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Stationary Nonequilibrium Solutions of
Model Boltzmann Equation’

N. lanire? and J. L. Lebowitz?

Received December 14, 1984

We give an explicit solution of a model Boltzmann kinetic equation describing a
gas between two walls maintained at different temperatures. In the model, which is
essentially one-dimensional, there is a probability for collisions to reverse the
velocities of particles traveling in opposite directions. Particle number and speeds
{but not momentum/} are collision invariants. The solution, which depends on the
stochastic collision kernels at the walls, has a linear density profile and the energy
Jhux satisfies Fourier's faw.

1. INTRODUCTION

A central problem in statistical mechanics is the characterization of
stationary nonequilibrium states of macroscopic systems. One way in
which such states can be achieved operationally is by coupling the system
to thermal baths which are maintained at constant unequal
temperatures.!"?’ We expect that after some initial transient time the
system will approach a stationary state in which there is a steady flux of
energy going from the hot bath to the cold bath. We wish then to describe
the properties of such stationary nonequilibrium systems.

We note first that in analogy with the equilibrium situation,
corresponding here to the case in which all baths are at the same tem-
perature, we can consider such systems at various levels of description: (a)
the macroscopic/hydrodynamic, (b) the mesoscopic/kinetic, and (c) the
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microscopic/Gibbsian. At present, there is considerable understanding on
the first of these levels; i.e., a description entirely in terms of hydrodynamic
variables, satisfying the Navier-Stokes equations with suitable boundary
conditions, is known, at least for systems close to equilibrium.'®’ There is,
however, a paucity of information on the more microscopic levels.* ¥ In
particular there are no explicit solutions of the Boltzmann equation or the
generalized Liouville equation which describe realistic stationary non-
equilibrium states. In fact even the existence and uniqueness problem of
such states is far from settled.

Given this situation it seems useful to consider simple models, contain-
ing at least some elements of the real problem, for which some of these
questions can be answered explicitley. This is what we do in this paper: We
find the explicit stationary solutions of a Boltzmann-like kinetic equation
describing a “gas” between two walls, located at x = + L, maintained at dif-
ferent temperatures. To accomplish this we have to assume that the system
is uniform in the y and z directions. In fact we ignore these directions
entirely. What is left then is a one-dimensional system of point particles
moving on a line of length 2L {like beads on a wire) which undergo “model
collisions” with each other and with the walls. The use of model collisions
between the particies is essential here since particles undergoing true elastic
collisions in one dimension merely exchange velocities and so leave the
velocity distribution unaffected. There are many choices for the model
collisions.'"™'" We assume that when two particles meet they either pass
through each other unaffected (which is equivalent to saying that they
exchange wvelocities) or have their velocities reversed, e,
vy, Uy — —¥;, —U,. We simplify matters further by assuming that the first
case, i.e., noncollision, occurs whenever the particles move in the same
direction, that is, v, and v, have the same sign.

The resulting kinetic equation now becomes “almost™ entirely trac-
table and we can find, more or less explicitly, the one-particle position and
velocity distribution in the stationary state.

1.1. Description of Model

We consider a one-dimensional system of point particles confined to a
box, —L<x<L, whose walls are in contact with heat baths al specified
temperatures. These are modelled"'” by stochastic kernels K,(v, v');
v, v' 20, a=+. K,/ (v, v") 1s the probability density for a particle with
velocity av’ hitting the wall at ol to come off with a velocity —oav. We sim-
plify matters further by assuming, as is often done, that K (v, v’} =0H (v},
independent of v'; i.., the accommodation coefficient is unity."'" Inside the
box the particles can undergo binary collisions which conserve energy, i.e.,
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if v} and v} are the velocities prior to a collision and v, and v, the velocities
after a collision, then

v, =3, vy =1 (1}

or

vy = —vi, Uy = —D) (2)
(1) is what really happens in one dimension. It corresponds to an exchange
of velocities between the particles and has no effect on the distribution of
velocities in the system. Our modelling now consists in assuming that (2}
occurs with a probability

plvy, v3) = po(—viv3) (3)

