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A Mechanical Model of Brownian Motion
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Abstract. We consider a dynamical system consisting of one large massive
particle and an infinite number of light point particles. We prove that the
motion of the massive particle is, in a suitable limit, described by the Ornstein-
Uhlenbeck process. This extends to three dimensions previous results by
Holley in one dimension.

0. Introduction

The erratic motion of a macroscopically small but microscopically large particle
(visible in a microscope), in an equilibrium fluid, e.g. pollen in a liquid or a smoke
particle in air, is a well known physical phenomenon going under the name of
Brownian motion [1]. The physical explanation and mathematical description of
this motion were first given by Einstein: it is due to the fluctuations in the force
exerted on the Brownian particle by its collisions with the fluid atoms and is
described by a diffusion equation for the displacement of the Brownian particle.
The ultimate mathematical idealization of this phenomenon is the Ornstein-
Uhlenbeck process for the position and velocity of the Brownian particle (X, V),
described by the stochastic differential equations

dX,=Ydt, (0.1)
dKz—dl{dt+]/T)dW,, az0, D=0, W,=Wiener process. (0.2)

The position process X, converges in an appropriate limit (e.g. a— 00, a?/D = const)
to a Wiener process.

A little thought shows that in order to rigorously derive the Ornstein-
Uhlenbeck process for the Brownian particle from the mechanical motion of the
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isolated system consisting of the Brownian particle plus fluid, one must consider a
“suitable” limit, in which the ratio of the mass of the Brownian particle to the mass
of a fluid particle becomes infinitely large.

We present here such a mechanical model for the Ornstein-Uhlenbeck process:
the motion of a heavy particle of mass M in an infinite ideal gas of point particles
of mass m in the limit M/m— co. This is an extension to three (actually an arbitrary
number of) dimensions of the one dimensional work done by Holley [2]. Previous
work on higher dimensional models [3, 4] considered only a non mechanical
Markov process.

The physical situation is as follows. Consider an infinite ideal gas of point
particles of mass m with independent velocities given by a probability distribution
F, which we assume to be absolutely continuous with respect to the Lebesgue
measure, i.e. F(dv)= f(v)dv. We first consider the case in which f(v) is rotationally
invariant, e.g. a Maxwell distribution. The arguments we give also apply to general
distributions, considered in Sect. 6. We now place at time t=0 a heavy ball of
radius r and mass M into this ideal gas system. The initial position X and velocity
V of the center of the ball may be choosen arbitrarily.

The ball undergoes elastic collisions with the gas particles. The problem we will
be concerned with is to describe the motion of the ball in the Brownian limit (BL),
where m—0 and the gas has density A~m~ /2 and velocity distribution given by
m32f( ]/_rﬁy). We shall prove that in the BL the velocity V(t) of the ball is given by
an Ornstein-Uhlenbeck process.

A heuristic central limit theorem type argument for this scaling, which assumes
that in the limit the collisions become essentially independent, may be given as
follows: When m—0 the average energy m{v*»/2 of the gas particles remains
constant due to the velocity scaling. Roughly speaking each collision changes the
velocity ¥ of the heavy particle by 6V ~my with variance {6¥*)» ~m. Hence in a
time interval of length T in which there are N collisions the total variance
{NY{8V*Y ~{NYm will remain constant if (N> ~r2AT{|p|>~m~* or A~m™ 12
for T fixed.

To state our results more precisely we consider the sequence of stochastic
processes V,,, where V,, | is the velocity of the ball at time ¢ in a bath of particles of
mass m.

Theorem. If | [v|*f(v)dv < oo, then the “sequence”V,, converges in distribution (weakly)
to the Ornstein-Uhlenbeck velocity process in the limit m—0.

It follows then that the position process X, , converges weakly to the Ornstein-
Uhlenbeck position process. Because the collision equation is linear in the
precollision velocities ¥, v and depends only on the ratio M/m, the BL is equivalent
to a different limit in which M— o0, m, A and the velocity distribution remain
constant, the time is scaled like M and space like ]/]\7 Our theorem thus yields an
Ornstein-Uhlenbeck limit for the scaled process V) (t)= WY(Mt), for which
process the limit theorems in the papers mentioned above were given.

