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Table 1 Grain yield, weather and grain growth observations for the three wheat crops
Anthesis until cessation of grain growth During linear grain growth

Actual Potential Mean Mean grain Grain growth Final mean

Dry matter . evaporation evaporation Mean air maximumair growth rate  duration  weight per
Year grain yn_ezld"‘ Duration [Ea] [Ep] Eq/Ep temperature temperature [Re] [Dg} grain
(gm~?) @ (mmd-)  (mmd-Y) O §(®) (mgd™) @ (mg)
1974 495 (46) 45 3.0 3.0 1.00 149 19.5 1.41 329 52.2
1975 535 (51) 38 2.0 34 0.59 16.8 21.6 1.76 25.2 50.3
1976 340 (32) 25 2.1 4.6 0.46 20.7 28.5 2.11 14.5 36.6

*Farm yields in cwt acre™ at 159 moisture are shown in parentheses.

for the 3 yr. Table 1 gives the relevant values of the variables
of equation (1). Compared with 1974 the warmer, drier weather
of 1975 was associated with a slightly faster R, but this was
offset by a decrease in D, so that W,(f) was close to 50 mg in
both seasons, a typical figure for Maris Huntsman'®. In 1976
very dry weather and exceptionally high temperatures were
associated with very fast R; (Table 1). But this was more than
offset by a sharp decrease in D, so that W,(f) was only 37 mg.

Changes of plant dry weight after anthesis must be examined
in greater detail to establish the reason for the extremely short
D, in 1976.

It is convenient to distinguish two sources of assimilate
supply for grain growth: photosynthesis after anthesis, and
translocation of materials assimilated before anthesis and
temporarily stored before moving to the grain. As a first step
in assessing the importance of these two sources, increase in
grain weight from anthesis to final harvest (AW,) can be
expressed as

AWy = AWI—AW,

where AW, is the increase in total crop weight, and AW, is
the increase in weight of plant parts other than the grain between
anthesis and harvest®, By far the largest proportion of AW,
consists of the stem and for brevity this term is referred to as
stem weight. In Table 2, which shows the relevant crop dry
weight changes, — AW,/AW, is the fraction of final grain weight
apparently derived from translocation of materials assimilated
before anthesis. Even in 1974, this fraction (0.35) was much
larger than the maximum of about 0.20 expected for wheat!!.
In 1975 and 1976, however, when production of dry matter
after anthesis was smaller still in relation to the requirements
for grain growth, the contribution of translocated materials to
grain yield was much greater. This increased movement of
materials from stem to grain when conditions during grain
filling are adverse for photosynthesis lends support to the
concept of “compensatory translocation”®. The small value of
W (f) which occurred in 1976 in spite of considerable translo-
cation of material from the stem raises two questions: is there
a limit to the amount of dry matter that can be supplied to the
grain by compensatory translocation; was this limit reached
or exceeded in 1976?

The extent of translocation may ultimately be limited by the
need to retain sufficient dry matter in the stems to support the
ears. In 1976, however, supporting tissue per grain was con-
siderably greater than in 1975 (Table 2). Thus it seems that
shortage of assimilate did not limit final grain weight by
curtailing the duration of grain growth. There are two other
possible reasons why grain growth stopped: either the transport

Table 2 Crop weight measurements

Increase in weight (gm —2) between
anthesis and harvest

Stem weight
Grain Total Stem per grain
Year [AW,] [AW] [AW,] —AW /AW, (mg)
1974 495 322 —173 0.35 65
1975 532 228 —304 0.57 54
1976 341 149 192 0.56 63