where #(z)=1, z>0; 8(z)=0, z<0; and p<1 is a constant,

The time evolution of the macroscopic state or Gibbs ensemble of an
N-particle system with the above partly deterministic partly stochastic
dynamics will satisfy a generalized Liouville or master equation in the 2N-
dimensional phase space.'"?’ Equivalently, its /-particle distribution
function, I=1,., N, will satisfy a BBGKY hierarchy of equations. To
obtain a kinetic description in which the one-particle density satisfies an
autonomous equation, analogous to the Bolzmann equation, we need to
make the usual “schtoszahlansatz” or go to the Boltzmann-Grad limit."'¥
The latter would correspond here to letting N - oo, p =0 in such a way
‘that the mean free path (p N/L)™', remains of order unity. Under these
assumptions, or limits, we obtain a Boltzmann-like equation for the
(suitably normalized) one-particle distribution function, with p— p, p >0
This will be given in Section 2, where we also compute the entropy produc-
tion in this system. In Section 3, we obtain the stationary solution of this
equation and consider the hydrodynamical limit of the solution. The
solution can be written in a very explicit way in the case where the only
velocities are + 1, +2 and for some other simplified model like the BGK
model''", we examine such cases in Section 4.

2. KINETIC EQUATIONS

Let f(x, v, t}dx dv be the density of particles in the spatial interval
(x, x + dx) with velocities in (v, v + dv);, we can write

fox 0 1),0>0

—L<x<g
fo(x, —u, 1), v=>0, x<L

ftw o=
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Ji(x, v, t) and £ (x, v, 1) denote, respectively, the one-particie distribution
function with velocity +v and —o. Our assumptions lead to the following
Boltzmann equations for f, and /' :

af  (x, v, I)+Uaf+(xs v, f)
ot ox

*er(X, v, t}f, xv U’= f)] dv’

af*(;‘;””) e (; b, 1) j o+ (v (6 (4)

_f—(xa v, [)f+(xs vr, I)] av’

in —L<x< L, v=0 The stochastic boundary conditions at x=af, 2= +,
are'*?

=p |7 0+ 0 f ()

of (—L,v,t)=vH (v) J-m v'f (=L, v, ) dv

(5)
o (Lo, )= 0H () [ 0f (L0, 0) dof
Q
Normalization (particle conservation) at the boundaries requires
[ob oy do=1, =1 (6)
0

When the walls represent thermal reservoirs at temperatures
T,=(KB,) ' a= +1, then!"®

Ha(v)=ﬁcxmexp(_ﬁamuz/2)’ o= i (7}

We may also consider, however, different kinds of H, (v) = 0 as long as (6)
is satisfied and there is no “strong singularity” as v — 0.
We note here that the right side of (4} vanishes whenever

Jelov)=glx) f (xv) (8)

This reflects the fact that the density of particles with a given speed is a
coilision invariant. In particular, any x-independent velocity distribution
satisfying (8) would be a stationary solution of our kinetic equation for an
isolated system in a periodic box or in infinite space. In a box with
reflecting walls stationarity requires g =1, ie., f{v) is even in v. We shall
not pursue this further here. Instead we shall consider now the entropy
production in the system with stochastic boundary conditions (5).
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2.1. Entropy Production

The total entropy production, that is, the sum of the entropy produc-
tion in the system and in the reservoirs, is given by

o=S+0g (9)

where S is the Boltzmann entropy of the system
S= —K H dx dv f(x, v, 1) 1n f(x, v, 1) (10)

and o0,=Y J, 8, is the entropy production in the reservoirs, J, being the
energy flux to the ath wall
When H,(v} is given by (7) we have, after some manipulations,

f+(xs b, t)f,(x, UI, t):I
folno, 0 f(x 0,0

(12)

o=1/2 H do dv'(v+0') £, (x, 0, 1) f (%, 0, 8) [1 -

Fola o 1) f (60 1)

X e ) v )

+j dodv' R_(v,0)v _(=L,v,0)[lnv (=L, v, 6)—Inv (=L v',1)]

+”dvdv’R+(v,v’)v+(L,v,t)[lnv,,(L,v,t)—lnv_(L,v’,t)]20 (11)
where
v (aL, v, t) = f{aL, v, 1} exp(B,mv’/2)

and

H
—+

R, (0, 0")=(B,m) v’ exp(—B,m(p* +07)/2), oa==
The inequality in equation (8) follows since

ylny—Inx)—y+x=20

We note here that when . =p_, o is just the time derivative of
(minus) the free energy.>' Also for §, # f_ but p=0, no collisions, ¢ can
be written as a time derivative of a Lyapunov functional,''?) but this fails
when p #0. In all cases in the stationary state J, = —J_= J,$=0, and

o(f)=axlf)=TB, —B_)=0
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3. STATIONARY SOLUTIONS

