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Introduction

Consider a semisimple complex Lie algebra g and its universal enveloping algebra (g). In
order to study unitary representations of semisimple Lie groups, Harish-Chandra ([HC1]
Part III) established an isomorphism between the center 3(g) of 4(g) and the algebra of
invariant polynomials C[t*]V. Here, t C g is a Cartan subspace and W is the Weyl group
of g. This is one of the most basic results in representation theory.

Later on ([HC2] Thm. 1), he found a similar isomorphism for a symmetric space
X = G/K. Here, instead of 3(g), he considered the algebra D(X )¢ of invariant differential
operators on X and showed, that it is isomorphic to the ring of invariants of the little Weyl
group Wx attached to X. This isomorphism is very important for analyzing the action of
G on various function spaces on X. Actually, it is a generalization of the former result if
one considers the natural G x G-action on X = G.

The proofs of these theorems relied very much on the very special structure theory
of symmetric spaces. Therefore, it may be surprising that such an isomorphism can be
constructed for every algebraic variety X carrying an action of a connected reductive
group G.

Because invariants and centers behave well under field extensions, we assume from now
on, that the base field k is algebraically closed of characteristic zero. Let me first explain
the case, where X is a smooth, affine G-variety. Here, I obtained the most complete results.
This covers all linear actions on a vector space as well as all homogeneous spaces G/H
where H is reductive, in particular symmetric varieties.

Consider the algebra of (algebraic) linear differential operators D(X). We are inter-

ested in the subalgebra D(X) of invariant operators and in particular, in its center 3(X).

* Partially supported by: Schweizerischer Nationalfonds zur Forderung der wissen-

schaftlichen Forschung



Our main results are summarized in the following theorem.

Theorem. Let G be a connected reductive group acting on a smooth affine variety X.
a) There is a subspace a% C t*, a subgroup Wx C W and an isomorphism n such that

following diagram commutes:

3(g) — 3(X)
L~ nl~

KTV = klp + ax]"x

Here, p is the half sum of positive roots. In particular, 3(X) is finitely generated as
3(g)-module.

b) The “little Weyl group” Wx acts on a’ as a reflection group. In particular, 3(X) is
a polynomial ring.

c) Let U(X) be the commutant of D(X)C in D(X). Then there exists £ € 3(X), £ # 0
with £4(X) C 1(g)3(X) C 4(X).

d) Let €(X) be the commutant of 3(X) in D(X). Then there is a canonical isomorphism

e) The algebras U(X), D(X)C, €(X) and D(X) are all free as 3(X)-modules.

The last item generalizes results of Kostant [Kos] and Kostant-Rallis [KR].

The description above is upside down. What we actually construct first, is the algebra
U(X), without reference to D(X)“. Then, we define 3(X) = U(X)“. It turns out that
3(X) is exactly the center of 4(X). This approach works in complete generality for any G-
variety. In particular a), b) and c) of the theorem above are valid. Only later, we identify
U(X) as the commutant of D(X)¢ provided X is smooth and affine. Although I have
no example, I think, that this is wrong in general. In any case, because Wx occurs also
in quite different situations, like equivariant embeddings of X (see [Br2|) or the B-orbit
structure of X, I am sure, that 3(X) is the “right” center while D(X)® may not be the
“right” algebra. Perhaps one has to consider more general concepts, like micro-differential
operators, instead.

The problem in general is, that D(X)“ may be too small. But there are cases in
which D(X)% is expected to be very small, namely, when X is spherical. A G-variety is
called spherical if a Borel subgroup has a dense orbit. It turns out, that in this case, 3(X)
comprises a priori already all invariant differential operators. Hence, D(X)¢ equals 3(X)
and is therefore a (commutative) polynomial ring. The class of spherical varieties includes
all symmetric varieties, as well as many non-affine varieties like G/U where U is maximal

unipotent. Thus, this concept unifies, for example, Harish-Chandra modules and highest
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weight modules, because both are essentially nothing else than H-finite representations of
g, where X = G/H is either symmetric or X = G/U.

I have omitted in this paper all applications to representation theory. In the final
section we illustrate the theorem only by some examples and by the determination of the

center of a classifying ring, i.e., the commutant of a reductive subalgebra in (g).

Some words to the proof: Because all algebras carry natural filtrations we can consider
the associated graded rings. For example, gr D(X) is a ring of functions on the cotangent
bundle 7% and the natural homomorphism $(g) — D(X) corresponds to the moment
map 15y — g*. The theory on the graded side has already been developed in my paper
[Kn1]. In particular, the little Weyl group and the analogues of $4(X) and 3(X) have been
constructed. In the present paper we lift these results to the non-graded case. The main

results of [Knl]| are reviewed in section 1.

In [Knl] we constructed a surjective morphism ¥ : T% — Lyx := a%/Wx. Because
W is a reflection group, Lx is an affine space. The analogue of 3(X) is now the ring
R of those functions on Ty coming from Lx. For constructing 3(X), there are two main
difficulties: Given a homogeneous function f € R, why is it a symbol of some differential

operator D7 This problem it trivial for affine varieties, but even then: Why can one choose
D to be in the center of D(X)“?

Both difficulties are overcome by restricting the attention to the set (X)) of those
operators having a certain boundary behavior at infinity. More precisely, a differential
operator D is in Y(X) if there is a “good” (so called pseudo-free) smooth completion X
of X, such that D is locally a O-linear combination of differential operators induced by
U(g). Later we show, that for D € $4(X) to be in the center of D(X)¢ is equivalent to

being G-invariant, which solves the second problem (by linear reductivity of G).

But the main advantage of this construction is, that now the morphism which cor-
responds on the graded side to {U(g) — U(X) is proper, that means, we have obtained a
compactification of the moment map. To this morphism we apply a powerful vanishing
theorem of Kollar [Kol], which in turn solves the first problem. The heart of this paper

(sections 4 and 5) is devoted to verify the conditions of Kollar’s theorem.

The compactified moment map was in the spherical case already well known (e.g.
[Abe|, [Br2]). The starting point of this paper was a recent proof of the main Vanishing
Theorem 4.1 for spherical varieties of a special type by F. Bien and M. Brion. Although,

their proof is quite different from mine, it convinced me that something like that is true.

Acknowledgments: It is a pleasure for me to thank Frédéric Bien for informing me about
his joint result with Michel Brion, and for several discussions. Also, I would like to thank

Bertram Kostant for some discussions on the classifying ring.
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Notation: All varieties are defined over an algebraically closed field k£ of characteristic
zero. For a smooth variety X let Qx be the sheaf of Kahler differentials, 7x := Q}/( the
tangent sheaf, Dx the sheaf of linear differential operators and D(X) = I'(Dx) its global
sections. We consider 7x as a subsheaf of Dx. The algebra of regular functions on X is
denoted by k[X].

Let G denote a connected linear algebraic group with Lie algebra g. Except in the
sections 2 and 3 we will assume that G is reductive. Let 4 = 4(g) = U(G) be the universal
enveloping algebra. Let B be a Borel subgroup of G with unipotent radical U and maximal
torus 7. For an affine G-variety X, let X//G := Spec k[X]“ be the categorical quotient.

In the sequel I will often tacitly use the existence of equivariant resolutions of singu-
larities (see e.g. [AHV]).

1. Review of the moment map

Let X be a smooth G-variety. Then the G-action induces a homomorphism g — 7x(X)

which extends uniquely to a homomorphism
v : U — DX).

Both algebras carry a natural filtration and ¢ is compatible with them. Thus there is a

homomorphism between the associated graded objects:

p:grid — grD(X).
By the Poincaré-Birkhoff-Witt theorem, gr il is isomorphic to S®*g = k[g*] while gr D(X) is
via the symbol map a subalgebra of H(S*7x) = k[T%] where m : T% — X is the cotangent
bundle of X. Thus ® is induced by the moment map

P:Tx — g ar [E— )]
We studied ® in [Knl] in some detail. In particular, we considered a canonical factorization

Ty — Mx — g*

of the moment map, where the first map has connected general fibers and the second is
finite. The ring of invariants k[g*]¢ is by Chevalley’s theorem isomorphic to k[t*]"V, where

t C g is a Cartan subspace and W is the Weyl group, or in geometric terms:

/W s g G



Now, a similar thing happens for Mx: There is a certain subspace a% C t*, a subquotient
Wx of W and a “Chevalley isomorphism” a% /Wx = My //G such that the diagram

MX — Mx//G = a}/WX — Cl}

! ! l !
¢ - @G = W

commutes ([Knl] p. 12). We denote this common quotient Mx /G = a% /Wx by Lx and
call Wx the little Weyl group of X. The principal result is, that it is a finite reflection
group ([Knl] Satz 6.6). In particular, Lx is an affine space and k[Mx]“ is a polynomial
ring.

The main purpose of this paper is to carry these results over to the non-commutative
case. The direct approach by taking an integral closure doesn’t seem to work for D(X).
Instead, we construct an algebra (X ), the analogue of M x, as a set of differential operators
with a certain behavior at infinity.

The main tool for studying the variety X was the following degeneration theorem
([Knl] Satz 2.7):

1.1. Theorem. Let X be G-variety. Then there exists a G X G, -variety Z and a surjec-
tive function A : Z — Al with the following properties:
a) Z and A are smooth
b) Forallz€ Z, g€ G and t € G,,, we have A(gz) = A(z) and A(tz) = tA(z).
c) The general fiber X; := A7L(t) (t #0) is G-birational to X .
d) The special fiber X is as a G-variety isomorphic to V. x G/S. Here, G acts trivially
onV and S is a subgroup of G containing U.

