

A*nor (

7_; nor ( U

ATLOT(UJHOT) + O( nor ) and

nor(unor) = O((unor)N_z)a as Unpor — O+-

TLOT‘ )

(4.47)

nor) - T
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. DnoT(y " x D*noT (4,
Write Pnor(t,unor) = ')/Ano ((uior) Aner(y, OT)( ) and P’VLOT( s nor) ’YA *nor ((u) ), A%ner (y ( ) for

nor nDT)
t €10,1].
Define, for | X|,|Y] < 1,

=(t, X,Y) = L—'—X

7YY

(4.48)

And define for 0 < u < 1,
Bror(tu) == (t, 75" (w), 77" (W), Bror(t,u) = E (¢, 75" (u), 77" (u)) .
We then have, for a certain constant C, the following

|ﬁ7>;or(t7u;:o7‘)|7 |Bnor(t unor)’ |ﬁn07“(t unor)‘ < C|un07"

Notice that

5 (— 0, as Upor — 07).

o= o=
St X VL oo

are uniformly bounded when |X|, |Y| < 1/2. Together with (4.47), we thus obtain the following
estimate:

ﬁnor (t’ unor) = (ﬁnor (t7 unor) 67101” (t7 unOT)) + 57107” <t7 unor)
a“ *10T
= Bnor (t, Unor) + /0 ( (t C16" " (Unor)
+ (1 - O nm(“ﬂﬂf’) ¢T *nor( nor) + (1 - C) nor(unor)) (Tgnar(unor) - T(;ZOT(unOT)))dC
0= *NOoT . nor *nor
+/0 (8_Y(t T ( nor)g_’_ (1 C) (unor) CT ( nor)

(1= O (o)) (77 (W) = T (tner)) ) €
= 6nor(taunor) + O(u - )

Let x(7,70(u)) =

(¢, X, V)|

(4.49)

0@ Then (7, 7o(u)) = 2220 Write

-
1—7o(u)T 1470 (u)T

_ z nor
O‘Dnor(unor)<z) =X ((Unor> 1(\/u_, \/Unor) To (unor)> )

which is a conformal map from D,,.(u) to A, mapping Aj” (uner) to the origin. By the
definition,

PTLOT (t7 Unor ) = (O'Dnor (unor) ) - (tO'Dnor (Unor) (A?Or (unOT ) ) )

4.50
= manor (ﬂnor(tv unor) >V U'TLOT)‘ ( )

Similarly, we have

P’:OT( ? :LO’I’) - V u;k'LO’/‘O-;klOT' (ﬁ;(LOT (t7 u;klOT)7 U:ZOT) *
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Applying Lemma 4.9 and (4.49), arguing as before, we arrive at the following estimate:

| Pror (£, Unor) — Prop(t, )|

< Vtnor |Fnor (Bnor (s nor)s V/timor) = Tror (Bror (b nor)s /Wor )| + [O (1t )]

< 1O(tngr?) + Tnor(Buor (£, Unor)s VVitmor) = G nor (Bror (t uw), MM (4.51)
< |O( Upor ) + Tnor (Bror (t; Unor ) v/Unor) — O-nor(ﬁno’f"(t7 Unor)s /Unor )|

nor

for a certain constant C' independent of ¢ and for 0 < u,,, < 1.
By (4.46), we have

F(j\?Jrl) © CI)1_1<ZTL0T7 wnor) = (1)2_1 ((znora wnor) + O(|<Znor7 wnor)|N>) (452)
Letting (Znor, Wnor) = (Pror(t, Unor ), Unor) in (4.52) and making use of (4.51), we have

F(]VH) © q)l_l(Pnor(ta Unor), Unor) = Py (Pr):or< s Unor)s nor) + O(|(Pror (t; tnor), unor)|N + unNor2)'

Since we clearly have | Py, (t, tnor )|

< (unm«)Tl (see (4.56), for instance) and since P(t,u) =
ch_l(PnOT@,unor),Unor), P*(t, U ) (1)2—1

(P;or( ) nor);u;kmr), we get
Fwin (Pt u),u) = P*(t,w) + 0= M) + O™™?) = f*(P(t,u),u) + O(us""?),

uniformly on ¢. This completes the proof of Lemma 4.15. B

We next claim that for a certain constant C' > 1, it holds that
s— s— 1
if z € 0S(u), then Clu < 2| < Cu’s, and thus |=| < u™' for 0 <u < 1. (4.53)
A ~

Assume the claim for the moment.

