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Abstract: In this note we generalize several well known results concerning in-
variants of finite groups from characteristic zero to positive characteristic not
dividing the group order. The first is Schmid’s relative version of Noether’s the-
orem. That theorem compares the degrees of generators of a group with those
of a subgroup. Then we prove a suitable positive characteristic version of Weyl’s
theorem on vector invariants: polarization works in small degrees. Using that we
show that the regular representation has the “most general” ring of invariants,

thereby generalizing theorems of Schmid and Smith.

1. Introduction

Let G be a finite group acting linearly on a k-vector space V. If k = C, Noether showed
in [N] that the ring k[V]¢ of G-invariants is generated by invariants of degree < |G|. This
is called Noether’s bound. An inspection of her proof reveals that it stays valid for any
field k of characteristic 0 or characteristic p > |G|. It has been a long standing question
whether Noether’s bound holds under the weaker assumption that p does not divide |G]|.
This has been proved only recently by Fleischmann [F11] and Fogarty [Fo).

Meanwhile, Schmid showed in [Sch] that Noether’s bound is sharp only for cyclic
groups. Again, her proof is valid if either p = 0 or p > |G|. The only reason why
Schmid’s proof doesn’t carry over to characteristics not dividing |G| is a certain refinement
of Noether’s theorem which compares degrees of generators of G-invariants with those of
H-invariants where H is any subgroup of GG. The purpose of this paper is to provide this
tool for p f|G| (see Theorem 3.3 for a precise statement).

After a first draft of this note has been completed it came to my attention that this

has also been done independently by Fleischmann, [F11], and Sezer, [Se|. Nevertheless, we
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find it still worthwhile to include a proof. First, our proof is an adaptation of Fogarty’s
(as opposed to Fleischmann’s) proof of Noether’s bound. Secondly, we introduce another
numerical invariant of independent interest. More precisely, in section 2 we look at the
zero fiber of the quotient map V' — V/G (the null cone) which is the spectrum of a local
Artinian ring. We study the degree of nilpotence of its maximal ideal in Theorem 2.1 and
show that it is closely related to degrees of generating invariants.

In a further section, we study degree bounds for algebras over arbitrary ground rings
k. We show that it suffices to consider for k a field and even there the problem depends
only on the characteristic of k with char k = 0 giving the lowest bounds.

The second major thread of this paper is Weyl’s theorem on vector invariants. It
asserts that one can obtain all invariants on any number of copies of a representation V'
from invariants which live on only dim V' copies. The process allowing this is called polar-
ization and works in that generality only in characteristic zero. Nevertheless, in positive
characteristic it is plausible that polarization still works in “low” degrees. Theorem 5.1
makes this statement precise. On the other hand, generating invariants for finite groups
have “low” degree by the theorem of Noether-Fleischmann-Fogarty. This yields Weyl type
theorems for vector invariants in positive characteristic. In particular, we strengthen the-
orems of Schmid and Smith according to which the regular representation has the most
general ring of invariants.

It should be added that even in characteristic zero our approach is not without inter-
est. It yields a completely elementary proof of Weyl’s theorem for the (special but most
important) case that G is linearly reductive. In particular, we avoid the use of Capelli’s

identity and representation theory of GL(n).

Acknowledgment: The author would like to thank the referee for very carefully reading

the manuscript.

2. The degree of nilpotence of the null cone

Let A be a commutative ring. For a subset S let (S) be the ideal generated by S. Now

assume that the finite group G acts on A. For a G-invariant ideal m C A we define
(2.1) ng(m) :=inf{d € N | m% C (m“)}.

It is well known that for finite groups, the fibers of Spec A — Spec A® are precisely the G-
orbits. Thus m and (m®) define the same vanishing set in Spec A, which implies ng(m) < oo
whenever A is Noetherian (see also Corollary 2.2 below). The most important case will be

when A is the ring of polynomial functions on a representation of G and m the maximal
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ideal corresponding to the origin. Then (m®) defines the null cone and ng(m) — 1 is the

degree of nilpotence of the maximal ideal of A/(m%).

