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Abstract 

In this paper we report a study in which nine research mathematicians were interviewed 

with regards to the goals guiding their reading of published proofs and the type of 

reasoning they use to reach these goals. Using the data from this study, as well as data 

from a separate study (Weber, 2008) and the philosophical literature on mathematical 

proof, we identify three general strategies that mathematicians employ when reading 

proofs: appealing to the authority of other mathematicians who read the proof, line-by-

line reading, and modular reading. We argue that non-deductive reasoning plays an 

important role in each of these three strategies.  
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1. Introduction 

 In the last thirty years, there has been a great deal of research in mathematics 

education in the area of justification and proof. Although this research has focused on a 

wide range of topics, including the construction of proof, the epistemological nature of 

proof, and the development of proof in mathematical classrooms, only recently has 

research in mathematics education investigated the reading of mathematical proof  

(Selden & Selden, 2003; Alcock & Weber, 2005; Mejia-Ramos, 2008).  

Most researchers who have examined the reading of proofs have sought to 

understand students’ conceptions of proofs by asking them to read different types of 

arguments and to evaluate these arguments against a given set of criteria (e.g. personal 

preference, persuasiveness, mathematical validity). This literature has produced three 

main findings. First, students at all levels often find empirical arguments to be personally 

convincing and representative of the ways that they would justify mathematical 

statements (e.g., Martin & Harel, 1989; Healy & Hoyles, 2000). Second, mathematics 

majors often have difficulty distinguishing between valid mathematical proofs and flawed 

mathematical arguments (e.g., Selden & Selden, 2003; Alcock & Weber, 2005). Third, 

students may view a deductive proof of an assertion merely as evidence in favor of the 

assertion rather than necessitating its truth (e.g., Fischbein, 1982). Together, these 

findings suggest that students become convinced of mathematical assertions for different 

reasons than mathematicians do (e.g., Harel & Sowder, 1998). 

 A goal of many research programs is to lead students to think and behave more 

like mathematicians with respect to proof. Harel and Sowder (2007) explicitly contend 

that the purpose of mathematics instruction should be “to help students gradually develop 
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an understanding of proof that is consistent with that shared and practiced in 

contemporary mathematics”. To accomplish this goal, some researchers have conducted 

teaching experiments designed to have students develop the same standards of conviction 

as mathematicians (e.g. Harel, 2001; Stylianides & Styilianides, 2008) while others have 

created learning environments designed to have students engage in proof-related activity 

that is similar to mathematicians’ practice (e.g., Lampert, 1990; Maher, Muter, & Kiczek, 

2007).  

 If goals of mathematics instruction include having students (1) engage in the same 

types of proof-related activities that mathematicians do, (2) behave like mathematicians 

in these activities, and (3) adopt mathematicians’ beliefs regarding proof, then it is 

necessary to have an accurate understanding of the types of activities that mathematicians 

engage in, how mathematicians perform them, and what their beliefs about proof actually 

are. Recently, the RAND Mathematics Study Panel (2003), a multidisciplinary panel 

commissioned by the United States Institute of Educational Sciences to improve the 

quality of mathematics education and educational research, concluded that more research 

on mathematicians’ practice pertaining to justification and proof is needed to form a 

sufficient basis to design instruction. Consistent with this report, several recent empirical 

studies and philosophical theses have investigated this topic and yielded surprising 

findings about mathematicians’ practice with justification and proof (e.g., Rav, 1999; 

Inglis, Mejia-Ramos, & Simpson, 2007; Weber, 2008; Inglis & Mejia-Ramos, 2009) and, 

in some cases, these findings have had important implications for the teaching of 

mathematics (e.g., Hanna & Barbreau, 2008). With regards to reading proofs, Konoir 

(1993) contended that “getting to know the complex processes and mechanisms of 
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reading text has essential significance for the didactics of mathematics” (p. 251), noting 

that few such studies have been conducted and arguing that studies of mathematicians’ 

practice when reading proof need to be conducted. 

 The goal of this paper is to contribute to the mathematics education community’s 

understanding of mathematicians’ practice with regard to the reading of mathematical 

proof by addressing the following questions: 

• For what purposes do mathematicians read the proofs of their colleagues? 

• How do they read proofs to achieve these aims? 

• What role does non-deductive reasoning play in this proof reading? 

These questions are addressed by interviews with mathematicians about their practice in 

section 3. These results are then coordinated with the results of a previous study (Weber, 

2008) and the philosophical literature to present a model of the ways in which 

mathematicians read proofs. This model is presented in section 4. Finally, we use these 

findings to discuss what the appropriate goals of instruction with respect to proof should 

be in mathematics classrooms. 

 

2. Theoretical perspective and clarification of terminology 

2. 1. The nature of proof 

 Balacheff (2002) argued that there is not a consensus within the mathematics 

education community as to what constitutes a proof, or what should be the object of 

research with respect to proof. He illustrated how some researchers have emphasized the 

types of reasoning used in mathematical arguments, others have investigated students’ 
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perceptions of proof, and others still have examined the functions that proof plays in the 

mathematics community. 