First, we mention that by the observation in Remark 4.7, one can easily see that 0 € S(u).
(Indeed, this is equivalent to the fact that the origin is inside the hyperbolic polygon S (u) with
vertices To(u), - -, Ts—1(uw) in A. To see this, using the asymptotic expansion for 7;(u) in (4.22)
and using the geodesic segment formula in (4.44), one concludes easily that the boundary of
S(u) can be deformed, in A\{0}, to the circle centered at the origin with radius s-(s—1)"s 1% .
Hence, 0 is an interior point of the hyperbolic polygon S (u).)

Now, by the Cauchy formula, it holds that
o f* o (¢ u)

0,u) = d
0z% ( u> 2my/—1 38 (u) gott ¢
and - ~
0°fix ! N
f(N+1) 0 al f(N+1) dc

0z ( ,U) 271_\/_ 05 (u Coe—i—l
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Hence, it follows that

%Zf (0,u) - %@ w)| < Cus e, (4.54)
Here, we used the obvious fact that the Euclidean length of 0S5 (u) is bounded by a constant.
Hence, to complete the proof of Lemma 4.14, we need only to explain (4.53). Assume that
z is on the hyperbolic geodesic segment in D(u) connecting A;(u) to Aj+i(u) for a certain
j €10,s —1]. (Here, we write As(u) = Ag(u) and 75(u) = 10(u).)
Then, as in (4.50), it holds that

Tj+1(w)— 75 (u) t+ Tj(u)

2 = 2(u,) = Vo (2(t,75(w), 731 (), Vi) = Vo | —0m00 T
1+ 7 () 2w

175 (w741 ()

Wa| o (455)

for a certain t € [0,1]. By (4.21), (4.22), we get

s—1 s—1

|z(u, t)| = s - (5—1) (e ﬁ—l)u = to(u ).
Since
Lt =2 5 (14 cosZD)) > 0
Orgtlgl — 1\ 2 o8 s ’
we get that

8ut s (s— 1) > |z(u,t) > \/i (1 +cos(2§))ussls (s—1)F (4.56)

for 0 < u < 1. This completes the proof of the claim and thus also the proof of Lemma 4.14. R

We continue our proof of Theorem 4.11 as follows. We notice that
(1) : (¢, /u) has a convergent power series expansion in ({,+/u) near (0,0),
(17) - ( V) has a convergent power series expansion in 7 and u2 and,

(131) : o (f’ V/u) has a convergent power series expansion in (\/ia, V), too.
Write . -
U (7, Vu) = Z aagrau% and U(r,Y;) = Z apT?Y] .
a,3=0 a,5=0
Then B
H(X, %1, Y2) = Yao™ (B(0 (X, Y2), 12), V) (4.57)

is analytic in X, Y7, Y5 near 0. Write

H(X,Y1,Ys) = Z bapy XYY (4.58)

a,B3,7=0

o1



Then there is an €y with 0 < ¢y < 1 such that when | X|, Y], |Ya| < €, (4.58) and the following
power series in (4.59) converge uniformly for | X, |Yi], |Y2| < €o:

O°H -
3a (0.Y1,Y2) = > bag, oYYy (4.59)
Byy=0
Hence, we have
|basy| < Co - R*TPF7 for a certain positive number Cj and a certain R > 1. (4.60)

2s)

Next, for the above ¢, choose (z,u) such that |\/ia‘ < ¢ and 0 < ut/®) < ¢, we get from

(4.42), (4.57), (4.58) the following:
f(z,u) = H(i,u%,\/ﬂ) = Z bamzo‘u¥+% and from (4.59), we get
a,B,v=0

O°H . -
(0, u, Vu) = Z bama!u%*%.