2.1. Theorem. Let H C G be a subgroup and assume |G : H) € A*. Then
(22)  ng(m) <[G: H]nw(m).

Proof: Let d := [G : H]. Choose d arbitrary elements a, € m* which are indexed by
u € G/H. In the following, we will regard u as an element of G representing its coset.

Consider the expression

(2.3) o= Z H (va, — uay)

weG/HveG/H

Since every product contains a zero factor, namely the one corresponding to v = u, we

have ® = (0. On the other side, we can expand the product and get
24) =) (-1¥log
s

where S ranges over all subsets of G/H and
(2.5) by = Z H(U%) H(uav) = H(U%) Z u( H av>
ueG/H vgS veS vgS ue€G/H veS

Thus, &g € (m%) unless S = () when &3 = d Hveg/H va,. Since the a, were arbitrary
and d € A* we get

(2.6) IT vim™) € (m).

veG/H

With e := ng(m) we have by definition m¢ C (mf). Thus,

This implies ng(m) < de = [G : H] ng(m). O
For H =1 we get:
2.2. Corollary. Assume |G| € A*. Then ng(m) < |G|.
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3. The degree of generators

Let A = ®3° A4 be an N-graded commutative ring. We use the notation A<,, 1= ®}_,Aq
and analogously A>,, := @32, Aq. Of particular interest is the ideal A>; which we denote
by m. We define

(3.1) B(A) :=inf{n € N | A is generated as a ring by A<, },

which is the smallest degree of a generator of A. Now assume that the finite group G acts

on A by degree preserving automorphisms.
3.1. Lemma. Assume 3(A) <1 and |G| € AX. Then B(A%) < ng(m).

Proof: Let e := ng(m). By the classical argument of Hilbert, any set of G-invariant
generators of the ideal (m®) also generates the ring A“. Thus, we have to show that (m%)
is generated by invariants of degree < e. To that end, it suffices to show that (m%) is
generated by elements (invariant or not) of degree < e since each of them can be expressed
in terms of invariants of degree < e.

By definition, m¢ C (m%). Since B(A) < 1 we have m® = As. and that ideal is
generated by A.. Thus, (m%) is generated by AS_ | and A.. This implies that (m%) is
generated by Age. B O

For the next statement let A(G) be the polynomial ring over A in |G| variables {xz, |
g € G} with the G-action extended by gz, := z4p. It is also N-graded with degz, = 1. We
can write A(G) = A ®z Z(G) where Z(G) = S*(Z|G]) is the symmetric algebra over the
(integral) regular representation of G. Using this, we see that A(G) is actually bigraded
where a € A; and x4 have bidegree (d,0) and (0, 1), respectively. The following result is a

partial converse of Lemma 3.1.
3.2. Lemma. For any A we have that ng(m) < B(A(G)Y).

Proof: Let b:= B(A(G)Y). For a € A, with e > b let

(3.2) a:= Z u(azry) = Z(ua)a:u e A(G)C.

ueG ued
Its bidegree is (e,1). Since A(G)Y is generated by elements of degree < b we can write
a as a sum of products p - ¢ where p and ¢ are bihomogeneous G-invariants of bidegree
(c,0) and (e — ¢, 1) respectively. We may assume that degqg = e — ¢+ 1 < b. This implies
c>e—b+1>1. Thus, p € m®. Comparing the coefficient of x; in the expression
a =Y. pq, we obtain a € (m%). Thus m* C A5}, C (m%). O
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Combining these comparison lemmas with Theorem 2.1, we obtain:

3.3. Theorem. Assume B(A) <1 and |G| € A*. Let H C G be a subgroup. Then
(3:3)  B(A%) <[G: HJBA(H)™).

Proof: Indeed,

B(AY) < ng(m) (by Lemma 3.1)
(3.4) < |[G: H|ng(m) (by Theorem 2.1)
<|[G: H|B(A(H)H) (by Lemma 3.2) O

Remark: Since Theorem 2.1 holds under the weaker assumption [G : H|] € A* one might

wonder whether also Theorem 3.3 holds in that generality.
Taking for H the trivial subgroup, we obtain Fleischmann’s and Fogarty’s theorem:
3.4. Corollary. Assume 3(A) <1 and |G| € A*. Then B(A%) <|G]|.