One can show ([Knl] Satz 2.5) that S = Sx is independent of the choice of Z and
A. Tt is called the horospherical type of X and X, := G/Sx is the horospherical variety
attached to X. The normalizer Px := Ng(Sx) is a parabolic subgroup and is for example
characterized by the fact, that Py is the smallest parabolic occurring as an isotropy group
in any G-variety which is G-birational to X. The quotient Ay := Px/Sx is a torus.
Let ax := LieAx and T' C Px a maximal torus with Lie algebra t. Then this yields a
projection T—» A x inducing the before mentioned embedding a% — t*.

The dimension of Ax is called the rank (rk X') of X which can also be characterized

as follows: Let x € X be a general point. Then
tk X = dim Bz —dimUx.

The codimension ¢(X) of a general B-orbit is called the complexity of X. It is also the

transcendence degree of k(X)® over k. Thus, the codimension of the general U-orbit is
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¢(X) 4+ rk X. A normal G-variety of complexity zero, i.e. with a dense B-orbit, is called
spherical.
The general philosophy behind X}, is, that it shares a lot of properties with X, for
example:
— The kernel of (G) — D(X) is the same for X and X, ([Knl] Satz 5.1).
— The closure of the image of the moment map coincides for X and X}, ([Knl] Satz 5.4).
— The general isotropy group of G on T’y is up to conjugacy the same for X and X,
([Knl] Satz 8.1).
The last statement is very convenient for the determination of X;. E.g., it follows that

S% = U if and only if the general isotropy group of G on T’ is finite.

2. The localized moment map

In this and the next section G may be any connected algebraic group. Let X be a smooth
G-variety. The smoothness is only convenient and not essential. Recall ([BB]) that Ux :=

Ox ® 4 carries a canonical algebra structure by setting

(f@f)-(9on) = fgoén+f-{gon  (f,g€Ox; §,nEg).

Then the homomorphism {4 — D(X) induces a localized homomorphism between sheaves
of algebras Ux — Dx. Denote its image by Ux. It is also a sheaf of algebras on X.

An analogous construction works in the commutative case: The homomorphism g —
Tx induces a homomorphism Ox ®; S®g — S°*7x between symmetric powers. Its image

Sx is a sheaf of finitely generated graded algebras over X. Set
fX := Specy Sx.

One can construct Ty also in geometric terms: The relative spectrum over X of S*7x
is the cotangent bundle Ty while that of Ox ®; S®(g) is X x g*. Thus, Tx is the closure

of the image of the canonical morphism
Tx®: Ty — X x g%,

where 7 : Ty, — X is the projection and ® : Ty — g* is the moment map. We denote the
canonical maps of T'y to X and g* again by 7 and ®. The triple (fX, m, ®) is the localized
moment map. It has the following obvious properties:

a) The projection 7 : Tx — X is an affine morphism.

b) The map ® : Tx — g* is proper if X is complete.

The last statement is the crucial property of this construction.
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By construction, there is a morphism s : Ty — fX which factorizes the moment map:
x K _m D *
Ty —Tx — g
The main property of « is stated in the following lemma.

2.1. Lemma. The fiber k=1 (y) of y € Tx is either empty or isomorphic to the conormal

space to the orbit Gx in x = w(y). In particular, every fiber is irreducible.

Proof: Let X := ®(y) € g*. Then

£ () = fa € Tk, | a(gr) = A(E) for all € € g}

Assume there is oy € T5% with y = k(ap). Then any other « is in k™! (y) if and only if
a € T , and the difference 3 = a — ay satisfies §(gz) = 0. O

2.2. Corollary. The morphism k : T% — Tx is an isomorphism if and only if G acts

transitively on X.
I don’t expect TX to have good properties in general, but one case is particularly nice:

2.3. Lemma. Assume all orbits of X have the same dimension d. Then T : Tx — X is

a vector bundle with fiber g+ over x.
Proof: The image of T in X x g* is
Z={(x,)) € X xg" [ A(g2) = 0}.
The dimension of the fibers g, of
7' ={(z,§) e X xg|lx=0} — X

is by assumption constant. Therefore it is a vector bundle. This implies that locally around
every o € X there are sections &;(z) of Z’ which span g, as a vector space. This implies
that Z is locally defined by A(&;(z)) = 0. Therefore, Z is closed and coincides with Tx. O

This leads to our main definition:
Definition: A G-variety X is called pseudo-free if Tx — X is a vector bundle.
Let d be the maximal dimension of an orbit of X and consider the open subset
X i={zr € X | dim Gz = d},

the so called generic sheet. Then 7 : Txm — X,,, is a vector bundle whose fibers are d-

dimensional subspaces of g*. This induces a map

Om + Xm — Grg(g*) : x — gi



where Grg(g*) denotes the GraBmannian of d-dimensional subspaces of g*. There is now

an easy criterion for pseudo-freeness:

2.4. Lemma. X is pseudo-free if and only if 0., : X, — Gra(g*) extends to a morphism
o on all of X.

Proof: Let Gr := Gry(g*). If Tx — X is a vector bundle, then its fibers are d-dimensional
subspaces of g*. Therefore it induces a morphism o : X — Gr extending o,,.

Assume now that o, extends to a morphism o : X — Gr. Let
V:={(E,\)eGrxg"| A€ E}

be the tautological bundle over Gr. Then Z := X X,V is a vector bundle over X. On
the other hand, Z is a closed subset of X x g* and the image of T% is dense in Z. Thus
TX = Z is a vector bundle. O

Thus, the pseudo-freeness of X means that the general subspaces g+ (or equivalently
g.) degenerate at the boundary to specific limits. If the general isotropy subgroup is finite

then we have Tx = X x g*, and the action is automatically pseudo-free.

2.5. Corollary. For any smooth G-variety X there exists a smooth pseudo-free G-variety

X together with a projective, birational, equivariant morphism X - X.

Proof: Take the closure of X, in X x Grg(g*) and choose an equivariant resolution of

singularities X. Because Grq(g*) is projective, the morphism X — X is projective. O

The link between the commutative and the non-commutative case is provided by
filtrations: The sheaf {x carries two filtrations, namely one induced by 4(®) and the other

induced by Dg?). Then there is the following commutative diagram of sheaves of graded

algebras:
gl Ux — Sx
| I
grpiy — grDx = S°Tx

The main property of pseudo-freeness is:

2.6. Theorem. Let X be a smooth and pseudo-free G-variety. Then the U-filtration and

the D-filtration of Ux coincide and the canonical homomorphism
prgrily — Sx = ﬂ'*O%X

18 an isomorphism.

Proof: Denote the n*® graded component of Sx by S%. The fact that Tx is a vector

bundle means that Sk is locally free and S% = S"S%. The canonical homomorphism
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® : grg Uy — Sx is by construction an isomorphism in degree 0 and 1. Thus there is a
unique homogeneous homomorphism 1 in the reverse direction with @ o = id. Also by
construction, gry {x and Sx are generated by their elements of degree < 1. Thus ¢ o § is
surjective and thus, being a projector, an isomorphism.

Finally, we show that the filtrations on {x coincide. We see from the diagram above,
that gry 4Ux — grpix is injective. This implies (where Fil™ denotes the n-th step of a
filtration)

Filf U = Fil{ ™ Uy NFilp Uy = Filf 7 Ux NFilp Uy = ... = Filp iy, 0

2.7. Corollary. Let X be smooth and pseudo-free. Then for any n > 0 there is a short

exact sequence
0— uf ™ —u) — 578k = (105 )n — 0.

(n)
X

In particular, the sheaves M5’ are locally free as left or right Ox -modules.

3. Functoriality

In this section we exhibit some functoriality properties of the sheaves i x.

3.1. Lemma. Let Xand Y be smooth G-varieties and ¢ : X — Y an equivariant generi-
cally finite morphism. Then there exists a canonical surjective Ux -module homomorphism

ey — Ux. If Y is pseudo-free and ¢ is also dominant then ©° is an isomorphism.

Proof: The uniqueness and the surjectivity are clear because U x is generated as U x-module
by 1 = ¢°(1). Let £ be in the kernel Ky of Uy — Ly Then £ induces the zero-operator on
Y and therefore also on ¢(X) and by generically finiteness on X. Thus, ¢*Ky is mapped
to Kx which shows the existence of p°.

If ¢ is dominant then ¢° is generically injective, i.e., its kernel is a torsion module. If

Y is pseudo-free then p*iy is locally free. Thus, ¢° is also injective. O

3.2. Corollary. Let ¢ : X — X be a equivariant proper birational morphism between

smooth pseudo-free G-varieties. Then there is a canonical algebra-isomorphism Ux —

(p*ﬂ;.

3.3. Lemma. Let ¢ : X — Y a dominant equivariant morphism between smooth G-
varieties. Assume, Y is pseudo-free. Then there is a canonical surjective Ux-module

homomorphism ¢, : Ux — @™y .

Proof: There is a canonical homomorphism Dx — ¢*Dy. Because Y is pseudo-free, iy
hence ¢*iy are locally free. This implies, that ¢*iUy — ¢*Dy is injective, because the
kernel is a torsion module. Hence, ¢*ily is the image of Ux . It follows, that {lx is mapped
to @ Uy . O



This leads to the following definition:

Definition: Let X be any G-variety and let ¢ : X — X be equivariant, birational, proper
with X smooth and pseudo-free. Then let Ux := go*il§ C Dx. For any equivariant
completion X — X let 4(X) := HO(X ,1_1)—() the algebra of completely regular differential

operators.

If X is smooth then {x C ix (Lemma 3.1). Corollary 3.2 implies that the definition is
independent of the choice of X and X. It also implies that (X)) is actually an equivariant-
birational invariant of X. Note that the notation (G) for the enveloping algebra is
consistent with the notation above if G’ acts on itself by left translation. For in this case,
{Ux is just the trivial bundle Uy = Ox @ U(G) for any completion X of G. We have the
following functoriality properties for $(X):

3.4. Corollary. Let ¢ : X — Y be an equivariant morphism between normal G-varieties.

a) If ¢ is dominant with irreducible general fibers, then it induces an algebra homomor-
phism o : U(X) — U(Y).

b) If v is generically injective, then it induces an algebra homomorphism ¢° : U(Y) —

°4(X).