Byy=0

4.61
8af* ( )
0z«

(-
2

u (0,u) =

Here, making use of the Cauchy estimates for b,s, (4.60), the second series in (4.61) can be
easily shown to be uniformly convergent (in its variable u) over [0,b] for b < 1. (Indeed, let R

be as in (4.60). We can then simply take b = (5%)*.) We thus see that for any m > 1

o0
Z baﬁva!u%J“% =O0@W™) asu— 0.

B
tz2zm

On the other hand, for each fixed « > 0, m > 1 aiJ?(O,u) also has a formal power

9 aza
series expansion in u and thus in «'/(®). By Lemma 4.14, for each fixed integer o > 0 and

N = sN +s— 1, we have
aaf~ Yo
|-—7§§%¢32(0,UJ - > bagyalu’ =t

B
0<Zy2<m

< C(uN/ +um_%), l<uxkl1

[N

where C, N’ are independent of © and N’ — oo as N — oo. We thus have, for each fixed
a > 0, that N
o = 1—a
87{(0,@ => bagoolu’ T T (4.62)
By=0

in the formal sense as formal Laurent series in u2: with only finitely many negative power terms.
(See Remark 4.5(B) for the definition.) It thus follows that if 5" = 15 —i—% is not a non-negative
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integer, then the finite sum 35 2-a, 55 bagy = 0. Hence for [ =] < € and 0 < ut/ (%) < ¢,
vh2 2s
we have

Flzu)= Y bapzu” = > tu2u”, (4.63)

o,B8,7=0 a,8'=0
where 3 = %‘F% €{0,1,2,---}and b,y = Zﬁmﬂ’:%ﬂ% bagy- Now, by (4.60), we conclude
that, for each fixed v and for any 3,y with 5" = 5= + %, it holds that |bas,| < Cp- RZ50F258" <
Co - (R*)*F Thus, b, 5] < Co - (2s(a+ ) + 1) R=+25 < Cy(1 4 R)*@ ) Since f*(z, u)
is real analytic over M, we conclude that f*(z,u) extends to a analytic function in (z,u) near
0 through the power series in the right hand side of (4.63). Since (4.62) holds for each o > 0,

we see that f(z,u) = f*(z,u) in the formal sense. Hence, f(z,u) is also given by a convergent
power series. The proof of Theorem 4.11 is finally complete. B

Proofs of Theorem 1.5 and Theorem 1.2: Theorem 1.5 and Theorem 4.11 have the same
content. Theorem 1.2 follows from Theorem 1.1 and Theorem 1.5. B

We finish off the paper by presenting two more Corollaries:

Corollary 4.16. Let (M,0) be a real analytic elliptic Bishop surface with the Bishop invariant
vanishing and the Moser invariant s < oo at 0. Then any element in auto(M) is a holomorphic
automorphism of (M, 0).

Corollary 4.17. Let M be defined by a real analytic function of the following form:

o0
w=2z2Z+2°+25+ g ag 22t
k1>0:k+1>s:k—1=0 mod s

Then M is biholomorphically equivalent to its normal form
w=2Z + 2° + 2°.

Corollary 4.16 is an immediate consequence of Theorem 4.11. Corollary 4.17 is a consequence
of Corollary 1.4 (d) and (e); for (z,w) — (e?z,w) is an automorphism of (M,0) whenever
e®® = 1. Notice that Corollary 1.4(e) is an application of Theorem 1.1 and the convergence
result in Theorem 4.11.

Example 4.18. Let M be defined by w = 2% + 2% + 23 + 28 + 26, which is in the Moser
pseudo-normal form. Then by Corollary 4.17 and Theorem 1.1, M can be transformed to
the model surface defined by w = 2z + 2° + 23 through a unique transformation of the form
F = (z,w) 4+ O(|(z,w)|?). By Theorem 4.11, F is convergent. However, if just working on the
formal power series without using the hyperbolic geometry from the attached holomorphic disks,
we do not see how to achieve a convergence proof for F'. Also, without using the characterization
of the model by its automorphism group, it does not seem to be easy to see that the normal
form of M is w = 27 + 2% + 23.
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Appendix

Lemma 2.4 is completely parallel to Lemma 2.3. Its proof is also an identical copy of the
proof for Lemma 2.3 presented in §2 except a few obvious and totally trivial changes to fit into
the situation in Lemma 2.4 that Ord(f) = 2t + 1 not 2¢. Thus we did not repeat the detail for
its proof in the paper. Nevertheless, we use this opportunity to include a detailed proof in this
separate appendix by copying exactly the same argument that we gave in the proof of Lemma
2.3 in Section 2 of the paper, which may help the reader to speed up a little the reading.