This suggests a definition. For a fixed ground ring k let B¢x(G) := sup 4 B(AY) where A
runs through all N-graded k-algebras with G-action and with 5(A) < 1. The following

generalizes a theorem of Schmid [Sch] for k£ = C:

3.5. Corollary. Assume |G| € k* and let H C G be a subgroup. Then
(35)  B(G) < [G: H]Bk(H).
In particular, Br(G) < |G|.

For arbitrary N-graded algebras we have

3.6. Theorem. Assume |G| € kX and let A be a k-algebra. Then B(AS) < Bp(G)B(A).

Proof: Let b := 3(A) and let A be the free commutative Ag-algebra over the Ag-module
@ZzlAd. Then A has two degree functions, deg and deg’, where an element of Ay has
degree d or 1, respectively. Clearly, we have deg < bdeg’. If we denote A equipped with
the grading deg’ by A then B(fl) <1.

There is a natural map of A onto A. Hence ZG — A% is also onto. Therefore,
G i iG
(36)  B(A™) < B(A") <bB(A™) < bBk(G). O

The following consequence is due to Schmid [Sch] for £ = C and to Fleischmann [F11]

in general:



3.7. Corollary. Let N <G be a normal subgroup with [G : N] € k* and A a k-algebra.
Then

(3.7)  B(AY) < Br(G/N)B(AN)

In particular, Bi(G) < Bx(G/N)Bk(N).

Proof: Apply Theorem 3.6 to G/N acting on AN, O
Now, we can state the following generalization of Schmid’s result:

3.8. Theorem. Let G be a non-cyclic group with |G| € k*. Then [i(G) < |G]|.

Proof: A close inspection shows that Schmid’s proof works now (i.e., after having proved

Corollary 3.5) for any N-graded k-algebra. O

For completeness we state two more results without proof. In characteristic zero,

Domokos and Hegediis strengthened Schmid’s theorem to:
3.9. Theorem. ([DH]) Assume k = C. Let G be a non-cyclic finite group. Then

31G| if |G| is even

(3-8)  B(G) < { 2G| if |G| is odd

The only part of the proof which cannot be easily carried over to positive characteristic is
Schmid’s calculation of (3 for dihedral groups. This has been done by Sezer who thereby

proved

3.10. Theorem. ([Se|]) Theorem 3.9 holds for any field k whose characteristic does not
divide |G)|.

In analogy to Bx(G) we can define 7, (G) as supy , n¢(m) where A runs through all
(not necessarily graded) k-algebras with G-action and m through all G-invariant ideals of
A. Then Corollary 2.2 says n;(G) < |G| whenever |G| € k*. In fact, we have:

3.11. Theorem. For all finite groups G with |G| € k* holds ni,(G) = Br(G).

Proof: Lemma 3.1 shows (x(G) < ni(G). For the converse inequality, let m be a G-
invariant ideal in the G-ring A. Let A be the blow-up algebra of A along m, i.e., A is the
N-graded subring &5 ;m?? of A[t]. Let m := A>;. Then Lemma 3.2 implies

(3.9  ne(®) < BAG)Y) < Br(G).

Let 7 : A — A be the composition of A < A[t] - A where ¢ maps to 1. By linear
reductivity, we have 7((m%)) = (m%) and (obviously) m(m?) = m?. This implies ng(m) <
nc(m), hence n,(G) < Bi(G). O



Remark: If chark divides |G| then Richman has shown (;(G) = oo (see Theorem 4.3
below). It is feasible that this is also true for 75 (G). Then one could remove the assumption
|G| € k* in Theorem 3.11. As an example, we compute 7 (G) where G = {1,0} is the
group of order 2 and chark = 2. Let V = k" with coordinates z1,...,Zn, Y1, .., Yn and
assume o(x;) = 1;. Let A = Ek[V]. Then A% is generated by all z;y;, 1 <4 < n and 2% +y°,

G

a € N, In particular, m® contains x; +v;. That means A/(m®) = k[xy,...,2,]/I where I

is the ideal generated by all —z? and all (1+(—1)l*2* with |a| > 0. In characteristic two,
the second kind of elements are all zero. Therefore, A/(m%) = k[xy,...,z,]/(23,...,22).

r'n

Since x1 ...z, € I we have ng(m) =n + 1. Thus, n,(G) = cc.

