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Lecture 1.

Remark. All exercises given in this class will be either true or independent.

1 Basic Set Theory

Definition (Axiom of Choice (AC)). If F is a family of non-empty sets, then
there’s a function f such that f(S) € S for all S € F.

We discussed a little how this relates to the example of 2V, the collection
of all binary sequences (z,, | n € N), and in particular the equivalence relation
given by (z,) v (yn) iff z,, = y,, for all but finitely many n.

Definition. A linear order (W, <) is a well-ordering iff every S C W such that
S # 0 has a <-least element.

Theorem 1.1. The following are equivalent:
1. The Axiom of Choice.

2. The statement “Fvery set can be well-ordered”.

1.1 The ordinals

The ordinals are “canonical representatives” of the isomorphism types of well-
orderings. We know roughly what we want them to be:

0=10
1= {0} = {0}
2=1{0,1}

n+1={0,1,...,n—1}

w=1{0,1,...,n,...}
w+l=wU{w}

)

Our problem, at least to start, is that we can’t really say what we mean by “...
without using ordinal induction, which of course we don’t have until we define
what the ordinals even are. Luckily for us, von Neumann was a smart guy and
found a definition of the ordinals that gets around this difficulty.

Definition. A set x is transitive iff whenever y € x and z € y, then z € x, i.e.
€] x is a transitive relation.

Definition. A set x is an ordinal iff © is transitve and well-ordered by €.



Note that this means that when we speak of ordinals, o < 3 is the same as
a € S.

Theorem 1.2. If (W, <) is a well-ordering, then there exists a unique ordinal
a such that W = a.

Definition. If o is an ordinal, then its successor is o+ 1 = aU{a}. (This
requires a little proving to see that it makes sense as a definition, but only a
little.)

This is the only ordinal arithmetic we will use. In particular, all exponenti-
ation in this class will be cardinal exponentiation.

Definition. On is the class of ordinals. V is the class of all sets.

Definition. Let 0 # o € On. « is called a successor ordinal iff there exists
B € On such that « = 8+ 1. Otherwise, a is a limit ordinal.

Definition. The cumulative hierarchy is defined by transfinite recursion as fol-
lows:

1. Vo=0
2. Voy1=P(Va)
3. Va = Ua<aVa if X is a limit ordinal.
In the future, if \ is a limit ordinal we will simply write lim \.
The following is proved by transfinite induction:
Theorem 1.3.
1. V4 is a transitive set for all « € On.
2. Vg C V, forall B < a € On.
3. V = UaconVa, which essentially means that ZFC has a model.

Note that there is a little bit of an abuse of notation here, since we don’t
technically know how to take the union over a proper class, or what € means
for a proper class.

This gives rise to a picture of the universe of sets, which I may reproduce
here later.

1.2 Cardinality

Definition. Two sets A and B are equinumerous iff there exists a bijection
f:A— B.

Definition (requires AC). The cardinality of A is written |A|, and equals the
least ordinal o such that A and o are equinumerous.



Definition. An ordinal @ is a cardinal iff |a| = a. For example, 0,1, ...,
n,...,w are cardinals; w + 1 is not, as its cardinality is w.

Remark. The first uncountable cardinal is w; = {« € On | « is countable }.
Definition.
1. If k is a cardinal, then k™ denotes the least cardinal \ such that k < \.
2. A cardinal k is a successor iff there exists a cardinal X such that k = \*.
3. Otherwise we call k a limit cardinal.

Definition. The cardinal X,, is defined recursively by

3. N5 =sup, 5 Ne 4f lim 4.

We will usually write wy, instead of N,.

2 The Suslin Problem

Our starting point is the following classical theorem.

Theorem 2.1. Suppose that the linear order (S, <) satisfies the following con-
ditions:

1. S is dense without endpoints.
2. S is complete.
3. S is separable.

Then (S, <) = (R, <).

Definition. (S, <) is complete iff whenever ) # A C S is bounded above, then
A has a supremum in S.

Definition. If (S, <) is a linear order, then an open interval is a subset of the
form

y)={z€S|z<z<y}
* (y,0)={z€8|y<z}

(z,
o (-ooy)={2€5]z<y}
(v,
(-00,00) =S

Definition.



1. A subset D C S is dense iff DN I # 0 for every nonempty open interval.
2. (S, <) is separable iff S contains a countable dense subset.

Exercise: Prove that if X C R, then (X, <) is separable. Note: I typed this
up separately, and will continue to do so for exercises.

Lemma 2.2. If (C1, <) and (Ca, <) are countable dense linear orders without
endpoints, then (Cy, <) = (Ca, <).

Proof. The proof is a back-and-forth argument. We saw this last year in the
math logic class, it’s also in Marker’s model theory book, and I may come back
and write it up nicely later. Essentially, you build up your map one step at
a time, and since both orders are dense and countable you can always fit the
mapping in where it needs to go. O

Lemma 2.3. Let (P, <) be a dense linear ordering without endpoints. Then
there exists a complete dense linear order without endpoints (C, <) such that

1. P CC and <,< agree on P
2. P is dense in C.

Moreover, if C1, Co are two such orderings then there exists an isomorphism
w: C; — Cy such that 7 | P = idp.

Proof. Professor Thomas just sketched this out; I will be filling in some of the
details. The proof will proceed very similar to the way that one fashions the
real numbers from the rationals using Dedekind cuts. A Dedekind cut in P is a
pair (A, B) of disjoint nonempty subsets of P such that

1. A][B=P
2. Ifa€ A, b€ B, then a < b.
3. If inf B exists, then inf B € B.

Let C be the set of all Dedekind cuts in P, ordered by (A1, B1) < (As, B2)
iff Ay C As. We check that this is a complete dense linear ordering without
endpoints.

First, we check that it is a linear ordering. It is clearly transitive, so we need
only check that any two elements of C' are comparable. Let (Ay, By), (42, B2) €
C. Assume that Ay € As and Ay € Aj, since otherwise we are done. Then
there exists © € A; \ A2 and y € Az \ A;. Because P is a linear order we have
either x < y or y < x. Assume that © < y. Then because As[[ By = P, it
must be that x € Bs. But this contradicts the second part of the definition of
Dedekind cut. There is a similar contradiction if y < z. So indeed we have that
(C, <) is a linear ordering.

Clearly C has no endpoints, since P has no endpoints. To see that C' is
complete, we show that if T = {(A4;,B;) | ¢ € I} is bounded above, then



supT = (Ujes4; = X,NierB; = Y). This is a Dedekind cut. For if we had
x ¢ X][Y, then ¢ A; for all ¢, which would immediately imply = € B; for
all 4, meaning x € Y, a contradiction. Also, if we have a € X, b € Y, then
a € A; for some j € I, and since b € B; by definition of Y, it follows that
a < b. Finally, if inf Y exists, then it must be in Y, since it is the greatest lower
bound of elements in every B;, which all have the property that they contain
their infimums.

We must also check that (X,Y) is in fact the least upper bound of T. Tt
is clearly an upper bound, since A; C X by definition. Now, suppose that
(X)Y") < (X,Y). Then X’ C X, so there is some a € X\ X'/, which means that
there is some Ay 3 a, so by the definition of our ordering, (X', Y”) < (A, Bi).
Thus (X,Y) is indeed the least upper bound.

Now, we can define an embedding P — C by p — ({z € P |z < p},{z €
P | p < z}). Obviously under this embedding the two orderings agree. Further,
the image is dense. This establishes the first two parts of the theorem.

Finally, suppose P C C7 and P C C3. We can define an isomorphism
m:C1 — Cy by w(z) =sup{pe P C Cy | p < z}. O

End of Lecture 1.

Lecture 2.

Proof of Theorem 2.1. Suppose S satisfies the conditions of the theorem. Let
P be a countable dense subset. Then P is dense without endpoints since S is.
Thus there exists an isomorphism f: P — Q. By Lemma 2.3, f can be extended
to an isomorphism f: S — R. O

In 1920, Suslin asked whether (R, <) is characterized by conditions 1 and 2
of Theorem 2.1 along with the countable chain condition (ccc).

Definition. A linear order is said to satisfy the countable chain condition if
every collection of pairwise disjoint nonempty open intervals is countable.

Remark. Separable = ccc.

Proof. Suppose D is a countable dense subset. Suppose {I;};cs is a collection
of pairwise disjoint open intervals. Then for each j € J, there exists d; € D such
that d; € I;. If j # k, then I;NI; = 0, and so dj # dj. Hence |J| < |D| <w. O

A positive answer to the above question (i.e. saying that the reals are char-
acterized by Suslin’s three conditions) is called the Suslin hypothesis.
Consider the following simpler statement.

SH: If the linear order S satisfies the ccc, then S is separable.

Theorem 2.4. The following statements are equivalent:

1. The Suslin hypothesis



2. SH

Clearly SH = the Suslin hypothesis. To see the converse we will have to do
more work.

Lemma 2.5. Suppose (Y, <) is ccc, but not separable. Then there exists a linear
order (X, <) which satisfies

1. X 1is ccc.
2. X is dense.
8. No nonempty open interval of X is separable.

Proof of Theorem 2.4. Suppose (X, <) is a counterexample to SH. By Lemma
2.5 we can suppose that X is dense. After deleting the endpoints if necessary,
we can suppose X has no endpoints.
Let S be the Dedekind completion of X. Clearly S is also ccc. Suppose that
S is separable. Then S = R, so without loss of generality X C R, which means
that X is separable by the exercise from last class. This is a contradiction. Thus
S must not be separable, and so is a counterexample to the Suslin hypothesis.
O

Proof of Lemma 2.5. Define a binary relation ~ on Y by x ~ y iff
l.z=yor
2. x <y and (z,y) is separable or
3. y <z and (y,x) is separable.

Remark. If x < y and (z,y) = @, then = ~ y since (z,y) is trivially separable.

Obviously ~ is an equivalence relation. Let X be the set of ~-equivalence
classes. It is easy to see that each I € X is convex, i.e. if z,y € [ and = < v,
then (z,y) C I. Hence we can define a linear order on X by I < J iff a < b for
all/some a € I and b € J.

Remark. Suppose I € X and |[I| > 3. Then I contains a nonempty open interval
of Y. Since Y is ccc, there exist only countably many I € X such that |I| > 3.

Claim. Each I € X is separable.

Proof. Let M = {(xn,yn) | n < A} be a maximal collection of disjoint nonempty
open intervals such that z,,,y, € I. Since Y is ccc, A < w. Since each z, ~ y,,
we can choose a countable dense D,, C (z,,y,). Let D = U,D,,. Then D is
countable. Suppose that z,y € I and (z,y) # (. By the maximality of M,
there exists n such that (z,y) N (s, yn) # 0. Hence D, N (z,y) # 0. Tt follows
that D, together with any endpoints of I, is a countable dense subset of I. [

Claim. X is dense.



Proof. Suppose there exists I < J in X such that (I,J) = (). Clearly I'T]J is
separable. Hence if x € I and y € J, then x ~ y, contradiction. O

Claim. X is ccc.

Proof. Suppose that {(In,Js) | @ < w1} is a collection of disjoint nonempty
open intervals. Choose z,, € I, and y, € J, such that if J, = Ig then y, = x3.
Then {(zq4,ya) | @ < w1} are disjoint nonempty open subsets of Y, contradicting
the fact that Y is ccc. O

Claim. No nonempty open interval of X is separable.

Proof. Otherwise, there exist I < J such that (I, J) is separable. Suppose that
{K, | n € N} is a countable dense subset of (I, J). For each n € N, let k,, € K,,.
Alsolet B={K € X |I <K < Jand |K| > 3}. For each K € B, let D C K
be a countable dense subset.

Consider L = U{K | I < K < J} CY. We claim that E = {k, | n €
N} U{Dgk | K € B} U {endpoints of L if any} is a countable dense subset of
L, which is the final contradiction. It is enough to show that if x,y € L and
(x,y) # 0, then (z,y) N E # 0.

First suppose there exists I < K < K’ < J such that z € K and y €
K’'. Then there exists n € N such that K < K,, < K. Soz < k, < v.
Otherwise, there exists I < K < J such that z,y € K. Clearly K € B and
hence Dg N (z,y) # 0. Thus E is a countable dense subset of L. O

O

Historically nothing happens for 15 years, until a new way of looking at the
problem is discovered.

2.1 Trees

Definition.

1. A tree is a partially ordered set (T, <) such that for every x € T, the set
predy(z) ={y € T | y < x} is well-ordered by <.

If x € T, then its height htr(z) is the order type of pred,(z).
If o € On then the ath level of T is T, = {x € T | htr(z) = a}.
The height of T is ht(T) = min{« | T, = 0}.

A branch of T is a mazximal linearly ordered subset.

S v e e

An antichain of T is a subset A C T such that if x £y € A, then z,y are
incomparable in T.

Ezample. If T is a tree, then each level T, is an antichain.



Ezxample. Let T consist of all functions f: o — 2, where « is a countable ordinal,
ordered by f < g iff f C g. Then T is a tree of height w; and for each a < wy,
To={f]|f:a— 2}

When discussing the number of nodes and brances, it was noted that 2% <
2“1 is obviously true, but it turns out that 2% = 2“1 is consistent, as we will see
later in the course.

Definition. If T is a tree, then S C T is a subtree iff predp(x) C S for all
zeSs.

End of Lecture 2.

Lecture 3.

Definition. A tree T is a Suslin tree iff
i. ht(T) =w
1. T has no uncountable branches.
1i. T has no uncountable antichains.
Theorem 2.6 (Kurepa). The following are equivalent:
a) SH
b) There does not exist a Suslin tree.
Proof. Delayed, for now. O
First we shall consider a natural weakening of the notion of a Suslin tree.
Definition. The tree T is an Aronszajn tree iff
i. ht(T) =w
it. T has no uncountable branches.
iti. |To| < wy for all @ < wy, i.e. T has no uncountable levels.

Remark. Clearly every Suslin tree is Aronszajn, since the levels of a tree are
antichains.

Definition. A tree T of height wy is well-pruned iff |To| = 1 and if « < § < wy
and x € T, then there exists y € Tg such that x < y.

Lemma 2.7. If T is an Aronszajn tree, then T has a well-pruned Aronszajn
subtree.

10



Proof. Let T' consist of those x € T such that {y € T' | < y} is uncountable,
i.e. x is beneath uncountably many elements. Clearly T” is a subtree of T

Since Tj is countable and T'\ Ty is uncountable, it follows that T} # (). Next,
we prove that T satisfies the second part of the definition. In particular, this
implies that Tj; # ) for all 3 < wy, so ht(T") = w;.

Suppose that € T, and that a < § < wy. Since Uy g7 is countable, there
exists z € T with htp(z) > fand 2 < z. Hence Y = {y € T | z < y} # 0.
Since Y is countable it follows that T} # 0.

Finally, choose xg € T}. Then {y € T" | o < y} satisfies our requirements.

O

Theorem 2.8. There exists an Aronszajn tree.
Proof. Let T consist of all functions ¢: @ — w such that
oa<wp
ii. t is injective.
ili. |w\ range(t)] = w

We define t1 < to iff t1 C ty. Clearly T is a tree of height w.

Now, suppose that B C T is an uncountable branch. Then f = UB is
an injection from w; into w, which is impossible. Thus 7" has no uncountable
branches.

This tree is not Aronszajn, however, since |T,| = 2% > w for all w < a < wy.
It is well-pruned, though. We shall find a suitable subtree T% C T which will
be “thinner”.

Some notation, before we proceed: we write BA for {f | f: B — A}.

If s,t € *w, define s ~ ¢t iff |{B < a | s(8) # t(B)| < w. Notice that if
a < wp and t € *w, then there exist only countably many s € “w with s ~ t.
We shall define inductively s, € T, for @ < wy such that if @« < 8 < wy, then
Sa ~ s | @ Then we define T* = Uy<y, {t € “w |t ~ $4}-

Notice that if ¢ € Tj and v < 3, thent [ o~ sg [ @~ 5o, and so t [ a € T7.
Thus T* is in fact a subtree of T. Clearly ht(T*) = w; and |T| = w for all
0 < a <wjy. Thus T* is an Aronszajn subtree of T'.

It only remains to define s, € T,. First, let s = (). Suppose inductively that
Sq has been defined. Choose any n € w\range(s,,) and put so4+1 = sqU{(c,n)}.
Finally suppose v < wy is a limit ordinal and that s, has been defined for all
a < 7. Choose a sequence of ordinals

g <oy <...<a,<...<vy

such that sup,, @, = 7. Such a sequence exists since 7 is countable. Let tg = sq,
and inductively define ¢,,: a,, — w such that

11



3. the first n + 1 elements of w \ range(t,,) are contained in w \ range(t,11).

Then set s, = Uy,t,,. The third condition is most important here, as it assures
that |w \ range(s,)| = w. This completes the construction. O

It is interesting to note that we can never obtain a Suslin tree in this way.

Theorem 2.9. Let T = Ugcw, {t | t: @« = w}. If T* C T is a subtree, then T*
is not a Suslin tree.

Proof. We can assume that ht(T™*) = wq. For each n < w, define A4,, = {t € T* |
Ja such that domt = a + 1 and t(a) = n}. Clearly each A, is an antichain.
For each o < wy, choose to € T* N *Tlw. Then each to € A, for some n < w
and so some A,, is uncountable. O

Definition. An Aronszajn tree is special iff T is the union of countable many
antichains.

Remark. Clearly a special Aronszajn tree isn’t Suslin.

Definition. Let T be a tree and let L be a linear order. Then T is L-embeddable
iff there exists f: T — L such if x <y €T, then f(x) < f(y).

Exercise: Prove that an Aronszajn tree T is special iff T is Q-embeddable.
(Note that Q-embeddable implies special is trivial.)

Exercise: Prove that there exists a special Aronszajn tree.

Exercise: Prove that there is a non-special Aronszajn tree. (We see later
that this is independent.)

Exercise: Prove that every Aronszajn tree is R-embeddable.

Next we return to the proof of Theorem 2.6. We shall make use of the
following:

Lemma 2.10. Suppose T' is a well-pruned Aronszajn tree and x € T, for some
a <wi. Ifn <w, then there exists o < f < wy such that |[{y € Tz | v < y}| > n.