 Boero (1999) contributed to the debate on what the object of research on proof 

should be by noting the need to distinguish between the process of conjecturing and 

proving and the products of these activities (i.e., written conjectures or proofs). In this 

paper, when we speak of proofs, we refer to the socially sanctioned written product that 

results from mathematicians’ attempts to justify why a conjecture is true1. The goal of 

this paper is to focus on the different activities of mathematicians as readers of published 

proofs. 

 

2.2. Activities related to proving 

 Mejia-Ramos (2008) argued that there are three main argumentative activities 

related to proving: constructing a novel argument, presenting an available argument, and 

reading a given argument. Mejia-Ramos emphasized that the way individuals engage in 

these activities depends on their purposes for engaging in these activities. For instance, 

individuals may read a proof for conviction differently than they would read it for insight. 

Regarding the reading of mathematical arguments, Mejia-Ramos (2008) 

distinguished between comprehending and evaluating an argument. A typical example of 

argument comprehension may occur when students read a proof in a textbook or an 

argument in their teachers’ lecture notes. In principle, the focus of this reading activity is 

not solely on checking if the given proof is correct (or evaluating it in any other manner), 

but on understanding the content of the proof and learning from it. On the other hand, a 

                                                
1 This refers to phase V of Boero’s (1999) six phases of conjecturing and proving. 
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typical example of argument evaluation occurs when teachers judge the validity of their 

students’ arguments, or when they assess how clear and insightful a mathematical 

argument is before they present it in class. Similarly, argument evaluation is common 

among research mathematicians who review the validity of arguments for publication. In 

this paper, we focus on mathematicians’ stated goals for reading a published proof, and 

what they claim to do in order to reach these goals.  

 

2. 3. Types of supplementary arguments used in a proof reading activity 

 When reading a proof, the reader may use supplementary arguments to reach a 

particular goal in the proof reading activity. In this paper we expand the typology of 

warrant-types described by Inglis, Mejia-Ramos, and Simpson (2007) by distinguishing 

four types of arguments that an individual may use when reading a proof. 

When an assertion claims every element of a set satisfies a given property, one 

may check that this assertion is true (or attempt to understand the assertion) by verifying 

that (or, in the case of generic proofs, illustrating how) a proper subset of the given set 

satisfies this property. We refer to this type of argument as empirical. One may attempt to 

understand or increase one’s confidence in the truth of a claim by seeing if this claim is a 

property or consequence of one’s mental models associated to the relevant mathematical 

concepts (i.e. diagrams or images that one associates with those concepts). We refer to 

this type of arguments as structural-intuitive. One may increase one’s confidence that a 

claim is correct because an authoritative source endorsed that claim. We refer to this type 

of argument as authoritative. Finally, one may produce or observe a deductive argument 

that derives the claim from assumptions that are agreed upon as established using socially 
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acceptable mathematical techniques. We refer to this type of justification as deductive. In 

this paper, we are interested in the types of supplementary arguments used by 

mathematicians in different proof reading activities. Boero (1999) notes that empirical 

and structural-intuitive arguments are often useful in some stages of conjecturing and 

proving, but generally do not appear in the product of these activities (i.e., empirical and 

structural-intuitive evidence are not present in a conjecture or a proof of a theorem). In 

this paper, we examine how these types of evidence are used by mathematicians in the 

reading of proofs. 

 

2. 4. Normative views about proof reading 

 It is widely accepted among mathematicians and mathematics educators that 

empirical, structural-intuitive, and authoritative justifications have significant limitations 

in mathematical argumentation. Empirical arguments may lead to false conclusions 

because the assertion might be true for the examples that one happened to consider, but 

false for an example that was not considered. Structural-intuitive justifications may be 

deceiving because one’s mental models of the mathematical domain being studied might 

be inaccurate. Authoritative evidence is similarly limited because the authoritative source 

might be mistaken. Hence, while any of these sources of evidence can help one 

understand an assertion and increase one’s level of belief that it is true, these modes of 

argumentation should not be regarded as conclusive. 

 On the other hand, some mathematics educators, as well as some mathematicians, 

bestow deductive arguments with a more prominent role in obtaining conviction that a 

mathematical assertion is true. Some mathematics educators believe deductive arguments 
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can guarantee the truth of a mathematical assertion in a given proof. Duval (2007), for 

instance, contends that, as opposed to other modes of argumentation, the purpose of valid 

deductive arguments is to change the epistemic value of the statement being proven to 

“necessary”. In other words, a proven statement is guaranteed to be true on behalf of a 

valid deductive argument. Similarly, Harel and Sowder (1998) argue “that an observation 

remains a conjecture until the person reaches absolute certainty in its truth” (p. 241, 

italics are our emphasis). They further claim that mathematicians hold deductive proof 

schemes, implying that mathematicians use deductive arguments to obtain this absolute 

certainty. However, some disagree with such claims. For instance, de Villiers (1990) 

claimed that mathematicians are usually convinced that a theorem is true before 

attempting to prove it. Also, Otte (1994) argued that gaining absolute certainty in a 

theorem via a proof is theoretically impossible, since one would have to produce (or read) 

a proof, then validate the proof, then validate the validation, and so on. 