4. Some functoriality properties

In this section, we develop some machinery to compute [;(A) for arbitrary ground rings
k.

4.1. Theorem. Let ¢ : k — K be a ring homomorphism. Then 0i(G) > Br(G) with
equality iof @ s faithfully flat.

Proof: Let A be a graded K-algebra with G-action and 5(A) < 1. By means of ¢, we
can consider A as a k-algebra. Since 3(A) and B(A%) depend only on the underlying ring
structure, we get Bx(G) > Bk (G).

Now assume that ¢ is faithfully flat and let A be a graded k-algebra with G-action
and B(A) < 1. Put B:= A%, A:= A®, K and B:= B®, K. Then B = i Indeed, by

flatness, the exact sequence
(4.1) 0— B— AT ¢,cqA

stays exact upon tensoring with K. Now we claim 8(B) > 8(B). For b := 3(B) and any
d € N let C' be the cokernel of

(4.2) P B,®..®B;, — B

Yij=d
0<i;<b

This map becomes surjective after tensoring with K. Thus, C ®; K = 0. Faithful flatness

implies C' = 0 and the claim follows.
We conclude 3(A%) < ﬁ(ZG) < Bk (G) for arbitrary A, hence 0i(G) < Bk (G). O

4.2. Corollary. Let k be a field. Then [Bi(A) depends only on the characteristic of k.
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In view of this result, we write 3,(G) := Br(G) where k is any field of characteristic p.
Next, we cite a result of Richman, [R], which shows that in the modular case there is

no universal bound on the degree of generators:

4.3. Theorem. Let k be a field whose characteristic divides |G|. Then B(S;(U)%)

is unbounded, where U runs through all finitely generated k[G]-modules. In particular,

This is being used in the proof of:

4.4. Proposition. Let k be an arbitrary ring. Then, to compute B (G) it suffices to take
the supremum over all 3(S;(U)Y) where U is a finitely generated k[G]-module.

Proof: First assume that |G| is not invertible in k. Then there is a prime divisor p of |G|
with p € kX, ie., pk # k. Let m C k be a maximal ideal containing pk and K := k/m.
Then char K = p and the assertion follows from Theorem 4.3.

Thus, we may assume |G| € k*. Let A be any graded k-algebra with G-action and
B(A) = 1. Let b := B(A%). Then there is f € A§ which is not a polynomial of lower
degree invariants. Clearly, we may assume b > 1. Hence, f is a polynomial of finitely
many elements of Ay with coefficients in k. Let U be the k[G]-module generated by these
elements. Then we get an algebra homomorphism S*(U) — A whose image contains f.
Since G is linearly reductive, we can lift f to an invariant f € S2(U)%. Clearly, we can’t
obtain f as a polynomial of lower degree invariants, either. Hence B(S*(U)Y) > B(AY)

which shows the assertion. O

Now we can reduce the computation of 8;(G) for an arbitrary ring %k to fields. For

this we define

[ {0} if Q C k;
(4.3) char(k) := { {p|p&k*} otherwise.

4.5. Theorem. Let k be any ring. Then

(4.4) Br(G) = sup{B,(G) | p € char(k)}.

Proof: If Q C k then k is faithfully flat over Q and the assertion follows from Theorem 4.1.
Thus, assume Q € k. If p is not invertible in k then there is a maximal ideal m such that
k/m has characteristic p. Thus, Sk (G) is at least as big as the left hand side of (4.4). In
particular, we are done if one of the 3,(G) is co. Thus we may assume that |G| is invertible

in k.