Proof. We argue by induction on n > 1. When n =1, we let § = a + 1,
since T is well-pruned. Suppose inductively that there exists & < v < w; and
Yi,-..,Yn € Ty with < y; for 1 < i <mn. Since {z €T |y, < 2} NTz #0
forall y < 8 < wy and {z € T | y,, < z} is not linearly ordered (else we would
have an uncountable branch, since T is well-pruned), there exists v < 8 < wy
and 2y, 2p41 € T such that y, < 2y, 2p+1. Choose y; < z; € Tg for 1 <7 < n.
Then z1,...,2p41 € T are distinct such that x < z1,..., 2p41. O

End of Lecture 3.

Lecture 4.

Proposition 2.11. If there exists a Suslin tree, then SH is false.

12



Proof. Let (T, <) be a Suslin tree. By Lemma 2.7 we can suppose that T is
well-pruned. Let L = {C C T | C is a branch of T'}. For each C' € L, define
ht(C) = min{a < wy | CNT, = 0}. This is well-defined since there is no
uncountable branch. Since T is well-pruned, ht(C) is a limit ordinal for each
Cel.

For each C' € L and o < ht(C), define C(a) = C NT,. We can define a
linear order < on L as follows. First let < be any linear ordering of the nodes of
T. Mt C#De€L,let d(C,D) = min{a | C(a) # D(«)}. Then we define C' < D
ifft C(d(C, D)) < D(d(C,D)). It is easily checked that < is a linear order on L.

Claim. (L,<) is ccc.

Proof. Suppose {(C¢,D¢) | € < wr} is a family of disjoint nonempty open
intervals. For each ¢ < wq, choose E¢ € (C¢, D¢) and ag such that

maX{d(C&Eg),d(E@Dg)} <ag < ht<E§)

Notice that if E¢(ae) € F € L, then F' € (C¢, D¢). Hence E, (o) # Ee(ag) for
all n # €.

Since T does not contain an uncountable antichain, there exists 1 # £ such
that E; (o) < E¢(ag). But then Ee € (Cy), D,)) N (Ce¢, D¢), contradiction. [

Claim. (L,<) is not separable.

Proof. Suppose {C,, | n € N} is a countable dense subset of L. Then there
exists § < wy such that ht(Cy,) < 6 ¥n € N. Let © € T5. By lemma 2.10, there
exists 0 < a < w; and y, z,w € T, such that x < y,z,w. Choose D, E,F € L
such that y € D,z € E,w € F. We can suppose that D < E < F'. In particular,
(D,F) # 0. Clearly C,, N (D, F) =0 for all n € N, contradiction. O

Thus (L, <) is a counterexample to SH. O
Proposition 2.12. If SH is false, then there exists a Suslin tree.

Proof. Suppose (L,<) is a counterexample to SH. By Lemma 2.5, we can
suppose that L is dense without endpoints, and no nonempty open interval of
L is separable.

Let Z be the set of all nonempty open intervals of L, partially ordered by
I < Jiff I 2 J. We shall find a subset T'C Z such that (T, <) is a Suslin tree.
Suppose for each § < w; we can find a subset Zg C 7 such that the following
conditions are satisfied:

1. The elements of Z3 are pairwise disjoint.
2. Ulg is dense in L.

3. fa<fBand I €I,, €I, then either INJ is empty or J C I.

13



Let T = Ugcy,Zs. Clearly T is a tree such that T3 = Zg. By condition 2,
Is # 0 VB < wy and so ht(T) = wy.

Suppose that A C T is an antichain. Then A is a collection of pairwise
disjoint elements of Z. Since L is ccc, it follows that |A| < w;. Thus T has no
uncountable antichains.

Next, suppose that {I¢ | { < w1} is an uncountable branch, where Iz € T¢.
If £ <, then I 2 I,. But this means that {I¢ \ Ie41 | £ < w1} is a collection
of disjoint nonempty open subsets, contradiction. Thus 7" is a Suslin tree.

Finally, we shall construct Zg by an induction on 5 < wy. First, let Zy be
any maximal collection of disjoint nonempty open intervals. Clearly 1-3 hold, 2
in particular holding because a failure to would contradict maximality.

Next, given Z,, we define 7,1 as follows. For each I € 7, let K be a
maximal family of pairwise disjoint nonempty open intervals J such that J C I.
Then Zo4+1 = Urez, Kr. Clearly 1-3 hold.

Finally, suppse v is a limit ordinal and Z, has been defined for all a < 7.
Let C={K €Z |Forall« € yand I € Z,,either KNI =0or K C I}. Let
7, be a maximal collection of pairwise disjoint elements of IC. Clearly 1 and 3
hold.

To see that 2 holds, it is enough to show that for each J € 7, there exists
K € K such that K C J. Let E be the set of all endpoints of the intervals in
Ua<~Za. Since E is countable and J is non-separable, there exists K1 € 7 such
that Ky C J and K1 N E = (. Hence if I € Uyeylq, then either I N Ky =0 or
K; C I. Choose K € 7 such that K € K;. Then K C J and K € K. This
completes the induction. O

We next unsuccessfully attempt to construct a Suslin tree in ZFC.

Definition. A tree (T, <) is ever-branching iff for all x € T, the set {y € T' |
x <y} isn’t linearly ordered.

Lemma 2.13. Suppose the tree (T, <) satisfies
i. T is ever-branching.
it. ht(T) = w
1. Fvery maximal antichain of T is countable.
Then T is a Suslin tree.

Proof. Suppose B is an uncountable branch. Then for each = € B there exists
f(z) € T\ B such that © < f(z). Define inductively z, € B for a < w;
such that htp(xq) > sup{htr(f(zg)) | 5 < a}. Then {f(zs) | @ < w1} is an
uncountable antichain, contradiction. O

Definition. A tree T is an wi-tree iff ht(T) = w1 and |T,| < wy for each
o< wi.

Now imagine trying to construct a Suslin tree T' = Uy<y, To by defining Tp,
by induction such that the following conditions hold:
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1. |Ty| < wy for each o < wy.
2. T is ever-branching.
3. For each B < a and z € T} there exists y € T, such that z < y.

Then we need only worry about uncountable antichains. You might try the
following. At the v = 0 stage set Tp = {r}. f a = 8+ 1 and T = {¢,, | n € N},
then let Tg11 = {an,b, | n € N} and define ¢, < ay,b,. We will see next time
what happens at the limit stages.

End of Lecture 4.

Lecture 5.

At limit stages of the construction we started last time, we attempt to “kill
off” potential uncountable antichains.

Suppose we fail, and let A C T = Up<w, 1o be a maximal uncountable
antichain.

Lemma 2.14 (Reflection). Suppose T is an wy-tree and that A C T is an
uncountable maximal antichain. Then for all « < wy, there exists a < f < wy
such that

a) B is a limit ordinal.
b) ANUy<gT, is a mazimal antichain of Uy<gT,.

Proof. For each x € T, let f(x) € A be such that z, f(x) are comparable. This
is always possible since A is maximal. Define inductively an increasing sequence

a< o< <...<B,<... neN

as follows. Since Ug<oT¢ is countable, there exists @ < fy < w; such that
flUecaTe] € Uyep, Ty Similarly there exists 3y < 1 < wp such that
flUe<poTe] € Uy, Ty. Continuing in this fashion, let

flUe<p, Te] € Uyep, ., Ty. Then 8 = lim, 3, satisfies our requirements. O

Now we could have killed A as follows. Suppose that « is a limit ordinal and
D = ANUy<oTy is a maximal antichain of U,<,T,. We can prevent D from
growing as follows.

For each z € U,<,T, let dr € A be comparable with . Then we can
inductively define distinct branches B, such that z,dx € B, and B, NT, # 0
forall v < a. Let T, = {b, | ¢ € Uy<o T} and set z < b, iff 2 € B,. Notice that
every element of T, is comparable with some element of D. Thus D remains
maximal and doesn’t grow into an uncountable antichain. Thus we have an
uncountable number of opportunities to kill any uncountable antichain.

The problem is, how do we guess which antichain to kill at a given step of
the construction?
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2.2 Cofinality

Definition.

a) The map f: a — B is cofinal iff range f is unbounded in 3, i.e. Vn < 3,
there exists T < o such that n < f(7).

b) The cofinality of B, written cf(8), is the least ordinal o such that there
exists a cofinal map f: a — f.

Ezample.
1. Suppose that 8 = v+ 1 =~y U {y}. Then f: 1 — 8 where f(0) = v is
cofinal.
2. cef(w) =w

3. cf(B) < g for all 5 € On.

Definition. A limit ordinal 8 is regular iff cf(8) = 5.
Remark. A regular ordinal is necessarily a cardinal.
Definition. A cardinal k is singular iff cf(k) < k.
Ezample. X, is singular. The map m — 8,, is cofinal. Thus cf(R,) = w.
Ezample. w is regular.
Theorem 2.15. If k is an infinite cardinal, then k™ is regular.
Proof. Supose a < k™ and f: a — kT is cofinal. Then

Wt = sup{f(8) | 6 < )

= Up<a f(B)

Now |a| < k and each |f(B8)] < &, s0 | Ug<a f(B)| < k- Kk = Kk, which is a
contradiction. O

Definition. An uncountable regqular limit cardinal is said to be weakly inacces-
sible. The existence of such cardinals cannot be proved in ZFC.

Theorem 2.16 (Konig). If x is an infinite cardinal and X > cf (x), then K > k.
Corollary. If \ is an infinite cardinal, then cf(2*) > \.

Proof. Let k = 2*. Then &* = (2*)* = 2** = 2% = k. Thus A < cf(k) =
cf(2%). O
Theorem 2.17. 280 #£ R,

Proof. We will give a self-contained proof which does not rely on the above
corollary to Konig, although that makes it pretty easy. Suppose that 2% = R,,.
Then |P(w)| = R,,. Hence we can express P(w) = Upew Sy, where each | S, | = R,,.
Express w = Xo [[ X1 ... ][I Xn]I]..., where each | X,,| = w. For each n € w,
let P, ={ANX, | A€ S,}. Then |P,| <R, <N, = |P(X,)|. Hence there
exists B, € P(X,,) \ P,. But then U, B,, ¢ U,S,,, contradiction. O
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2.3 Clubs, stationary sets, and <>

Definition. Let k be a reqular uncountable cardinal.
a) A subset C C k is unbounded iff Vo < k, 30 < k such that « < € C.

b) A subset C C k is closed if for every limit ordinal § < k and every
increasing d-sequence oy < a1 < ... < a¢ < ..., §& < 0, where each
ag € C, we have supg 5 a¢ € C.

¢) A subset C C k is a club iff C is closed and unbounded.

Ezample. {a < k| lima} is a club.

Remark. Tt is useful to think of clubs as “large” subsets, or “measure 1” subsets.
Definition.

1. f is a finitary function on A iff f: A™ — A for some n € w.

2. If f: A" — A and B C A, then B is closed under f iff f[B"] C B.

Theorem 2.18. Let k be a reqular uncountable cardinal and let f: k™ — k.
Then C ={a < k| « is closed under f} is a club.

Proof. Clearly C is closed. To see that C' is unbounded, fix some 3 < k. Since
|8™ = |B| < & and & is regular, there exists 8 < ag < & such that f[5"] C «p.
Continuing in this fashion, we can find S < aqp <y < ... <y < ..., n €N
such that f[a]'] C ayq1. Clearly o = sup,, a,, € C. O

In the next class we will prove a lemma that is the analog of the result that
in a probability space, the intersection of countably many measure 1 sets has
measure 1.

I also have written down a little from the end of class, where we were dis-
cussing clubs. I have that the set {G = (w1, *,€)is a simple group} is a club,
but {G = (w1, *, e)is a group such that Aut(G) = Inn(G)} is not. It was left as
an exercise to figure out why.

End of Lecture 5.

Lecture 6.

Lemma 2.19. Let k be a reqular uncountable cardinal and let A < k. If C,, is
a club of k for each a < X, then C = Na<rCly is also a club.

Proof. Asusual, it is easily checked that C'is closed. To see that C' is unbounded,
for each o < A, define f,: k — k by fo(5) =the least v € C,, such that 5 < ~.

Next define g: kK — k by g(8) = sup,<» fa(B). Note that since A < x and
k is regular, g(8) < k and so g is well-defined. Next, for each 1 < n < w, let
g" =gogo...og (n times), and define ¢g¥: k — K by ¢*(8) = sup,, " (8) < k.

Clearly 8 < ¢¥(8) < &, and we claim that ¢ (8) € C = Np<rCyq. To see
this, fix some a < A. Then f.(8) < g(8) < fa(9(8)) < ¢*(B) < ..., and so
6“(8) = 5up,, falg"(8)) € Ca since cach fu(g"(8)) € Ca. 0
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Definition. Let k be reqular and uncountable. A subset S C k is stationary iff
SNC #0 for each club C C k.

Remark. Suppose that T' C k is not stationary. Then there exists a club C' C &
such that 7' C k \ C. Thus, nonstationary corresponds to “measure 0”, and
stationary corresponds to “positive measure”. In other words, stationary means
significant, or unavoidable.

Exercise: If S is stationary and C' is a club, then S N C is also stationary.
(Very easy.)

To get some understanding of this notion, we see how it arises naturally in the
construction of structures of size wi. We will construct “many” nonisomorphic
DLOs (dense linear orderings without endpoints) of size wy. (Contrast this to
the case of DLOs of size w, which we have seen are all isomorphic.) For each
A C wy, we shall construct D4 = U,<.,, D2 as a smooth increasing union of
countable DLOs. (Smooth means that if § < wy is a limit, then D{ = Uy<sD4.)

Suppose D = (wq,<) is a DLO. Then {a < wy | (o, < | @) is a DLO} is a
club. One sees this by seeing that it is the intersection of the sets of closure of
three functions. We define f,(a) > a, fa(a) <, and a < fy(a, B) < 8. f, and fq
make sure that there are no endpoints, and f; makes sure that between any two
elements there is another.

Definition. An embedding of countable DLOs Dy C D5 is a rational embedding
if

1. Dy is an initial segment of Do, and
2. D1 has a supremum in Ds.
i.e. D1 C Dy 2 (—00,1)NQ C Q.
Definition. An embedding of countable DLOs Dy C Ds is an irrational embed-
ding if
1. Dy is an initial segment of Do, and
2. D1 has no supremum in Ds.
i.e. Dy C Dy 2 (—00,v/2)NQ C Q.

For each A C wy, we construct a smooth union of countable DLOs DA =
SUP,.,, Di such that D, C Dgyq is rational if @ € A, and is irrational if

a ¢ A. Tt is reasonable to expect that if A, B are “sufficiently different”, then
DA % D5,

Theorem 2.20. DA % DB iff AAB is stationary.

Proof. (<) First suppose that AAB is stationary. Suppose that f: D4 — DB
is an isomorphism. By the usual argument (creating an increasing sequence and
taking the supremum), {a < w; | f[DA] = DB} is a club. Since S = AAB is
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stationary, there exists & € SN C. Without loss of generality « € A\ B. But
then D2 has a supremum in D4, while f[DZ] = DE doesn’t have a supremum
in DB, contradiction.

(=) Next, suppose that AAB isn’t stationary. Then there exists a club
C such that C N (AAB) = 0. Let C = {ag¢ | £ < wi} be the increasing

enumeration of C. Then for each £ < wq, Dﬁg has a supremum in D&“g+1 iff
B

fo§ has a supremum in Dy . So we can inductively define isomorphisms
fe: Dﬁg — DfE such that fe C f, whenever { < n. Then f = Ugcy, fe is an
isomorphism from D4 to DB. O

Exercise: For each X C wy, the game G, is defined as follows: we have an
increasing sequence ag < g < a1 < 31 < ... <wy, for n € w. Player I chooses
each a,, and Player II chooses each (3,. The players move alternately. Player I
wins iff sup a, € X.

a) Determine for which X C w; at least one of the players has a winning
strategy.

b) Are there any X C w; such that neither player has a winning strategy?
We are finally ready to define our first extra set-theoretic axiom, <.

Definition (The Diamond Principle ). There exists a sequence (Aq | o < wy)
such that

a) Ay C « for all « < wy, and

b) for all X C wq, the set {a <wy | X Na = A,} is stationary.
Remark. (Aq | @ < wi) is called a $-sequence.
Proposition 2.21. { implies CH.

Proof. Let X Cw Cwy. Then S ={a <w; | X Na = A,} is stationary. Since
C ={a <w |w<a}isaclub, there exists « € SNC. Then X = XNa = A,.
Thus P(w) C {4y | @ < w1} O

& also tells us there are 2¥1 stationary sets in wj.
Notation: From now on, if T"is an wi-tree and o < wy, then T' [ o = Ug<oT3.

Lemma 2.22. Suppose that {(w1,<) is an wi-tree. Then
a) C={a<w |lima and T | a = a} is a club.

b) If A C wy is a mazximal antichain of T, then D = {a < w1 | ANT |
a is a mazimal antichain of T [ a} is a club.

Proof. (a) Clearly C is closed. To see C' is unbounded, let 8 < w;. Then we
can inductively define a strictly increasing sequence = ag < a1 < ... < ay, <
...<wjpsuchthat T [ag Cay CT [ a1 Caz C... Then a = sup,, o, € C.

(b) Clearly D is closed. By lemma 2.14, D is unbounded. O
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Exercise: Suppose that T is an w;-tree such that T is a subtree of U<, {t |
t: a — w for some a < wy}. Then T is R-embeddable.

End of Lecture 6.

Lecture 7.

Lemma 2.23. Let (A, | @ < wy) be a $-sequence. Suppose T = (w1, <) is an
ever-branching w1 -tree and that the following holds:

(*) If @« < wy is a limit ordinal such that T | o = a and A, 1s a mazimal
antichain of T | «, then for all x € T, there exists y € A, such that y<x.

Then T is a Suslin tree.

Proof. Let A be a maximal antichain of T'. By lemma 2.22, there exists a club
FE such that for all o € F,

i lima
ii. Tla=«a
ili. ANT | a is a maximal antichain of T' | «.

Since S = {a <w; | ANa = A,} is stationary, there exists « € ENS. Thus
Ay =ANa=ANT | «is a maximal antichain of T' | «. Since (*) holds, if
z € T with hty(2) > a, then there exists y € A, such that y<z. Hence A, is a
maximal antichain of T and so A = A, is countable. O

Theorem 2.24 (). There exists a Suslin tree.