Proof: We may assume throughout that X and Y are projective and X is pseudo-free.

a) By Lemma 3.3 we have a homomorphism ¢, Ux — @.p*Uy = iy. Taking global
sections yields ¢,.

b) Choose a pseudo-free resolution of singularities X > XandletY C X bea component
of the preimage of Y such that Y — Y is dominant. By Zariski’s connectedness theorem,
all fibers of Y — Y are connected. This induces U)ls — U C ﬂ;, hence ¢° : U(X) =
UX) = UY) — UY). O

Later we will need the following lemma. For a generalization see Corollary 8.2

3.5. Lemma. Let X be a G-variety which it G-birational to Xo X X1 where G acts trivially
on Xo. Then there is a canonical isomorphism U(X) — U(X1).

Proof: We may replace X by X x X;. By a further birational change we may assume
that Xy and X; are both smooth, complete and that X; is pseudo-free. But then Ux =
pitly, where p; is projection on the second factor. This implies $4(X) = H(X, piix,) =
HO (X1, thx,) = U(X7). O

10



4. The vanishing theorem

From now on, let G be a connected reductive group. For a smooth, complete, pseudo-free
G-variety X let

be the Stein factorization. Because Tx is normal (even smooth), My is normal as well.
By Lemma 2.1 the general fiber of T — Tx is irreducible. This shows, that M x coincides
with the Mx of [Knl] §6.

4.1. Theorem. Let X be a smooth, pseudo-free G-variety and let ¢ : X — Y a G-
invariant proper morphism onto a smooth affine variety Y. Assume, that the general fiber
of ¢ contains a dense G-orbit. Then the following holds for all integers i > 0:

a) Hi(X,ilg?)) =0 foralln > 0;

b) H(X,8%) =0 for alln > 0;

¢) H(Tx,05 ) = 0;

d) RiCTDLO%X = 0 where 3 is the composition TX —- X xMx —-Y xMx.

The proof of this theorem will occupy this and the next section. First we reduce all

assertions to d):

b)=-a): This follows immediately by induction on n and the long exact sequence associated

to the sequence in Corollary 2.7.

c)=b): Because 7 : Tx — X is an affine morphism, the Leray spectral sequence implies
8 H'(X,S8%) = H'(X,m.0z ) = H'(Tx, 0z ) = 0.

d)=>c): The affinity of ¥ x Mx implies H'(T, Oz )= HO(Y x M, RZE);O;X)-

Thus everything boils down to show d). For this we use the following theorem of Kollar:

4.2. Theorem. Let 7 : X — Y be a projective morphism where X is smooth and Y has
rational singularities. Assume that the general fiber F' of 7 is connected with H'(F, Op) = 0
fori>0. Then Rir,Ox =0 for all i > 0.

Proof: If X and Y are projective then this is (half of) Thm. 7.1 of [Kol]. We describe now
how to reduce the general case to that one.
By Hironaka’s desingularization theorem one can choose smooth quasi-projective va-

rieties 17, X and proper morphisms ¢, ¢’ and 7 such that the diagram

’

X £
TN"J: 7Tl
Yy 2 v
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is commutative where ¢, ¢’ are birational and 7 has the same general fiber F' as . Assume,
that the theorem holds for 7. Then the Leray spectral sequence implies

Ri(goﬁ)*o)fz = Rigo*O)f; for ¢ > 0.

Because Y and X have rational singularities we have
0.0z =0Ox and R'p,0z =R'p,0; =0 fori>0.
Thus, the Leray spectral sequence implies for ¢ > 0:

R'm.Ox = Ri(r¢').05 = R'(¢7).05 = R'p, 05 = 0.
This reduces the assertion to the case where X and Y are smooth, quasi-projective.
Now again by Hironaka, one can embed Y and X into smooth projective varieties Y
and X respectively, such that 7 extends to a morphism 7 : X — Y. Now, our theorem is

reduced to Kollar’s original version. O

We want to apply Kollar’s theorem to the morphism 3 . Tx — Y x Mx which is
clearly proper. Thus, we have to show:
a) The variety Y x Mx has rational singularities.

b) The general fiber of 3’ has vanishing cohomology of the structure sheaf.

a) Because Y is smooth, we need to show that Mx has rational singularities, which is our

next lemma.

4.3. Lemma. Let X be a smooth G-variety. Then Mx has rational singularities. In

particular, it is Cohen-Macaulay.

Proof: Essentially, this has already been proved in [Knl]: Let X, = G/Sx be the horo-
spherical variety attached to X. Then, there is an action of the little Weyl group Wx on
Mx, with Mx = Mx, /Wx ([Knl] Satz 6.4). Hence, (see e.g. [Bou]) it suffices to show,
that My, has rational singularities. But this follows from [Knl] Lemma 4.1. O

h

b) Let Xo = ¢ () be a general fiber of 1. Then we have T, = (¢7)~*(y) € Tx. Thus,
we may replace X by X, and therefore assume that X contains a dense orbit.

The higher cohomology of the structure sheaf of a smooth unirational variety vanishes
([Ser] Lemma 1). Thus, the theorem will be proved when we show that the general fiber
of ® is unirational. Because this is a generic property we may replace X by its open orbit
and thus Ty by the cotangent bundle T%. The proof of unirationality in this case will

occupy the next section.
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5. Unirationality of the fibers of the moment map

The purpose of this section is to prove the following

5.1. Theorem. Let X be a homogeneous G-variety. Then the general fiber of ® : Ty, —

M x s unirational.

Proof: Let x € T% be a general point with image 2’ := ®(x) € M. First, let me note that
the proof is very easy if X is spherical: The dimension of ®~!(2) is r = rk X by [Knl]
Satz 7.1. On the other hand, it follows from [Knl] Satz 8.1 that G, has an r-dimensional,
hence open orbit in ®~1(z’).

For the general case we need several reduction steps. Remember Lx = Mx /G. Then

we have the following diagram:

T: 2 My — g
v, I l
Lx — g¢*/G

Let 2 := ¥(x) = II(2') € Lx. By [Knl] Satz 8.1 the isotropy group G, is the kernel of
the action of G, on F := ®~1(z’) and the quotient G,/ /G, is a torus. This implies that
F contains a G,/-stable open subset of the form (G, /G,) x Fy. Thus it suffices to show
that F{ is unirational.

The orbit Gz’ is dense in the fiber II7!(z”) ([Knl] Lemma 7.3). Thus F} := ¥~ 1(z2")

contains the open subsets
G, G,
PG ) =G x 71 (2) DG X [Go /Gy x Fyl 2 GGy x Fp.

In particular, there is a dominant rational morphism F; — Fj. Thus, the assertion follows
from the next lemma. O
5.2. Lemma. The general fiber Fy of ¥ : Ty — Lx is unirational.

First we will reduce the proof to yet another lemma:

5.3. Lemma. Let X be any smooth G-variety. Then there exists a B-stable subvariety
Z C X with the following properties:
a) k(Z2)P =2 k(X)B.

b) All orbits of U in Z have the same dimension. Hence,
Cz :={aeTx |z:=m(a) € Z,a(uxr) = 0}.

1s a vector bundle over Z.
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c) The set G- Cyz is dense in T .

Proof of Lemma 5.2: For xy € t* C b* let

Cz(x) :=={aeTx |z:=m(a) € Z and a(fx) = x(§) for all { € b} € Cz.
It is easy to see ([Knl] Lemma 6.1) that C'z(x) is mapped under

C2(x) = T > 0" — 0//G = ¢'/W

to one point namely to the image of x. Recall 2" € Lx and F; := ¥~1(2”). Hence,
Cz N F is the finite disjoint union of all C'z(x) where x runs through all elements of t*
which are mapped to z”. Because of property c), there is one x such that G - Cz(x) is
dense in F7.

Thus, we have to show that Cz(x) is unirational. First observe, that X unirational
(having a dense G-orbit) implies k(Z)® unirational (by a)). Let Zo C Z be a non-empty
open subset such that the orbit space Zy/B exists. Because B is connected and solvable,
the fibration Zy — Zy/B has a rational section ([Bor| 15.12). Thus, Z is unirational as
well.

Choose B-semiinvariant rational functions f1, . . ., fs which generate k(Z)Y over k(Z)B.
By shrinking Z if necessary, we may assume that all f; are defined and invertible on Z.
Let x; € t* be the character of f;, i.e.,

Efi(x) =dfi(€x) = xi (&) fi(x) for all € € tand x € Z.

For every x € Z, these x; generate the space (bx/ux)* = (b/b, + u)* C t* which also

contains x. Hence, there exist a; € k such that x = >, a;x;. This defines a section

o/ — Cz<X) 1T Zazfz($)_1(dfz>xv

which induces an isomorphism Cz(x) — Cz(0) : a — a — ow(a). But
Cz(0)={aeTyx |x:=n(a) € Z;a(bx) =0}

is a vector bundle over Z, hence unirational. O

Proof of Lemma 5.3: Let me first indicate another shortcut, this time for quasiaffine
varieties: Here, already the open U-sheet in X would do the job. Via the Degeneration
Theorem 1.1 this claim can be reduced to X} which is also quasiaffine. Then an argument

as in [Knl] Korollar 8.2 proves the assertion. Of course, the crucial property is c). It fails
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badly for a flag variety X = G/P and Z=open B-orbit: Then C lies in the zero-section
of Tk.