Let A be a k[G]-algebra which, by Proposition 4.4, we may assume to be of the
form A = S;(U) where U is a finitely generated k[G]-module. This implies that each
homogeneous component Ay is a finitely generated k-module. Being a direct summand the
same holds for AS.

Let m C k be a maximal ideal. Then we claim that
(4.5) A @ k/m — (A® k/m)¢

is an isomorphism. Indeed, injectivity follows from the fact that A% is a direct summand
of A. Moreover, AY — (A/mA)Y = (A ®; k/m)% is surjective since |G| is invertible in k.

Let b be the right hand side of (4.4) and let C(b,d) be the cokernel of (4.2). Then
C(b,d) @y k/m = 0 for every maximal ideal. Since C(b,d) is finitely generated this implies
C(b,d) = 0 (Nakayama Lemma). Thus 3(A%) < b and therefore 3 (G) < b. O

4.6. Corollary. For any ring k holds Bi(G) < oo if and only if |G| € k*.
A similar argument shows that k = Q is the best possible case:

4.7. Theorem. For all primes p holds $,(G) > Bo(G). For almost all primes holds
equality.

Proof: If p divides |G| there is nothing to prove since then (3,(G) = oo (Theorem 4.3). Thus
assume p ) |G|. Let k = Z, be the ring of p-adic integers with field of fractions K = Q,
and residue field F,,. By Proposition 4.4, there is a finite dimensional K[G]-module Uk
with B(S% (Uk)®) = Bo(G) =: by. Let Uy C Uk be a G-stable lattice and A := S; (Uy).
Let A:= A®;F,. Since A is an Fj-algebra, it suffices to prove ﬁ(ZG) > by.

The same argument as for (4.5) shows that
(4.6) A¢ Rk Fp — (A®y FP)G

is an isomorphism. Now let B := A“ and consider for any b again the cokernel C(b, d) of
the map (4.2). For any b < by there is a d > 0 such that C(b,d) @, K # 0. But C(b,d)
is a finitely generated k-module which implies C(b, d) ®j F), # 0. This implies that B(ZG)
can not be smaller than b.

Now we show that conversely 3,(G) < Bo(G) for almost all primes. Let k(G) be the
symmetric algebra over the regular k-representation. Let fi,..., f, be a minimal set of
generators of Q(G)“. Let hy,...,h, be generators of Z[%](G)G where g := |G|. Then there
is a multiple N of g such that the f; are defined over k := Z[+-] and such that all h; are
in the k-algebra generated by the f;. This implies that k(G)® is also generated by the

fi- The homomorphism k(G)¢ — F,(G)¢ is surjective where p is any prime not dividing
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N. This implies 8(F,(G)%) < B(Q(G)%). We conclude with theorems of Schmid [Sch]

and Smith [Sm] (see also its generalization, Corollary 7.5, further down) which assert
BQ(G)?) = fo(G) and B(F,(G)Y) = B,(G) for p > |G]. O

Remark: Presently, no group G and prime p not dividing |G| with 8,(G) > 5o(G) seems

to be known.

5. Polarization in positive characteristic

From now on, k& will be a field which, for convenience, we assume to be infinite. We set
p = char k if positive and p = oo otherwise. Let V' be a k-vector space of dimension ¢ < oco.
Let k[V]s = S%(V*) be the space of polynomial functions which are homogeneous of degree
d. We are interested in the space V®" of n-tuples of vectors in V.

There is a natural action of the algebraic group GL(n) on V" =V @ k™. Let S
be a subset of k[V®"]. Then the GL,-submodule (S)cr(n) generated by S is called the

polarization of S. The action of the Lie algebra is given by the polarization operators

¢
0
5.1 P = Tij—, 1<j4,7<n
(5.1) Jj ; ij 8%’;’/ >7] =
where 21, ..., x¢; are coordinates of the j-th copy of V in V. If m < n then we consider

VO™ as a quotient of VO by forgetting the last n —m components. In characteristic zero,
it follows from work by Weyl ([We] I1.5) that every function on V" with n > ¢ := dim V'
can be obtained by polarization from functions on V*. In positive characteristic this is

true in sufficiently small degrees.