Proof. Let (A, | o < wy) be a $-sequence. Let (A | 1 < a < wy) be the
increasing enumeration of the limit ordinals § < w;. Let Ag = 0. We shall
construct a tree T' = (w1, <) by defining the levels T, inductively so the following
conditions hold:

1. To={da+n|n<w}
2. For each n < w, Ay + n < Agq1 + 21, Ag41 +2n + 1.
3. If 8 < aand = € T, there exists y € T, such that z <y.

4. If ima and T [ « = « and A, is a maximal antichain of T | «, then for
all z € T,, there exists y € A, such that y <z. (This is (*) from above.)

Notice that 2 ensures that T is ever-branching. Hence 4 implies that T is Suslin.
Clearly there is no problem defining Tj. Also, 2 completely defines T, for
each successor a+ 1. So suppose that lim « and T' [ « has already been defined.
In the first case, we suppose that T' | « = o and A, is a maximal antichain
of T' | a. For each x € T | «, there exists y € A, such that x,y are comparable.
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Choose z9 € T | «a such that z,y < zp and let 7o = htrja(20). Choose an
increasing sequence vo < 1 < ... < ¥p < ... < « such that lim, v, = «, and
inductively choose z, € T, such that z, < z,41. Define B(z) ={y €T | «o |
(3n)y<z,}. Then B(x) is a branch through T' | a. Now let T' | @ = {x,, | n € w}
and for each t € T [ o, put t <\ +n < t € B(xy,). Then our conditions hold.

Otherwise, we choose any maximal antichain and kill it as in the first case.
(Kunen doesn’t worry about antichains in this case, he just creates branches in
order to define the next level.) O

The following variants of { are often useful.
Theorem 2.25 ().
1. There exists a sequence (R, | o < wq) such that
(a) Ry Caxa foral a < w.
(b) Forall R C wy xwr, the set {o € wy | RN(ax ) = Ry} is stationary.
2. There exists a sequence (fq | @ < w1) such that
(a) fo:a— a forall o <w.
(b) For all f:wy — wy, the set {a < w1 | f | o= fo} is stationary.
Proof. (a) Let (A, | @ < wi) be a {-sequence. Fix some bijection ¢: w; —

w1 X wi. Then define

{cb[Aa] if $[Aa] C @ x
Ro =
0 otherwise

Let R C wy x w; be any binary relation. Let A = ¢~1(R). Then S = {a < w |
ANa = A,} is stationary. Also, it is easily checked that C = {a < w; | ¢[a] =
axa}tisaclub. Thus T = CNS is stationary and RN(axa) = R, foralla € T.

(b) Let (Ry | @ < wip) be as in a). Define f,: a — «a by checking if
R, = graph(¢) for some 9: a — «. If so, then set f, = ©. Otherwise, set
fo = id,. Then argue as above. O

Exercise(<») Construct a rigid Suslin tree. (Rigid means the only automor-
phism is the identity.) (The idea is to kill automorphisms as they arise, as we
did with antichains.)

Exercise: If the wi-tree T is R-embeddable, then T is an Aronszajn tree
but T is not Suslin. Hint: Given an embedding f: T — R, construct another
embedding h: T — R such that h(t) < f(¢) for all t € T, and if htp(¢) is a
successor ordinal, then h(t) € Q.

Theorem 2.26 (). There exists an wy-tree T' such that

i. T is a subtree of Ugcyw, {t: o — w | |w \ range(t)| = w}
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1. T is not Q-embeddable.
In particular, T is R-embeddable but not Q-embeddable.

Idea of proof: We shall construct T' = Uy<w, T by induction on o < wy. Sup-
pose we fail and that f: T — @Q is an embedding. Then for each ¢ € Q,
B, = {t € T | f(t) = ¢} is an antichain. Extend each B, to a maximal
antichain.

Step one: If we fail, we can express T = Up<,A,, where each A, is a
maximal antichain.

Step two: Let C' consist of those o < wy such that lima and A, NT | « is
a maximal antichain of T | « for every n < w. Then C' is a club. So use { to
guess the sequence (A, NT [ o |n < w).

Question: Can we do anything about the embedding even with our guesses?

Step three: Suppose lima, T | « is well-pruned and (D,, | n < w) is a
sequence of maximal antichains of T | « such that T | « = U,,D,,. We now
inductively construct a branch B through T | « such that BN D,, # () for each
n < w. We want to adjoin an element ¢tz € T, such that pred,(tp) = B. This
will ensure that we cannot have T' = U, A, with A, NT [ « = D,, for all n < w.
This is because tg € A,, for some n and yet tg lies above an element of D,,.

Slight problem: In order that tg = UB can be adjoined, we need |w \
range(tp)| = w.

Definition. Let T* = {t: @ — w | @ < wy,|w \ range(t)| = w}. For each
n € w, define the partial order <, by s <, t iff s <t and the first n elements
of w \ range(s) are contained in w \ range(t).

Lemma 2.27. Suppose that {t, | n < w} CT* and that tg <p t1 <1 t3 <o ...
Then t = Upt, € T* and t, <, t for alln € w.

Now we slightly change our strategy. We inductively construct tg <g t; <;
to <o ... through T [ « such that t = U,t, € “w NT*. The sequence is chosen
so that if possible there exists a,, € D,, such that a,, < t,41. Again, we put
t=Upt, € T,.

Suppose t € A,. Then there doesn’t exist s € T [acand a € A, NT | «
such that ¢, <, sand a < s. Butt € A, and t,, <, t. Thus this aspect isn’t
faithfully reflected in T' | . So we should make our stand on a club where this
is reflected too. Next time we will actually go through the proof and see how
this is all done. O

End of Lecture 7.

Lecture 8.

Note: As I was absent for part of this lecture, the notes from before we
discuss Martin’s Axiom were originally taken by Susan Durst.

Theorem 2.26 (). There exists an wy-tree T such that
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1.

T is a subtree of Upcw, {t: @ — w | |w \ range(t)| = w}

T is not Q-embeddable.

In particular, T is R-embeddable but not Q-embeddable.

Proof. Let (R, | @ < wi) be a sequence such that

i

ii.

R, C a x « for each o < wq, and

for all R C wy X wy, the set {a <wy | RN (a X o) = Ry} is stationary.

Note this is just a sequence of the sort we know we have from theorem 2.25. Let
(Ao | 1 < a < wi) be the increasing enumeration of limit ordinals § < wy, and
let )\0 =0.

We shall inductively construct a subtree T C T, T = {t¢ | { < w1} such
that the following conditions are satsfied.

1.

2
3.
4

To={to} = {0}, 71 = {te |0 <& < A2}

Ifa>2, then T, = {te | Ao <& < Aot}

If 3 < o and t € T, then for all n € w, there exists s € T, with t <, s.

. Suppose « is a limit ordinal such that T' [ o = {t¢ | £ < a}. Suppose

further that R, C a X w and that
(a) For each n < w, D, = {t¢ | ({,n) € Ry} is a maximal antichain of
T «a,and
(b) Tla=U,D,
Then there exists an element ¢t € T, such that for each n < w there exists
t, € T | a such that
(a) t, <pt

(b) If there exists s € T | @ and d € D,, such that ¢, <,, s and d < s,
then there exists d’ € D,, N pred(t).

First we will check that the resulting tree satisfies our requirements. The only
nontrivial point is that 7' is not Q-embeddable. Suppose T' is Q-embeddable.
Then we can express T = U, A,,, where each A,, is a maximal antichain.

Definition. For each t € T, let S(t) = {n € w | there exists s € T,a €
Ay, such that t <,, s,a < s}.

Claim. Let C' C wq be the set of those a for which the following conditions hold.

1.
2.

3.

aalimit and T [ o = {t¢ | £ < a}.
For each n < w, A, NT [ o is a maximal antichain of T [ a.

Foreacht € T | « and n € S(¢), thereexists s € T [« and a € A, NT | «
such that t <,, s and a < s.
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Then C is a club.

Proof. We have more or less seen the proof that the sets defined by conditions
1 and 2 are clubs, so we just need to see that the set defined by condition 3 is
a club. This is just a “catch your tail” type argument. O

Let R={({,n) € w1 x w1 |t € Ay}, Since {a < w1 | RN (o X @) = Ry} is
stationary, there exists o € C such that RN (a X a) = R,.

Then at stage « of the construction, we have that D, = A, NT | « for each
n < w. Let t € T, be the element given by condition 4, and let ¢t € A,. Let
tn € T | a be the element given by 4. Then ¢ witnesses that n € S(t,), so there
exists s € T | a« and d € D,, such that t,, <,, s and d < s. But then there exists
d' € D,, Npredp(t), contradiction.

Thus it only remains to show that we can actually carry out the construction.
We start with Tp = {0}. For a = g+ 1, we let Tp1 ={t € T, |t | B € T}

If « is a limit, we suppose the hypotheses of 4 hold. Otherwise choose any
collection {D,, | n < w} of maximal antichains of T' [ @ such that T' | o = U, D,.
We construct T;, in two stages.

Stage 1: Argue as in the construction of an Aronszajn tree. We adjoin
countably many elements to T, such that 3 is satisfied.

Stage 2: Choose an increasing sequence of ordinals (o, | n < w) such that
sup,, o, = . Inductively construct a sequence of elements of T' | «,

to <ot1 <1t2<o...<p-1tn <plnt1 <nt1---
such that
1. t, € T | 3, for some a, < G, < a.

2. If 3s €T [ « and d € D,, such that ¢, <,, s and d < s, then there exists
d" € D,, such that d’ < t,41.

Then we put t = Upt, € Ty. O

3 Martin’s Axiom

We begin by considering an easy puzzle.

Definition. If f,g € “w, then g dominates f, written f <* g, if there exists
ng € w such that f(n) < g(n) for all n > ng.

Question 1: Suppose F = {f, | n < w} C “w. Does there exist g € “w such
that f, <* g for all n < w?

Answer: Of course. Simply define g(n) = max{f.(n) +1|r < n}.

Question 2: Suppose F = {fo | @ < w1} C “w. Does there exist a g € “w
such that f, <* g for all & < wy?

Answer: Not necessarily. For example, suppose 2% = X; and F = “w. But
what about when C'H fails?

We shall translate question 2 into a question about a suitably defined poset
Py
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Definition. Let Px consist of all ordered pairs p = (¢, Fo), where ¢p: n — w
for some n and Fy is a finite subset of F.

Motivation: We are trying to construct g € “w such that f <* ¢ for all
f € F. We regard ¢ as a candidate for g [ n. Then finite set Fy C F is
intended as a finite set of promises, i.e. we promise that g(m) > f(m) Vf € Fy
and m € w\ dom(¢).

We next define a partial ordering of Pz to reflect the above. As we write it,
p < g will always indicate that p is a strengthening/contains more information
than gq.

Definition. Px is partially ordered by (¢, F1) < (¢, Fo) if
1. ¢ 2 and F1 2O Fy, and
2. ¢(m) > f(m) for allm € dom¢ \ domp and f € Fo.

Next suppose that g € “w satisfies f <* ¢ for all f € F. Then the set
of “finite approximations” G C Pz is defined by (¢, Fy) € G < ¢ C g and
Ve Fo, f(m) < g(m) Ym € w\ dom ¢.

Note that G has the following properties:

a) If p,q € G, then there exist r € G such that r < p,q.
b) For all p € G and q € Px, if p < g and p € G, then g € G.

Definition. If P is any poset, then a subset G C P satisfying a and b is called
a filter.

Returning to our example, the following conditions hold:
¢) For each n € w, there exists (¢, Fo) € G such that n € dom ¢.
d) For each f € F, there exists (¢, Fy) € G such that f € Fy.

Conversely, the existence of such a subset G C Px yields a function g € “w
such that f <* g for all f € F.

Proposition 3.1. Suppose that there exists a filter G C Pz satisfying ¢ and d.
Then there exists g € “w such that f <* g for all f € F.

End of Lecture 8.

Lecture 9.

Definition. If P is a poset, then a subset G C P is a filter iff
a) For all p,q € P, there exists r € G such that r < p,q.

b) Ifpe G andp < q € P, then q € G.
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Definition. For every F C “w, the poset Px consists of conditions p = (¢, Fo)
where ¢: n — w for some n € w and Fy C F is finite, ordered by (¢, F1) <

<¢7f0> Zﬁ
e D¢ and F1 2 Fy
e For alln € domv \ dom¢ and f € Fy, ¥(n) > f(n).

Definition. If P is a poset, then D C P is dense iff for all p € P, there exists
d € D such that d < p.

Ezxample. Consider Px as above.
1. For each n € w, D,, = {{¢, Fo) | n € dom ¢} is dense in Pgr.
2. For each f € F, Ey = {(¢, Fo) | f € Fo} is dense.
Proposition 3.1. Suppose there exists a filter G C Pz such that
e GND, #0 foralln € w,
e GNEf#0 forall f e F.
Then there exists g € “w such that f <* g for all f € F.

Proof. Define g = U{¢ | (3Fp){(¢, Fo) € G}. We first check that g € “w.
Let n € w. Then there exists (¢, Fo) € G N D,,. Suppose that we also have
(,F1) € GN D,. Since G is a filter, there exists (f, F2) € G such that
(0, F2) < (¢, F1),{p, Fo). Hence ¥(n) = ¢(n). Thus g € “w.

Next suppose that f € F. Then there exists (¢, Fo) € Ey N G. We claim
that f(n) < g(n) ¥n € N\ dom ¢. As above, there exists (¢, F1) < (¢, Fo) such
that n € domt. By the definition of <, we have g(n) = ¥(n) > f(n), since
feFo. O

Clearly we need an axiom of the following form.

Definition (“Axiom F”). If P is a poset and {D,, | @ < w1} is a family of
dense subsets of P, then there exists a filter G C P such that GN Dy, # 0 for all
a < wi.

Counterexample. Let
Peont = {p Cw X wy | |p| < w and p is the graph of a partial function}
ordered by p < ¢ iff p O ¢. Notice that the following sets are dense:
e D, ={p€P.y|nedomp} for each n € w.
o R, ={p €P.o|acrangep} for each a < wy

Suppose g C P, is a filter intersecting all the above dense sets. Then g =
UG: w — w; is a surjective function, contradiction.
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Definition. Let P be a poset.

a) The elements p,q € P are compatible iff there exists r € P such that
< P.q.

b) A subset A CP is an antichain iff the elements of A are pairwise incom-
patible. (This is somewhat stronger than our old definition that we used
(i.e. an antichain is a set of pairwise incomparable elements) but it works
for trees at least if you view the tree upside-down as a partial order. (If
we view the tree right-side-up as a partial order, and it has a single root,
then any two elements are compatible.))

Definition. P is ccc iff every antichain of P is countable.
Ezxample. If F C “w, then Pg is ccc.

Proof. Suppose that {{(¢n,Fu) | @ < w1} is an uncountable antichain of Pg.
Then there exists o # [ such that ¢, = ¢3. But then (¢o, Fao), (93, Fs) are
compatible (just union the promises), contradiction. O

Ezample. Py is not ccc.
Proof. Clearly {(0,a) | @ < w1} is an uncountable antichain. O
Definition. M A(k) is the statement:

Whenever P is a nonempty ccc poset and D is a family of < k dense subsets,
then there exists a filter G C P such that GN D # 0 for every D € D.

Martin’s Axiom (M A) is the statement (Vi < 2“)MA(k).
Thus we have proved

Theorem 3.2 (MA). If F C “w and |F| < 2%, then there exists g € “w such
that f <* g for all f € F.

Remark.
1. MA(w) is true.
2. MA(2¥) is false.

Proof. (a) Let P be any poset (not necessarily ccc) and let {D,, | n € w} be
a family of dense subsets of P. Then we can inductively find pg > p; > ... >
Pn > ... such that p, € D,. Then G = {q € P | (3n)p, < ¢} satisfies our
requirements.

(b) Consider Px, where F = “w. O
Theorem 3.3 (M A+ —CH). There does not exist a Suslin tree.
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Proof. Suppose that (T, <) is a Suslin tree. Without loss of generality we can
suppose that T is well-pruned. Let P = (T, >) be the upside-down tree. Then
P is cce. Since T is well-pruned, for each o < wy, the set {x € T | htp(z) > o}
is dense in T. By M A+ —CH, there exists a filter G C P such that GN D, # 0
for each a@ < wy. But then B = {y € T | (3z € G)y < x} is an uncountable
branch, contradiction. O

3.1 Maximal almost disjoint families

Definition. A family A C P(w) is an a.d. (almost disjoint) family iff
i. For each Ac A, |Al =w.
. If A# B € A, then |ANB| < w.

A is a mad family iff A is a mazimal a.d. family.

Ezample. Let E={2n | n € N} and O = {2n+ 1 | n € N}. Then {E,0} is a
mad family.

From now on, we will only be interested in infinite a.d. families.
Proposition 3.4 (ZFC). There exists an a.d. family A C P(w) with |A] = 2¥.

Proof. Label the nodes of the complete binary tree from left-to-right, then
bottom-to-top, so the first few levels are {0},{1,2},{3,4,5,6}. Let A be the
set of branches. O

Proposition 3.5 (ZFC). If A = {A, | n € w} is a countably infinite a.d.
family, then A is not mad.

Proof. For each n € w, let B,, = A,, \ U;<, 4;. Clearly B, is infinite, and so we
can choose b, € B,,. Clearly the B,, are distinct, so B = {b,, | n € N} is infinite.
It’s also clear that BN A, C {b1,...,b,} and so AU {B} is also a.d. O

Question: Suppse A C P(w) is mad. Does it follow that |A| = 2¢7
We'll prove next time that M A implies a positive answer and much more.

End of Lecture 9.

Lecture 10.

Definition. Let A C P(w) be any family. The poset P4 consists of all con-
ditions (s, F') where s C w and F C A are finite subsets partially ordered by
(s', F") < (s, F) iff

i. 8 Dsand F' D F

. Forall Aec F,ssNACs.
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Lemma 3.6. P4 is ccc.

Proof. Clear, as there are only countably many possibilities for the s in our
ordered pair. O

Lemma 3.7. If A€ A, then Dy ={(s,F) e Py | A€ F} is dense in P4.

Proof. (s, FU{A}) < (s, F) O
Notation: If G C P4 is a filter, then dg = U{s | (3F)(s, F) € G}.

Lemma 3.8. If G C P4 is a filter such that GN D4 # 0, then |dg N Al < w.

Proof. Let (s, F) € G with A € F. We claim that dg N A C s.