Back to the main proof: We study first the case where X is of the special form V' x G/S
where G acts trivially on V' and S contains the maximal unipotent subgroup U. Let P
be the normalizer of S and L the Levi complement of P containing the maximal torus 7.
Then we have R, S = R,P =: P, and Lg:= LN S is a Levi complement of S and P/S is
a torus. Denote the Lie algebras by the corresponding fraktur letters. We will identify g*
with g by means of an invariant scalar product. Let a be the orthogonal complement of [,

in [. Then we have the following decompositions:
p=10p,=aDlhDpy; 5=1 Dpy; 5L:a@pu

Now we set Z = V x Bwxg where w is an element of the Weyl group and xy = eS is the
canonical base point of G/S. Then conditions a) and b) are obviously satisfied. We show
that for a suitable choice of w also c) holds, namely, that G - Cz is dense in T%. Because
of Cz = T} X Cpys, we may assume that V' is a point, i.e., X = G/S. For convenience,
we shift everything by w, i.e., we look at B := w™'Bw, U := w™'Uw and Z = Bxy. Of
course, the definition of C'; has to be changed accordingly. Then we have

=1iizg=(0+s)/s Cg/s = (s7)"

Uzxo,xo

Therefore, the fiber of C; over zg is
[i+s)t=0"Ns"=bn(a@p,) =ad (bNp,) Cadp, =Tk,

Let pg be the centralizer of a in p,,. Then a general element of a & p,, can be conjugated

by an element of P, into a @ p;,. Now we impose on w the condition
(C)  puCh

Then P, - [a® (bNp,)] is dense in a®p,,, hence G - C is dense in T%. Of course, condition
(C) is satisfied for w = 1, but later on, we will have less freedom for the choice of w.
Now we reduce the general case to the horospherical one. It is clear that we may
replace X by any variety which is G-birational to it. I claim, that there is one with:
i) X is smooth.
ii) X? is smooth and irreducible with dim X? > ¢(X).
iii) The isotropy subgroup of every x € X ¥ is Px and the morphism G/P x X® — Y :=
GXP : (gP,z) gz is an isomorphism.
First, let me remark that it will become clear from the later discussion, that conditions ii)

and iii) mean that dimY is actually maximal possible.
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A variety X; such that dim XZ > ¢(X) exists by [Kn3] Lemma 8.4 (see also [Akh]). In
[Kn3] Satz 2.13, T have constructed a projective variety Xo such that every isotropy group
in X2 is Px, the minimal possible group. Let X be a desingularization of the closure of
the diagonal in X; x X5. Then X has already all properties, except that X B may not be
smooth and irreducible. Therefore, we can take X = X — GZ where Z is a suitable closed
subset of X_. This proves the claim.

Let P := Px and P~ the parabolic opposite to P with Levi part L = PNP~. Observe,
that Ax = Px/Sx = L/(L N Sx) is also a quotient of P~.

5.4. Lemma. There is a P~ -stable affine open subset Xo of X with V := XqNXPB # @,

and a P~ -isomorphism
L
Xo=2 P  x(A"xV)=P, xA"xV =P, xX

where L acts by conjugation on P, , trivially on V and on the affine space A" by means
of characters x1,...,Xr which form a basis of X(Ax). Furthermore, Y N Xy corresponds
to P, x{0} x V.

Proof: Almost everything follows from the local structure theorem ([BLV] Thm. 1.4, [Knl]
Satz 2.3) applied to (X,Y): There is an L-stable affine subvariety ¥ of X with ¥ NY # &
such that P~ x'¥ — X is an P~ -equivariant isomorphism onto an open subset X, of X.

It remains to analyze the structure of .. First look at ¥XNY: The map P~ xL(ZNY) —
Y = XB x G/P is an open embedding. It follows, that X NY = XN X? =: V consists of
L-fixed points.

Because of P = Py, the general isotropy group of P~ in X is Ly := P~ N Sx ([Knl]
Satz 2.3). This implies that Lo is the kernel of the action of L on 3, i.e., only the torus
Ax = L/Ly = Px/Sx acts effectively on .

Consider now the quotient 7y : ¥ — X //Ax. We claim, that V is mapped isomor-
phically onto ¥//Ax. It is a closed embedding because V' C ¥¥. The complexity of X
(=minimal codimension of a B~ -orbit) is equal to the complexity of ¥ with respect to Ax.
Hence, dim ¥ /Ax < ¢(X) < dim X? = dim V, which shows the claim.

The last argument also implies that the general fiber of 7y contains an open A x-orbit.
Thus, the general fiber of 7 is a smooth affine torus embedding with a fixed point. Hence
it is isomorphic to the affine space A" with r = dim Ax = rk X, on which Ax acts by
means of characters xi,...,x, which form a basis of the character group of Ax. After
shrinking ¥ and X, we may assume that ¥ is isomorphic to A™ x V' (see e.g. [Bor] 15.12,
[Knd] 6.1). O

Let again a be an orthogonal complement of [y in [. Denote the set of weights of 7" in

p2 by Ag. It consists of positive roots. The sets Ay and {x1,...,x.} lie by construction

16



in the complementary spaces at and a* respectively. Therefore, there is a one parameter
subgroup A : G,, — T which is strictly positive on Ag U {x1,..., X} and non-zero on
every root. We consider the Bialynicki-Birula cell of X with respect to A at V. More
specifically, let

B:={gecq| %in}) Mt)gA(t) ™! exists};
U:={geqG| 7%in% At)gA(t) ™ =1};
Z

={r e X | }il’% At)z e V}.

Then B is a Borel subgroup of G (because A does not vanish on roots), U is its unipotent
radical and Z is a B-stable subvariety of X. Furthermore,
\I/:Z—>V:a:r—>}im0)\(t)x

is a B-invariant morphism, whose fibers are affine spaces. We have > C Z since A is

positive on the characters x;. Thus, Lemma 5.4 implies an B N P~ -isomorphism

_ BNL _
(BNP7) x (A"xV)=(BNP,)xA"xV.

I

Z

such that W is just the projection onto the last factor.
Now we show that Z satisfies the three conditions a) to ¢) with respect to B.
a) The morphism ¥ : Z — V is B-invariant and B (even BN P~) has a dense orbit in
every fiber of U. This and Lemma 5.4 imply k(X)? = k(V) = k(Z)E.
b) Because of the contracting (G, )-action, the lowest dimensional U-orbits must be those
inY NZ<=(BNP,)xV. Hence all U-orbits have at least dimension d := dim BN P, .
The general orbits have largest dimension. Let € Z be a general point. By BN P,

we can move x into 3. Then, the U-invariant map
Bu— B/B,—B/B.U = Ax.

shows dim Uz < dim Bz — r = d. Hence, the assertion.
¢) For this we use the deformation to the normal bundle of Y (see [Ful] §5.1), i.e., let X be
the result of blowing up X x A! in Y x{0} and removing the proper transform of X x{0}.
Then the map ¢ : X — Al has the property that the general fiber is isomorphic to X
while the zero-fiber )?0 is the normal bundle of Y in X.

Let o € V. Then Lemma 5.4 implies that G, = P has a dense orbit in the normal
space to Y at zg with isotropy group Sx. Thus, the normal bundle X, contains V x G /Sx
as an open subset. The proper transform Z of Z x Al intersects this open subset in

V x Bxy where r; € G/Sx is the base point. In particular, all U-orbits in Z still have
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dimension d, i.e., it gives rise to a smooth deformation C7 a1 A'! with C5 as general
fiber and C, | 5,

Now c) is equivalent to find a point in G x C'; such that G x C; — T% is onto at the

as special fiber.

tangent space of this point. Thus, property c¢) is an open condition, hence, it suffices to
check it for Xo. But now observe, that condition (C) above is fulfilled because we chose A
to be positive on Ag. We have already seen that this implies c) for )?0. This finishes the
proofs of Lemma 5.3, Lemma 5.2, Theorem 5.1 and Theorem 4.1. O

Remark: The construction of Z as a Bialynicki-Birula cell has been inspired by [BL].

6. The algebra of invariant completely regular operators

The main application of the vanishing theorem is:

6.1. Theorem. Let X be a normal G-variety and M X) its algebra of completely reg-
ular differential operators equipped with its natural filtration. Then there are canonical

isomorphisms
gril(X) - K[Mx];  gri(X)¢ 5 k[Lx].

Proof: Of course, the second isomorphism follows from the first by linear reductivity of
G and k[Lx] = k[Mx]“. We will prove the first isomorphism at the moment only in the
case where X contains an open orbit. The proof for the general case will be finished with
Corollary 8.2.

We may assume that X is smooth, complete and pseudo-free. Then LU(X) = Ux (X)
and k[Mx] = k[Tx]. Hence, the assertion follows from the exact sequence in Corollary 2.7
and the Vanishing Theorem 4.1a, applied to Y = Spec k. O

6.2. Corollary. Let ¢ : X — X' be generically étale. Then ¢° : U(X') — U(X) is an

1somorphism.
Proof: The associated graded is an isomorphism by [Knl] Satz 6.5:3. O

In this section we study first 4(X)“. Because of its importance we denote it by 3(X).
In particular, 3(G) = 4(G)€ is the center of the universal enveloping algebra of g. By
Theorem 6.1 we have gr 3(X) = k[Lx].

6.3. Corollary. Let X be a spherical variety. Then 3(X) = D(X)®, i.e., every G-

invariant differential operator on X is completely reqular.

Proof: We may assume that X = G/H is homogeneous. Consider the associated graded
algebras:
gr3(X) — grDX)
L~ {
klLx]  —  k[T%]¢
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For a spherical variety the bottom arrow is an isomorphism ([Knl] Satz 7.1). This implies

the assertion. O

Now recall the classical Harish-Chandra homomorphism: By the Theorem of Poincaré-
Birkhoff-Witt there is a decomposition

U(G) = U(t) & ul(G) + U(G)u~).