5.1. Theorem. Letn >m > ¢ :=dimV and d < (p— 1)m. Then
(5.2)  k[VE]q = (k[VO"]d)aLmn)-

Proof: First, by replacing V with V @ k™ ¢ we may assume that m = ¢. Moreover, it
clearly suffices to treat the case n = m + 1 = £ 4 1. The proof will proceed by induction
on / starting at the trivial case £ = 0.

We label the copies of V&*1 by j =0, ..., ¢ such that Vo correspondstoj =1,..., /.
The coordinates of the j-th copy are denoted by z1;,...,2¢;. A monomial in the x;; can

be represented by an N-valued matrix

aijp aix ... Quy
(5.3) A=
o @p1 ... Que
where z4 = [L; xfjj Its degree is deg A := 3, a;;.
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We introduce a total order on the set of matrices A as follows. Let r; = r;(A) = > a;;
and ¢; = ¢;(A) = Y, a;; be the row and column sums, respectively. Then we define the

index of A as the vector
(5.4) INd A = (CoyenvyCo Ty ey TE Q10 -« oy Q10 Q205+« « 3 A20y « + vy QgQy -« - (pp)-

In words: ind A starts with the column sums followed by the row sums followed by the
coefficients read from left to right, top to bottom. We say A < B if ind A is lexico-
graphically smaller that ind B. We have to show that degA = d < (p — 1)¢ implies
2 € X (0, d) = (k[V®]3)gL+1)- Let A be the smallest counterexample.

First, observe that X (¢, d) is invariant under both GL(¢) (acting on V') and GL({+1)
(by definition). Thus, the property z# € X(¢,d) is invariant under permutations of the

rows or the columns of A. The minimality of A implies

(5.5) co(A) <...<c¢(A) and
(5.6) ri(A) <...<r(A).

From d =), r;(A) < (p — 1)¢ we obtain
(5.7) ri1(A) <p-—1.

The matrix A must have a non-zero entry in the first column since otherwise z4 €
k[V®Y, € X(¢,d). A fortiori, there is non-zero entry a;; with i + j < £ (i.e., which is
strictly above the dotted diagonal in (5.3)). Let a;; be the first one, where we read from
left to right and top to bottom. Then a;; is not in the last column and the entries above
aij4+1 are all zero.

Let A be the matrix obtained from A by replacing the entries ai; and a;;41 by a;; —1
and a4 1+ 1, respectively. Since ¢;(4) < ¢;(A), the minimality of A implies 24 € X (¢, d).

Now apply the polarization operator Pj;; to 4. Then we get
(58)  Pip1(a™) = (a1 + D2’ + aiprjnz® + .+ agaz® € X(4,d).

Here, A, is the matrix

aij -1 aij+1 -+ 1

Ay j +1 Qpj+1 — 1
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Since all A, are smaller than A we obtain® a;;41 +1 =0 in k. In particular, we get
(510) Qi j Z 1 and Qij41 Z D — 1.

Let // :=/+1—14>j+ 1. Then a; is on the diagonal starting from aq:

0 T | N #p
0 a’ij aij+1 Qg

(5.11) A=
apo a1 Qppr Qpp

Let A’ be the submatrix of A consisting of columns 0,...,¢. From (5.10) we get r; > p
which implies ¢/ < £ by (5.7). Moreover we have p —1 < ¢jy1 < cpy1 < ... < c¢o. Hence

(5.12) degA'=co+...tco <(p—1)l—(p—1)(£—-0)=(p—1)0.

Now observe that the first ¢ — 1 = ¢ — ¢/ rows of A’ are zero. Hence, the monomial a4
“lives” on (V/)®+1 where dim V' = ¢. Thus we can use induction and conclude that
z#" can be obtained by polarization from (V' )693/. But then the same polarization process

produces 24 from V@ in contradiction to the choice of A. O

Remarks: 1. The proof shows that under the given conditions it suffices to apply just
polarization operators and column permutations.

—1 cannot be obtained from

2. One can show that the monomial x19(x11...210)P
polarization of polynomials on fewer than ¢ + 1 copies of V. This shows that the given

degree bound is optimal.