 

3. Data for this paper 

 In section 4, we will present a model of three general strategies that 

mathematicians employ when reading the mathematical proofs of others. In addition to 

the writings of mathematicians and philosophers of mathematics, we will use two 

primary sources of data to support our argument. The first comes from a recent paper 

(Weber, 2008) in which the first author of this paper (a) analyzed the way in which eight 

research active mathematicians determined if mathematical arguments were correct and 

(b) interviewed these eight mathematicians about their professional practice in evaluating 

the proofs of others. A central result from this paper was that mathematicians 
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occasionally marshaled non-deductive evidence to bridge what they perceived to be 

inferential gaps in the proof. In particular, these mathematicians often checked if 

particular statements in a proof were true by verifying that they held for carefully chosen 

examples. The second source of data, presented in this paper, comes from interviews with 

nine other mathematicians on their professional practice of reading the published proofs 

of others. As the data from this study comes from a total of 17 mathematicians, we cannot 

claim to offer an exhaustive list of all the reasons why mathematicians read proofs or all 

the strategies they use to do so. However, by examining the commonalities of these 

mathematicians’ comments, we can hypothesize motivations and strategies for reading 

proofs that are used by many in the mathematical community. 

 

3. 1. Research methods 

Nine professional mathematicians participated in this study and agreed to meet 

individually with the first author for a semi-structured interview. All participants were 

tenured mathematics professors at a large research university in the northeast United 

States. All were highly successful researchers in their fields of study, which included 

analysis, algebra, and differential equations. These mathematicians differed from the 

participants in Weber’s (2008) study in that they worked at a research university, were 

more experienced, and achieved national prominence in their areas of research. 

Each interview was semi-structured and was one to two hours long. Each 

interview was audiotaped and then transcribed. The goal of the interview was to 

investigate the reasons why and the ways in which the mathematicians read the published 
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proofs of their colleagues. The analysis in this paper will focus primarily on the 

participants’ responses to the following questions: 

• In your own mathematical work, I assume you sometimes read the 

published proofs of others. What do you hope to gain by reading these 

proofs? 

• What do you think it means to understand a proof? 

• What are some of the things that you do to understand proofs better? 

• Does considering specific examples ever increase your confidence that a 

proof is correct? 

The first question addresses participants’ goals for reading proofs, the second and 

third are related to their behavior during proof comprehension, and the last was meant to 

further investigate Weber’s (2008) finding that mathematicians use empirical evidence to 

evaluate the validity of purported proofs. 

 

3. 2. Results 

 All mathematicians confirmed that reading the published proofs of others was a 

significant part of their mathematical practice. In fact, M7’s initial response to whether he 

read other mathematicians’ proofs was: “What do you think I was doing when you came 

into my office?” 

 

Do mathematicians check proofs for correctness? 

Six participants indicated that when reading proofs in mathematical journals, they would 

sometimes do so to determine if the proofs were correct (although some of these 
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participants may have been referring to refereeing a paper, rather than reading a 

published paper). One representative response was included below: 

 

I:  What do you hope to gain when you read these proofs? 

M4:  Okay. Two things. One is I would like to find out whether their asserted result 

is true, or whether I should believe that it’s true. And that might help me, if 

it’s something I’d like to use, then knowing it’s true frees me to use it. If I 

don’t follow their proof then I would be psychologically disabled from using 

it. Even if somebody I respect immensely believes that it’s true. More 

importantly, I want to understand the proof technique in case I can use bits 

and pieces of that proof technique to prove something that they haven’t yet, 

that the original author hasn’t yet proved. 

 

Two of the participants specifically claimed that they did not read proofs to check 

their correctness. M8 emphasizes this point in the excerpt below. 

 

M8:  Now notice what I did not say. I do not try and determine if a proof is correct. 

If it’s in a journal, I assume it is. I’m much more interested in the ideas of the 

proof. (Emphasis was M8’s). 

 

Similarly, when asked what he hoped to gain out of a proof, M6 did not specifically 

mention determining if a proof was right, prompting the interviewer to ask why this was 

not said. 



  Why and how mathematicians read proofs 

 12 

 

I:  One of the things you didn’t say was you would read it to be sure the theorem 

was true. Is that because it was too obvious to say or is that not why you 

would read the proof? 