We can identify $(t) with k[t*]. Then Harish-Chandra’s Theorem (see [Wal] Thm. 3.2.3)
states that

p:3(G) C UG)ZHU(t) = k[t]

induces an isomorphism of 3(G) with the Weyl group invariants k[t*]'V'® where We indi-
cates the shifted W-action on t*:

1
wex =w(x+p) —p Withp=§ Z a e th.

Here, AT is the set of weights in u~. Therefore, with the p-shift 7 : t* — t* : x — x —p
we get an isomorphism 7% o p : 3(G) — k[t*]V.

Now consider a horospherical variety X = G/Sx. Then (tSx)*(9Sx) = gtSx defines
a left action of Ax = Px/Sx on X}, and therefore a homomorphism #(ax) — D(X})¢.

By Corollary 6.3 and by considering the associated graded algebras we get an isomorphism
klak] = D(X5) = 3(Xn).

Taking X;, = G/U, gives a second homomorphism 3(G) — 3(G/U)<k[t*]. The next
lemma is well known (e.g. [BB] Lemme) and claims the compatibility of these two con-

structions.

6.4. Lemma. The following diagram commutes:

eV — k] S klp+ak]
I~ 1~ f ~

KE]Ve — k] S K[ak]
I~ | ~ |~

3(G) = 3(G/U) —  3(Xn)
Proof: This is only non-trivial for the bottom left square. For £ € 3(G) let £ = p(§)+n with
n € wl(G) + U(G)u~. Because £ commutes with t, we actually have n € usl(G). Let x( be
the base point of G/U. Because of G-invariance, we have to show (£ f)(zo) = (p(&) * f)(x0)

where f € k[G/U]|. But that is clear, because (ull(G)f)(zo) = 0 and because the actions
of T on Tz induced by left and right translation on G/U coincide. O
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From now on we will identify 3(X}) with k[p + a%]. For any subset s of t* let
Nw(s) :={w e W | ws =s};
Cw(s) :={we W |wls =ids };

W (s) :=Nw(s)/Cw(s).
We have Cy (p +a%) = Nw(p + a%) N Cw(a% ). The isotropy group of p is trivial, hence
Cw(p+ a%) = 1. This yields
Nw(p+ay) = W)
Ul
Wx

6.5. Theorem. Let X be any G-variety. Then Wx — Ny (p + a%) and there is a
canonical isomorphism zﬁ such that the following diagram commutes:
3G — kY
l l res
G

3(X) 5 K[+ ai ]

In particular, 3(X) is a polynomial ring.

Proof: Consider a degeneration A : Z — A' as in Theorem 1.1. Then by Lemma 3.5 and

Lemma 3.1 we obtain the following homomorphism

in c U(X) = U(X x AY) =U(Z) — WV x G/Sx) = U(X}),
which induces a homomorphism

i 3(X) — 3(Xp) = k[p+ ak].
The associated graded of i), corresponds to the surjective finite morphism My, — Mx of
[Kn1] Satz 6.4. This shows that i, and i are injective. In particular, 3(X) is commutative,
hence a polynomial ring, and zg is an integral extension. Furthermore, the diagram

3(G) = k]
l l

-G
3(X) % klp+ax]
commutes. With Ly := Spec 3(X) this translates into
ptay —
| |
Lo — /W
Because Ly is normal, Galois theory shows that there is a subgroup Wy C Ny (p + a%)
such that Lo = (p+ a%)/Wo. From gr3(X) = k[Lx] = k[a%]"* follows Wy = Wx and
hence the assertion.
Finally, the homomorphism @g is independent of the degeneration Z, because it fac-
torizes k[t*]" — k[p+a%] and its associated graded is well defined (see [Kn1] Lemma 6.3).

O
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Remark: Usually, the p-shift is rather annoying. But here, it showed us, that Wx is in a

canonical way a subgroup of W and not just a subquotient as in [Knl].

6.6. Corollary. Let X be a spherical variety. Then the algebra D(X)C of invariant

differential operators is a polynomial ring in vk X generators.

The homomorphism zf is the Harish-Chandra homomorphism mentioned in the title.
There is a little flaw in it: One wants an isomorphism of 3(X) with k[a%]"* itself. This
is achieved by translation a% — p+ a% : x — po + x with a fixed point py € (p + a%)"Vx.
There are two ways to construct pg:

a) Let N := Ny (p + a%) and take pg := ‘—]1,' Y weN

average over Wy but then py would depend on Wx and not just on Sx.

wp. Of course, it would suffice to

b) Choose a W-invariant scalar product on X' (7') C t*. Then take pg to be the component
of p which is orthogonal to a¥%.

Both constructions are not completely satisfying: The first one has bad functorial prop-
erties if one wants to compare different ax’s. The second one depends on the choice of
a scalar product. The only case when there is no ambiguity in pg is when (a%)"* = 0.
This happens e.g. whenever Aut®(X) is finite: Indeed, a fixed point in a’ corresponds
to a differential operator of degree one, i.e., to a vector field .. Because we may assume
that X is complete, &, belongs to the Lie algebra of Aut®(X). This shows the claim.
The condition is in particular satisfied for symmetric varieties. Of course, in this case pg

coincides with the one defined by means of the restricted root system.

7. The full algebra of completely regular operators

Next we study (X ). For this we need more results on the associated graded side.

7.1. Lemma. Let D; C Lx be a prime divisor, D,, its preimage in Mx and D; a

component of its preimage in Ty. Then Dy — D, is dominant.

Proof: Same proof as [Knl| Satz 7.4, except that the divisor D there has to be replaced

by one of its components. O
Remark: The morphism Ty — Mx is in general not equidimensional in codimension one,
e.g. G =SLy and X = PL.

7.2. Lemma. The morphism Il : Mx — Lx s flat with irreducible fibers. Furthermore,

II is smooth in codimension one.

Proof: That II has irreducible fibers is [Knl] Lemma 7.3. Because M x is Cohen-Macaulay
(Lemma 4.3) and Lx is smooth it suffices to check for flatness that II is equidimensional
([EGA] §15.4.2). Let X}, = G/Sx. Then Mx = Mx, /Wx and Lx = Lx, /Wx. Thus, we
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may replace X by Xj. But then T — Mx is onto. Thus, the assertion follows from the
equidimensionality of T% — Lx ([Knl] Satz 6.6¢c).

It remains to show that II is smooth in codimension one. Suppose there is an irre-
ducible divisor D,,, C Mx along which II is not smooth. Because M x is normal, the general
fibers of II are normal and hence smooth in codimension one. Thus D; := II(D,,) C Lx
is a proper subset. By equidimensionality it is a divisor. Because all fibers of II are
irreducible, we have I1=(D;) = nD,,, with multiplicity n > 2.

Consider ¢ : a% — a%/Wx = Lx. By [Knl] Lemma 6.2 there is a morphism
o' 1 a% — Mx with ¢ =IIoo¢’. This implies that D; is one of the irreducible divisors of
Lx over which ¢ is ramified. Because W is a reflection group it also implies n = 2. The
variety Lx is an affine space and hence factorial. Thus, D; is the zero set of an irreducible
polynomial fy € k[Lx].

Now we consider everything on T%: By Lemma 7.1, every component of D} :=
U—1(D;) is mapped dominantly to D,,. That implies that D; := %D{s is an integral
divisor, such that 2Dy is the principal divisor defined by the invariant function f = fyo W.

We replace now X by G/H, where H is the component of unity of the isotropy group
of a general point of X. This does not change Mx by [Knl] Satz 6.5:3,4. Then we have
T3 = G x pt, and therefore D; = G x (D, Nht). Because the polynomial ring k[h1] is
factorial, Dy Nk~ is the zero set of a polynomial A which is unique up to a scalar. Hence, it
is H-semiinvariant. But - = 0 defines 2D; Nh~. Therefore, B = aflyr with a € k. Recall
that f is G-invariant and the character group X (H) is torsion free. This implies that A is
H-invariant. Hence, h defines a G-invariant function h on T% with h? = f = fy 0 U. But
this contradicts the fact that k[Lx] is (by definition) integrally closed in k[T%]. O

Now we get a refinement of [Knl] Satz 6.4:

7.3. Corollary. Let X be a G-variety. Then there is a canonical isomorphism

. ~ *
v: Mx, —>MXL>< ay
X

which induces a Wx-action on Mx, and an isomorphism
Mx, /Wx — Mx.

Proof: In the proof of [Knl] Satz 6.4 we constructed already v and showed that it is finite
and birational. Thus, we have to show that M’ := Mx X, a% is normal.

The flatness of a%, — Lx (=quotient by a reflection group) implies that M’ — Mx
is flat. Thus M’ is Cohen-Macaulay because Mx is. Now My — Lx is smooth in
codimension one. This implies that M’ is smooth in codimension one. Now we conclude

with Serre’s normality criterion. O
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7.4. Lemma. Let X = G/S be horospherical with P = Ng(S) and A = P/S. Then
U(X) =D(X)4

Proof: We have My = Speck[G xT s1] (see [Knl] 4.1). The torus A acts trivially on
gri(X) = k[Mx], hence on $(X). This implies 4(X) C D(X)?. Equality follows from
the equality of the associated graded algebras. O

7.5. Corollary. Let X be any G-variety. Then 3(X) is the center of U(X). Furthermore,
U(X) is a free module over 3(X).

Proof: Let Z be the center of U(X). It commutes with the image of U(G) which implies
Z C U(X)¥ = 3(X). With ij, we can identify U(X) with a subalgebra of $(X},). Then
3(X) C 3(Xn) = Y(ax) commutes with all of U(X},) (Lemma 7.4), hence is contained in
Z.