Proof of Lemma 2.4: When m = ns + s, N; < m. Thus, (2.62) holds trivially due to
the presence of the term O7%,. Hence, in the proof of the lemma, we always assume that
m<ns—+s—1. )

Notice that the lemma holds with m = 2t 4 3 in terms of (2.61) . We complete the proof of
the lemma in three steps.

Step I of the proof of Lemma 2.4: This step is not needed when s = 3. Denote
mo = 2t + j(s — 2) + 3, where j is an integer with 0 < j < ¢. Suppose that mo < Ny. We also
assume that there is an integer m such that m > mg, m+1 <2t + (j+ 1)(s — 2) + 2 (such an
m certainly does not exist if s = 3), m+1 < Ny and moreover the formula (2.62) holds for this
m. By copying the rest argument as that in Step I of the proof of Lemma 2.3, we can show
that (2.62) also holds for any m with mq < m <2t+ (j + 1)(s — 2) + 2 and m < Nj.

Step II of the proof of Lemma 2.4: In this step, suppose that we know that the lemma
holds for m € [2t + j(s —2) + 3, < 2t + (j + 1)(s — 2) + 2] with m < Ny, where j is a certain
non-negative integer bounded by ¢ — 1. We then proceed to prove that the lemma holds also
forme 2t+ (j+1)(s—2)+ 3,2t + (j + 2)(s — 2) + 2], whenever m < Nj.

Suppose that 2t + (7 + 1)(s — 2) + 2 < Ny. By the assumption, we have

Gorr 1) s-242(w) = AL — s) 209 (22 4 2°)T 4 (24 52571 + O2) fari (4 1)(5-2)41 (2, W)
+ (24827 + @z)f2t+(j+1)(sf2)+1(27 w) + 2Re ((bNo — an,)? ) + @2t+ (=242,

(0.1)
Collecting terms of degree 2t + (j + 1)(s —2) +2 in (0.1), we get
g7(120t7‘+(]+1)(s 2)+2)(z2) _ A(l _ s)jz(j+1) (Zz)t j + IED2t+(g+1)(s 2)+2 (0 2)

4 ZfREGHDEDH (5 5) 4 o A GHDE () a3,

p2rU+D(=2+2 3 cortain homogeneous polynomial of degree 2¢ -+ (G+1)(s—

Here we denote by Py,
2) 4+ 2 with weight at least N..
Now, we solve (0.2) as follows. Denote by A =2t + (j + 1)(s — 2) + 1. Notice that
I = —Pf\vfl + Z(l _ S)jg(j-‘rl)S(Zé)t—j + g(AH)(zZ)

nor
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is real valued and I = PAf!. Then (0.2) can be rewritten as

T =A(1 — s)720Ds(22)0 4 A(1 — 5)720HDs(2z)7

+ ZfRGHNE=DH) (5 7Y 4 o A GHDE=H 3.

I = Z aagzaiﬁ.

a+B=A+1
at(s—1)B>N!

Write

Since a,3 = @,j5, we also require that a+ (s —1)3 > N,. We next have the following general
solution of (0.1):

r(ziﬁ(ﬁl)(s 2)+1)( w) = fl(A)(z,w) + fg(A)(z,w) with
AV (z,w0) = —A(1 = 5)7 20Dt (0.4)
A
V(2 w) = 251 Nag?® ",
where hy5 are determined by the following:
Z hafﬁvz‘ﬂgiberl - Z %zmlimg = Z a,52"2". (0.5)
a+28=A a+28=A atB=A+1

a+pB(s—1)2N{

Now, (0.5) can be handled exactly in the same way as for (2.26). (The only difference is
that the role of m — 1 is now played by A.) For convenience of the reader, we repeat some
details as follows:

First, we have similar relations as those in (2.27)(2.28). Next, we can conclude the following:

wi(f;V(2,22)) = min{@ + 5+ (s = DB} = min{a+ (s = 1)f —s +1} = N = s +1, (0.6)

(A) ~ ~
wt{agiv (2,22)} > min{a+5+(s—1)5—s} = minf{a+(s—1)f—s+1-s} > N(=2s+1, (0.7)

wt{ M (z,w) = V(2 22)} > N — s +1, (0.8)
wt{f{V (z,w) = £V (z,22)} = N[ -1, (0.9)

(52571 4+ O iV (2, 22) + (2571 + ©2) iV (2, 27) = ONF, (0.10)
(52" + 02 £V (z,w) + (52571 + ©2) 4V (2, w) = O)F2, (0.11)
wt{fiV(2,22)} > st + 1, wt{fiV (z,w) = f{V(z,22)} > N, (0.12)
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For instance, to see (0.11), it suffices to notice that by (0.6), we have
wt{(sz* '+ O Mz w) + (s7 + ) N w) > s — 1+ N —s+1=N.  (0.13)
Hence, from (0.1)-(0.12), we get

gas2(w) + g5 (w) =(2 + 52" + ©2) fasi(z,w) + (2 + 577" + O2) fasa(z, w)
+®A+2 A+1 +A( ) (j+1)s(22_’_zs)t—j

_ (014)
+ (Z4 52+ O D (2 w) + (2 + 52 + O2) fid) (2, w)
+ 2Re ((bNO - aNO)zNO) )
Notice that
g (22) = A(1 — 5)720+D3(22)0 4 2f W) (2, 22) + zfnor(z 2Z) + IP’A+1. (0.15)
Also,
A+1 1
wt{g™ (w)}, wt{g™F(22)} > % =ts+ 55(]’ +1)(s—2)+s>ts+s+1.
Hence
uor Y (w) = gio Y (22) € O}, (0.16)
Subtracting (0.15) from (0.14) and then making use of (0.16), we obtain
gara(w) =(2 4 s2°7" 4+ O2) fas1(2,w) + 2Re ((by, — an,)2""°) 0.17)
+ (24521 +02) fan(z,w) + O + J, '
where
J=(2+ 52+ 02 Wz, w) + (2 + 21 + O%) f8) (2, w)
+ A1 = 8)7 20D (27 4 25)87 — A(1 — 5)7 20TV (2z)t0 (0.18)

— (2f{5)(z,22) + 2ol (2, 2)).

Here we notice, by (0.10)-(0.12), that
2f50 (2 w) + 2fB) () — (210)(=,22) + 2 £} (2, 22)
+A(1 — 5)7 2003 (22 4 25)77 — A(1 — 5)7200FDs (zZ)t J
= —A(1 —8)7 -2z 204D (22 4 29)t971 4 A(1 — 5)2U+Ds(zz)t
FA(L — 8)7 2005 (22 4 29)77 — A(1 — 5)20F1s(22)t7 4 @A+2
= —A(l = 5)7 2005 (22 4 25) 771 (22 — (22 + 2°)) + @A+2
= A(1 — 52025 (22 4 2#)'=071 4 O,
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Hence by the formular in (0.4) for fl(A), we have

J=(s2* + OD AV (2, w) + (577 + OD 1V (2, w)
+ AL = 5)7 2032z 4 24T 4 @) S (0.19)

=A(1 - s)j+1z(j+2)s(zi + 25 g @%FZ.

This proves the lemma when m = 2t + (j + 1)(s — 2) + 3. Now, the result obtained in the
previous step completes the proof of the claim in this step.

Step III of the proof of Lemma 2.4: We now can complete the proof of the lemma
by inductively using results obtained in Steps I-II. Indeed, since we know that the Lemma
holds for m = 2t + 3, we see, by Step I, that the lemma holds for any m < Ny with m €
[2t + 3,2t + (s — 2) + 2]. Then, applying first Step II and then applying Step I again, we see
the lemma holds for any m < Ny with m € [2t 4+ j(s —2)+3,2t+(j+1)(s—2)+2] and j = 1.
Now, by an induction argument on j, we see the proof of the lemma. R
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