Suppose not, and let n € (dgNA)\s. Then there exists (s’, F') € G withn €
s'. But clearly (s, F') and (s’, F') are incompatible, as any strengthening of (s, F')
cannot have as it’s first element a set containing n. This is a contradiction. [

Theorem 3.9 (MA(k)). Let A,C C P(w), where |Al,|C| < k and assume that
(*) For all C € C and all finite F C A, |C'\ UF| = w.
Then there exists d C w such that
1. |[dNAl<w forallAc A
2. |[dNCl=w forallC eC

Proof. For each C € C and n € w, let ES = {(s,F) € P4 | CNs ¢ n}. By
(*), ES is dense in P4. By MA(k), there exists a filter G C P4 such that
GNDy#(forall Ac Aand GNES # () for all C € C and n € w. Clearly dg
satisfies our requirements. O

Corollary (M A). Let A C P(w) be an a.d. family of size k for some w < k <
2%, Then A is not maximal.

Proof. Take C = {w} in the theorem. O

Lemma 3.10. Let B C P(w) be an a.d. family of size k, where w < k < 2“.
Let A C B be an arbitrary subset. Then there exists d C w such that

1. |[dNAl<w forallAe A

2. |dNB|=w forall Be B\ A
Proof. Take C = B\ A. O
Theorem 3.11 (M A(k)). If w < k < 2%, then 2" = 2¥.

Proof. In ZFC, we know there exists an a.d. family of size 2*. Hence there
exists an a.d. family B C P(w) of size . Consider the map ®: P(w) — P(B)
given by d — {B € B | |dN B| < w}. By the above lemma, ® is onto. O

Corollary (MA). 2¢ is regular.

Proof. Suppose not and let ¢f(2¥) = k < 2¥. Since w < k < 2¥, we have that
2% = 2%, Thus cf(2F) = cf(2¥) = k, which contradict’s Konig’s Lemma. O
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3.2 Ultrafilters over w
Definition. A filter over a set S is a collection F C P(S) such that
i. SeF
. If X, Y € F, then XNY € F
w. f XCY CSand X € F, thenY € F.
w. 0 ¢ F.
Ezample. The Frechét filter on wis Fyp = {X Cw | jw\ X| < w}.

Definition. The filter F over S is an ultrafilter iff for all X € P(S), either
XeFofS\X eF.

Remark. Suppose F is an ultrafilter on S and A € F. If A = B]][C, then
either Be For C € F.

Proof. Suppose not. Then S\ B, S\C € F, and so ) = AN(S\B)N(S\C) € F,
contradiction. O

Ezample. Let a € S. Then F = {X C S | a € X} is an ultrafilter. Such an
ultrafilter is said to be principal. Others are called non-principal ultrafilters.

Remark. An ultrafilter &/ on w is nonprincipal iff 7y C U, where Fy is the
Frechét filter.

Lemma 3.12. A filter F on S is an ultrafilter iff F is a mazimal filter.

Proof. (=) Suppose F is an ultrafilter. Suppose X ¢ F. Then S\ X € F.
Thus there doesn’t exist a filter containing F U {X}. Hence F is maximal.

(<) Suppose F isn’t an ultrafilter. Then there exists ¥ C S such that
Y ¢ Fand S\Y ¢ F. We claim that if X € F, then X NY # 0. If not, then
X C S\Y, which implies S\ Y € F, a contradiction.

It follows that if Xy,...,X, € F, then X;N...N X, NY # 0. Hence
Ft={ZC8|(3X € FYXNY C Z} is a filter such that Y € F*. Thus F
isn’t maximal. O

Theorem 3.13. FEvery filter F over S can be extended to an ultrafilter.

Proof. Let P be the set of all filters ' such that F C F’, ordered by inclusion.
If C C P is a chain, then UC is easily seen to be a filter and hence is an upper
bound of C. By Zorn’s Lemma, P contains a maximal element &/ which must
be an ultrafilter. O

Random question, not an exercise: How many ultrafilters contain a given
filter? What does the intersection of two ultrafilters look like?

Definition. An ultrafilter U on an infinite cardinal k is uniform iff for all
xel, | X|=k.
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Remark. If U is an ultrafilter on w, then U is uniform iff & is nonprincipal.

Theorem 3.14. If k is an infinite cardinal, then there exists a uniform ultra-
filter U on k.

Proof. Let U be an ultrafilter which extends F = {X C k| |k \ X| < K} O

A little bit of culture: Let Fy be the Frechét filter. Notice that if (r,) is a
sequence of reals and [ € R, then the following are equivalent:

e lim, ,.orn =1
e For every N e Nt {neN||r, — 1] <1/N} € F.

Definition. If F is any filter on w, then we define limgr, = [ iff for every
NeNt {neN||r, -1 <1/N}eF.

Exercise: If U is an ultrafilter on w and (r,) is a bounded sequence of reals,
then there exists a unique [ € R such that limyr, = L.

Definition. Let F be a filter on w. Then X C F generates F iff for all Z € F,
there exists X1,...,X, € X such that X:N...NX,, C Z. We define dr =
min{|X| | X C F generates F}.
Ezxample. If U is a principal ultrafilter, then dyy = 1.

Question: Suppose U is a nonprincipal ultrafilter on w. What is dy;?

Remark. Clearly dy; is not finite. For suppose that X = {X7,..., X,,} generates
U. Let Z=X1N...NX, €U. Then {Z} generates U. Express Z = A[[ B
as a union of two infinite subsets. Then either A € U or B € U, so Z C A or
Z C B, contradiction.

Definition. If S,T are sets, then S C* T iff |S\T| < w.

Theorem 3.15 (ZFC). IfU is a nonprincipal ultrafilter on w, then w < dy <
2%,

Exercise: (M A) If U is a nonprincipal ultrafilter on w, then dy; = 2.

End of Lecture 10.

Lecture 11.

Theorem 3.15 (ZFC). IfU is a nonprincipal ultrafilter on w, then w < dy <
2%,
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Proof. Clearly dyy < 2“. We’ve also seen that di; > w. So suppose that dyy = w,
and let {X,, | n € w} be a generating set for . For each n € N, let Y¥,, =
XoN...NX,. Then Y, € U and so |Y,| = w.

Thus we can inductively define an increasing sequence of natural numbers
ag < a3 < ... < ap < ...such that a, € Y,. Let A = {a, | n € w}. Then
clearly A C*Y,, C X, for all n € w.

First suppose that A ¢ Y. Then w\ A € U, and hence there exists n € w
such that V;, Cw\ 4, and so A Cw\Y,,. Thus A C* Y, N (w\Y,) =0, which
is a contradiction.

Thus A € U. Express A = B[] C, where |B| = |C| = w. Then without
loss of generality B € U and hence there exists n € w such that Y,, C B. Thus
C CAC*Y, C B, which is a contradiction. O

Exercise: (M A) If U is a nonprincipal ultrafilter on w, then dyy = 2¢.

3.3 Other applications

Remark. Recall the following. Let p be Lebesgue measure on R. If ) # U C R
is open, then we can express U = [, .k Ix, where each I, is an open interval.
Then u(U) = )¢ length ().

Definition. A subset N C R is a null set iff for every ¢ > 0 there exists an
open U C R such that N CU and u(U) < e.

Ezample.
1. Every countable subset .S C R is a null set.
2. The Cantor middle third set C' C R is a null set of size 2¢.
3. If A,, C R is a null set for each n € w, then U, A, is also a null set.

Theorem 3.16 (MA). Suppose k < 2¥ and A, C R is null for all a < k.
Then A = Uq<rAq 18 also null.

Proof. Tt is enough to show that for each € > 0, there exists an open U C R
such that A C U and p(U) < e. From now on, fix € > 0.

Definition. Let P = {p C R | p is open and u(p) < €}, ordered by q < p iff
q=2p.
Claim. For each o < k, D, = {p CR | A, C p} is dense.

Proof. Suppose p € P\ D,. Since A, is null, there exists an open ¢ C R such
that A, € g and pu(pUq) <e. ThenpUgCpand pUgq € D,,. O

Definition. Let B be the set of nonempty open intervals with rational endpoints.
Let C be the set of finite unions of elements of B.

Claim. P is ccc.

32



Proof. Suppose {p, | @ < w;} is an uncountable antichain. For each a < wy,
there exists n > 1 such that p(ps) < & —4/n. Since there are only countably
many options for n, there is at least one n for which the inequality holds for
uncountably many elements. So we may assume without loss of generality that
there exists a fixed n such that p(p,) <e—4/n for all a < w;.

For each a < wi, there exists C' € C such that u(p,AC) < 1/n for all
a < wi. As above, without loss of generality there exists a fixed C € C such
that u(pa AC) < 1/n for all @ < wy.

Notice that if @ < 8 < w1, then p, Upg € C U (pa \ C) U (pg \ C). Thus

1(Pa Upg) < p(C) + pu(pa \ C) + plps \ C)
<e=3/n+1l/n+1/n=c—1/n

O

By M A, there exists a filter G C P such that GN D, # 0 for all o < k. Let
U = UG. Then U is open and A = Uy Ao C U.

Claim. p(U) <e.

Proof. First note that U = U{p | p € G N B}. To see this, suppose that
x € p € G. Then there exists g € B such that x € ¢ C p. Since p < g and p € G,
it follows that ¢ € G. Hence if pu(U) > €, there exists p1,...,p: € G N B such
that pu(p1U...Up;) >e. Butif p,q € G, then pUg € G, and so pyU...Up; € G.
Then pu(U) < e. O

O

Definition (Borel). A C R has strong measure 0 iff for every sequence of
positive Teals ag > a1 > ... > an > ... > 0 there exists a sequence of open
intervals I, such that p(I,) = a, and A C U,I,.

Example. If A C R is countable, then A has strong measure 0.

Exercise: Prove that the Cantor set does not have strong measure 0.

Exercise: (M A) If k < 2 and A C R has size k, then A has strong measure
0.

Exercise: (CH)" Prove that there exists an uncountable strong measure 0
set.

Definition. IfP,Q are posets, then P x Q is the poset such that (p’,q’) < (p,q)
iffp' <pandq <q.

Question: Suppose that P and Q are ccc. Does it follow that P x Q is ccc?

Definition. A poset P is strongly ccc iff whenever W C P is uncountable,
there exists an uncountable Z C W such that the elements of Z are pairwise
compatible.

Ezample.
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o If F C “w, then P is strongly ccc.
o If AC P(w), then P4 is strongly ccc.
elfe>0and P={p CR|popen and u(p) <}, then P is strongly ccc.

Exercise: If P and Q are strongly ccc, then P x Q is strongly ccc.

Ezample (Not in ZFC). Suppose T is a Suslin tree and Py = (T, >). Then T
has no uncountable subsets of pairwise compatible elements, as such a set must
be a branch. Thus P is ccc but not strongly ccc.

Theorem 3.17 (M A(w1)). If P is ccc, then P is strongly ccc.
Corollary (M A(wq)). If P and Q are ccc, then P x Q is strongly ccc.

Exercise:" If T is a well-pruned Suslin tree, then Py x Pr is not ccc.

End of Lecture 11.

Lecture 12.

Theorem 3.17 (M A(w1)). If P is ccc, then P is strongly ccc.

Proof. Suppose W = {w, | o <w;} CP.

Claim. There exists py € W such that every strengthening p < pg is compatible
with uncountably many elements of W.

Proof. Suppose not. Then for every a < wy, there exists v, < wy and a < § <
wy such that v, is incompatible with w- for all ¥ > 8. Then we can inductively
construct a sequence (vq,; | 4 < wy) such that vy, < wq, and vy, is incompatible
with wq; for all j > 4. But then {va, | ¢ < wi} is an uncountable antichain,
which is a contradiction. O

Consider Pp = {p € P | p < pp}. Clearly Py is also ccc. Also, for each
a <wiy, Do ={p € Py |p < wg for some § > a} is dense in Py. By MA(w),
there exists a filter G C Py such that GN D, # ( for all @ < wy. If we close G
upwards in P we get a filter G* C P, and then G* N W is an uncountable set of
pairwise compatible elements. O

This brings us to our final application of M A.

Theorem 3.18 (MA). If T is a tree with no uncountable branches and |T| =
Kk < 2¥, then T is special.

Corollary (M A+ —CH). Every Aronszajn tree is special.

Definition. If T is a tree, then f: T — w is a specializing function iff for
s#£teT, if f(s)= f(t) then s,t are incomparable.
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Definition. A family of sets F is a A-system iff there exists a fized set R,
called the root, such that if A# B € F, then ANB = R.

Remark. R =0 is allowed.

Theorem 3.19. Suppose F is a family of finite sets such that |F| =wy. Then
there exists a A-system Fo C F such that | Fo| = ws.

Proof. We can suppose

i. There exists a fixed n > 1 such that |A] = n for all A € F, since there is
at least one such n for which uncountably many members of F are size n.

ii. Inductively we may assume for all [ < n the result is true for all uncount-
able families of [-sets.

Let S = UF.

Case 1: There exists s € S such that [{A € F | s € A}| = w;. In this case, we
can suppose that s € A for all A € F. Consider F* = {A\ {s} | A € F}. By ii.
there exists a A-system F§ C F* with root R*. Then {BU{s} | Be€ F;} C F
is a A-system with root R = R* U {s}.

Case 2: Otherwise, each s € S lies in only countably many A € F. Then we
shall construct {A, | @« < wi} C F such that A, NAg =0 for all @ < 8 < wy.
Suppose we have defined {A, | v < a}. Let Sy = U{A, | ¥ < a}. Then S, is
countable and so there are only countably many A € F with AN .S, # (. Thus
we can choose A, € F with A, NS, = 0. O

An important application:

Definition. If I,J are any sets, then Fu(I,J) is the poset of finite partial
functions p: I — J, partially ordered by p < q iff p 2 q.

Theorem 3.20. If I is arbitrary and J is countable, then Fu(I,J) is ccc.

Proof. Suppose {p, | @ < w1} C Fn(I,J) is an antichain. Applying the A-
system lemma, there exists an uncountable K C w; and a fixed finite set R C I
such that dom p,Ndompg = R for all « # 3 € K. Since J is countable, there are
only countably many possibilities for p, | R. Hence there exist a # § € K such
that p, [ B =pg | R. But then p, Upg < pa,ps, which is a contradiction. [

Theorem 3.18 (MA). If T is a tree with no uncountable branches and |T| =
Kk < 2¥, then T is special.

Proof. Let P consist of finite partial functions p: T'— w such that
(*) if s £t and f(s) = f(t), then s, ¢ are incompatible.

Clearly if t € T, then D; = {p € P|t € domp} is dense in P. Suppose there
exists a filter G C P such that GN Dy # () for all ¢ € T. Then ¢ =UG: T — w
is a specializing function. Thus it is enough to show P is ccc.

Suppose that {p, | @ < w1} is an antichain.
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1. We can suppose that a < § < wy, then |dom p,| = |dompg|.

2. We can also suppose that there exists a fixed R C T such that if o < § <
w1, then domp, Ndompg = R.

3. We can also suppose that if o« < 8 < wy, then p, | R=pg | R.

For each @ < wy, let domp, \ R ={za,1,---,%an}- If @ # 5, then since py, pgs
are incomparable in PP, there exists 1 < k,! < n such that p,(za.r) = ps(s,)
while x4, and zg; are comparable in T". Define

Yokt ={8<wi|B# a,pa(®ar) =p3(xs,:), and x4, xs, are comparable}

Then wq \ {a} = Ui<gi<nYa k- (Note that this is a finite union.)

Let U be a uniform ultrafilter on w;. Then for each @ < wq, there exists
k = k(a) and | = I(«) such that Y, ;; € U. Hence there exists an uncountable
A C w; and fixed k,[ such that k(o) = k and l(a) = [ for all o € A. Let
o, € A. Since Y, 11, Ys k1 € U, we have that Y, 5 N Y, € U and so
Yokt N Y5 k1| = wi.

Notice that if v € Y, 1, N Yg,x1, then x4 1 and . ; are comparable, and so
are xg; and ;. Also notice that if v # 7' € Y, 11 N Ya 1, then x,; # 2,
since the domains of p, and p,+ only overlap in R.

Since there are only countably many ¢ € 1" such that t < x4 or t < xa1,
there exists v € Yo 1,1NYp k, such that x4 x, x5k < x4,;. Thus x4 and g are
comparable, since T is a tree. But then {z,x | @ € A} lies in an uncountable
branch, contradiction. O

Notation: [w]¥ = {4 Cw | |A| =w}.
Definition. A family A C [w]“ is a splitting family iff for every B € [w]“, there
exists A € A such that |ANB| = |B\ A| =w.
Theorem 3.21 (ZFC). If AC [w]¥ is a splitting family, then w < |A] < 2%.

Proof. Suppose that A = {A,, | n € w} C [w]¥ is a countable splitting family.
(If A is finite, extend it to a countably infinite splitting family.) We must show
that there exists B € [w]* such that for every A, € A, either B C* A, or
BC*w\A,.

Let U be a nonprincipal ultrafilter over w. Define

o A if A, eld
" lw\A, ifA,¢U

Then CoN...NC, € U and so [CoN...N Cp| = w. Hence we can define
bp<by <...<b,<...withd, € Con...NC,. Then B={b, |n € N} C* C,
for all n € N. Hence B C* A,, or B C* w\ 4, for all n € N, as required. O

Exercise: [MA] If A C [w]¥ is a splitting family, then |A| = 2¥.

End of Lecture 12.
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Lecture 13.

Exercise: If v is a limit ordinal, then there exists a strictly increasing cofinal

map f: cf(y) — 7.
Exercise: If §,~ are limit ordinals and f: 8 — -y is a strictly increasing cofinal
map, then cf(3) = cf(v).

4 Forcing

Our basic assumption is that ZFC' is consistent. By Godel’s Completeness
Theorem, this means that ZFC has a countable model, say (M, E), where E is
the interpretation of the membership symbol €.

We will make the following additional assumptions on (M, E).

e The membership relation F is the actual membership relation on M, i.e.
E =€ NM x M. So our model has the form (M, €).

e M is a transitive set, i.e. if x € M and y € z, then y € M.

Definition. With the above hypotheses, we say M is a countable transitive
model (c.t.m.) of ZFC.

What is the point of the second condition? It ensures that many first-order

properties ¢(x1,...,x,) of elements of M are absolute, i.e. for all ay,...,a, €
M, M = ¢lay,...,a,] it V E dlag, ..., an).
Ezample.