By Lemma 7.2, the morphism Mx — Lx is flat. This means that k[Mx]| is a flat
k[Lx]-module. Because both rings are positively graded, the former is even a free module
([Bbk] Ch. 2, §11, no. 4, Prop. 7). If we now lift any homogeneous base of k[M x| to $4(X)
we get a 3(X)-base. O

The non-commutative counterpart of Corollary 7.3 is part a) of the following theorem.
7.6. Theorem. Let X be a G-variety.

a) The homomorphism

UX) © 3(X5) "2 u(x,)
3(X)

is an isomorphism. It induces a canonical action of Wx on (X},) and an isomorphism
U(X) =5 (X)W,

b) There exists € € 3(X), € # 0 with EU(X) CU(G)3(X) CU(X).

Proof: a) Both sides are filtered, and it suffices to show that i; ® id induces an isomorphism
on the graded algebras. Let 2 := (X)) ®3(x) 3(Xp). In view of Corollary 7.3 we have to
show that grd = k[Mx xr, a%].

Because k[Lx] is the ring of invariants of a finite reflection group, k[a%] is a free
k[Lx]-module. Let &,...,&, be a basis and let d; be the degree of £,. Now lift &, to
& € 3(Xp). Then the &; form a basis of the 3(X)-module 3(X}). Thus we have

() — @ﬂ(}()(n—di) ® &
i=1
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which implies the assertion:

gr = Perd(X) @& = k[Mx] o2 ]k[a}] = k[Mx x ox].
i=1 X X

b) It follows from [Knl] Satz 4.5 and Lemma 7.4, that there is £ € 3(X}) such that
EU(Xy) C U(G)3(Xy). Clearly we may assume that € € 3(X) = 3(X,)"x. Then the
assertion follows from the fact that U(G) ® 3(Xp) — U(X}) is Wx-equivariant. O

This theorem and Theorem 6.5 show that {(X) depends up to unique isomorphism
only on X}, and the action of Wx on a%. Note, that the graded counterpart of b) is wrong
in general. Take, for example, X = G/P a flag variety (in particular 3(X) = k). Then
the graded homomorphism comes from the moment map 75, — g*, which in general is not
birational onto its image. Thus, the assertion in b) is one of the big advantages of the non-
commutative theory. There are examples where LUy := U(G)3(X) # U(X). It is an open
problem to determine iy, or the ideal of £’s as in b) (the conductor), or just the cases in

which equality holds.

7.7. Corollary. Let ¢ be a G-automorphism of X. Then ¢° : (X)) — U(X) is the
1dentity.

Proof: 1t suffices to prove this for the automorphism induced on 3(X) (Theorem 7.6b).
Because k[L x| determines 3(X) uniquely (Theorem 6.5), we have to show, that the auto-
morphism on Lx is the identity. But Ly is canonically a quotient of a% = (Lie Px/Sx)*
and Sx is obviously not affected by . O

8. The rigidity theorem
We have seen that $4(X) depends only on the discrete parameters Sy and Wx. Thus it

is not surprising that it is generically rigid if X runs through a smooth family. The next

theorem says that this rigidity extends even over the singular fibers.

8.1. Theorem. Let X be a normal G-variety and ¢ : X — Y a G-invariant proper
morphism onto a normal variety Y. Assume that all fibers are connected. Then, there
is a unique isomorphism Vo : V. Ux — Oy @, U(X) and a non-empty open subset of
Yo C Y with: For everyy € Yo with v : F := 7 1(y) — X there is a unique isomorphism
U(F) — W(X) and equality F, = X}, such that the following diagram commutes:

Glle S ouF) Boum)

vo |~ |~ |~

€y

Oy®kﬂ(X) — ﬂ(X) — Ll(Xh)



Here, €, 1s evaluation at y.

Proof: The sheaf 1,4x is torsion free as Oy-module. Hence, 1), is uniquely determined
by its restriction to Yy and thus by the commutativity of the diagram. Therefore, we have
to prove the existence.

We start with some reductions. Choose resolutions of singularities ¢ : Y — Y and

Q: X — X with a morphism QZ such that the diagram

X £ X
Le L
Yy 2. v

commutes. Because the general fibers of 1) and {/; are mapped birationally onto each other

and because of

it suffices to construct {Zo, i.e., we may assume X and Y to be smooth. In the same manner
we may assume that X is pseudo-free. Finally, we can modify X in such a way that
factors in X - v’ 25 Y, such that ¢’ is G-invariant and its general fiber contains a

dense orbit:
Yully = /x — Oy @ U(X) = Oy ©U(X)

By enlarging X and Y we may even both assume to be complete.

Consider now the vector bundle 7 : Tx — X. By [Knl] Satz 6.5:4, we have Mp = My,
where F' is a general fiber of ¥. It follows, that Tx — Y x My is the Stein factorization of
Tx — Y x g*. Therefore, we obtain Qﬁ*ﬂ*(?%x = Oy ®y k[Mx]. By applying the Vanishing
Theorem 4.1 to the exact sequence in Corollary 2.7 we get

gr¢*ﬂx AN Oy (% k‘[Mx]

In particular, ¥, is locally free as Oy -module.
Now choose a non-empty open subset Yy C Y such that for every y € Yy with fiber
F :=¢~1(y) the following are satisfied:
— F'is smooth.
— I is pseudo-free; this is satisfied whenever F' contains an element of the generic sheet.
— Fj, = Xj; this is possible by the definition of X} ([Knl] Korollar 2.4).
— Wg = Wx; this is possible because Wx depends only on the general orbit ([Knl]
Satz 6.5:4).
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The algebra Uy := U(F') depends only on F}, and Wy and is hence independent of y € Yj.
Furthermore, for any y € Yy and n € N we have by Theorem 4.1

' (F, 4 |p) = o (Ful) = 0.

This implies ([Har] Ch. III, Thm. 12.11) an isomorphism
(Vullx)y — HY(F, Up) = tho.

Thus, we get a unique homomorphism

VY Pl ly, — Oy, %ﬂo

such that the diagram in the theorem commutes with (X) replaced by 5. We have to
show that 10 extends to all of Y. Because it is a map between locally free sheaves it
suffices to extend it in codimension one, i.e., we may assume that Y is the spectrum of a
discrete valuation ring R with maximal ideal tR and Yy = Spec R[t™!]. Thus 9,4x is a
subalgebra of R[t™!] @ Uo.

The algebra grUx = R® k[Mx] is finitely generated as R ®y k[g*]-module. This
implies that 1,4 is a finitely generated R ®y (G)-module. Because the latter algebra
is clearly mapped into R ®y Uy, there is an n € N with ¥, Ux C t7T"R®y Uy. It is easy
to see, that this implies ¥,Ux C R®y Yo, i.e., Y0 extends to Y. Because 1), induces an
isomorphism on the associated graded algebras it is itself an isomorphism.

Finally, assume Y to be complete again. Then,
U(X) = H'(Y, udlx) = H(Y, Oy ©1h) = Lo,

This proves the theorem. O

The following corollary finishes the proof of Theorem 6.1 and therefore of all following

theorems which have so far only been proved in the quasihomogeneous case.

8.2. Corollary. Let X be a normal G-variety. Then there is a G-stable non-empty
open subset Xo C X such that for every x € Xy the restriction U(X) — U(Gx) is an

1somorphism.

Proof: First, shrink X such that an orbit space Y = X/G exists. Then embed X into
X, such that the orbit map extends to a proper morphism ¢ : X — Y. Then apply
Theorem 8.1 and Xo = X N ~1(Yy) has the required properties. O
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9. Invariant differential operators

In this section we study the algebra D(X)® of invariant (global) differential operators
on X.

9.1. Theorem. Let X be any smooth G-variety. Then the commutant of (X)) in D(X)
is D(X)C.

Proof: Let C be the commutant. To commute with the image of {(G) means precisely to
be invariant. Thus, C C D(X)“.

For the converse, we have to show that every D € D(X)“ commutes with 4(X). By
Theorem 7.6b, it suffices to prove that it commutes with 3(X). Suppose, that it doesn’t.

Then, the derivation
5:3(X) — D(X): € — [D, €] = D — &D.

is non-trivial. Let m € Z be the smallest number such that
5(3(X)™) C D(X)*t™)  for all n € N.

Obviously, m < ord D — 1, hence m exists. Then, § induces a non-trivial derivation
§ : k[Lx] — K[T%] of degree m. By definition, § vanishes on the image of 3(G). This
implies, that 0 vanishes on the image R of k[t*]" in k[Lx]. But k[Lx] is algebraic over
R, which implies 6 = 0 contradicting the non-triviality of é. O

9.2. Corollary. 3(X) is contained in the center of D(X)C.

It would be nice to have equality. For this, one has to construct for every D not in
3(X) a D" which does not commute with D. I can solve this problem only in two cases:
X is spherical, when no such D exists (Corollary 6.6) or X is smooth and affine. In the
latter case, let me first explain the graded situation: The cotangent bundle T’y carries a

natural symplectic structure, which induces on k[T'%] a Poisson product

{1, f2} == w(df1,df2),

where w is the symplectic form on the cotangent spaces of T'%.

It is related to differential operators as follows: Let Dy, Dy € D(X) with principal
symbols Dy, Dy € k[T%]. Then we have the relation {Dy, Dy} = [Dy, Ds].

We say that f1, fo € k[T%] commute, if {fi, fo} = 0. Then we can speak about the
center of k[T%]¢, of commutants and so on. From now on, we consider k[Mx] and k[Lx]

as subalgebras of k[T%]. The field of rational functions on 7% is denoted by k(T%).
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9.3. Lemma. Let X be a smooth affine G-variety. Then the general G-orbits in Ty and
Mx are closed. This implies that k(T3%)Y is the quotient field of k[T%]¢.