M6:  Well, I mean, it depends. If it’s something in the published literature then… 

I’ve certainly encountered mistakes in the published literature, but it’s not 

high in my mind. So in other words I am open to the possibility that there’s a 

mistake in the proof, but I… it’s not… [pause] 

I:  But you act on the assumption that it’s probably correct?  

M6:  Yeah, that’s right. That’s right.  

 

M6 and M8 both act on the assumption that proofs published in journals are probably 

correct and do not feel the need to personally validate them. Among the nine 

mathematicians who were interviewed, these two mathematicians were the only ones to 

make a comment of this type, although other participants may have held similar 

viewpoints. Several mathematicians interviewed by Weber (2008) also indicated that they 

would not check a proof for correctness because they trusted the proof if it appeared in a 

reputable journal. 

 

Reading a proof for insight. 

All nine mathematicians claimed they read proofs for ideas that might be useful in their 

own research. One instance is provided above, in which M4 says that this is more 

important than checking for correctness. Other excerpts are provided below: 
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M6: Well, I would say most often is to get some ideas that might be useful to me for 

proving things myself. [When asked to elaborate] Ok, actually, I’ll say two 

things. One is, it’s just to satisfy my innate curiosity as to what are they doing 

to get this conclusion. So that’s one aspect. But then the other aspect is…  I 

mean, usually I’m reading something because it seems to have some 

connection to some problems that I was interested in. I’m hoping that if that 

the tools they’re using or ideas they’re using might connect up to some of 

these problems that I have thought about. (Our emphasis). 

 

M1:  Theorems as a way of organizing major results are extremely useful, but they 

involve a decision on the part of the person who’s writing the statement of the 

theorem of what thing to take as a hypothesis, what is the conclusion, and 

what route to follow to get from hypothesis to conclusion. And often along 

that route there are techniques that could have been stated as separate 

theorems but are not, and then you read the proof carefully and you discover 

these are things that you can use. That’s certainly from a pragmatic point of 

view, that’s an important part of reading proofs, that you steal good ideas out 

of good proofs. (Our emphasis). 

 

The goal of these mathematicians’ reading seems to go beyond comprehending the proof. 

They seek to find ideas and techniques in their proofs that will help them address their 

own research questions. In the following excerpt, I asked M5 to go into more depth about 
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what he meant with respect to looking at the ideas of a proof and seeing if they could 

apply elsewhere. 

 

M5:  As a researcher, I want to understand the idea of the proof and to see if that 

idea could be applied elsewhere. 

I:  The second point that you made, the one about ideas, is something that I’ve 

been hearing from your colleagues too. Can you elaborate on that? 

M5:  Sure. Sometimes when a mathematician answers a hard question, he has a new 

way of looking at the problem or a new way of thinking about it. As a 

researcher, when you see this, sometimes you can use this idea to solve 

problems that you are working on. Let me give you an example. We were 

having trouble showing bounds for approximation techniques on this space 

with an unusual norm. Someone realized that you could use this particular 

partial differential equation to find these bounds. This new idea made a lot of 

the other problems easier. The idea wasn’t easy. It wasn’t obvious at all that 

this partial differential equation was relevant. That was a great insight. But 

once we had the idea, it allowed us to approach questions that were 

inaccessible before. 

I:  So after this theorem came out, a lot of other theorems were proved using this 

idea? 

M5:  Oh yeah. But it doesn’t always have to be big things, although this one was. 

Sometimes when I read a proof, I get an idea that helps me get around a little 

thing that I was stuck with. 
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Not only did the participants consistently emphasize that ideas were the primary reason 

that they read proofs, but two participants went so far as to question whether a proof of a 

new theorem is of value if it does not contain new ideas. 

 

M9:  [As editor of a journal,] I occasionally get papers where the author took an 

idea from a new proof that just came out, took the idea from the proof, and 

applied it in a straightforward fashion to prove some new theorem. I’m 

reluctant to publish these types of papers. 

 

M1:  When I was on the editorial board for one of the journals, one of the 

instructions we had was “it’s not allowed to just publish a paper where you’ve 

taken somebody else’s proof and simply made a different statement of what 

we should get out of the proof”. That if there is a really good theorem and you 

come up with an original, alternate proof of that theorem, that could be 

publishable. But just to take the same proof and say well, we can state the 

conclusion differently. That’s not considered professionally acceptable as a 

result … Mathematics has this very high, perhaps unrealistically high standard 

for what is admissible as a claim of research. 

 

These excerpts (which speak to reviewing a proof rather than reading a published proof) 

suggest that the result of a mathematical piece of research does not depend solely, 

perhaps not even primarily, on the significance of the theorem being proved and the 
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validity of its proof. The originality and utility of the ideas in the proof is of crucial 

importance. This notion is endorsed by Rav (1999), who emphasizes that proofs, not 

theorems, are the bearers of mathematical knowledge (p. 20). Like M1, Rav suggests that 

what a mathematician claims a proof establishes is somewhat arbitrary; it is the proof 

method that is of primary importance: “Think of proof as a network of roads in a public 

transportation system, and regard statements of theorems as bus stops; the site of the 

stops is just a matter of convenience” (p. 20-21). 