1. If a,b€ M, then M =a Cbiff V = a C b. Note that the < direction is
always true.

2. If a € M, then M |= a is an ordinal iff V |=a is an ordinal .

Warning: not every property is absolute.
Notice that every ordinal & € M is countable. However, M = ZFC, and so
there exists an ordinal wM € M such that M |= w! is the least uncountable ordinal.

Remark. We will sometimes add the assumption
e M =GCH

This is justified by Godel’s Theorem that if ZFC' is consistent, so is ZFC +
GCH.

Definition. A poset is a triple (P,<,1) such that < partially orders P, and 1
is the largest element of P.

Definition. Suppose the triple (P,<,1) € M. Then the filter G C P is P-
generic over M iff for all dense sets D C P, if D € M, then GND # 0. We
sometimes write M -generic or just generic.
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Lemma 4.1. Let M be a c.t.m. and let (P,<,1) € M. If p € P, then there
exists a filter G C P such that p € G and G is P-generic over M.

Proof. Working in the real world (i.e. V), let {D,, | n € N} be an enumeration
of the dense subsets D C P such that D € M. Then we can inductively define

a sequence p = pg > p1 > ... > Pp > ... such that p,+1 € D,. Then
G ={q € P| (In)p, < q} satisfies our requirements. Notice the similarity to
the proof that M A(w) holds. O

Notation: We write p L q iff p, g € P are incompatible.
Lemma 4.2. Suppose P € M satisfies the following condition:
(*) For all p € P, there exist q,r < p such that ¢ L r.
If G CP is M-generic, then G ¢ M.

Proof. Suppose that G € M. Since M = ZFC, D =P\G € M. Let p € P
be arbitrary. By (*), there exists ¢, < p such that ¢ L r. Without loss of
generality ¢ ¢ G and ¢ € D. Thus D is dense and so D NG = (), contradiction.

O

Our goal is to define a c.t.m. M[G] such that M C M[G] and G € M[G].
Definition. 7 is a P-name iff

a) T is a set of ordered pairs.

b) for all (o,p) € T, 0 is a P-name and p € P.
Obviously this is an inductive definition based on the well-foundedness of €.
Example.

1. 0 is a P-name.

2. If p € P, then {(0,p)} is a P-name.
Definition. M* = {7 € M | 7 is a P-name}

Definition. Suppose G C P is M-generic. For each T € MF, the corresponding
interpretation is 7¢ = {o¢ | (3p € G){o,p) € T}.

Ezample.
1. @G =0

2. {(0,p)}c = {é@} i;g

Definition. M[G] = {7¢ | 7 € M*}
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Theorem 4.3 (Forcing Theorem A). Let M be a c.t.m. and let (P,<,1) € M.
Suppose that G C P is M-generic. Then

1. M[G] is a c.t.m.
2. M C M|[G] and G € M[G]
3. M and M[G] have the same ordinals.

sketch. (1) We will prove that the pairing axiom (Vz)(Vy)(3z)(z € z Ay € 2)
holds in M[G]. Other axioms are similar (although I wonder about Choice).

Suppose a,b € M[G]. Then there exist P-names 0,7 € M such that o = a
and 7¢ = b. Consider the P-name O € M defined by O = {(o, 1), (7,1)}. Since
1in G, it follows that O¢ = {og,7¢} = {a,b}.

(2) Next we prove that M C M|[G]. For each z € M, we define the canonical
P-name & € M* by # = {(3,1) | y € #}. By induction, we see that ¢ = {Jg |
yeat={ylyecat=u

Next we prove that G € M[G]. Consider I' € M® defined by T' = {(p,p) |
p € P}. Clearly T'¢ = G.

No (3), but it seems not too bad, since being an ordinal is an absolute
property. O

Definition. Let ¢(x1,...,x,) be a first-order formula in the language of set
theory with free variables x1, ...,z and let T1,...,7, € MT. Ifp € P, then we
write p I+ ¢(11,...,7n) (pronounced “p forces ¢(...)”) iff for every M-generic
G CP, ifpeGq, then M[G] = ¢(Tig, - - -, Tna)-

Theorem 4.4 (Forcing Theorem B).

1. With the above hypotheses on ¢(z1,...,xy,) and T1,..., Ty, for every M-
generic filter G C P, we have M|G] & ¢(1ig,...,Tna) iff 3p € G)p I+
¢(T1, ‘e ,TH).

2. The relation |F is definable in M.

Ezample. Let P = Fn(w,2). Then since w,2 € M, it follows that P € M. Let
G C P be M-generic. Then G =T'¢ € M[G] with T' = {(p,p) | p € P}. Notice
that for each n € w, D,, = {p € P | n € domp} € M is dense, so GN D,, # 0.
Thus g = UG: w — 2. We are really more interested in S = {n € w | g(n) = 1}.

Consider ¢ € MF defined by o = {(i2,p) | n € N,p € P,n € domp and p(n) =
1}. Clearly og = S. Notice that

M[G] ': 3@ cog
& (Ipe @)(BedompAp(3)=1)

& plF3eo
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End of Lecture 13.

Lecture 14.

Note: As I was absent the day of this lecture, these notes were originally
taken by Susan Durst.

Recall: We are dealing with M a c.t.m. and P a poset in M. Given a
P-generic filter G, we can construct a model M[G]. We have also defined
the relation p I+ ¢(m1,...,7,) iff for every generic G containing p, M[G] E
qZS(Tlg, cen ,Tn(;).

Remark. If g <pand pl- ¢(71,...,7s), then q I ¢(71,..., 7).

Proof. Let G be generic and ¢ € G. Then p € G, and thus M[G] = ¢(11g,- .-, Tha)-
Thus g Ik ¢(m1, ..., 7). O

Definition. If E CP and p € P, then E is dense below p iff for all ¢ < p, there
exists T € E with r < q.

Lemma 4.5. Let M be a c.t.m., P € M, and E C P with E € M. Let G be
P-generic over M.

a) Either ENG # 0 or there exists ¢ € G such that g L r for allr € E.
b) If p€ G and E is dense below p, then GNE # (.
Proof. (a) Define

D={peP|(FreE)p<rtU{qeP|qLlr VrekE}

Then D € M. Let ¢ € P be arbitrary. If ¢ ¢ D, then there exists r € E such
that g, r are compatible. Let p € P be such that p < ¢,r. Then p € D. Thus D
is dense, so D N G # (). The result follows.

(b) Suppose that E is dense below p and GNE = (). By part a), there exists
q € G such that ¢ L r for all 7 € E. Let ¢’ € G with ¢’ < p,q. Since E is dense
below p, there exists r € F such that r < ¢’ < ¢, which is a contradiction. [

4.1 The consistency of -CH

Recall: If I and J are sets, then Fn(I, J) = {p | p: I — J is a finite partial function}.
Remark. If M is a c.t.m. and I,J € M, then Fn(I,J) € M.

Lemma 4.6. Let M be a c.t.m., k € M an ordinal. If G is Fu(k X w, 2)-generic
over M, then M[G] = 2 > |x|.
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Proof. For each (o, n) € kxw, define the set D,y = {p | (o, n) € domp} € M.
Clearly D ) is dense, so G N D4,y # 0. Thus, letting g = UG € M[G] we
have g: k X w — 2.
For each a < k, let fo: w — 2 be defined by f.(n) = g(a,n). Then
(fa | @ < k) € M[G]. Hence it is enough to show that f, # fz for all a # 3.
Let Eop = {p | (3n){a,n),(8,n) € domp and p(a,n) # p(f,n)} € M.
Clearly E,p is dense. Thus G N Eyp # 0, and so f, # fa. O

In particular, we can let x = RM. Then M[G] |= 2 > [RM|MIG] There
remains the possibility that X/ is countable in M[G], i.e. that we’ve accidentally
collapsed cardinals.

For later use, we record:

Lemma 4.7. Let M be a c.t.m. and k € M be an ordinal. Then M |=
Fn(k X w,2) is ccc.

Proof. Earlier we proved that ZFC' F“If I is arbitrary and J countable, then
Fn(I,J) is cee”. Since M | ZFC, the result follows. O

Remark. If P € M is any poset, then P is really countable (i.e. in V it is).
Hence V = “P is ccc”. However, we might have M ¥ “P is cce”. For example,
look at the poset Fn(w,wit).

Definition. If P € M, then P preserves cardinals if whenever G is P-generic
over M and 8 € M is an ordinal, then M = “8 is a cardinal” iff M|G] = “B
s a cardinal”.

Definition. IfP € M, then P preserves cofinalities iff whenever G is P-generic
over M and 3 € M is a limit ordinal, then cf(3)MC] = cf(3)M.

Lemma 4.8. If P preserves cofinalities, then P preserves cardinals.

Proof. First notice that preservation of cardinals is only problematic for 8 > w.
Assume P preserves cofinalities. Let o > w be a regular cardinal of M. Then
cf(a)MIC = cf(a)™ = a, and so a remains a cardinal in M[G].

If « is a singular cardinal of M, then in M « is a limit of successor cardinals.
Thus in M[G] « is a limit of regular cardinals, and hence a cardinal. O

Lemma 4.9. Suppose whenever G is P-generic over M and M says k is an
uncountable regular cardinal, then M[G] |E “k is reqular”. Then P preserves
cofinalities.

Proof. Let v € M be any limit ordinal, and let M = k = cf(y). Clearly we
can suppose that k > w. By the exercises given at the beginning of the last
lecture, there exists a strictly increasing f € M such that f maps k cofinally
into 7. By assumption, M[G] |= cf(k) = k. Also, since f € MI[G], it follows
that M[G] |= cf(x) = cf(y). Hence M[G] |= cf(y) = &. O

We are finally ready to prove
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Theorem 4.10. IfP € M and M | “P is ccc”, then P preserves cofinalities,
and hence also cardinals.

The main point:

Lemma 4.11. Assume P € M and M |= “P is ccc”. Let A,B € M, and let
G be P-generic over M. Let f € M[G] with f: A — B. Then there exists
F: A— P(B) such that

1. FeM
2. f(a) € F(a) forallae A
3. forallae A, M = |F(a)| <w

Proof. Let 7 € M¥ with 7¢ = f. Since M[G] = 7¢: A — B, there exists p € G
such that pI- 7: A — B. Define F(a) = {b € B | (3¢ < p)q - 7(a) = b}. Since
the forcing relation is definable in M, it follows that F' € M.

Next let a € A, and let f(a) = b. Then there exists ¢ € G such that
q Ik 7(a) = b. There exists ¢’ € G such that ¢’ < g,p, which implies that
¢ IF 7(a) = b, and so b € F(a).

Finally, we must show that M | |F(a)] < w. From now on, we work
inside M. The axiom of choice tells us there exists an injection @: F'(a) — P
with Q(b) I+ 7(a) = b for all b € F(a). We claim that {Q(b) | b € F(a)}
is an antichain, and thus countable. Suppose there exists b # b’ € F(a), and
q < Q(b),Q(V'). Then there exists a generic H with ¢ € H. Clearly Q(b), Q(¥) €
H. But then M[H] = 74: A — B, (a) = b, and 75(a) = ¥, which is a
contradiction. Thus {Q(b) | b € F(a)} is an antichain, and therefore countable.

O

Proof of Theorem 4.10. If not, then by lemma 4.9, there exists k € M such that
k> w with M = “k is regular” and M[G] | “k is not regular”. Hence there
exists @ < k and f € M[G] such that f maps « cofinally into «.

By lemma 4.11, there exists F' € M such that

1. FeM
2. f(&) e F(¢) for all € < «
3. M E|F(§)| <wforall £ <a.

Let S = Ug<o F'(§) € M. Then 2 implies that S is a cofinal subset of k. Also,
computing within M we see that M = |S| = |a| < k, contradicting M = “k is
regular”. O

End of Lecture 14.

Lecture 15.
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Definition. If 0 € M, a nice name for a subset of o is an element 7 € MF of
the form 7 = U{{r} x A, | # € dom(o)} where each A, is an antichain of P.
Note that we allow the possibility that A, = ().

Remark. We are usually interested in cases such as 0 = @. In this case, 117 C
@. Note that in this case the nice names are of the form U{{n} x 4,, | n € w},
where A, is an antichain of P. In other words, they are functions from N to the
set of antichains of P. We’ll see how various chain conditions (which are really
antichain conditions, recall) allow us to use this observation to get a handle on
these nice names.

Lemma 4.12. IfP € M and o, € M¥, then there exists a nice name T for a
subset of o such that 1lFu C o — u=r.

Proof. For each 7 € dom(o), let A, C P satisfy
1. Forallpe A, plkm € p.
2. A, is an antichain of P.
3. A, is maximal subject to 1 and 2.

Using the definability of I+ in M as well as the axiom of choice in M, we can
suppose that {A; | 7 € dom(o)} € M. Let 7 = U{{n} x A, | 7 € dom(o)} €
MP. Clearly 7 is a nice name for a subset of o.

To show that 1IF 4 C 0 — p = 7 we must prove

(*) If G C P is generic over M and pg C og, then ug = 7¢.

Suppose that ug C og.
Claim. ug C 1¢.

Proof. Let a € pug. Since ug C og, there exists 7 € dom(o) such that 7g = a.
If A, NG #0,let p e A, NG. Then (m,p) € 7 and so a = 75 € 7¢. Else
A NG = (). Then there exists ¢ € G such that ¢ L p for all p € A, by lemma
4.5. Let ¢’ € G satisfy ¢/ IF 7 € pand let r € G withr < ¢',q. Thenr -7 €
and A, U {r} is an antichain, which contradicts the maximality of A. O

Claim. 17¢ C ug

Proof. Let a € 7¢. Then a = 7 for some (7, p) € 7 with p € G. By definition,
plF7m € . Hence a =g € pg. O

O
Lemma 4.13. Assume P € M and that
1. M= “Pis ccc and |[P| =k > w”
2. M = “)\ is an infinite cardinal and 6 = k7.
If G C P is generic over M, then M[G] = 2* < 0.
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Proof. Working inside M, every antichain of IP is countable. Hence there are at
most £* such antichains. Hence the number of nice names for subsets of \ is at
most (k) = k* = 0.

Let (14 | @ < 0) € M be an enumeration (possibly with repetitions) of all
such nice names. Then the function f: 6§ — P(A\)MIE given by a v (74)¢ is an
element of M[G]. By lemma 4.12, f is surjective. Thus M[G] = 2* < 6. O

Theorem 4.14. Let M | “k is an infinite cardinal such that k¥ = k”. Let
P =Fn(k xw,2) € M and let G C P be generic over M. Then M|G] = 2 = k.

Proof. By lemma 4.13 we have that M[G] |= 2¥ < k. And we have already seen
that M[G] = 2% > &. O

Remark. Suppse that M = GCH. Then M | k¥ = & iff cf(k) > w.

4.2 The consistency of C'H

Let M be any c.t.m. We look for a generic extension M[G] such that M[G] |=
CH. Our plan is to adjoin a surjection f: wM — P(w)™. Which poset P should
we use to do this?

For our first attempt (which won’t work), we will try using Q = Fn(wy, P(w))™ =
Fn(wM, P(w)M).

Proposition 4.15. Let G be Q-generic over M. Then M[G] &= [P(w)M| = w.

Proof. For each s € P(w)M, consider Dy = {p € Q | (3n)(n,s) € p} € M.
Clearly Dy is dense in Q. Hence G N D, # ) for all s € P(w)™. So if g = UG €
MG, then glw] = P(w)M. O

Now we go ahead and try the correct approach.

Definition. For any infinite cardinal A and any sets I, J we define Fu(I, J, \) =
{p|p: I — J is a partial function with |p| < A}, partially ordered by p < q iff
P2q.

We will force with P = Fn(wy, P(w),w;)™, i.e. countable rather than finite
approximations of the function we want to make.

Lemma 4.16. Let I,J,A € M and M = “J # 0, \ is a cardinal, and |I| > \”.
Let P = Fn(I, J,\)M and let G C P be generic over M. Then M[G] = “g =
UG: I — J is onto”.

Proof. Obvious. O

In particular, letting P = Fn(w;, P(w),w1)M, we have that M[G] | “g =
UG: wM — P(w)M is onto”.

Problem 1: Is P(w)M = P(w)MIC1?

Problem 2: Is w = w{wG]?

If the answer to both questions is yes, then M[G] = CH. Notice also that a
positive answer to problem 1 implies a positive answer to problem 2.
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Suppose that wi! # w{vj[G]. Then w is countable in M[G] and g: wM —
P(w)™. Thus P(w)M is countable in M|[G] and so P(w)M # P(w)MI],

Definition. A partial order PP is A-closed iff whenever 6 < X and {ps | @ < §}
s a decreasing sequence of elements, then there exists p € P such that p < pq,
for all a0 < 4.

Lemma 4.17. If X is regular, then Fu(I, J,\) is A-closed.

Proof. Suppose v < A and {p, | @ < 7} is a descending sequence. Thus
PoCp1 €...Cpy C...for a <. Then p = Uqcypa € Fn(I, J, A) and clearly
p < pg for all a < 7. O

End of Lecture 15.

Lecture 16.

Theorem 4.18. Assume P, A, B,\ € M and M = “)\ is a cardinal, PP is A-
closed, and |A| < X”. If G is P-generic over M and f € M[G] with f: A — B,
then f € M.

Corollary. Let P = Fn(wy, P(w),w1)™ € M. If G is P-generic over M, then
MG E CH.

Proof. Let A = wM and A = w. Then by theorem 4.18 («2)M[C] = (v2)M

Corollary. Assume P € M and that M = “P is wi-closed”. Then if G is

P-generic over M, we have wi\/I[G] =wM.
Proof. By theorem 4.18, (“w;)MIC] = (ww )M, O

Proof of Theorem 4.18. Let K = (AB)M = 4B N M. Suppose that f € M[G]
with f: A — B. We must show that f € K.
Suppose not and let 7 € MP with 7¢ = f. Then there exists p € G such
that
(*)p Ik “7 is a function from A to B and 7 ¢ K”

We now forget about f and G and derive a contradiction from (*). From now
on, we work inside M.

Let A = {a | @ < K}, where £ < A. Using transfinite induction and the
axiom of choice, we choose sequences {p, | « <k} CPand {z, | @« <k} C B
such that

L po=p
2. If o« < B3 <k, then pg < p,.

3. Pas1 Ik 7(d) = Za
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Case 1: We are dealing with « a limit ordinal. Then, since P is A-closed and
o < A, there exists p, € P such that p, < pg for all 3 < a. That will satisfy
our conditions.