Proof: The first assertion holds also for quasiaffine varieties. The second is then a formal
consequence for reductive group actions on affine varieties. Let M x C g* be the closure
of Im® where ® : Ty — g* is the moment map. The general isotropy group in 7%
is reductive ([Knl] Korollar 8.2). By [Knl1] Satz 8.1 the same holds for M x. Because
Mx C g* the general orbit is closed in M x. Choose y € Mx general. For all x € T%
we have gr = [ker(d®),]t (see e.g. [Knl] p. 21) Because ®~!(y) is smooth, the orbit

dimension in ®~!(Gy) is constant. Hence, the orbits are closed. O

9.4. Theorem. Let X be a smooth, affine G-variety. Then
a) The algebras k[Mx] and k[T5%]¢ are the commutants of each other inside k[T%].
b) Their intersection k[Lx] is the center of both k[Mx] and k[T%]¢.
c¢) The algebras k[T%), k[T%])¢ and k[Mx] are free k[L x]|-modules.

Proof: a) is proved in [Kn1] Satz 7.6 (see also the first remark after it), provided k(T%)¢ is
the quotient field of k[T%]%. Part b) is obvious from a). All algebras are flat k[L x]-modules
(k[T%]: [Knl] Satz 6.6¢; k[T%]€ as a direct summand of k[T%]; k[Mx]: Lemma 7.2), hence
free ([Bbk] Ch. 2, §11, no. 4, Prop. 7). O

Here is the non-commutative analogue:

9.5. Theorem. Let X be a smooth, affine G-variety. Then
a) The algebras W(X) and D(X)C are the commutants of each other inside D(X).
b) Their intersection 3(X) is the center of both U(X) and D(X)C.
c¢) The algebras D(X), D(X)C and U(X) are free 3(X)-modules (the first one either as
left or as right module).

Proof: The associated graded of the various objects are:
grD(X) = k[Tx]; grD(X) = k[T%]%; erih(X) = k[Mx]; gr3(X) = k[Lx].

The first equality uses that X is affine, the second that G is linearly reductive and the last
two are Theorem 6.1. Thus c) follows from Theorem 9.4, while b) is a consequence of a).
It remains to show that {(X) equals the commutant C of D(X)“. But this follows from
U(X) CC, grC C k[Mx] (by Theorem 9.4) and gril(X) = k[Mx]. O

The statements c) generalize results of Kostant [Kos] for 4(G) and Kostant-Rallis [KR] on

D(X) for X symmetric. Of course, we used [Kos| to derive our theorems.
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9.6. Corollary. Let X be a smooth affine G-variety. Then the center of D(X)C is a

polynomial ring in rk X generators.

The following lemma shows that there are no relations between $4(X) and D(X)¢

except the obvious ones:

9.7. Lemma. Let X be any smooth G-variety. Then, the homomorphisms

UX) ® DX)¢ - D(X) and  k[Mx] ® k[T%)¢ — k[T%]
3(X) k[Lx]

are injective.

Proof: Because gri{(X) is a free gr 3(X)-module, the same argument as in the proof of
Theorem 7.6 shows, that the associated graded of the left hand side is the tensor product
of the associated graded rings. Hence, it suffices to prove the second assertion.

Let T° C T% be open, non-empty, G-stable such that the orbit space Y = TY/G
exists and is affine. Because k[Mx]| is a flat k[Lx]|-module, it suffices to show that
k[Mx xr, Y] — k[T°] is injective. Now, Z := My x, Y is flat over Y with reduced
and irreducible general fibers. Hence, Z is reduced, irreducible and we have to prove that
T° — Z is dominant. Let = € T° be general with image y € Mx. The fiber F of T0 — Z
containing z is 71 (y) NGz = Gyx. Therefore by [Knl] Satz 8.1, dim F =tk X = dim Ly.

This implies that the image of 7" in Z has the same dimension as Z. O

Of course, the image of the homomorphisms above is contained in the commutant
C(X) of 3(X) in D(X) respectively in the commutant C(X) of k[Lx]| in k[T%]. Let
Cx := Spec C(X).

9.8. Theorem. Let X be a smooth affine G-variety. Then:
a) The homomorphism U(X) ®3x) D(X)® — €(X) is an isomorphism.
b) The morphism Mx X (T%//G) < Cx is an isomorphism.

Proof: Of course, we have gr €(X) C C(X). Therefore, it suffices to prove b).

For any f € k[Tx] let Hf be the corresponding Hamiltonian vector field. By definition
of C(X) we have df(Hyp) = {f,h} = 0 for every f € C(X) and h € k[Lx]. For every
x € T% this implies that (df), vanishes on the subspace of the tangent space at =, which is
spanned by the Hy, with h € k[Lx]|. Generically, this subspace has dimension r = dim Ly,
which implies dim Cx < dim7T% — r.

Let again Z := Mx X, (T%//G). The argument in the proof of Lemma 9.7 shows
that the general fiber of Ty — Z equals G'g(,)r which has dimension r and is connected.
Therefore, the factorization 1% — Cx — Z implies that Cx — Z is birational. The

assertion follows now from the following lemma (see e.g. [Lun] Lemme 1.8). O
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9.9. Lemma. The variety Z := Mx X1, (T% //G) is normal and T% — Z is surjective in

codimension one.

Proof: Because Mx — Lx is smooth in codimension one, also Z is smooth in codimension
one. Let Q := T%//G. Both Mx (Lemma 4.3) and ) (Hochster-Roberts, see [Bou]) are
Cohen-Macaulay. Because k[Lx] is a polynomial ring and My — Lx is flat, Z is defined
inside Mx x @ by a regular sequence. Hence, Z is Cohen-Macaulay and therefore normal
by Serre’s criterion.

It remains to show that Ty, — Z is surjective in codimension one. Let D, C Z be a
prime divisor whose general point is not in the image of T%. Every fiber of Mx — Lx
contains a dense G-orbit and the general fiber is an orbit (Lemma 9.3). Hence, the same
is true for Z — . Thus, because D, is G-invariant, there is a divisor D, C ) with
D, = Mx xr Dq. But T — @ is a quotient morphism and therefore surjective. Hence,
there is a prime divisor D; C Tx which is mapped onto D,. Because D; — D, is not
dominant, the fibers of D, — D, cannot be orbits. This implies that the closure D; of the
image of D, in Ly is a proper subset. By flatness it is a divisor. Let D,, C Mx be the
preimage of D;. Every fiber of D,, — D; contains a dense orbit. Let DS,L C D,, be the
union of these. Because the projection D; — D,,, is dominant by Lemma 7.1, the preimage
DY of DY is non-empty. The set D? := D9 xp, D, is of codimension one in Z, hence open
in D,. But DY — D, is dominant and every fiber of DY — D, is an orbit. This implies

that Dy — D, is dominant, in contradiction to the choice of D,. O

The following diagrams summarize the results of this section:

D(X) T
T br
¢(X) Cx
/ \ ,/ 2c 2u \
u(x) DX)E My T3 )G
AN /! 2w 20/
3(X) Lx
7 br
k *

— Each variety on the right hand side is the spectrum of the associated graded of the
corresponding algebra on the left hand side.

— Each algebra is the commutant of the algebra opposite to it in the diagram.

— All homomorphism from 3(X) and all morphisms to Lx are flat.

— The numbers at the arrows in the right diagram indicate relative dimensions. Here,

r=rkX,c=c(X),u= ma))(gdimU:U with the relation dim X = r + ¢+ u.
Tre
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10. Examples

It is not easy to work out examples because the calculations soon become very involved.
Also, it is not easy to find “interesting” examples. In the vast majority of all cases, the
little Weyl group Wx coincides with the normalizer Ny (p + a% ). That means, that every
differential operator in 3(X) is a quotient of operators induced by 3(G). This happens
for example for all symmetric varieties. Also the opposite case, when Wy is trivial, is
not so interesting, because then X is a horospherical variety ([Knl] Satz 9.1) and 3(X) is
generated by the vectorfields induced by the right A x-action.

There is a classification of affine homogeneous spherical varieties ([Kra|, [Mik], [Brl]).
The most interesting cases out of that list are G = SO4,4+1 and H = GL,, C G embedded
as the Levi subgroup of the last maximal parabolic subgroup. We consider X = G/H. Let

V = k" be the standard representation of H. Then we have as an H-representation
hbr=vVaeV oA Ve ANV~

An easy calculation, based on induction on n, shows that the general isotropy group of H
in h~ and hence of G in T% is trivial. Thus, [Kn1] Satz 8.1 implies Sx = U and a% = t*. It
follows, that the general isotropy group of B on X is trivial. A quick dimension calculation
shows that X is spherical. This implies k¥[Lx] = k[h1]. With the help of the tables in

[Sch] one figures out that this ring is generated by functions of degree

2,2,4,4,...,2m,2m for n = 2m
2,2,4,4,...,2m,2m,2m + 2 form=2m+1

The only reflection subgroup of W = BC,, having these degrees is

We — BC,, @ BC,, for n = 2m;
X 71 BC, ®BCpp1 for n=2m + 1;

There is only one ambiguity for n = 5 when also A; & Dy is possible. To rule this out and to
determine the embedding Wx — W, I will use another tool: There is a Wx-stable lattice
I'x C a% (see [Br2] or [Kn4| 4.2), namely the group of characters x; of B-semiinvariant
rational functions f on X (see [Kn4] §2, last formula). Because X is affine, homogeneous
the algebraic Peter-Weyl theorem implies that I'x is also generated by the set of weights
X such that the corresponding irreducible module M, contains a non-zero H-fixed vector.

Returning to our example, let ¢1,...,&, be the canonical generators of the weight
lattice I of SOs,,41. Then one checks I'x = I', hence no progress. But H is of index 2 in

its normalizer N. An easy calculation shows

Fo/nv ={2aici €| > a; iseven}.
1=n(2)
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This implies that Wq,ny = Wi is a subgroup and hence equal to the group claimed above,

and that the embedding is given by the decomposition
I'=(g; |iodd) @ (g | i even).

Finally, the ring extension 3(G) < 3(X) has degree ().