6. Weyl’s theorem

Let k£ and p be as in the preceding section. We are going to apply polarizations to invariant
theory. Let U and V be two finite dimensional representations of a finite group GG. Then
the GL(n)-action on U & V®™ commutes with G, hence we get an GL(n)-action and a
notion of polarization on k[U @ V"%, If m < n we can restrict invariants from U @ V&
to U @ V®™. This process is kind of inverse to polarization and is called restitution.

6.1. Theorem. Let S be a generating set of G-invariants on U & VO™ where n >

max(dim V %) Then the polarization of S generates the ring of invariants on U@V ®™

for any m > n.

L In characteristic 0, we are done at this point: A can’t exist.
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Proof: First, let us remark that G is linearly reductive. Indeed, otherwise 0 (G) = oo and
m would not exist.

Let P,, € End k[U & V®™] be the subalgebra generated by all polarization and per-
mutation operators. Let A(m) be the algebra generated by P,, - S C k[U & V®™]. Since
P, commutes with G we have A(m) C k[U @ V™%, We have to show equality.

The formulas P(fg) = P(f)g + fP(g) for any polarization operator and = (fg) =
w(f)m(g) for any permutation imply that

(6.1)  Pum(fg) S Pm(f)Pm(g)

for all f,g. This shows that A(m) is a P,,-module. Let d < (;(G). Then the assumption
on n and Theorem 5.1 imply that the map

(6.2) PnRkUaVO|, — kU V®™),

is surjective. By linear reductivity of G we obtain

(6.3) P k[Ud VO =k[U @ VOIS,

On the other hand,

(6.4) P -k[UDVEG =Py - k[S]a € PmA(m)g = A(m)g.

Thus, we have proved that A(m) contains all G-invariants of degree < (;(G) which implies

that it consists of all invariants. O

This theorem provides a means to construct a representation of G which has the “most
general” ring of invariants. To make this more precise, we extend our notion of polarization.
Let U be a G-module. For any subset S of k[U] let Pol”(S) be the Aut®(U)-module
generated by it. Observe, that if |G| € k* then Aut®(U) is just a product of general linear
groups corresponding to the isotypic components of U. There are two more operations: If
V C U then Resg(S ) be the set of restrictions of elements of S to V. Conversely, if U is
a quotient of V' let Extg(S) be the set of pullbacks. Now, we define

Definition: A G-module U has universal invariants if for every finite dimensional G-
module V' the set

(6.5) Resy Pol”®Y Ext{®V (9)

generates k[V]“ where S is any generating set of k[U]°.

In other words, if U has universal invariants then one obtains a generating set of invariants

for any other G-module by the following process: 1. Start with generators for k[U]%. 2.
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Think of them as invariants on U @ V. 3. Apply Aut®(U @ V) to S. 4. Restrict the
ensuing invariants to V.

One of the main properties of a module with universal invariants is:
6.2. Theorem. Assume U has universal invariants. Then By (G) = B(k[U]%).

Proof: First, B,(G) is the supremum of the B(k[V]® where V rtuns through all finite
dimensional G-modules (Proposition 4.4). Then the assertion follows from the fact that

the process of extension, polarization, and restriction does not change degrees. O
Our main criterion for having universal invariants is:

6.3. Theorem. Assume |G| € k*. Let U be a representation of G in which every

irreducible module M appears with multiplicity at least max(dim M, B ’“5(1;)) Then U has
P

universal invariants.

Proof: Let S be a generating set of k[U]“ and let V' be a finite dimensional G-module. We
show by induction on the number of isotypic components of V' the more general statement
that Aut®(U @ V) - S generates k[U @ V]%. We start with V' = 0 where the assertion is
trivial.