Case 2: Suppose that p, has been defined. Since p, < p, it follows that
P IF (3 € B)7(d,) = . Hence there exists z, € B and po+1 < po such that
Pa+1 I T(é,a) = éa.

Let g € M be the function g: A — B defined by g(as) = zo. Then g € K.
Now suppose that H is P-generic over M with p, € H. Then p,4+1 € H for all
a < k and so Tg(as) = 2zo. In other words, Ty = g € K, which contradicts
*). O

4.3 The consistency of
Recall that < is the statement:
There exists a sequence (A, | @ < wp) such that
e A, Caforall a<w.
e For all X C wq, theset {a <wy |anNX = A,} is stationary.

Let M be any c.t.m. We seek a generic extension M[G] such that M[G] = $.
So we try to generically adjoin a {-sequence, without collapsing w;.

Definition. P is the poset of sequences (Ay | a < ) where f < wy and
Ay C a for each a < 3, partially ordered by (Aa | @ < B) < (Cy | v < 6) iff
B>6 and C, = A, for all v <§.

Remark. Thave written in my margin “Fn(wy, 2,w;) works ‘accidentally”. Make
of that what you will. (There appears to be a proof in Kunen, although I haven’t
read it through.)

Lemma 4.19. Py is w;-closed.

Proof. Obvious, since everything is countable. O

Lemma 4.20. LetP = ]P’g[ € M and let G be P-generic over M. Then wiw[G] =

Wi

Proof. Immediate from previous lemma and a corollary to theorem 4.18. O

Theorem 4.21. Let P = ]P’AO/[ € M and let G be P-generic over M. Then
M[G) E 6.

Proof. Let (Ay | @ < wM) = UG € M[G]. We shall show that (A, | a < w)
is a ¢-sequence in M[G].

Let X,C € M[G] satisfy M[G] = “X C w; and C is a club of w;”. Choose
names 7,0 € MF such that 7¢ = X and og = C. Then there exists p € G
such that p IF “r C &, and o is a club of @,”. We shall show that the set
of conditions {¢ = (A, | @ < B) such that for some a < (3, ¢ IF & € o and
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TNa= A,} is dense below p. Tt follows that there exists such a ¢ with ¢ € G.
Hence MGl ECN{a<w; | XNa=A,} # 0. Since C C w; was any club in
MIG], we have M[G] E “{a<wi | X Na = A,} is stationary”.

From now on, we work inside M. Let p* < p be arbitrary. We shall define
by induction

e ordinals 3,0, < w; for n < w
o pp=(An|a<py) forn<w
e B, CG,forn<w
such that the following hold:
1. po = p* (which means [, is determined).
2. If n < m, then 8, < B, and py, < pp.

3. Bn < Yn < Bnt1 and ppta IF 4, € 0.
4. pp1lF 7N By = B,

Suppose that p,, Bn, Yn—1, Bn—1 have been defined for some n > 0. Since
pn IF “o is unbounded in w,”, there exists t,, < p, and B, < v, < wi such that
tn Ik Y, € 0.

Let K = P(8,)M. Since M = “P is w;-closed”, and so (#»2)MIG] = (Bn2)M
we have t,, I (3z € K)7 N f3, = z. Hence there exists p,41 < p, and B, € K
such that p,41 IF 7N G, = B, and clearly we can choose (3,41 = length(p,+1) >
Yn. Thus the induction can be carried out.

Now define v = sup,,, B = sup,, <, Y- Let py = Uncwpn = (A; | i < a) €
P. By 3, p, IFa€o. Let D =U,<«,Bn. By 4, p, IF TN &= D. Hence letting
A, =D and q = p,” As, we have that g IF “¢ €ocand TNa& = A,”. O

In particular, we now know that CH + —SH is consistent. Then one may
ask if -SH = C'H. The answer is no.

Theorem 4.22. Let M |= “There exists a Suslin tree and k% = k7. Let P =
Fn(k x w,2) € M and let G be P-generic over M. Then M|G] |= “There exists
a Suslin tree and 2% = K”.

Proof. Let M |= “T is an ever-branching Suslin tree”. Suppose M[G] = “T
isn’t Suslin”. Since M[G] = “T is an ever-branching wi-tree”, we must have
that M[G] |E “T has an uncountable antichain”. Hence M[G] = “If:wy — T
such that f[wi] is an antichain”. Let f = 7, where 7 = M. Then there exists
p € G such that plF “7: &1 — T and 7(&) L 7(8) for all o < 3 < w;”.

From now on we work inside M. For each o < wy, choose p, < p such that
there exists t, € T with p, IF t(&) = f,. By the A-system lemma, there exists
I C wy with |I| = wy and a finite R C x X w such that dom p, Ndompg = R for
all o # B € I. There now exists an uncountable J C I such that p, [ R=pg [ R
for all a # B € J. Thus {p, | @ € J} are pairwise compatible in P.
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Let a # 3 € J and choose ¢ < pa,pg < p. Then ¢ I 7(@) = o A 7(B) = t5.

Since p I+ 7(&) L 7(5), we must have t, L tg. Thus {tn, | @ € J} is an
uncountable antichain in T" of elements from M, contradiction. O

End of Lecture 16.

Lecture 17.

5 Intermediate forcing

5.1 Further results on cardinal arithmetic

Let M = GCH and we seck a generic extension N DO M such that M |= 2¥ =
ws A 21 = wr.
Attempt 1: We proceed in two steps.

1. First P = Fn(ws x w,2)® € M and let G be P-generic over M. Then
MI[G) E 2% = ws A 29t = w;. (You can see this by looking at the number
of nice names for subsets of wy. Since |P| = ws, there are (w¢) antichains
in P, so there are (w¢)** = ws nice names for subsets of w1. (We used the
assumption that M = GCH here to do the cardinal arithmetic.))

2. Let M; = M[G] and let Q = Fn(w; x wy,2,w))™ € M;. Let H be
Q-generic over M;. Then we certainly have that
o P(w)Mr = P(w)M1H]
o Mi[H] |2 > |wy']

Unfortunately, the following result shows that we’ve failed.

Proposition 5.1. Let M* be any c.t.m. and let Q = Fn(wr x wy,2,w)M €
M*. If H is Q-generic over M*, then M*[H| = CH.

Proof. For each f € (“2)M" consider Dy = {q € Q | there exists a limit ordinal
A < wy such that for each n € w, (0, A+n) € dom g and ¢(0, \+n) = f(n)} € M*.
Dy is clearly dense in Q. Hence if h = UH: w7 X w; — 2 and g: wy — 2 is
defined by g(a) = h(0, a), then for each f € (¥2)M [H] = (¥2)M" there exists a
limit ordinal A < wy such that g(A +n) = f(n) for all n < w. Thus CH holds,
as we may define a surjection from w; onto 2% using g. 0

Attempt 2: We proceed in two steps.
1. Let P = Fn(w; x wy,2,w1)™ € M and let G be P-generic over M.

2. Let Q = Fn(ws x w,2)™ € M; and let H be Q-generic over M;. Then
we’ll show that M;[H] | 2¥ = w5 A 2%t = wy.

First, we need to check that cardinals are preserved. We begin by recording
some easy consequences/analogues of our earlier results.
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Lemma 5.2. Let P € M and suppose M |= “X is a cardinal and P is A-closed”.
Then P preserves cofinalities < X\ and cardinalities < .

Proof. This follows more or less immediately from theorem 4.18. O

Definition. P has the 0-cc iff every antichain of P has size less than 6. For
example, ccc=wi-cc.

Lemma 5.3. Suppose P € M and M = “0 is a reqular cardinal and P is 0-cc”.
Then P preserves cofinalities > 6 and cardinalities > 6.

Proof. This is an analogue of theorem 4.10. O
So the main point of the first step of our proof is

Theorem 5.4 (CH). If I is any set, then Fn(I,2,wy) is we-cc.
Here the main point is

Lemma 5.5 (A-system lemma). Let 0 > w be a regular cardinal and let k < 0
be a cardinal such that \* < 0 for all A < 0. If A is a family of sets such that
|A| =6 and | X| = k for all X € A, then there exists a A-system B C A such
that |B| = 6.

Remark.
o If we let # = wy and kK = n € w, this is our old A-system lemma.

e Now suppose that x > w. Since xK* > kT, we must have that § > 1.
Under GCH we can take § = k1.

e (CH) If A is a family of countable sets of size ws, then there exists a
A-system B C A of size ws.

Proof of A-system lemma. Since |UA| < 6, we can suppose that UA C 6. Then
for each x € A, we have that otp(z) < k* (otp=order type) as a subset of
6. Since kT < 0 and 0 is regular, there exists an ordinal p < x* such that
A; ={x € A|otp(x) = p} has size 6. If & < 0, then |a|® < 6 and so there are
less than 0 elements of A; which are subsets of &. Thus UA; is unbounded in
6.

For each x € Ay and € < p, let £(§) =the £th element of . Since 6 is regular
and p < 0, there exists & < p such that {(§) | z € A;} is unbounded in 6. Let
&o be the least such &. Let ag =sup{z(n)+ 1|z € A Anp <&} Then ag < 6
and z(n) < ap for all z € A; and n < &.

Note that the number of possibilities for {z(n) | n < &} is |ao[l%! < |ag|* <
6. Hence there exists a fixed function r: £y — ag such that Ay = {z € A; |
x(n) = r(n) for all n < &} has cardinality 6.

Finally we can choose z,, € A by induction on p < 6 such that z,(§) >
max({ao} Usup{z,(n) | n < p,v < p}). Let B ={z, | p < 6}. Then B is a
A-system with root {r(n) | n < &}. O
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Theorem 5.4 (CH). If I is any set, then Fn(I,2,wy) is we-cc.

Proof. Suppose that {p, | @« < wa} C Fn(I,2,w;). By the A-system lemma,
there exists J C wy and a fixed countable set R such that dom p, Ndompg = R
for all @« # B € J. The number of possibilities for po | R is 2/ < w;.
Hence there exists o # @ € J such that p, [ R = pg [ R. Then p,,ps are
compatible. O

Notation: [X]? = the set of 2-subsets of X.
Ramsey’s Theorem says if x: [N]> — 2 is any map, then there exists an
infinite S C N such that x | [S]? is constant.

Definition. A nonprincipal ultrafilter U on w is a Ramsey ultrafilter iff for
every x: [N]> — 2, there exists S € U such that x | [S]? is constant.

Exercise: (M A) There exists a Ramsey ultrafilter.

End of Lecture 17.

Lecture 18.

Theorem 5.5. Let M |= GCH and let P = Fn(wy X wy,2,w1)M € M. Then P
preserves cofinalities and cardinalities. If G is P-generic over M, then M|G] E
wE =ws A2 =wr Awg' = wr.

Proof. Since M | “P is wi-closed and we-cc”, it follows from our previous
results that P preserves cofinalities and cardinalities. Since M = “P is wy-
closed”, it follows that (“ws)MIG! = (“ws)M. Hence M[G] | w¢ = w. Clearly
MIG] = 2% > w7 and hence M[G] | wg* > 241 > wy.

From now on, we work inside M |= GCH. First, note that |P| = w¥% x 2% =
w7 X w1 = wy. Hence the number of antichains of P is at most |P|*! = w;* = wr
and the number of nice P-names for subsets of w; is at most ws* = wz. Thus
MIG] E 2¥* = w;. Similarly the number of nice P-names for subsets of ws is
at most wy® = wr and so M[G] & 2 = w;. It follows that M[G] | w:* <
(293)91 = Wt = wy. O

Theorem 5.6. Let My = M|G] be as in theorem 5.5. Let Q = Fn(wsxw, 2)M €
My and let H be Q generic over My. Then Mi[H| = 2% = w5 A 24! = wy.

Proof. This follows very quickly from our previous results. In particular, some
of the bits of cardinal arithmetic that we showed hold in M; put bounds on the
number of nice names we work with. O
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5.2 The consistency of -CH + M AC

Definition (MAC). If P is a nonempty countable poset and D is a family of
< 2% dense subsets of P, then there exists a filter G in P such that GN'D # ()
for all D € D.

Remark. This is not a standard axiom.

First we present some consequences of M AC.
Theorem 5.7 (MAC). If X C R with | X| < 2%, then X has measure 0.

Proof. Tt is enough to show that if € > 0, there exists an open subset U C R
such that X C U and p(U) < e. Let C be the set of finite unions of open
intervals with rational endpoints. Define P. = {U € C | u(U) < €} ordered by
p<qiffpDgq Ifzx € X, then D, = {p € P. | x € p} is dense in P.. By MAC,
there exists a filter G C P, such that GND, # (0 for all z € X. Let U = UG.
Then X CU and pu(U) <e. O

Question: Does M AC imply that if A < 2% and {X,, | @ < A} is a collection
of null subsets of R, then Uy,<)X, is also null?

Definition. A C P(w) is an independent family if whenever ay, ..., apn,b1,... by €

A are distinct, then la; N...Nap, N (w\b1)N...N (w\ bp)| = w.

Theorem 5.8 (MAC). If A C P(w) is a maximal independent family, then
|A| = 2v.

Proof. Suppose |A| < 2¢. Let P = Fn(w, 2). For each finite family a1, ..., ay, b1, ...

A of distinct elements and natural number ¢t € N let Dy, be the set of condi-
tions such that there exist t < k.l €a1N...Na, N(w\b1)N...N(w\ by) such
that p(k) = 1 and p(I) = 0. Clearly each D, is dense in P. By M AC, there
exists a filter G C IP such that GN Dyt # 0 for all a,b,t. Let g = UG: w — 2
and C ={n €w| g(n) =1}. Then AU {C} is an independent family. O

Question: Does M AC' imply that every mad family has size 2«7

Definition. The dominating number 0 is the least size of a family D C “w such
that for all f € “w, there exists a g € D such that f <* g.

Definition. The bounding number b is the least size of a family B C “w such
that there does not exist a function f € “w such that g <* f for all g € B.

Proposition 5.9. w <b <0 <2¢¥

Theorem 5.10 (MAC). 2 =2¢

Proof. Suppose C C “w with |C] < 2¥. Let P = Fn(w,w). For each f € C
and n € N, let Dy, consist of those p € P such that there exists k& > n with
p(k) > f(k). Clearly Dy, is dense in P. By M AC there exists a filter G C P
such that GN Dy, # 0 for every f,n. Let g = UG: w — w. Then g £* f for
each f € C. O
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We've already proved that MAF b = 2%.
Question: Does MAC b = 2“7
Question: Does M AC imply the existence of a Ramsey ultrafilter?

Now we begin to prove the consistency of M AC. We first deal with the
trivial cases.

Definition. p € P is an atom iff there does not exist q,v < p with ¢ L r.

Lemma 5.11. Suppose P contains an atom. Then there exists a filter G C P
such that GND # () for every dense subset D C IP.

Proof. Let p € P be an atom. Then G ={qg € P |p < qV q < p} works. O
Definition. P is atomless if it contains no atoms.

Definition. Let P,Q be posets. Then i: P — Q is a dense embedding if the
following hold:

a) If p1 < p2, then i(p1) < i(p2).
b) If p1 L pa, then i(p1) L i(p2).
¢) i(P) is dense in Q.

Remark. No sort of injectivity is required for this definition, so the name is a
little misleading.

End of Lecture 18.

Lecture 19.

Recall the definition of a dense embedding from last time.

Definition. Let P,Q be posets. Then i: P — Q is a dense embedding if the
following hold:

a) If p1 < p2, then i(p1) <i(p2).
b) If p1 L pa, then i(p1) L i(p2).
¢) i(P) is dense in Q.

Lemma 5.12. Suppose that i,P,Q € M and that i: P — Q is a dense embed-
ding. Let G C P be P-generic over M. Then H ={q € Q| (3Ip € @)i(p) < q}
18 Q-generic over M.
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Proof. First we check that H is a filter. Clearly if ¢; < ¢o and ¢; € H, then
q> € H. Next suppose that ¢i,q2 € H. Then there exists py,p2 € G such that
i(p1) < q1 and i(p2) < go. Let r € G with r < py,pa. Then i(r) < i(p1) < ¢1
and i(r) < i(p2) < g2, so i(r) € H is a common strengthening of g1, ¢a.

Suppose that D € M is dense in Q. Define D* = {p € P | (3¢ € D)i(p) <
q} € M. We claim that D* is dense in P.

Fix some p € P. Then there exists ¢ € D such that ¢ < i(p). By the density
of i(P) in Q, there exists p’ such that i(p’) < ¢. Since i(p),i(p’) are compatible,
it follows that p,p’ are compatible. Let p” < p,p’. Then p” € D* and p” < p.
Thus D* is dense in P.

It follows that there exists s € D* N G. By definition, there exists ¢ € D
with i(s) < g. Thus g € DN H. O

Lemma 5.13. Suppose that i,P,Q € M and that i: P — Q is a dense em-
bedding. Let H C Q be Q-generic over M. Then G = {p € P | i(p) € H} is
P-generic over M.

Proof. We proceed via a series of claims:
Claim. If pe G and p < g € P, then q € G.

Proof. Obvious. O
Claim. If p,q € G, then p and ¢ are compatible.

Proof. Since p,q € G, it follows that i(p),i(q) € H, and so i(p),i(q) are com-
patible. Hence p, g are compatible. O

Claim. If D € M is dense in P, then GN D # ().

Proof. Let D* = i(D). Clearly D* € M is dense in Q and so D* N H # {.
Hence DN G # 0. O

Hence it is enough to prove
Claim. If p,q € G, then there exists r € G such that r < p, q.

Proof. Let D ={r eP|r LpVr LqgVr <p,q} Clearly D is dense in P.
Hence there exists r € G N D. By the second claim, r < p, q. O

O

Lemma 5.14. Let P = {p € Fn(w,w) | domp € w}. If Q is any countable
nonatomic poset, then there exists a dense embedding i: P — Q.

The proof of this lemma is delayed. First we will derive the following conse-
quence.

Lemma 5.15. Let Q,1 € M with M = |I| = |Q| =w. If H is Fn(I,2)-generic
over M, then there exists G € M[H| such that G C Q is a filter with GND # ()
for every dense D C Q with D € M.
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Proof. By lemma 5.11, we can suppose that Q is atomless. By lemma 5.14, there
exist i,j7 € M such that i: P — Q and j: P — Fn(I,2) are dense embeddings.
By lemma 5.13 applied to j, there exists K € M[H] such that K C P is a
P-generic filter over M. By lemma 5.12 applied to 4, there exists G € M[K] C
M[H] such that G C Q is Q-generic over M. O

Proof of Lemma 5.14. Let Q = {g, | n € N}. We shall define i(p) for p € P by
induction on n = dom p.