Irreducible representations which are spherical as G-varieties have been classified by
Kac [Kac]. These representations are called multiplicity-free. The ring of invariant dif-
ferential operators has been worked out by Howe-Umeda [HU]. The table is an extract

and a reinterpretation of their results. Only representations containing the scalars are

considered.
X kX af C Wy

i) GL,®GL,m>n>1n e1+E€y, ..., 6n+e, A,

ii) S2GL, n>1 n €1y 1En A1

iii) A2GL, n>2 ri=[2]er +eg,e3 40, 8001+ 2 Arlg

iv) SO,®GL; n>3 2 e1,¢ A

v) Spy,®GL; n>1 1 e1+¢ 1

vi) Spy, ® GLy n > 2 3 e1+el,ea+eh 61+ e AL oA

vii) Spy, ® GLz n >3 6 £1,E2,E3,€1,Eh, €4 As & Ay C BC3 & Ag

viii) Spy, ® GL,,, m =3 5 £1,€2,€1,€5,E% BCy @ A,
m > 4 6 £1,€2,E1,65,¢5, €} BCy; & Az

ix) Spin, ® GL; 2 €1 +¢eg +e3,¢ A

x) Spin;, ® GL; 2 g1+ 2,69 +e3+¢e4 +e5 A

xi) Sping ® GL; 3 €1,69 + €3 +e4,¢ AL DA

xii) (o ® GLy p wy, e A

xiii) Eg ® GLy 3 w1, we, € Ay

Under “a% C t*” we indicated a basis. For the classical groups, €; means a weight
in the defining representation. A prime (e.g. €}) refers to the second factor. In case xii)
and xiii) w; denotes a highest weight in the lowest dimensional representations. There is
always a Wx-fixed vector in a% corresponding to the Euler vectorfield. Case vii) is the
only one in which W is smaller than the normalizer of p + a%: It is of index 2. More
precisely, the generators of D(X)% have degrees 2, 3, 4, 1, 2, 3 while those coming from
U(G) are of degree 2, 4, 6, 1, 2, 3.

As alast example, I consider the commutant of a reductive subalgebra in an enveloping

algebra.
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10.1. Theorem. Let H C G be a connected reductive subgroup with Lie algebra by. Assume
that b does not contain any non-trivial ideal of g. Let (h)"” be the second commutant of

U(h) in U(g). Then

3(g) @4U(h) — U(b)”

k

is an isomorphism. In particular, the center of the first commutant 4(g)" (the “classifying
ring”) equals 3(g) @1 3(h).

Proof: Let G := G x H with Lie algebra g and let tg, ty, t = tg@®ty be Cartan subalgebras
of g, b, § respectively with Weyl groups Wg, Wy, W = Wg x Wy.

Then G acts on X := G where the first factor acts by left and the second factor by
right translations. Now we carry out the previous constructions (Mx, Lx, Wx,...) with
respect to G instead of G.

In the proof of [Kn2] Satz 2.1, I have shown, that the general isotropy group of G in
T3 is finite. By [Kn1] 8.2, this implies rk X = rk G, hence a% = t*. Next I claim Wx = W.
This means, that the general fibers of

U Ty — /W =t /W x t5;/Wxy

are irreducible. From a% = t* it follows that the little Weyl group Wy is generated by
reflections of W. Hence, it decomposes uniquely as Wx = W; x Wy with W; C We and
Wy C Wy. Thus, Lx = t*/Wx =t /Wi x t}; /W2 decomposes accordingly. That means,

that ¥ has irreducible general fibers if and only if the components
Ty — ta/We and Ty — ty/Wpy

have this property. Because Ty = G x g* it suffices to check the maps
g" —tg/We and g"—b" — t5;/Wg

where it is well known. This proves Wx = W.

From that we get Mx = g* and thus,

U(X) = U(g) %ﬂ(b) C U(g) 3%)il(g) C D(X)

which is by Theorem 9.5 the full commutant inside D(X) of

e 1®id
D(X)% =uU(g)" = o) 2 Ule) € D(X).
g
Restricting to right invariant operators, proves the theorem. O
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Remarks: 1. For the proof, the Vanishing Theorem 4.1 is not needed. In fact, Theo-
rem 10.1 claims that in certain cases all central invariant differential operators come from
the center of the universal enveloping algebra. The whole purpose of Theorem 4.1 is to
construct operators that are not induced by 4.

2. Joseph [Jos] proved Theorem 10.1 for many cases. He has even results for non-reductive
groups.

3. Kostant (unpublished) classified all cases, where (g)” is commutative: A non-trivial,
indecomposable pair i C g has this property if and only if it is isomorphic to gl,,_1 C s,
(n > 2) or s0,,_1 C 50, (n > 2). Then Cooper [Coo| proved (g)" = 3(g) ®% 3(h) in these
cases. His proof was later simplified by Howe [How|. All this is still unpublished, and I
was not aware of it, when I wrote [Kn2], which contains the classification and the equality.
With Theorem 10.1 this last part becomes obvious: Because in these cases X is spherical,
U(g)" = D(X)Y is commutative.

11. References

[Abe] Abeasis, S.: On a remarkable class of subvarieties of a symmetric variety. Adv.
Math. 71 (1988), 113-129

[Akh] Akhiezer, D.: On the modality and complexity of actions of reductive groups. Russ.
Math. Surv. 43(2) (1988), 157158

[AHV] Aroca, J.; Hironaka, H.; Vicente, J.: Desingularization theorems. (Memorias de
Matemaética del Instituto “Jorge Juan” 30) Madrid: Consejo Superior de Investi-
gaciones Cientificas 1977

[BB] Beilinson, A.; Bernstein, J.: Localisation de g-modules. C.R. Acad. Sc. Paris 292
(1981), 15-18

[Bor] Borel, A.: Linear algebraic groups, 2. ed.. (Graduate Texts in Math. Vol. 126)
Heidelberg-Berlin-New York: Springer-Verlag 1991

[Bbk] Bourbaki, N.: Algebre, 3. ed. Paris: Hermann 1967

[Bou

[y

Boutot, J.-F.: Singularités et quotients par les groupes réductifs. Invent. Math. 88

(1987), 65-68

[Br1l] Brion, M.: Classification des espaces homogenes sphériques. Compos. Math. 63
(1987), 189-208

[Br2] Brion, M.: Vers une généralisation des espaces symétriques. J. Algebra 134 (1990),

115-143

[BL] Brion, M.; Luna, D.: Sur la structure locale des variétés sphériques. Bull. Soc.
Math. Fr. 115 (1987), 211-226

34



[BLV]

[Coo]

Brion, M.; Luna, D.; Vust, Th.: Espaces homogenes sphériques. Invent. Math. 84
(1986), 617632

Cooper, A.: The classifying ring of groups whose classifying ring is commutative.
Thesis (MIT) (1975), 41 pages

[EGA] Dieudonné, J.; Grothendieck, A.: Eléments de géométrie algébrique IV. Publ. Math.

[Ful]

[HC1]

[HC2]

IHES 28 (1966)

Fulton, W.: Intersection Theory. (Ergebnisse Math. 3. Folge Bd. 2) Berlin-Heidel-
berg-New York-Tokyo: Springer-Verlag 1984

Harish-Chandra: On some applications of the universal enveloping algebra of a
semisimple Lie group. Trans. Amer. Math. Soc. 70 (1951), 28-96
Harish-Chandra: Spherical functions on a semisimple Lie group, I. Amer. J. Math.
80 (1958), 241-310

Hartshorne, R.: Algebraic Geometry. (Graduate Texts in Math. Vol. 52) Heidel-
berg-Berlin-New York: Springer-Verlag 1977

Howe, R.: Some highly symmetrical dynamical systems. Preprint (unpublished)
Howe, R.; Umeda, T.: The Capelli identity, the double commutant theorem, and
multiplicity-free actions. Math. Ann. 290 (1991), 565-619

Kac, V.: Some remarks on nilpotent orbits. J. Algebra 64 (1980), 190-213

Knop, F.: Weylgruppe und Momentabbildung. Invent. Math. 99 (1990), 1-23
Knop, F.: Der Zentralisator einer Liealgebra in einer einhiillenden Algebra. J. reine
angew. Math. 406 (1990), 5-9

Knop, F.: Uber Bewertungen, welche unter einer reduktiven Gruppe invariant sind.
To appear in Math. Ann. (1993), 38 pages

Knop, F.: The asymptotic behavior of invariant collective motion. To appear in
Invent. Math. (1993), 23 pages

Kollar, J.: Higher direct images of dualizing sheaves 1. Ann. Math. 123 (1986),
11-42

Kostant, B.: Lie group representations on polynomial rings. Amer. J. Math. 85
(1963), 327-404

Kostant, B.; Rallis, S.: Orbits and representations associated with symmetric
spaces. Amer. J. Math. 93 (1971), 753-809

Kramer, M.: Spharische Untergruppen in kompakten zusammenhingenden Lie-
gruppen. Compos. Math. 38 (1979), 129-153

Joseph, A.: Second commutant theorems in enveloping algebras. Amer. J. Math.
99 (1977), 1167-1192

Luna, D.: Adhérences d’orbite et invariants. Invent. Math. 29 (1975), 231-238

35



[Mik] Mikityuk, I. V.: On the integrability of invariant hamiltonian systems with homo-
geneous configuration spaces. Math. USSR, Sb. 57 (1987), 527-546

[Sch] Schwarz, G.: Representations of simple Lie groups with regular rings of invariants.
Invent. Math. 49 (1978), 167-191

[Ser] Serre, J.-P.: On the fundamental group of a unirational variety. J. London Math.
Soc. 34 (1959), 481-484

[Wal] Wallach, N.: Real reductive groups I. (Pure Appl. Math., Vol. 132) Boston: Aca-
demic Press 1988

36