The outline of the paper is as follows: In Sect. 1 we describe the model more
precisely. Section 2 presents the main result, for the case when the velocity
distribution of the light particles is spherically symmetric, which is proven in
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Sects. 3-5. The latter section is the heart of the matter — showing that the
mechanical motion can be approximated by a Markov process when m—0.
Section 6 generalizes the result to non-isotropic velocity distributions of the light
particles; the friction and diffusion coefficient are now tensors. The appendix
contains some technical details.

We have also extended our work to the case where the massive particle is not a
ball but has a general convex shape. The motion is now one of rotation and
translation. We derive the appropriate Ornstein-Uhlenbeck process and write
down the corresponding Fokker-Planck equation for this system. This may be
used to model the motion of a large molecule in a fluid and will be published
separately.

1. The Mechanical Model

Throughout this paper we will call the heavy particle the molecule and the light
particles atoms or bath particles. Let I'=1R* xIR® denote the one particle phase
space, #(I') its Borel algebra and y, an absolutely continuous measure on I,
defined by

A, =2,dq W)y, g,veR?, v=|y, (1.1)
where
A=A} m, >0 (1.2)
and
Jl0)=m*2f(}/mo); (1.3)

f(v) is the density of a rotationally invariant probability measure. We assume that
the velocity distribution has at least four moments i.e.

fr*f)dv<oo.

The ideal gas of atoms with masses m is then described by a Poisson field
(2,7, 1P,) built on (I, B(I'), u,) : If Ny=the number of particles with coordinates
(g,v) in Be A(I'), then

t(B)*

P, (0= Q/N5(e) =K}) = oxp (— i, (B) 22

(14).
It follows that if B, ... B, are pairwise disjoint sets the random variables N are
independent [5]. Here w represents a configuration of countably many bath
particles i.e. @ =(g;,0);cn-

Remark. We can think of the Poisson field as describing atoms independently
distributed in position space with density A, having independent velocities with
distribution given by f, (v). For the Maxwell distribution

mp

3/2
720= (2] exp(=pmj2). p>0, 19
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Let us now put the molecule, a ball of radius r and mass M, at a position X°
with velocity V°. In so doing we remove all atoms from the configuration which
are inside the region to be occupied by the molecule.

To describe a collision between the molecule with velocity ¥V and an atom with
velocity v, we use the projection v, of v on the line through the center of the
molecule and the collision point on the surface of the molecule. Writing p, for the
tangential component, this gives

v=p,+1 (1.6)
and similarly
v=v+%. (L.7)

Since the collisions are without friction, conservation of momentum and energy
then yields for the post collision velocities V', v’

V=V, u=u, (1.8)
M-—m 2M
= — v 1.9
o, M+my"+M+m'"’ (1.9)
M—m 2m
V= . 1.10
Zn M+m—n+ M+myn ( )

For we Q2 we define the velocity ¥, (w) of the molecule as a right continuous
function of ¢: If the molecule starts with velocity ¥’ then ¥, (w)=V"° for t <7,(w),
the time of the first collision. The velocity changes during this collision according
to (1.8)~(1.10) and afterwards the molecule moves freely with the new velocity V%,
until the next collision at 7,(w), ie. Ym,,(w):y‘, 7 (w) St <1,(w), etc. Infinitely
many collisions in a finite amount of time, as well as simultaneous collisions of two
or more atoms with the molecule (multiple collisions) are problematical. We show
in the Appendix that they can be ignored.

For any I=[0,T], 0<T< oo, let D(I) denote the space of right continuous
functions with left limits defined on I and %(D(I)) the Borel algebra for the
Skorohod-topology [6]. The above description defines a stochastic process V,, ,,
tel, on (Q,%,P,), which we may regard as a D(I) valued random variable
¥, : Q—D(I). Thus V() =¥, (0,) =L, ().

YV, induces a measure P, on D(I):

P,(A)=P,({olV,(w)ed}), (1.11)

for all Ae #(D(I)). (Throughout this paper the letter I denotes an arbitrary interval
[0, T],0< T < c0. With slight abuse of notation, we do not distinguish between the
induced measures for distinct I. We also denote by P,, the measure induced on
D([0, «0)).)