First let i(§) = 1g. Now suppose that i(p) has been defined for all p € P
such that dom p < n. Suppose inductively that

1. For all ¢ € Q, there exists p € P with domp = n such that ¢,i(p) are
compatible.

2. For each [ < n, there exists p € P such that domp =1+ 1 and i(p) < g;.

For each p € P with domp = n, use the fact that Q is atomless to construct
a maximal antichain A, = {t,, | m < w} C Q of elements ¢ < i(p). If ¢, is
compatible with i(p), we choose ty < g,. Then we define i(p~(n,m)) = t,,.
Clearly 1 and 2 still hold. So i: P — Q is a dense embedding. O

Lemma 5.16. Suppose that I,S € M and that G is Fn(I,2)-generic over M.
If X C S with X € M[G], then there exists Iy C I such that

1. Iy € M and M = |Iy| < |S].
2. X € M|GNFn(ly,2)]

Proof. We can suppose that S is infinite, since otherwise X € M. Let X =
Ta, where 7 = Ugeg{s} x As € M is a nice name for a subset of S. Let
Iy = U{dom(p) | (3s € S)p € As} € M. Then M = |Iy| < |S]. Let Gy =
G NFn(ly,2). Since each Ay C Fn(ly,2), 7 is a Fn(ly, 2)-name and 7¢ = {s €
S| (3p e Go)p € As} =76, € M[Gy). O

Remark. Suppose that Iy, I € M with Iy C I. Then clearly M | Fn(I,2) &
Fn(lo,2) x Fn(I \ Io, 2), with the bijection given by p — (p | Io,p | I\ Io).

Next we show that forcing with Fn([,2) is the same as first forcing with
Fn(ly,2) and then forcing with Fn(7 \ Iy, 2).
5.3 Product forcing

Definition. (Pg, <o, 1) x (P1, <1, 1) = (Po x Py, <, 1), where 1= (1p,11) and
(p1,p2) < {q1,q2) iff 1 <o @1 and p2 <1 ga.

Lemma 5.17. Suppose that Py,P1 € M and G is Py x Py-generic over M.
Define Go ={p€Po | (p,11) € G} and G1 ={q € P1 | (lo,q) € G}. Then

a) G=Go x Gy

b) Gy is Py-generic over M.
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¢) Gy is P1-generic over M.

Proof. (a) If (po,p1) € G, then (pg, 11), (1g,p1) € G and so (pg,p1) € Go x Gy.
Conversely, suppose (pg,p1) € Go X G1. Then (pg,11) € G and (lp,p1) € G
have a common strengthening (go,q1) € G. Clearly {(qo,q1) < (po,p1) and so

(po,p1) € G.

(b) It is clear that Gy C Py is a filter. Suppose D € M is dense in Py.
Consider D* = {(p,q) € Py x Py | p € D} € M. Clearly D* is dense in Py x Py
and so G N D* # (. Part (c) is proved similarly. O

End of Lecture 19.

Lecture 20.

Theorem 5.18. Suppose Py, P; € M and Gy C Py, Gy C Py are filters. Then
the following are equivalent.

1. Gy x G7 is Py x P1-generic over M.

2. Gy is Py-generic over M and G1 is P1-generic over M[Gy).

3. Gy is Py-generic over M and Gq is Py-generic over M|[G1].
Furthermore, if 1-8 hold, then M[Gy x G1] = (M[Go])|G1] = (M[G1])[Go]

Proof. Assuming 1-3 are equivalent, the final sentence is obvious, as each is the
smallest model containing Gy and G;. Clearly it’s enough to prove 1 < 2.

(1 = 2) Assume 1 holds. By lemma 5.17, Gy is Py generic over M. To see
that Gy is Py-generic over M[Go], let D € M[Gy] be such that D is dense in
P;. Then there exists 7 € MF° and py € Gy such that D = 7¢, and pg - “7 is
dense in Py”.

Define D* = {{go,q1) | g0 < poAqoF ¢1 € T} € M. We claim that D* is
dense below (pg,1) in Py x P;. To see this, fix some (ro,r1) < (pg,1). Then
ro Ik (Fz € Ip’l)(x € 7 Az < 7). Hence there exists g1 € P; and ¢g < r¢ such
that o IF¢1 € T A g1 < 71. Then <q0,q1> < <’/‘0,7"1> and <q0,q1> € D*.

Since D* is dense below (pg,1) € Gy x Gy, it follows that there exists
(90,q1) € D*N(Gy x G1). Then ¢y F 1 € 7 and so ¢1 € 7¢, = D, and
clearly ¢; € G1. Thus ¢ € DN Gj.

(2 = 1) Assume 2 holds. Tt is easily seen that Gy x Gy is a filter in Py x P;.
Let D C Py x P; be a dense subset with D € M. Let D* = {p; € Py |
(3po € Go){po,p1) € D}. Then D* € M[Gy] and clearly D* NGy # () implies
DN (Gp x G1) # 0. Hence it is enough to show that D* is dense in P;.

Fix some 1 € P;. Then Dy = {pg € Py | (3p1 < r1){po,p1) € D} € M is
dense in Py. Hence there exists pg € DyNGp and p; < 71 such that (pg,p1) € D.
But then p; € D* and so D* is dense in P;. O

99



Theorem 5.19. Let M = “k is a cardinal such that k¥ = k” and let P =
Fn(k,2) € M. If G is P-generic over M, then M|G] |E2* =k AN MAC.

Remark. This shows that M AC ¥ “2“ is regular”. To see this, let M = GCH
and let k = R Then M[G] =2 =k A MAC.

Proof. Since M | P 2 Fn(k X w,2), it follows that M[G] = 2 = k. Next
suppose that Q € MI[G] with M[G] = “Q is a countable poset” and that
D ={dy | @ < A} € M[G] with M[G] E “X < k = 2¥ and each D, is dense in
Q”~

We can suppose that Q = (w, <). By lemma 5.16, there exists Iy € M such
that

1. MEH <|lwxw =w
2. <€ M|Gy], where Gy = G NFn(Iy,2).

Hence we have Q € M[Gy]. Let I = x\ Ip. Since M =P = Fn(ly,2) x Fn(1,2),
we can have that M[G] = M;[G], where M; = M[Go] and G; is Fn(7,2)-
generic over M;.

Next define X = {(n,a) | n € Dy, < A} € M1[G4]. Since X C w x A, there
exists I; € My such that

1. My = L] <max{w, A} <k
2. X € Ml[H()], where Hy = G1 N Fn(11,2).

Let My = M;[Hp]. Then Q € My and D,, € Ms for each a < A. Let J =T\ 1.
Then M, = “|J| = k and M[G] = M[H,)”, where H; is Fn(J, 2)-generic over
M.
Flnally, let J = JQ H J17 where M2 }: |J0| = w. Then Mg[Hl] = MQ[KQ] [Kl],
where Ky is Fn(Jy, 2)-generic over My and K is Fn(Jq, 2)-generic over Ma[Ko].
By lemma 5.15, there exists a filter L € My[Ky] such that L C Q and LND # ()
for every dense subset D of Q with D € Ms. In particular, L N D, # ) for each
a < A O

Theorem 5.20. Let k € M be a cardinal such that k¥ = k. Let P = Fu(k, 2)
and let G be P-generic over M. Then the following are true in M[G]:

1. 29 =k and MAC

2. There exists a sequence (X, | o < wy) of subsets of R such that 1(X4) =0
for all a < w1 and R = Uy, Xo-

Proof. Our last theorem establishes 1. Since M | P 2 Fn(wy, 2) x Fn(k\w1,2),
it follows that M[G] = M[Go|[H], where Gq is Fn(k \ w1, 2)-generic over M and
H is Fn(wy, 2)-generic over M[Gy)].

From now on, we work inside N = M[Go]. Express wy =[], la, Where
each |I,| = w and let let J, = Ug<olg. For each o < wy, let Hy, = HNFn(J,,2)
and let X, = RN N[H,]. Then (X, | @ <wi) € N[H].
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It is enough to prove N[H| = R = Uy<y, Xo and N[H] = p(X,) = 0 for
each o < wy. To show the first statement, we regard R as the set of Dedekind
cuts of Q. Let r € RN N[H]. Then r C Q and so there exists K C w! with
K € N such that N | |K| =w and r € N[H NFn(K,2)]. It follows that there
exists @ < w; such that K C J, and hence r € N[H,] R = X,.

For the second statement, fix some o < w;. Then N[H] = N[H,|[La],
where Ly, is Fn(w; \ Ju, 2)-generic over N[H,]. Since Fn(wi\Ja,2) = Fn(l,,2) X
Fn(wi\Ja+1,2), we have that N[Hy|[Lo] = N[H,][LL][LY], where L, is Fn(I,, 2)-
generic over N[H,], and L! is Fn(w; \ Jat1,2)-generic over N[H,|[L.]. Fix
some € > 0 and let P, = {p | p is a finite union of open intervals with ra-
tional endpoints such that u(p) < e}. For each r € X, C N[H,], the set
D, = {p € P. | r € p} € N[H,] is dense in P.. There exists a filter
F € N[H,][LL] of P, such that FND, # { for all r € X,,. Hence X, C U = UF
and p(U) <e. O

End of Lecture 20.

Lecture 21.

Theorem 5.21. Suppose that M = CH ANwy < k = k*. Let P =Fn(k,2) € M
and let G be P-generic over M. Then the following are true in M|G]:

1. MAC+2% =k

2. w1:b<0:2‘”

Lemma 5.22. Let N be any countable transitive model and suppose that H is
Fn(w, 2)-generic over N. Then for each f € (“w)NWH there exists g € (“w)N
such that g £* f.

Proof of Theorem 5.21. Let B = (“w) € M[G]. Then M[G] = |B|] = w;.
We claim that B is unbounded in (“w)M[¢]l. Suppose not. Then there exists
f € (“w)MIE such that g <* f for all g € B. Then there exists I € M such
that I C k and M | |I| = w with f € M[GNFn(I,2)]. Since M | Fn(I,2) &
Fn(w,2), there exists H C Fn(w,2) such that M[G N Fn(I,2)] = M[H]. But
this contradicts lemma 5.22. O

Proof of Lemma 5.22. Let P = Fn(w,2) and let 7 € N¥ satisfy 74 = f. Then
there exists p € H such that p IF 7: & — @. Let {¢, | n € w} enumerate the
conditions ¢ < p. Working inside N, for each n € w, choose 1, < g, such that
there exists I, € w with 7, |- 7(72) = [,,. Then we can define g € (“w)N by
gln) =1, + 1.

We claim that g £* f. Otherwise there exists ¢ < p and N € N such that
q Ik g(n) < 7(n) for all n > N. Choose n > N such that ¢, < g. Then
o IF g(n) =1, +1 > 7(n) =1, which is a contradiction. O

Theorem 5.23. Let M = CH A k¥ = k. Let P = Fn(k,2) and let G be
P-generic over M. Then the following are true in M[G]:
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1. MAC+2¥ =&
2. There exists a mad family of size w1.
If we argue as before, it is enough to prove

Lemma 5.24. Let M |= CH and let P = Fn(w,2). Then there exists an almost
disjoint family A € M such that

a) M = “A is a mad family”
b) If G is P-generic over M, then M|[G] = “A is a mad family”.

Proof. Working inside M, we shall define a suitable family A = {A, | @ < w;}
by induction over a. First, let {A, | n € w} be a partition of w into infinitely
many infinite sets.

Using CH, we see that there are w* = w; nice names 7 for subsets of w. Let
{(Pa» Ta) | @ < w1} enumerate all pairs (p,7) such that p € P and 7 is a nice
name for a subset of w.

Our basic idea is as follows. Suppose our construction fails. Then there
exists a nice name 7 for a subset of w and a condition p € P such that

(*) plF|T|=wA (VB <w)AgNT| <w

Let (p,7) = (Pa,Ta). Then A, is chosen to “defeat” (*). So now suppose
inductively that w < a < wy and that {Ag | 8 < a} has been defined.
Case 1: Suppose that

(B) palF|Tal =wA (V8 <a)AgNT| <w

Then we shall construct A, such that the following condition (which we will
call (4+4)) holds: For each n < w and ¢ < p,, there exists r < ¢ and m > n such
that m € A, and r |- 70 € 74. To accomplish this, let {B; | i € w} enumerate
{45 | 8 < a} and let {(n;,¢;) | i € w} enumerate w x {g € P | ¢ < po}. By
(), for each i € w, ¢; IF |74\ (Bo U... Bl)| = w. Hence there exists r; < ¢; and
m; > n; such that m; ¢ BoU...UB; and r; I+ 1; € 7. Thus A, = {m,; | i € w}
satisfies our requirements.

Case 2: Otherwise, choose any A, such that {Ag | 8 < a} U{A,} is almost
disjoint.

Now suppose that our construction fails. Then there exists o < wy such that
Pa IF |Tal = w A (VB < w1)|As N 7a| < w (we call this (x)). Then (B) holds. By
(%), there exists n < w and ¢ < p, such that ¢ IF (1, N Ay) € 7. But by our
construction, there exists r < g and m > n such that m € A, and r IF m € 7,
which is a contradiction. O

5.4 Ultrafilters over w

Definition. A non-principal ultrafilter U over w is Ramsey iff for all x: [N]* —
2, there exists A € U such that x | [A]? is constant.
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Definition. A non-principal ultrafilter U over w is selective iff whenever w =
[,.c. Cn, where each C, ¢ U, there exists A € U such that |ANCy| =1 for
each n € w.

Proposition 5.25. IfU is Ramsey, then U is selective.

Proof. Suppose U is Ramsey and that w = [], ., C,, where each C, ¢ U.
Define x: [NJ? — 2 by x({a,b}) = 1 iff (3In)a,b € C,,. Then there exists B € U
such that x | [B]? is a constant. Clearly x | [B]? is constantly 0 (otherwise
some B C (), for some n, which would imply C,, € U), and so [BNC,| <1
for each n € w. Hence there exists B C A € U such that |[ANC,| =1 for each
n e w. O

Definition. A non-principal ultrafilter U over w is weakly selective iff whenever
w = [1,c,, Cn, where each C, ¢ U, there exists A € U such that |[ANC,| < w
foralln € w.

Remark. Note that if there is some k € w such that |[ANC,| < k for all n € w,
there exists some B € U such that |[BNC,| =1 for all n € w.

Definition. A non-principal ultrafilter U over w is a P-point iff whenver {A,, |
n €w}t CU, there exists B € U such that B C* A, for each n € w.

Theorem 5.26. If U is a non-principal ultrafilter over w, the following are
equivalent:

1. U s weakly selective.
2. U is a P-point.

Definition. A subset D C R is discrete iff for all d € D, there exists € > 0
such that Bs(d) N D = {d}.

Definition. A non-principal ultrafilter U over w is discrete iff for every f: N —
R there exists A € U such that f[A] is discrete.

Theorem 5.27. If U is a P-point, then U is discrete.

End of Lecture 21.

Lecture 22.

Theorem 5.26. If U is a non-principal ultrafilter over w, the following are
equivalent:

1. U is weakly selective.

2. U is a P-point.
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Proof. (2=1) Suppose w = [],,c,, Cn, where each C,, ¢ U. Then each A, =
w\ C, € U. Since U is a P-point, there exists B € U such that B C* A,, for
each n € w. Clearly |[BNC,| < w for each n € w.

(1=2) Suppose that {A, | n € w} C U. Replacing each A,, by Nj<,A; if
necessary, we can suppose Ag O A1 D ... D A, D ... After deleting finitely
many elements from A,, we can also suppose that A, C A, 41 for each n € w
and A, C w\ n for each n € w. In particular, N, A, = 0. For each n € w, let
Cn = A, \ Ant1 ¢ U and consider the partition w =[], C,,. Since U is weakly
selective, there exists B € U such that |[BNC,| < w for all n € w. Clearly

B C* A, for each n € w. O
Theorem 5.27. IfU is a P-point, then U is discrete.

Proof. Suppose that f: N — R and that R = f[N].

Case 1: If there exists r € R such that f~1(r) € U, then A = f~1(r) satisfies
our requirement.

Case 2: Suppose there exists 7 € R such that for all n > 1, f~1((r —
1/n,r +1/n)) € U. Clearly there is a unique such point. Hence working with
N\ f~1(r) € U, we can suppose that we are in the next case.

Case 3: Otherwise, for each r € R, there exists n, > 1 such that B, = {l €
wl||f(l)=r| > 1/n.} €U. Since U is a P-point, there exists A € U such that
A C* B, for all r € R. We claim that f[A] is discrete. To see this, let a € A
and r = f(a). Since A C* B,., there are only finitely many ! € A such that
|f(I) = r| < 1/n,. Hence there exists ¢ > 0 such that B.(r) N f[A] ={r}. O

So the summary so far:
Ramsey = selective = weakly selective/ P-point = discrete = nonprincipal
We will show the first arrow reverses.
Theorem 5.28. If U is non-principal, then the following are equivalent:
a) U is Ramsey.
b) U is selective.

c) If {A, | n € w} C U, then there exists a strictly increasing function
g: w— w such that g(n +1) € Ay, for each n € w, and rangeg € U.

Proof. (a= b) We have already seen this.

(c= a) Let x: [w]?> — 2 be any function. For each n € w, there exists &, € 2
such that B, = {m € w | m >nAx{n,m}) =e,} €U. Let A, = N Bn €U.
Note that Ag 2 A; D ... D A, D ... and if m € A,, then x({l,m}) = ¢ for
[ <n.

Let g: w — w be a strictly increasing function such that g(n + 1) € Ay,
for all n € w and rangeg € U. If n < m, then g(m) € Aym—1) € Ay(n) and so
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x({g(n),g(m)}) = €4(n). For each € € 2, let D, = {g(n) | n < w Aeym) = €}.
Then rangeg = Do ][ D1 € U and so there exists ¢ € 2 such that D, € U.
Clearly x | [D¢]? is constantly e.