We are interested primarily in the stationary distributions f (x, v), ie.,
solutions of (4) and (5) with the time derivatives set equal to zero. We
expect further that these will be approached, as ¢t — <o, from arbitrary
initial states, f, (x, v, 0). (In order to avoid trivial compiications arising
from having an accumuiation of particles with zero velocities we shall
assume that neither f, (x, v, 0) nor H_(v) have any singularities as v™x0.)
Uniqueness but not approach will be shown for certain classes of H (¢). In
the general case, however, we shall be satisfied with explicit construction of
stationary solutions without proving uniqueness. Before considering the
general case, however, we remark that when H (v)=H _{v)= H(v) then
there is always a stationary solution of the form

il v)=pH(v)/ [" #Hwaw (12)

where p is the average particle density which is specified by the initial state
and is conserved by (1) and (2). In particular, for the choice (7) with
B.=B_=48, te, the two walls are at the same temperature, the
solution (14} is just the Maxwellian velocity distribution

phy(o) = p(fnf2a) " exp (57

Turning now to the general case, we first note that if f(x,v) is a
stationary solution of the Boltzmann equation {4), then necessarily the dil-
ference f (x, v)— f, {x, v) is independent of x and thus

S (xv)=f,(x0)+clv) (13)

The stationary equation for /, then becomes (we set s=x/L, —1<s< 1)

v a—+ (s,v)=¢ jw (w+v'Melw) fo(s,v)—cw'} fris,v)adv”  (14)
A Q

with g=pL:g~"' corresponds to the mean free path on the macroscopic
length scale, usually denoted by ¢ in the Boltzmann equation.”) Moreover,
it is easy to see that there is no net transport of particles in the stationary
state: :

r uc(u)dv=j°° o(f (5, 8) — f_(5,0) do =0 (15)
0 0]
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and that [ vf, (s, v) dv=d is independent of 5. Using this information we
rewrite Eq. (5) and (6) as

v-f—+—qvc(v)n (s)+ gdc(v)—quaf (s, v) (16)

of ,(—1,v)=vdH _(v)
vf (1, v)=vdH  (v)—ve(v) (17)

Here a = [§ c(v) dv and n (s)= [ f, (s, v) dv is the partial density of par-
ticles with positive velocities, n, (s5) satisfies the equation

a B o)
—n.(s)=qdb, b= j 8)

It foliows that #, (s) has the form

n () +n (=1 n {1)—n, (1)
3 + 3 )

n,isy=
n (1) dj v) do=dh _
0

no(y=dh, —a, h, =£:° H, (v) dv

Combining this with Eq. (1_,5)'gi\<es the particle density n(s):
n($)=dh, +h V+dh, —h_)—als (19)

with d=p/(h, +h ). The density profile in thus always linear for our
model system.

We can now find the general solution of Eq. (18) by writing f, (s, v) =
e " (s, v), y=ga; ¢, (s, v) satisfies the equation

9.5 v) =gcl(v) e n . (s) +qdc_(f.l e
os v

After integration this equation yields

Sl e)=w)n, (sh+e Tz (0)+ e T (v + glv) (21)
évy=cl(v)/a

(20)

=di2H (v)+ (v}{ dh L_“?E d}

4y 2v
d dh, —dh_—
¥(v) = é(v) {__;,_2——3’/2}
Y

v
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and z,(v) is obtained from z,(v) by interchanging the + and — subcripts.
Now, from (17), we can get &(v)

[H, (0)(1+e)—H_(u)(1 +e ")} 2y

= (22)
b {2}’[h*(1 +eP)y—h (1+e )]
or more concisely
Al1) — UH+(U)(1+€2)’) UH_(u)(1+e—2v)
C(v)_A[ 1+80 1+ Bv } (23)

where A = 1/(e* —e *") and

1 2py -2y
=h+( +ey—h_(1+e™7) 1(h+—h, y)

% g

B
—e ¥ 2y

_ The constant y can now be found as a solution of the nonlinear
equation obtained by first multiplying both sides of (23) by v and then
integrating over v and using (15). The solution can be shown to exist for
any H_(v) and H (v) satisfying Eq. (6). Moreover, y goes to Zero when
H ., (v} goes to H_(v), and the stationary solution is then given by (12). In
all cases the stationary solution is positive and satisfies the symmetry con-

dition
Fosv)=F (—=sv)  fAsv)=F(—s71)

where 7, corresponds to f, when H, and H_ are interchanged,

~

B, =H ,A_=H,.