Remark. The process V,, is not a Markov process. The molecule can catch up with
“slow” atoms with which it has collided earlier and hence are carrying information
of past events. These recollisions may be real or virtual. The latter correspond to
collisions which are impossible if the past history of the molecule is known. Thus
¥V, has a memory.
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2. The Main Result

Definition 2.1. The Ornstein-Uhlenbeck velocity process V, (with state space IR?),
defined on some probability space (©2,, #,, P,), is the Markov (diffusion) process
given by the stochastic differential equation (0.2). Its transition probability is

0 _ - (l/_‘ a(t)yO)z
Q. ) =(amat)*exp( - Sy, e
where 62(1) = _D(l_—e%(—lﬁ@, ofty=exp(—at). O
V,, induces the measure P, on D(I), i.e.
Po(A)=Po({weQy/Vo(w)e 4}) 22

for all Ae B(D(I)).

Definition 2.2. Let P,, P be probability measures on (S, %(S)) where S is a metric
space and 4(S) the Borel algebra. Then P, converges weakly to P(P,=>P) if for all

bounded continuous real functions 4 on S }Lrgo j hdP,= j hdP or, equivalently, if

liminfP (G)= P(G) for all open G [6]. [J

Note that “weak convergence” depends on the topology of S. The following
theorem is concerned with weak convergence in the sense of the Skorohod-
topology, which does not in general imply weak convergence in the sense of the
uniform topology [6].

We set

@, =3[lvf'fw)dv, i=1,...,4, (2.3)
where v=(v,,v,,v,)-
Our main result is
Theorem 2.1, For any I, P, = Py on D(I), where P corresponds to the Ornstein-
Uhlenbeck process with ¥,(0)=Y° and with parameters

2 2
VPR .

=3 M 3 M2

d,. [ (2.4)

Remark. The convergence described in Theorem 2.1 can be expressed in terms of
the processes 1, and V, as “}, converges in distribution to V,”, denoted by

v, =Y,
Remark. Letting t—oo in (2.1) we get the density of the stationary probability

distribution of ¥, : p,~exp(—¥?a/D) which determines the “temperature” of the
molecule:

By=2a/DM =20 /D,

For the Maxwell distribution ®Y**=(2p7r)" 12, d¥*=(2/np?'? and hence
Bhax =B, ie. the molecule is in thermodynamic equilibrium with the bath. It is not
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difficult to see that other distributions would in general lead to different
temperatures i.e. M{V?> +=m{v?). The drift and diffusion coefficients in the case of
the Maxwell distribution are [11]

aMax:§ &E I/Zlﬁ’ DMax:i _2E 1 i
3 B M 3 63 MZ

Concerning the position process X,, we have
t
Corollary 2.1. X, 5 X, where Xo,= Y, ds+X° 0O
0
Proof. Define K : D(I)— C(I), the space of continuous functions on I, by

Ky(t)= [ y(s)ds+X°, yeD(I).

Oty

K is a continuous map from D(I) into C(I). Let g be any bounded continuous real
function on C(I). With PX, PX the induced measures corresponding to X, X, we
have, by Theorem 2.1,

lim [g(x)dPy(x)= lim [g-K(p)dP,(y)=[g°K(p)dP,(y)=[gx)dP5(x),

since goK is a bounded continuous function on D(I). []

Since the mechanical process V,, is not Markovian, Theorem 2.1 is concerned
with the weak convergence of non Markovian processes to a Markov process. The
proof we give consists of two steps. First we consider a modification of the
mechanical process, an abstract Markov process 17,,,, for which we prove

v

=m §> l/O . (25)
In the second step we establish the closeness of the paths of a suitable realization
V. of V, to the paths of ¥, as m goes to zero. It is indeed the central part of this
work to find a “mechanical version” ¥/ of a Markov process V, converging to ¥,
which is close to the true mechanical process V, in the following sense: ¥, and V,
are realized on the same probability space (Q, %, P,) in such a way that for all
£>0and any I

m—0

lim P, ({a‘)e Q / sup Vi@, 1)~V (@, )| = e}) =0. (2.6)

Theorem 2.1 easily follows from (2.5) and (2.6) [6].