 

Understanding a proof. 

 When asked what it means to understand a proof, all nine participants indicated 

that understanding did not solely consist of knowing how each step followed logically 

from previous steps. In fact, several participants distinguished between understanding a 

proof logically and understanding the central ideas of a proof. 

 

M8: There are different levels of understanding. One level of understanding is 

knowing the logic, knowing why the proof is true. A different level of 

understanding is seeing the big idea in the proof. When I read a proof, I 

sometimes think, how is the author really trying to go about this, what specific 

things is he trying to do, and how does he go about doing them. Understanding 

that, I think, is different than understanding how each sort of logical piece fits 

together. 
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 In fact, M5 explained that although a full understanding of a proof involved 

verifying that each particular instance within a proof was valid, this was a process that he 

often did not engage in. 

 

M5: [To understand a proof] means to understand how each step followed from 

the previous one. I don’t always do this, even when I referee. I simply don’t 

always have time to look over all the details of every proof in every paper that I 

read. When I read the theorem, I think, is this theorem likely to be true and what 

does the author need to show to prove it’s true. And then I find the big idea of the 

proof and see if it will work. If the big idea works, if the key idea makes sense, 

probably the rest of the details of the proof are going to work too.  

 

 Three of the participants mentioned organizing the proof in terms of different 

sections or modules was a useful tool for building an understanding of proof, two 

excerpts of which are provided below. 

 

M6:  Another tool [for understanding proofs] is properly encapsulating the 

pieces of the proof … I have one particular example that I spent a lot of time on 

this, where there was this very technical lemma in a paper and the lemma had a 

bunch of hypotheses. And, you know, what I was trying to do was just strip away 

the superfluous detail… really this lemma held in a much more general context 

where there were many fewer hypotheses, and then you get something which it 
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just reduced the technical mess of the proof a lot because, you know, he’s 

carrying along all these hypotheses which were really unnecessary. 

 

M9: [Understanding a proof involves] understanding how the proof is structured. 

A good proof often has a number of interesting lemmas and corollaries and sub-

theorems and the like. Longer proofs can get pretty complicated. One of the 

things I try to do when I read a proof is to see how all these things, these lemmas 

and such, fit together. 

 

The use of examples in understanding a proof. 

When asked what they did to understand a proof better, six of the participants claimed 

that they would consider how the proof related to specific examples. 

 

M4:  Commonly, if I’m really befuddled and if it’s appropriate, I will keep a two-

column set of notes: one in which I’m trying to understand the proof, and the 

other in which I’m trying to apply that technique to proving a special case of 

the general theorem. 

 

M1:  I’m doing a reading course with a student on wallpaper groups and there is a 

very elegant, short proof on the classification of wallpaper groups written by 

an English mathematician. So in reading this… so this is one where he’s 

deliberately not drawing pictures because he wants the reader to draw 

pictures. And so I’m constantly writing in the margin, and trying to get the 
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student to adopt the same pattern. Each assertion in the proof basically 

requires writing in the margin, or doing an extra verification, especially when 

an assertion is made that is not so obviously a direct consequence of a 

previous assertion.  

I:  So you’re writing a lot of sub-proofs? 

M1:  I write lots of sub-proofs. And also I try to check examples, especially if it’s a 

field I’m not that familiar with, I try to check it against examples that I might 

know. 

 

When asked if they ever used examples to increase their confidence that a proof is 

correct, all nine participants emphatically answered yes. Indeed, to some participants, this 

question was almost meaningless since they claimed that they never read a proof without 

considering examples. Many of the participants discussed using examples so they could 

view the proof as a generic proof, as M4 does in the excerpt above. When asked if he 

used examples to increase his confidence in the correctness of a proof, M5 responded: 

 

M5:  Always. Always. Like I said, I never just read a proof at an abstract level. I 

always use examples to make sure the theorem makes sense and the proof 

works. I’m sure there are some mathematicians that can work at an abstract 

level and never consider examples, but I’m not one of them. When I’m looking 

through a proof, I can go off-track or believe some things that are not true. I 

always use examples to see that makes sense. (Our emphasis) 
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The italicized portions of the excerpt above illustrate how some mathematicians claim not 

to be able to work on an abstract, or purely logico-deductive, level. Due to human error, 

even professional mathematicians can “go off track and believe some things that are not 

true”. As Thurston (1994) notes, mathematicians “are not good at checking formal 

correctness of proofs, but they are quite good at detecting potential weaknesses or flaws 

in proofs” (p. 169, emphasis is the author’s). Checking the logic with examples and other 

forms of background knowledge (M1 mentions the construction of diagrams above) 

appears crucial for some mathematicians to reliably understand and validate a proof.  