(b= ¢) Suppose that {A, | n € w} C U. Since U is selective, U is weakly
selective and a P-point. Hence there exists B € U such that B C* A, for
each n € w. Let B = {b, | n € w} be the strictly increasing enumeration.
Unfortunately, there is no reason to suppose that b,41 € Ap,. To accomplish
this, we must pass to a “suitably sparse” subset of B.

Define f: w — w by f(n) = the least by such that B\ A, C bx. Suppose
we can find a subset D C B such that D € U and if D = {d,, | n € w}
is the increasing enumeration, then d,y; > f(d,) for all n € w. Then since
B\ Ag, C f(dyn), it follows that d,1 € Ag,. Thus g(n) = d, satisfies our
requirements.

To see that D exists, we define a partition B = [[, F,, into finite sets as
follows. Let Fy = {bo}. Suppose that F,, has been defined and that b, =
max(Fy,). Then F,,11 = {by | t, +1 < k < ty41}, where by, > max{f(b,) |
r < tn}. By considering the partition w = (w\ B) [[]1, c., Fn, the selectivity
of U gives E C B with E € U such that |[E N F,| = 1 for each n € w. Let
Ey = EN]], Fon and Ey = ENT],, Fopy1. Then there exists i € 2 such that
E; e U. Clearly D = E; satisfies our requirements. O

Theorem 5.29 (M AC). There exists a Ramsey ultrafilter of w.

Proof. We shall construct a selective ultrafilter . Let {A, | a < 2¥} be the
set of all partitions of w. We construct by induction on o < 2“ an increasing
sequence of subsets S, C [w]“ such that

1. Sy = Fy is the Fréchet filter.
2. S, is closed under finite intersections and |S,| < |a| + w.

3. If 8 < «, then either there exists A € Ag such that A € S, or 3X € 5,
such that [ X NA| <1 for all A€ Ag.

If we can complete the construction, let U O Uy<20S, be any ultrafilter. Then
U is clearly selective.

Suppose S has been defined for all 5 < . If lim o, we can set S, = Ug<aS3.
Hence we can suppose o = 5 + 1.

Case 1: There exists A € Ag such that X N A € [w]¥ (i.e. X N A is infinite)
for all X € Sg. Then we can let Sgy1 =Sz U{ANX | X € S3}.

Case 2: Otherwise we claim that

(*) For all X € S, {A€ Ag | XNA#D} =w.

Suppose not. Then there exists X € Sg such that X C A; []...][] A, for some
Ai,..., A, € Ag. Let U be any non-principal ultrafilter containing Sg. Since
X € U, there exists 1 < i < n such that A; € U, which means that we are in
case 1, which is a contradiction.
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Let P consist of finite subsets p of w such that [pN A <1 for each A € Ag,
ordered by p < ¢ iff p D ¢. Obviously |P| = w. For each X € Sg and n € w, let
Dx,={peP|(@m>nmepnX}. By (*), Dx,, is dense in P. By MAC,
there exists a filter G C P such that GN Dx ,, # (¢ for each X, n. Let Z = UG.
Then Sg11 = SsU{ZNX | X € S} satisfies our requirements. O

End of Lecture 22.

Lecture 23.

Theorem 5.30. There exists a weakly selective ultrafilter U which is not selec-
tive.

Proof. We first ensure that U is not selective. Choose w = A9 D A; D ... D
Ap D ...such that N, A, =0 and |4, \ Apt1| =wloralln € w. Let S ={T C
w| | TN(A,\ Apt1)] <1 forall n € w}. Let F be the set of finite intersections
of elements of {w \T | T" € S}. Then F consists of all sets of the form w \ C,
where there exists k¥ < w such that |C N (4, \ Apy1)] < k for all n € w. In
particular, each Z € F is infinite and F contains the Fréchet filter.

We intend that {A, | n € w} UF C U some ultrafilter. Unfortunately
|F| = 2¢, so we can’t deal with it directly using M AC. Instead we do the
following. Let {B, | & < 2*} be the set of all partitions of w. We construct by
induction on a < 2¢ an increasing chain of subsets S, C [w]“ such that

1. So ={A, |ne€w}
2. S, is closed under finite intersections and |S,| < |a] + w
3. f X eS,and Z € F, then X N Z # (.

4. If B < «, then either there exists B € B, with B € S, or there exists
X € S, with |[BN X| < w for all B € Bg. (In other words, S, will work
as a weakly selective filter for all the partitions with index < «.)

Suppose we can complete the induction. Then there exists an ultrafilter & O
F UUq<2wSq. Clearly U is weakly selective but not selective.

So suppose a > 0 and S has been defined for each 8 < . If lim o, then we
let So = Ug<aSg. So suppose that a = 54 1.

Case 1: Suppose that there exists B € Bg such that X N BN Z # () for each
X € Sgand Z € F. Then we let Sg11 = SpU{XNB|X e Ss}.

Case 2: Otherwise, let P consist of all finite subsets p C w with partial
ordering p < ¢ iff p O g and for all B € Bg, if N B # 0, then pN B = ¢N B. For
eachX € Spand k <w,let Dx ={p e P | (Gn <w)|pNnXN(A,\Ant1)| > k}.

Claim. Dyx j, is dense in P.
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Before proving the claim, we complete the proof of the theorem. By M AC,
there exists a filter G C P such that G N Dxy # 0 for all X, k. Let Y =
UG. Clearly Y N B| < w for all B € Bz. Hence it is enough to prove that
YNXN(w\C)#0for all X € Sg and C such that there exists k € w such
that |C N (A, \ Apt1)| < k for all n € w. But this follows from the fact that
Gn DX,k 7& 0.

Proof of claim. Suppose Dx j, is not dense. Then there exists p € PP such that
q¢ Dxy foral g <p. Let {B;|iecF}={BecBg|Bnp# 0} Clearly
|F| <w. Let By =B \ {B; | i € I'}. Then for each n € w, [X N (UBj) N (A \
Ant1)| <k, and so w\ (X N (UBj)) € F.

Let U’ be any nonprincipal ultrafilter such that F U Sz C U’. Then X N
(UBj) ¢ U and so (UiepBi N X) € U'. Hence there exists i € I such that
B; € U’, which means we are in Case 1, contradiction. O

O

Theorem 5.31 (M A). There exists a discrete ultrafilter which is not a P-point.

Proof. Our first step is to ensure that the ultrafilter is not weakly selective,
which is equivalent to being a P-point. Choose w = Ay D A1 D ... DA, D ...
such that N, A4, = 0 and |4, \ Apq1| = w for alln € w. Let § = {T C w |
TN (A, \ Apt1)| < wforalln € w}. Let F = {w\T | T € S}. Then F is
closed under finite intersections and contains the Fréchet filter.

Next, let {fo | o < 2¢} be the set of all functions f: N — R. We shall
construct by induction on a < 2 an increasing sequence of subsets S, C [w]*
such that

1. So={A, |n€w}

2. S, is closed under finite intersections and |S,| < |a] + w

3. XNZ#0(for each X € S, and Z € F.

4. If B < «, then there exists X € S, such that fz[X] is discrete.

Assuming the induction can be completed, any ultrafilter U O F U Ugcaw Sy
satisfies our requirements.

Suppose o > 0 and Sz has been defined for each 3 < a. If lim «, then we let
Sa = Ug<aS3. So we can suppose a = 3 + 1. For simplicity’s sake, let f = f3.
Let R = f[N]. Let U be a nonprincipal ultrafilter such that FU Sz C U.

Case 1: There exists d € R such that f~1(d) € 4. Then we can let S, =
SgU{X N f~1(d)|X € Sz}. Hence we can suppose that no such point d € R
exists; in particular, R is infinite.

Case 2: There exists d € R such that for alln > 1, f~*((d—1/n,d+1/n)) €
U. Clearly there exists a unique such point d € R. Note that f~1(d) ¢ U.
Hence if R* = R\ {d}, then f~}(R*) € U. So working with R* instead of R,
we may assume that we are in the following final case.

Case 3: For each d € R, there exists ny > 1 such that f~1((d — 1/ng,d +
1/nq)) ¢ U. We will treat this case next time. O

63



End of Lecture 23.

Lecture 24.

We are continuing our proof from last time, assuming that we are in the
third case presented there.

Definition. P consists of conditions of the form p = (¢, P), where

e ¢: R — w is a finite function such that ¢(d) > ng for all d € dom ¢,
and the intervals (d — 1/¢(d),d + 1/¢(d)) are all disjoint. (We will write
Jp = Ud€dom¢(d - 1/¢(d)7 d+ 1/¢(d)))

o P consists of finitely many pairs (X,n) such that X € Sg and if W =
(X N\ f7HIp) N (An \ A1) then fIW)] is infinite.

We order P by (¢/, P") < (¢, P) iff ¢’ O ¢ and P’ DO P.
Definition. If G C P is a filter, then Dg = U{dom ¢ | (IP)(¢, P) € G}
Claim. If G C P is a filter, then D¢ is discrete. (Obvious.)

Claim. P is ccc.

Proof. Suppose that {(¢;,P;) | i € w1} C P. Then there exist i # j such that
¢i = ¢; = ¢. Clearly (¢, P; UP;j) < (i, Pi), (05, Pj). O

Claim. If p = (¢, P) € P, then there exists a cofinite subset C C R\ J, such
that

(*) For all d € C, there exists m € NT such that (¢ U {(d,m)}, P) € P

Proof. Suppose that d € R\ J, and that for all m € N*, (¢ U{(d,m)}, P) ¢ P.
Then there exists (X,n) € P such that for all m € N*, (d — 1/m,d + 1/m)
contains a cofinite set of f[W], where W = (X \ f~'(J,)) N (A4, \ Ay+1). For
a given (X,n) € P, there is at most one such d € R\ J,, as disjoint intervals
can’t both contain a cofinite subset of f[IW]. The result follows. O

Definition. For each X € Sg, Dx consists of those p = (¢, P) such that one
of the following holds:

i. There exists n € w and d € dom ¢ such that X N (A, \ Any1) N f71(d) is
infinite.

ii. There exists n € w such that (X,n) € P.
Claim. For each X € Sg, Dx is dense.

Proof. Let p = (¢, P) € P. Foreachn € w, let W,, = (X\ f~1(Jp))N(An\Ant1).
Let I = {n € w||W,| = w}. Then U,e;W,, € U. If there exists n € I such that
fIW,] is infinite, then (¢, P U {(X,n)}) € P. Hence we can suppose that f[IW,]
is finite for each n € 1.

If there exists n € I and d € f[W,,] such that

64



1. f(t) = d for infinitely many ¢t € W,,, and
2. (¢ U{(d,m)},P) =q € P for some m € N

then ¢ satisfies condition i. and so g € Dx.

So suppose this fails. Then by our third claim, there exists finitely many
elements di,...,ds € R\ J, such that W,, \ Ui<;<sf~'(d;) is finite for all n € I.
But this means that Ugc; Wy \ Ulgigsfil(di) §é U and so Ulgigsfil(di) ceu.
But then f~!(d;) € U for some i, which is a contradiction. O

Definition. For each X € Sg and n,l € w, Ex n,; consists of those p = (¢, P) €
P such that one of the following holds:

1. p Lp = (¢, P) whenever (X,n) € P'.
2. There exists t > 1 with f(t) € dom¢ andt € X N (A, \ Apt1)-
Clatm. Ex ,,; is dense.

Proof. Let p= (¢, P) € P. Then without loss of generality we can suppose that
(X,n) € P. In particular, f[W] is infinite, where W = (X \ f=(J,)) N (An \
Apn+1). Hence the result follows by the third claim. O

Concluding the proof of Theorem 5.31. By M A, there exists a filter G C IP such
that GNDx # 0 and G N Ex py # 0 for every X € Sz and n,l € w. Let D¢
be the associated discrete subset of R and let Y = f~1(Dg). We claim that
forall X € Sz and Y € F, we have X NY NZ # 0, and so we can define
Spr1=S3U{XNY | X € Sz}.

Let p = (¢, P) € GNDx. If there exists d € dom ¢ such that XN (A, \An1)N
f~1(d) is infinite, then we are done. Hence we can suppose that (X, n) € P.

Notice that Z contains a cofinite subset of A, \ A,+1. Hence there exists an
l € wsuch that for all t > [, if t € (4, \ Apt+1) N X, then t € Z. Choose ¢ < p
with ¢ € Ex 1 and let ¢ = (¢', P’). Then there exists | <t € X N (A, \ Apt1)
with f(t) € dom¢'. Hence t € XN (Ap\ Apy1)Nf 1 (De)NZ CXNYNZ. O

We ended the class with some discussion of results on cardinal arithmetic,
starting from Easton forcing (which concerns only regular cardinals) and dis-
cussing the progress made in analyzing cardinal arithmetic with singular cardi-
nals, specifically results of Silver, Magidor, and Shelah. We begin our discussion
of Easton forcing next time.

End of Lecture 24.

Lecture 25.
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5.5 Easton forcing

Definition. An Easton index function is a function E such that
a) dom(E) is a set of reqular cardinals.
b) For each k € dom(E), E(k) is a cardinal such that cf(E(k)) > k.
¢) If k,0 € dom E with k < 0, then E(k) < E(6).

The idea here is that E(k) is a plausible value for 2% for every x in dom F.
The fact that dom E could only contain regular cardinals turned out to be a
rather deep fact.

Definition. If E is an Easton index function, then P(E) is the set of functions
p such that

a) domp = dom F

b) For all k € domp, p(k) € Fn(FE(k),2, k)

¢) For every regular A, [{x € ANdomE) | p(k) # 0} < .
Remark.

i. When we write every regular A\, we mean every regular A\, even those
regular A ¢ dom E.

ii. Clause c) has content for those regular A such that Xy = A, i.e. for weakly
inaccessible \.

Definition. If E is an Faston index function an X is any cardinal, then Ej\L =
El{kedomFE|k> A}, and Ey, =FE [ {k € domFE | k < A}.

Remark. Obviously Ej{ and E) are also Easton index functions.

Lemma 5.32. If E is an Easton index function and X\ is any cardinal, then
P(E) 2 P(Ey) x P(EY).

Lemma 5.33. If E is an Easton index function such that dom E N AT = 0,
then P(E) is AT -closed.

Corollary. If FE is any Faston index function, then ]P’(E;\') is AT -closed.

Lemma 5.34. Suppose that X is a reqular cardinal such that 2<* = X. If E is
an Easton index function such that dom E C A\*, then P(E) is AT -cc.

Proof. For each p € P(E), let d(p) = U{{x} x domp(k) | x € dom E}. Then
|d(p)| < A by part c) of the definition of P(E). Now suppose that {p, | a <
At} C P(F). By the A-system lemma, there exists X C A" such that | X| = AT
and {d(p,) | @ € X} forms a A-system with root 7. Since |r| < X and 2"l < ),
there exist distinct a # 8 € X such that p,(x)(i) = ps(k)(i) for all (k,) € 7.
Hence p,,ps are compatible. O
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Corollary. Suppose \ is a reqular cardinal such that 2<* = X\. If E is any
Easton index function, then P(EY ) is AT -cc.

Lemma 5.35. Suppose that M = GCH and that P = P(E) € M for some
Easton index function E. Then P preserves cofinalities and hence also preserves
cardinals.

Proof. Suppose not. Then there exists a P-generic filter G and 6, \ € M such
that M = “0 is uncountable and regular” and M[G]| = A = c¢f(0) < 0. Then
A is regular in M[G] and hence is also regular in M. Working inside M, let
Py = P(E; ) and P; = P(EY). Then P 2 Py x Py, and so M[G] = M[G4][Go),
where G is Pi-generic over M and Gy is Pg-generic over M[G1].

Let f € MI|G] be a cofinal map from X into 6. Since M | “Py is A*t-
closed”, it follows that M[G1] E 2<* = X. Hence P(E; )M = P(E} )M and
M[G1] E “Po is AT-cc”. Hence there exists F' € M[G1] such that the following
are true in M[G1]:

a) F: A — P(0) and f(a) € F(a) for all « € A
b) |F(a)| < Afor all @ € A

Since M = “Py is AT-closed”, it follows that F' € M.

Clearly a) also holds in M. To see that b) is also true in M, note that for
each a € A, there exists g, € M[G1] such that g,: A — F(«) is surjective. Since
M E “Py is AT-closed”, it follows that g, € M. Thus M = |F(a)] < A. But
now working inside M, we see that U,<xF () is a cofinal subset of 0 of size at
most A, which contradicts the regularity of § in M. O

End of Lecture 25.

Lecture 26.

Theorem 5.36. Let M = GCH and let P = P(E) for some Easton index
function E. If G C P is M-generic, then M[G] |= 2% = E(k) for all k € dom E.

Proof. Let k € dom E. First we shall check that M[G] | 2¢ > E(k). Let
f € M be a bijection f: E(k) x K — FE(k). Then for any « < 8 < E(k), the
set Dog = {p € P | 3¢ < & such that p(k)(f(a,§)) # p(k)(f(B,€))} is dense.
Working in M[G], define 4, = {{ < & | (3p € G)p(r)(f(e,€)) = 1}. Then
Ay € P(k) and A, # Ag for all o < § < E(k). Thus M[G] = 2" > E(k).

Finally we show that M [G] = 2% < E(k). Working inside M, let Py = P(E)
and P; = P(E}). Then M | P 2 P; x Py and so M[G] = M[G1][Gy), where
G is Py-generic over M and Gy is Pg-generic over M|[G4]. Still working inside
M, for each A € E_, we have

IFn(E(N),2,\)| < |Fa(E(k), 2, k)| = E(k)<" x 2<% = E(x)

Note that we used GCH for the last equality. Hence we have that F(x) <
[Po| < E(k)® = E(k). Since M | “P; is kT-closed”, the following are true in
M[Gl]l
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a) E(k)" = E(k)
b) 2<% =k and so Py is kT-cc.

Hence working inside M [G1], there are at most |Pg|* = E(k)* = E(k) antichains
in Py and at most E(k)" = E(x) nice Py-names for subsets of s. Hence M[G] =
MIGH)[Go] 2 < B(x). .

Question: What is the value of 2% for a cardinal § such that § ¢ dom(FE)?
Answer: Intuitively speaking, the least possible value.
We define E*(0) = sup({E(x) | k € domE A xk < 0} U{6"}). Then, let

* i (6 6
B(0) = E*(0) if cf(E' ) >
E*(0)T otherwise
Exercise: With the above hypotheses, if § is any cardinal, then M[G] |=
20 = E'(6).

End of Lecture 26.
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