3. The Markov Approximation

Let us consider the mechanical process U, in which only collisions with “fast”
atoms, namely with precollision velocity v satisfying |v,|=c,,=m~ "%, have an
effect on the motion of the molecule; in other words collisions of “slow” atoms
(lv,l <c,) “don’t count”. Until |U,, (-)|Zc,, any fast atom which collides with the
molecule cannot have collided earlier, as may be seen by tracing the paths of the
atom and the molecule from the collision point backwards in time. Thus all atoms
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which recollide with the molecule are slow and by our rules they have no effect.
Consequently the process U,, has no memory until |U,, (-)|Zc,. We shall now
define a Markov process V based on these rules for collisions. We will use an
informal definition of the events in which we are interested, leaving a precise
mathematical definition to the reader.

We define v, V,eR by

0,=0,8,, V,=Ve,, (3.1)
where ¢, is directed towards the molecule. Let 3e[0, ] be given by
cosd=e-g,, (3.2)

where e is the unit vector of some fixed direction in space, and let ¢ [0, 27) denote
an azimuthal angle, so that

dS= —r2dQe,= —1?sin9d%d e, (3.3)

is a surface element of the molecule. As a consequence of the translation invariance
of the Poisson field we have

Lemma 3.1. Suppose that at time t the molecule has velocity V and is surrounded by a
bath of atoms having the Poisson distribution described in (1.4). The probability
pldt, dv, dQ, V) for the collision of an atom with velocity ve dv with the molecule in a
surface element dS= —r*dQe, in [t,t+dt] is given by

pldt, dv, dQ,V)=A,r*dQv,— V), dif (v)dv, (3.4
where (v,— V), =max(v,—V,,0). O

Proof. For the occurrence of the collision, an atom with velocity ve d, has to be in
a volume element r2dQ(v, — V), dtdv of the phase space, whose measure in view of
(1.1) is given by (3.4). [

It is convenient to integrate (3.4) over the tangential velocity components, so
that we obtain the probability for a “collision with normal velocity v,edv,”,

Puldt, dv,, dQ, V) =7,2dQ0, ~ V,) , dif (v, )dv, (3.5)

where f! denotes the density of the one dimensional marginal distribution of the
velocities of the atoms.
We set

Nm(l/) = SdQ j (vn - I/n)-l—fn%(vn)dvn il (36)
where dQ is defined as in (3.3), and let

IV 2,)= W(”"‘ V)atu(0)s v,26,

0, v, <cC

h

(3.7)
A simple calculation shows that N, (V)=N,(0) for |V|=c,,. Setting
I = At 2N,(0), (3.8)
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we define a probability for “collisions” with normal velocities v,, [v,| = ¢,
P, (dt, dv,, dQ, V)= 1,dtdQg, (V,v,)dv,, (3.9)

which equals (3.5) for |V|=c,,.

Using the collision Egs. (1.8)«(1.10), g,(¥,2,)dv,dQ can be transformed into a
transition kernel G, (V,dYV), giving the jump probability from ¥ to ¥'edV in one
“collision”.

Definition 3.1, Let fm be the Poisson jump process, defined on the probability
space (Q, 7, IP,), with mean waiting time 4,, ' and transition kernel G,,(V, dV). Let
P,, denote the measure induced by ¥, on (D(I), 4(D(I))). O

In the next section we shall prove
Lemma 3.2. 17,,, m%o V.. O

Remark 3.1. Note that (3.5) is the probability for collisions with fast atoms in the
process U, until |U, |Z=c,; thus the measure P}, on D(I) induced by U,, agrees
with P, on the set

H,= {zceD(I)/SUP Ix] <cm},

tel

which is open in D(I). From this it follows easily that U, SN V., by noting that for
every open set GCD(I)
PYG)=PYGnH,)=P, (GnH,)=P (GnH,), n=m
and by Lemma 3.2
liﬂingZ(G) > 1i21igxff’m(GmHn) =P,(GnH,).
Since this is true for all n, we can take n— oo, to obtain
lim inf PY(G) 2 P,(G),

from which the result follows (Definition 2.2).