3.1. Uniqueness

The question of uniqueness is reduced in our case to showing that
there is a unique value of y which satisfies Eq. (22). We are able to prove
this generally only when |H , (v} — H _(v)| is small (Appendix 1), or when
h,= | H(v) dv=h independent of « {Appendix 2). In the case which we are
really interested in, when H,(v) is given by (7), uniqueness can be shown
explicitly by numerical analysis (Appendix 3).

3.2. Hydrodynamical Limit

We consider now the asymptotic behavior of the stationary solution as
g=pL — 0. We note that if yl(g) is any solution of Eq. (22) then y(q)
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remains finite as g — co. If we call ¥=1im,, , ., (g,a), where {q,} is such
that g, — oo, fi(s)=lim a(s), etc., then we have

A(s) = p (1 +%f%s) (24)
Fils,0)=A (s, 0 H (0)+ A _(s, 0} H (v)=F_(s,0) (25)
where
A, (s,0)= — (1427 {a (s)+e 7V z, (v)+2z(v)}
1+ By
A (s,v)= AU_ (1+e M, (s)+e " Vz_(v)+2(v)}
1+ Bv
z+(v)=fdh,+—d(h+_h )—c—i,z(u)=c—i———d(h+jh )
2}7 v [X 2]}
Z_(U):_dh++MJf
25 v

As already noted in Section 2, any even distribution £ (v)= f_(v) is
left stationary by the collisions. The particular form of {23) and (25) is
produced by the boundaries which, due to the fact that f,(v) is a collision
invariant, can propagate indefinitely into the bulk. (This will not be the
case for the real Boltzmann equation.} The odd part of the distribution (v)
is proportional to the “temperature gradient” L™ '[H, — H _] and so goes
to zero in this limit.

In particular, despite the pathologies of the model, Fourier's law is

satisfied for this system (when p #0).

3.3, Simplified Models

3.3.1. Discrete Volocity Model

The discrete velocity model is like the previous one, but now we allow
only particles with velocities +1, +2. This is accomplished by setting

H_(v)=7,8(v—1)+7,8(v-2)
H (0)=7,6(v—1}+7,0(v—2)

with the normalization conditions y, + 2y, =1, ¥, +2%,=1. The number
of particles in dx with wvelocity +1 (£2) is denoted by

Failx, t)dx (fo(x, 8) dx).
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From (5) and (14), we obtain for the stationary solution

Joax)=fax)+e(l), foalx)=10x)+c2)
For)+2o(x)=d [ (x)+2f x)=d,  c(1)+2c(2)=0

This gives

d c(!
Fo)= 10y S+ G455 =3 e

which is now linear in s. As before, we can compute ¢{1) from the boun-
dary conditions and & from the normalization chosen for f:

—7,)d 2
(71 —71) de P

a7 1 — =T - L
3qd+ 1 Gty ey ITF

c(l)=
When g — oo the solution becomes

de (Ifs)+L(l+s) =f (5

lim f,(s)= )
!

g o iy t+2

3.3.2. The BGK Model

The Bhatnagar, Gross, and Krook"®? (BGK) equation is a simplified
version of the Boltzmann equation which has the same collision invariants.
For our system the BGK analog of (4) is

Lo Do 2201 (o)~ £ 0)]
o o 1 (7)
TPzl =)

with boundary conditions given by (5). Here 1, “the collision frequency,”
can be a function of the local state of the system. Equations (27) now
become

o Lo W) IO o ()= ik ) (28)

Ox T ﬁx T
with boundary conditions

of [ (—L,v)=vH_(v)d
of (+L,v)y=vH (v}d, (29)
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where d . and 4, are the values at x= —L and x = L, respectively, of the
function

dix)= J-Jc of (x,v}dv= J‘Cc of ,(x,v)dv

o
The stationary solution has the form

PR PRLEAILE: ;H L +c(v)(i—l) (30
vt 2

From (30), we can get ¢(v)
H, (v)d, —H _(v)d._

(1+%)
1=
uT

If we put ©=1{/v, where [ is a constant playing the role of the mean free
path, then d=d_ =d, =p/{h, +h_ ),