system to the growing grain was inadequate or starch synthesis
stopped prematurely. Studies of translocation during wheat
grain growth show little effect of water stress!'2, but there is
evidence that a fall in the synthetic capacity of the endosperm
causes grain growth to stop'®. In 1975 and 1976, the duration
of starch synthesis could have been limited either by the effect
of drought on plant water status or by abnormally high ear
temperatures. The relative importance of these two correlated
factors cannot be determined from our measurements, but
related work in controlled environments indicates that tempera-
ture rather than water stress stops grain growth prematurely!* —16.
These results illustrate the potential importance of translo-
cation of material assimilated before anthesis to grain growth
when current photosynthesis is limited by an adverse environ-
ment. They also establish the usefulness of treating grain growth
as a linear process and expressing final weight per grain as a
product of a growth rate and duration. If cereals are to yield well
in regions where drought and high temperatures during grain
filling are frequent, varieties must be bred which not only
increase the rate but also sustain the duration of grain growth.
Such characteristics would maximise the assimilate to be
harvested in the nutritionally valuable fraction of the crop.
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Predicting the course
of Gompertzian growth

THE increase in volume or size with time that characterises
many biological and physical systems is often well approxi-
mated retrospectively by mathematical ‘growth curves’. In
some cases, however, growth may be sufficiently complicated
for it to be impossible to predict later portions of the growth
curve if observations are limited to a few early points. We
report here the development of a generalised approach to
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Fig. 1 Hypothetical Gompertzian curves derived by solving

equation (3) with various parameters 4 and B as follows: Curve

I, A= 04, B=04/(In100); Curve II, 4 = 0.25, B = 0.25/(In

100); Curve I1I, 4 = 0.4, B = 0.4/(In 75); Curve IV, 4 = 0.25,

B = 0.25/(In 75). Note that the early portion of the curve reflects

parameter A and the later po;tion of the curve reflects the ratio
of A/B.

the analysis of “Gompertzian™ growth which enables accurate
predictions of future growth for two model tumour systems.
This mathematical method may be useful clinically, and
expresses a property of biological growth that may be applicable
to other systems.

The growth of most experimental neoplasms?~*, human
populations®, normal embryos®, molluscs’, visceral organs®*®
and some human tumours!® are well described by the S-shaped
curves used for actuarial purposes by Benjamin Gompertz in
1825 (ref. 1). The essential distinguishing feature of Gom-
pertzian growth (Fig. 1), is some mechanism of feedback
inhibition with increasing size, resulting in decremented
exponential growth that achieves a limiting size asymptotically.
Unfortunately, the relatively complicated form of the Gompert-
zian equation has tended to limit its general applicability,
often resulting in the alternative use of less satisfactory ex-
ponential'' "4, summed exponential'®, or other!® growth
models. These other models however, are rarely applicable
to an entire growth history, and are therefore insufficient for
the purposes of predicting later growth.

A Gompertzian function is the simultaneous solution of the
two differential equations

dN(t)/dt = K-N(£)-G(1) (1)

dG@)/dt = — K,-G(r) 2)

where K; is a constant > 0, N(7) is volume at time ¢, and
G(¢) is a function entirely described by equation (2). The
expression K,-G(f) can be thought of as the fraction of N(f)
that doubles in size during the instant dt. The solution of these
equations is often written in the form

N(t) = N(0)-exp[(K./K;) G(0){1~exp(—Ky1)i]
Since

G(2) = G(0)-exp(— Kyt) = (Ko/ K1) In[N(0)/N(®)]
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where N(c0) = lim N(¢), an alternative form of equation (1) is
11— o0

dN(®/dt = K,"N(t)'In[N(x0)/N()]

= A-N({@)— B-N@t)'n[N(H)] 3)
where B = K, and A4 = K, In[N(e)]. The dependence of
the pattern of growth of N(¢) on 4 and B is illustrated in Fig. 1.
For a given N(0), when A is constant, the early phase of growth
(often referred to loosely as the exponential phase) is similar in
spite of different values of B. Also, when A/B is constant, the
later phase of growth (the plateau phase) is similar in spite of
different values of 4. Were 4 and B unrelated, knowledge of
the early phase of growth of a particular system (tumour,
organ, embryo, or population) would not enable an accurate
prediction of the later phase, as the value of A4, but not 4/B,
could be estimated from the early growth pattern. Similarly,
measurements of late growth would provide an estimate of
A/B but not 4. On the other hand, if it were possible to estimate
B from A, the entire growth pattern of an individual system
would be predictable on the basis of measurements early
in its growth history.