 

4. A model for how mathematicians read proofs 

 Based upon the interview data and the philosophical literature, we posit that 

mathematicians may understand a proof in three different ways: as a cultural artifact, a 

sequence of inferences, or as the application of methods (Rav, 1999). The way in which a 

proof is viewed influences how the proof is read and evaluated. We do not claim this 

model to be a hierarchy; in some cases, we believe that the reader may switch between 

these different conceptions of the proof while reading it. 

4. 1. Proof as cultural artifact 

 In order to evaluate the validity of a given argument, at least some 

mathematicians rely on evidence that is not directly related to the content of the 

argument, but rather the contextual history the argument underwent to be sanctioned as a 

proof by the mathematical community. For instance, in this paper, we present two 

mathematicians who claimed that when they read a proof in a journal, they act on the 

assumption that the proof is correct. Similarly, in Weber (2008), one mathematician 
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claimed, “to be honest, when I read papers, I don’t read the proofs … if I’m convinced 

that the result is true, I don’t necessarily need to read it, I can just believe it”. In these 

cases, the mathematicians appear to be saying that since other mathematicians checked 

the proof and claimed it was valid, they were prepared to believe the proof was valid. 

 This does not appear to be atypical. For instance, Jackson (2006) described one 

mathematician who believed Perelman’s proof of the Poincare conjecture “must be right” 

because (i) if it was not, the collective expertise of the mathematical community would 

have found the mistake and (ii) Perelman’s work had been reliable in the past (p. 899). 

His evaluation of the validity of Perelman’s proof did not come from the deductive 

process that Perelman employed, but from the authority of the mathematical community 

and Perelman himself (cf., Inglis & Mejia-Ramos, 2009). Note that we are not claiming 

that mathematicians will believe a mathematical assertion is true because an expert in 

their field claimed it was so; rather they will believe a proof is valid because it was 

validated by mathematicians who presumably have the expertise to locate a fault in the 

proof if one existed. 

 

4. 2. Proof as a sequence of inferences 

 As one would expect, in order to comprehend or evaluate the validity of a given 

argument, mathematicians seem to use what is commonly described as line-by-line 

reading (see Weber, 2008). Rav (1999) and Arzarello (2007) conceptualize a proof of a 

theorem as a series of claims of the form A0→A1→A2→A3…→An, where An is the 

theorem. Such an argument consists of n inferences, where the ith inference is Ai-1→Ai. 
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 Mathematicians seem to read proofs line-by-line in order to comprehend each of 

their inferences. As Rav (1999) notes, when mathematicians do not understand how a 

statement Ai in a proof follows from previous inferences, they may construct a sub-proof 

of Ai, i.e. a series of valid inferences Ai-1→A(i-1)1→A(i-1)2→A(i-1)3→…→Ai. This would 

amount to using deductive evidence to verify that Ai follows validly from previous 

assertions. However, mathematicians also seem to employ non-deductive arguments to 

reach this goal. Six of the nine mathematicians in this study claimed to use examples to 

help them understand a proof. Indeed, several of them described a process by which the 

line-by-line reading of the proof would be accompanied by a parallel study of one or 

more specific examples. 

Similarly, when evaluating the validity of a given proof, a mathematician may 

(intuitively and implicitly) assign a probability pi to his or her level of confidence that the 

ith inference of the proof is correct. The probability that every inference in a proof is 

correct—that is, that the proof is fully valid—is then the product of each of the 

probabilities assigned to each inference, that is (p1p2p3…pn). If the proof is short and in a 

relatively simple domain, it is possible to become (nearly) absolutely certain that every 

step within a proof is correct. However, as DeMilo, Liptus, and Perlis (1979) argue, for 

lengthy proofs in complex domains, there will be a non-trivial probability that some of 

the assertions in the proof do not follow validly from previous claims. Indeed, Davis 

(1972) and Hanna (1991) claim that half of the published proofs contain logical errors 

and many proofs are rife with errors. 

 One way to increase one’s confidence that a proof is correct is to find inferences 

in the proof that are problematic (i.e., have a probability value below a certain threshold) 
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and examine them more closely to increase one’s confidence in them. For instance, 

suppose that one only assigned a value of 0.9 that the third assertion of a proof was 

correct. A mathematician might construct a sub-proof with the third assertion as claim (as 

described above), where his or her confidence in each of the sub-proof’s inferences is 

very high. This would be using deductive evidence to increase one’s overall probability 

that the original proof does not contain any logical flaws. However, this is not always 

how mathematicians behave. Weber (2008) observed that mathematicians occasionally 

used empirical evidence to increase their confidence about a particular inference within a 

proof. For instance, one participant was uncertain about a particular assertion within a 

proof, but gained enough confidence to judge that assertion (and the proof in its entirety) 

as valid after verifying the assertion held for a single example. There were other instances 

in Weber’s study where mathematicians increased their conviction of particular assertions 

within a proof because they noticed a pattern, searched for a counterexample but failed to 

find one, or produced a generic proof. These results are corroborated by the data reported 

in this paper. Although no mathematician claimed to verify an assertion only by looking 

at an example, all claimed that inspecting examples increased their confidence that a 

proof is correct. As M5 noted, “When I’m looking through a proof, I can go off-track or 

believe some things that are not true. I always use examples to see that makes sense.” 