(31)

c(v)=

ld(H , (v) - H_(v))

clo)= 20 +1 (32)
) L +ax L+1—ax
.f:x(x’v)dea(U)(2L+!)+dH-a(—i—ﬁ-)’ oc=i (33]

When A (v) is given by (7), we can compute the heat flux as

Q=%f: LS 0) = f (5 0) ] do= —éj] velv) do

! (r -T,)
T,)=p./2/ 34
Ty +! )=p ]/ /T )+(1/ /Ty 2L+1 (34)

and the entropy production in the reservoirs is given by

APPENDIX 1

We want to prove the following:

Given H {v)20, [ vH (v)dv=1and ¥ H_(v)dv < co, there exists
e>0 such that for any H,(v) such that jo vH (v)ydv=1 and
jg—' |H, — H _| dv < o0, the stationary solution of {(4) and (5) is wnique.
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Proof. We rewrite Eq. (22} integrating over v and set 2y=z

o[ M) BN re o (AL1)
0 v{z[h+(l +e)—h_(1+e )]
z(h.tho)

+i{h,—h (e“’—ez)}+z(e"—ez)

Pq

where p is the density of particles.

We consider H _(v) as fixed and call the integral on the right-hand
side of Eq.{AlLl), Kz, H,). Given now any &>0, there will be an
e=¢(6)>0 such that, for [ |[H, —H | dv<e(d),

I(z,H+)< wuH+(U}dv+8( z )
z o th, +1 zZh, —h e )+(h, —h_)e "-1)

for any |z| = 8. The integral on the right-hand side of Eq. (A1.2) 15 less than
1 and does not depend on H = and z; hence |f{z, H, )/z| <1 for |z| 2 & and
{1H, —H_| dv<e(8)} sufficiently small.

On the other hand, for 0 <z < §, it can be shown that for every H _(v)
which verifies the hypotheses, there exists a d < co such that

Iz, H,) c(H,)

<d
Z z
where
e (H_ o —H_ )vdy
C(H*)_L oL0h . R AT

Hence we can find a & such that if [§ |H, — H | dv < ¢ with & small enough
and & < ¢g(d), then

(i) if c(H )=0then supg .., iz, H, )z <1
(i) if ¢o(H,)>0 then Nz, H )/z 1s strictly decreasing for ze (0, §]

and goes to infinity when z\0; for ze[—46,0), I(z, H,)/z remains
negative. If ¢(H , ) <0, the same holds after changing z to —=z.

In case (i} the only solution is z=0. In case (ii} there is only one
solution for ze (0, d) if ¢(H . )>0 and for ze(—4,0) if ¢(H,)<0.
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APPENDIX 2

Equation (22) simplifies in the case /i, =h, =h. This occurs, for
instance, when H _(p) = fm exp( — fmv?/2), H , (v) = a’e =, a = (fmn/2)"%;
we then have

_{H (L) —H (1+e7)) 2

. ‘ 7
2y -2y 1
(e e ){2y(hu+ }+dq v}

é(v)

By integrating over v

14'[ H- dv
e A+ 1/ i
e }=——"ﬁ‘”“", A=h+—
l-f A, dv 294
A+1/e

For large g, lim{ga)=7

H_

]_jh+1/udu
H.,

'"Jh+1/ud”

In this case n(s)=p — (y/g) s and lim, ., ,, n(s)=p independent of s.

“2

4

APPENDIX 3

The solution z of the equation

* [xe 2 (1+e)—e P (l+e ") vdy
¥ \/gu{[ﬁu re)—(14e )]
+(\/;_I—ﬁ+l) (e"ez)}+(e’—e=)
z pq

1=

= F(z)

Table 1. a=2, pg= 100, Funciiocn F(z)

z 0.1 011 012 013 014 ©GI5 016 017 020 022 025

Fiz) L8 111 106 101 09 093 09 087 08¢ 077 072
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Table II. Solution z as a function of o

a 1.1 1.5 2 5 10 50 100 150

z 0.0t 0.07 (.13 0.29 0.39 0.51 0.49 0.44

obtained by putting, in Eq (AlLl), H, (vt)=8,me F+m7
H_ =f meP~""72 has been numerically investigated for values of the
parameter a=f#,/f in the range 1.1 €2<150. The numerical results
show that regardless of the assumed value for pg3 1, the function F{(z) has,
for each z, the typical monotonically decreasing behavior shown in Table 1

for a= 2. Table 11 shows the behavior of the solution z as a function of a.
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