For eight cases of B-16 melanoma in BDF, mice and ten
cases of transplantable mammary carcinoma 13672 in Fischer
344 rats, measurements of length (L) and width (W) were
obtained during unperturbed growth from the time of trans-
plant until the death of the host or the occurrence of tumour
ulceration. Approximate tumour volumes (V) were calculated
as the volume of revolution of an ellipse by the formula

V = (n/6)LW?

The growth of these tumours (Fig. 2) demonstrates the vari-
ability typical of malignant proliferation.

For each tumour, the solution of equation (3) was fit using
the method of least squares to the curve of volume as a function
of time of growth starting from the hypothetical volume of a
single cell. Examples of curves fitted to data for each tumour
type are illustrated in Fig. 3. Each curve fit yields the two para-
meters, 4 and B, that completely describe the growth pattern

Fig. 2 The volume of eight examples of B-16 melanoma (——)

and ten examples of 13762 carcinoma (- — -) plotted as a function

of time from initiation of growth. The volume scale is arithmetic.

The variability in growth pattern typical of neoplastic prolifera-
tion is evident.
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for that tumour. As seen in Fig. 4, when exp(4) is plotted
against In(B) for all individuals of each tumour type, the
relationship is found to be linear with correlation coefficients
of 0.99 for B-16 melanoma (P < 0.0000002) and 0.96 for the rat
carcinoma (P < 0.000006). This high degree of correlation
between the transforms of A4 and B allows, for these experi-
mental tumours, the accurate prediction of B on the basis of an
estimate of 4 made from measurement of the early phase of
growth of an individual tumour. Equation (3) may therefore
be written

dN@)/dr = A-N(1)—expllexp{ A} - m)/m]N(t)'In[N(@)] (4)
a Gompertzian equation in one variable, A4, with constants
n, m, and N(0) (the volume of a single cell) specific for a par-
ticular tumour type.

Having determined empirically the constants » and m
for a tumour type, the total growth curve for an individual
tumour of that type can be predicted accurately from a few
early measurements of volume. In Fig. 3, for example, the
solution of equation (4) was fit to three early measurements
of a tumour not used to derive the above relationship between
A and B. The prediction obtained is seen to match closely
the actual volumes observed later in the growth of the tumour.

The ability to predict the later growth pattern of an in-
dividual tumour on the basis of early growth measurements
should have widespread applicability, not only in the design
of experimental anti-cancer therapy, but in the diagnosis and
prognosis of human tumours as well. For example, the response
of an individual cancer to treatment could be expressed in
terms of deviation from ideal unperturbed growth as predicted
from measurements taken before therapy. This precise method
of monitoring therapy has obvious advantages over parameters
presently in use, such as rate of complete or partial remission
or average tumour size at some arbitrary point after therapy.
These conventional endpoints are inapplicable to individual

Fig. 3 Examples of equation (3) fit to data for B-16 melanoma
(1) and 13762 rat carcinoma (/). The volume scale is logarith-
mic. The dashed lines represent the fitted curves. Paired constants
(A, B) derived from several such curve fits are plotted in Fig. 4.
The points marked 0 are three early volume measurements for
an individual 13762 rat carcinoma not used to derive the con-
stants 7 and m (see text). Equation (4) was fit to these three points
using constants » and m from Fig. 4; the resulting solid line is
seen to predict accurately the later growth measurements (@) for
that tumour; measurements unknown at the time of curve fitting.
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Fig. 4 Correlation between exp(A) and In(B8) for B-16 melan-

oma ((J) and 13762 rat carcinoma (/). The points represent

pairs of parameters (A, B) determined from curve fits as illus-

trated in Fig. 3; the solid lines represent the regression equation

exp(A) == m.n(B)+n, with the following values of m, n,

respectively: B-16 melanoma, 0.9645 and 4.980; 13762 carcinoma,
0.8176 and 4.334.

tumours, are potentially biased by drug or other non-tumour
deaths, and may underestimate the influence of weakly effective
forms of therapy which may nevertheless be potentially useful
in combinations.