 

4. 3. Proof as the application of methods 

 We do not believe that mathematicians’ comprehension of a proof amounts to 

their comprehension of each step in the proof, or that their confidence in a theorem is 

equivalent to their confidence that every step within its proof is valid. Extracting ideas 
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that could be useful in their own research (a process that mathematicians in this study 

considered to be crucial) seems to be more sophisticated than what we have described as 

line-by-line reading. Similarly, it seems unlikely that proofs are normally checked solely 

by appeals to authority and line-by-line reading. Davis (1972) and Hanna (1991) estimate 

that half of the published proofs in mathematics contain logical errors, but also argue that 

most of the theorems published in the literature are true. This would imply for an 

arbitrary theorem T and published proof P, we could believe P was completely valid (i.e., 

each inference was valid) with probability 0.5 yet believe T was true with a probability of 

greater than 0.9. 

 In the previous sub-section, we argued that mathematicians may attempt to 

understand and increase their overall confidence in a proof by viewing the proof as a 

series of inferences and looking carefully at each inference within a proof. Figuratively 

speaking, we say the mathematicians attempt to reach these goals by zooming in on the 

problematic parts of the proof. We conjecture that mathematicians also reach these goals 

by zooming out and looking at the high-level structure of the proof and thinking carefully 

about, not the individual inferences, but the ideas or methods in the proof.  

 Rav (1999) discusses how mathematicians do not focus on the logical details of 

the argument they are reading or even the theorem being proved. Rather, they look at the 

mathematical machinery being used to deduce new results from established ones. We 

believe that mathematicians read proofs to locate these methods, and that it is these 

methods that are useful to participants in their own professional work.  Rav (1999) 

further argues that the reliability of proof does not stem from its logical components, but 

from its methodological components (p. 29). In addition to, or perhaps instead of, 
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viewing proofs as a lengthy sequence of derivations A0→A1→A2→A3…→An, we 

hypothesize that mathematicians might encapsulate strings of derivations into a short 

collection of methods and determine whether these methods would allow one to deduce 

the claim that was proven. In other words, mathematicians viewed the proof as the 

application of a sequence of methods. Konoir’s (1993) analysis of the structure of written 

proofs supports our claim. He found that proofs were often written with cues indicating to 

the reader how the proof should be partitioned and what methods were being applied in 

each partition. Similarly, in describing how he reads a proof in a field that he is familiar 

with, Thurston (1994) made the following remarks: 

 

I concentrate on the thoughts that are between the lines. I might look over several 

paragraphs or strings of equations and think to myself, ‘oh yeah, they’re putting in 

enough rigamorole to carry out such-and-such idea’. When the idea is clear, the 

formal set-up is usually unnecessary and redundant—I often feel that I could write 

it out myself more easily than figuring out what the authors actually wrote (p. 

367). 

 

M5 indicates that, due to time constraints, he sometimes behaves similarly. Several 

participants cited the benefits of breaking a proof into modules as a tool they used to 

understand proofs better. We believe that much of proof comprehension may consist of 

coordinating inspections of the logical details of a proof while zooming out to see these 

logical details in the context of the methods they are being used to support. 
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 Our hypothesis that mathematicians validate proofs by examining whether the 

general methods in the proof would work rather than if each step in the proof was valid is 

also supported by Manin’s (1977) and Hanna’s (1991) claim that mathematicians 

evaluate a proof more by the plausibility of the argument in the proof than by its logical 

details and Thurston’s (1994) claim that mathematicians can detect errors in a proof by 

thinking carefully about the ideas in the proof rather than validating its formal 

correctness. If this hypothesis is correct, it explains how theorems that appear in journals 

are usually true even if the proofs that accompany them are often flawed. High-level 

arguments could be correct despite logical flaws in the detail in the proof, and 

mathematicians are much better at evaluating the former than the latter; in fact, some may 

not spend much time on the latter task at all. 

 It is difficult to say how mathematicians “zoom out” from a proof by 

encapsulating particular strings of inferences of a proof into methods and then determine 

if those methods are valid. We suspect that this process gets at the heart of mathematical 

reasoning and is as cognitively complex as any task in mathematics. We imagine this 

process would have to involve structural-intuitive evidence, using one’s intuition about 

the mathematics being discussed to see how the mathematical methods being used would 

work in one’s mental models. Kreisel (1985) refers to the process of comparing a formal 

mathematical argument with one’s mathematical background knowledge as “cross-

checking” and Kreisel (1985), Thurston (1994), Otte (1994), and Rav (1999) argue that 

this process is essential in evaluating a proof. 