Assume that the simple module M appears in V. Write U = U’ @ M®™ and V =
V' @& M®" such that M is not contained in U’ and V’. The set 8’ := Aut®(U @ V') - S
generates k[U @ V’']% by the induction hypothesis. We have U @ V' = (U’ @ V') & M®™
while U@V = (U' @ V') @ M®™*", Theorem 6.1 implies that k[U @ V]% is generated by
Glim+n)-S" =Gl(m+n) - At U s V') -S=AntCUaV)-S. O

6.4. Corollary. Assume |G| € k*. Then G has a finite dimensional representation with
uniwersal invariants. More precisely, assume that U contains every irreducible module with

multiplicity at least |G|. Then U has universal invariants.

Proof: Let M be an irreducible representation of GG. Since M is a quotient of the regular
representation, we have dim M < |G|. On the other hand, % < |G| by Corollary 3.5.00
6.5. Corollary. Assume p > [i(G). Then the reqular representation of G has universal

mvariants.

Proof: We may assume that k is algebraically closed. Then the regular representation
contains each simple module W with multiplicity dim W. The assertion follows from
Bl <1 < dimW. O
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7. A further improvement

One can try to obtain better results by generalizing the polarization process. The point
is that in positive characteristic, the commutator algebra of GL(V') in End(k[V®™] is not
generated by the image of GL(m) (not even in a topological sense).

In general, one can replace P, by any subalgebra P,, of endomorphisms of k[V®™]
which commutes with the GL(V)-action and which satisfies the multiplicativity property
(6.1). We will not pursue this direction in any detail but illustrate it by the following easy
fact:

7.1. Theorem. Assume dimV = 1 and P, := End““V) (k[V®™]). Then for any d > 0
holds

(7.1) k[VE™ g = (k[V]a)p, -

Proof: The group GL(V) = GL(1) acts on Wy = k[V®™]; by the character t — t2.
Hence, P,, = [12, Endy W,. This implies that any non-zero element generates W, as a
P,,-module. O

Remark: This theorem also serves as an example that P,, may be bigger than P,,. In

fact, k[V¥™], is a simple P,,-module but, in general, it is not a simple GL(m)-module.

7.2. Lemma. Let P,, be as in Theorem 7.1. Then for any f,g € k[V®™] holds P,,(fg) C
Pin(f)Pm(9)-

Proof: Let f = Y, fa be the decomposition into homogeneous components. Since P,,
contains the projection onto k[V®™]; we have f3 € P,,(f). Hence, we may assume that f
and g are homogeneous of degree, say, d and e, respectively. But then P,,(f) = k[V®™]4
and P,,(g) = k[V®™]., hence P, (f)Pm(9) = k[VE™|gre 2 P(f9g). O

Now assume |G| € k*. For an arbitrary G-module V' we generalize the polarization
process as follows. Let V. = @&; M be the isotypic decomposition of V. Let Py C
End k[V] be the subalgebra which is generated by GL(m;) if dim M; > 1 and by P,,, if
dim M; = 1. For a subset S C k[V] let mV(S’) =Py (9).

We say a module U has weakly universal invariants if k[V]¢ is generated by
(7.2)  Resy Dol " ExtU®V(S)

where V is any finite dimensional G-module and S is any generating set of k[U]“. Then

we get the following analogue of Theorem 6.3

7.3. Theorem. Assume |G| € k*Let U be a representation of G in which every one-

dimensional module appears at least once and every other irreducible module M appears
ﬁk(G))
oy

7). Then U has weakly universal invariants.

with multiplicity at least max(dim M,
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The analogue of Corollary 6.5 is

7.4. Corollary. Assume k is algebraically closed. Let
(7.3) C:=inf{dim W | W simple G-module, dim W > 1} € [2, o0].

Assume p > w + 1. Then the regular representation R of G has weakly universal
invariants. In particular, B (G) = B(k[R]Y).

If we combine this result with the bound of Domokos-Heged{is-Sezer we obtain the following

strengthening of theorems of Schmid, [Sch], and Smith, [Sm].
7.5. Corollary. Assume |G| € k* and p > 2|G|+ 1. Then B,(G) = B(k[R]).
Proof: If G is cyclic then ¢ = co. Otherwise £ > 2 and $;(G) < 2|G| by Theorem 3.10. O

Remark: The condition in [Sch] is char & = 0. In [Sm] it is p > |G|.
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