For these two experimental tumours the methods described
here reveal a remarkable orderliness of growth that tends to
dispel the concept of cancer as a wild and uncontrolled pheno-
menon. We may expect that the growth of non-neoplastic
tissues (for example, gut epithelium, bone marrow and re-
generating liver) would be at least as orderly as that of these
two malignancies. Results obtained by applying these methods
to normal tissues will be reported later. These mathematical
methods may also be applied to the growth of mammalian or
bacterial cells in culture, with obvious use in the monitoring
of growth inhibitory influences (such as hormones and anti-
biotics). We also plan to describe the applications of these
methods to other tumour types, paying particular attention
to the description and prediction of the response of malig-
nancies to single and multiple agent therapies.
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Significance of cell shape
in tissue architecture

STiMULI passing to a cell within solid tissue are modulated by
the cellular environment. Control mechanisms must therefore
involve both humoral influences and the architecture of the
cellular microenvironment. Epidermis suffers a constant loss
of surface cells which are replaced by basal cells which have
differentiated during migration to the surface. In mouse ear and
dorsum, the path of this migration can be observed as precisely
defined columns of cells* which are in tetrakaidecahedral® form
(Fig. 1) as in the rigid cell walls of plant tissues®. Recent
studies®* have suggested that maintenance of this system of
*dynamic orderedness’ may be explained by reference to its
physical geometry, and minimal surface packing configurations.
In this paper we discuss some of the consequences of this view
of tissue architecture.

a b

Fig. 1 a, Line drawing of an orthic tetrakaidecahedron.This 14-
sided figure consists of six equal opposite quadrilateral faces and
eight equal and opposite hexagons. Each quadrilateral face is
bounded by four hexagons and each hexagonal face by three
hexagons and three quadrilaterals. 4, When compressed about a
pair of hexagonal faces the shape assumed will become pre-
dominantly hexagonal, with the remaining 12 faces becoming
hexagonal and quadrilateral facets around the edges.

The ordered epidermis of mouse ear or dorsum shows keratin-
ised squames piled in columns and presenting a characteristic
hexagonal patterning!-®, when viewed from the surface (Fig. 2).
It is clear from the flattened nature of these cells that if they are
tetrakaidecahedral, then the orthic form of the tetrakaide-
cahedron has become distorted to a flattened version (Fig. 1),
in which the fiattening has resulted in an increase in area of a
pair of the hexagonal faces, reducing the remaining 12 faces to
alternate quadrilateral and hexagonal facets around the edges.

Fig. 2 a, Area of mouse ear epidermis showing a central hexagonal
squame (1) and its six surrounding neighbours (2-7). Squame 1 is
overlapped on all edges, and so cannot desquamate until all the
surrounding cells (2-7) have done so, whereas squame 7 has all
edges free and is able to desquamate. The region of overlap
(previously covered by the last squame in the central pile) and the
interdigitating facets are visible at the edges of the surrounding
squames. At this advanced stage of flattening that occurs close to
the surface, the facets at the squame edge have largely lost their
characteristic alternate hexagonal and quadrilateral appearance
because of the overall distortion, but still provide evidence of the
tetrakaidecahedral form adopted in the less keratinised and more
plastic regions of the granular layer. Scale bar: 5 uM. b, ¢, Cells
exposed from some distance below the surface showing clearly the
facets at the edge providing the interdigitating regions. In some
cells (¢) a close approximation to the alternate hexagon (H) and
quadrilateral (Q) faceting seen in the true geometric tetrakaideca-
hedron (Fig. 1b) is apparent. Scale bars: 5 uM.
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These facets may be observed in the scanning electron micro-
scope particularly if some of the outer squames are removed
(Fig. 2).

From the density packing configuration of either orthic or
flattened tetrakaidecahedra, there is only one way in which
these shapes can be assembled. This results in a columnar
organisation in which the top ‘cell * of the central column, of
any group selected, occupies a position at the lowest or highest
level, relative to the surrounding six adjacent columns which are
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