 

5. Discussion  
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5. 1. Summary 

 In this paper, we present a model for how mathematicians read the proofs of 

others, both to check for correctness and to gain insight. Mathematicians’ confidence in a 

proof can be increased in three ways: (a) if the proof appears in a reputable source, some 

mathematicians will believe the proof is likely to be correct, (b) mathematicians will 

verify that each line in a proof validly follows from previous assertions, and (c) 

mathematicians may evaluate the overarching methods used in the proof and determine if 

they are appropriate, in addition to, or perhaps instead of, inspecting each line of the 

proof. Also, mathematicians attempt to understand proofs by studying not only (b) how 

each assertion in a proof follows from previous assertions, but also (c) what overarching 

methods in a proof could be useful to them to prove conjectures in their own work.  What 

is interesting is that each of these ways seems to rely, in part, on non-deductive evidence. 

For (a), trusting that a proof is reliable because it appears in a reputable source involves 

deferring to the authority of the editor of the journal and the reviewers who certified the 

proof as valid. While (b) can involve marshalling deductive evidence (i.e., the 

construction of sub-proofs), the data presented in Weber (2008), and supported by the 

data presented in this paper, show mathematicians sometimes rely on empirical evidence 

also. We conjecture that (c) also involves the use of structural-intuitive evidence. As the 

model was derived largely on the basis of introspective interviews with nine 

mathematicians, more research is needed to corroborate the claims made by this model, 

both in terms of examining more mathematicians and perhaps using different 

methodologies, such as cognitive or ethnographic studies of mathematicians’ practices 

when reading proofs. 
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 Boero (1999) describes a six-stage (non-linear) process from which an individual 

initially encounters a mathematical situation and concludes by producing a proof of a 

theorem. We argue that in the mathematical community, the process does not end there. 

The proof is submitted for review, published in a reputable source (if it is judged to be of 

sufficient quality), and read by mathematicians as a means to obtain conviction and 

insight. Just as Boero (1999) observes that non-deductive argumentation plays a role in 

many of the stages of forming a conjecture and proof (although not in the actual written 

proof), we argue that non-deductive argumentation plays an interesting role in the 

evaluation and comprehension of proof. 

5. 2. Suggestions for revising the goals of instruction and directions for future research 

 As noted in the introduction, many researchers argue that the teaching of 

mathematics should be informed by the beliefs and values of mathematicians, especially 

with respect to proof (e.g,. Harel & Sowder, 2007; RAND, 2003). We conclude this paper 

by offering two tentative suggestions for the goals of instruction and posing research 

proposals based on these suggestions. First, it is often lamented that students believe a 

proof is correct because a teacher said it was or because it appeared in a textbook (e.g., 

Harel & Sowder, 1998). However, we believe the students’ behavior is consistent with 

the practice of mathematicians. The data presented in this paper suggest that 

mathematicians are likely to accept an argument as valid if it appears in a reputable 

source with a reliable reviewing process. It would seem that students who believe a proof 

is correct because it appears in a textbook and is sanctioned by their teacher are acting 

rationally. Proofs in textbooks are usually correct. In our view, the problem with relying 

only on an authoritative source is not that students might believe some things that aren’t 
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true, but that they will fail to gain comprehension or insight from the proof. One potential 

implication for research is that students might come to better appreciate a proof not by 

leading them to see that authoritative sources may be mistaken, but by seeing the extra 

value or insight that understanding a proof may provide for them (cf., Harel, 2001). 

 Similarly, many researchers lament that students frequently use empirical 

evidence to increase one’s confidence in a proven theorem. In a famous study, Fischbein 

(1982) found that, after reading a proof of a theorem in number theory and finding it 

valid, many high school students still wished to check the theorem held for several 

examples. Several authors remarked that students failed to understand the generality of 

proof—checking examples after reading a proof is superfluous because proven theorems 

cannot have counterexamples (e.g., Fischbein, 1982; Harel & Sowder, 1998). However, 

we suspect that just as mathematicians cannot gain full confidence that a complicated 

proof is completely correct solely by inspecting the logic of the proof, many students who 

are in the process of learning about proof will also be unable to tell with certainty if a 

proof is correct. If so, it would make sense for students to verify the theorem with 

examples, as it supplies additional evidence that the theorem is true. As de Villiers (1990) 

notes, and as our data suggest, such actions are consistent with the practice of 

mathematicians. While we agree that students should recognize the limitations of 

empirical reasoning and the generality of a deductive proof, we also think students and 

teachers should be aware of the role of empirical reasoning in gaining conviction of a 

theorem and checking the validity of a proof. One implication for the design of learning 

environments is that students might be taught how to use examples to increase their 



  Why and how mathematicians read proofs 

 30 

conviction in, or understanding of, a proof in the same way that the mathematicians in 

this paper described the ways that they read proofs. 
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