Remark 3.2. The reason for using the Markov process defined by p in (3.9) rather
then the “more natural” one described by (3.5) is mainly technical, e.g. the details
in Sect. 4 are easier to handle.

4. Proof of Lemma 3.2

We shall use some facts from the theory of probability semigroups. Let Z denote a
Markov process on D(I) having transition probability Q,(x,dy). To Z corresponds
a contraction semigroup 7T, defined on B, the Banach space of bounded measurable
functions h:IR*- R, with the sup-norm || - |,

Th(x)= 53 h(y)Qx.dy).

Let C, denote the Banach subspace of B consisting of continuous functions
vanishing at co. Suppose C, is invariant under T, and T, on C, is strongly
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continuous: T,C,SC, and }in’(} | T,h—h||=0 for all heC,. Then Z is called a

Markov-C,-process [7].
The (infinitesimal) generator A of Z is given by

Ah= lim Lh—h

t—->0 t

(4.1)

on the domain A(A) consisting of all he C,, for which the limit exists in the sup-
norm topology.

Remark. A diffusion process is a Markov-Cy-process. The restriction of the
generator 4 of a diffusion process to CZ, the set of infinitely differentiable
functions of compact support, is an elliptic differential operator. For the generator
A© of the Ornstein-Uhlenbeck process ¥, we have

AO| .= —aV -V+iDV-V, V=gradient, @.2)
where a, D are given by (2.4).

Lemma 4.1. Consider a sequence Z, of Markov processes with sample paths in D(I)
and generators A™. Suppose Z is a Markov-C ,-process with sample paths in D(I) and
generator A. Let K be a core for A and suppose that he K implies that he A(A™) for
all sufficiently large n. Suppose that the initial distributions of Z, converge weakly to
the initial distribution of Z and that

lim sup |A™h(x)— Ah(x)|=0 4.3)

n—o xeR3
for all he K. Then s

L2 O

Remark. A core for A is a linear subspace K of A(A), such that A4 is the closure of
the restriction of A to K. K is a core if, for example, K is dense and T,KCK [8].
For the generator of a diffusion process cores can be found using regularity
properties of the solutions of the parabolic equation for the transition density. For
example in the case of the Ornstein-Uhlenbeck process one can conclude that
T,C3S C3, where C? denotes the set of twice continuously differentiable functions
vanishing at infinity together with the first and second order derivatives. Since C?
is dense in C,, Cj is a core. It then easily follows that C® is also a core.

Remark. Lemma 4.1 is stated for a slightly more general situation in a paper by
Kurtz [8]. Similar results have been given earlier by Skorohod [9]. Conditions for
a set to be a core and its role in the convergence of semigroups can be found in [8]
and in [10]. .

We now turn to the proof of Lemma 3.2. Let A™ be the generator and 7, the
semigroup of V,. By Lemma 4.1 it suffices to show that

lim || A™h—A@h||=0, for heC?.

Let us denote by EV3(-)=E™(-|¥,(0)=V"°) the expectation for the process I/,
starting at V°. Then

Tn(y ) =E@(h(Y,, ) for heB
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and
A(""h(VO)—hm (E('"’(h(V D—h(I°) for heAA™).

For the case of a Poisson jump process this becomes very simple, since the
probability for more than one jump in time ¢ is of order O(¢?). Hence in the above
expectation we only have to consider terms involving no more than one jump. We
obtain, according to Definition 3.1,

A™h(y°) = lim %(e’i'"’h( Vo) +e ] t{ G, (V°,dV)h(Y) —h(V°)
= =2, MV +2,[G,(V°,dV)hY). (4.4)

Note that A(A™)=C,>C2.

In view of (1.10), we set ¥V —V°=gq,u,, where

G =2m/(M +m) 4.5)
and u,=v,—¥?°. A Taylor expansion for h around ¥° yields
WV + Gt = (Y °) + Gt - VY ®) +(1/2)g (1, V)W) + (1/6)g(us, - V) h(V"),

where V' =V°+yq,u,, ye[0,1].
Introducing this into (4.4) the integral becomes, with

Vy=,-V)).e,, (4.6)

and after replacing G, (¥,dY) by g,,(¥,v,)dv,dQ, a sum of four integrals of the form
— Im 7 0\i (qmén'ﬂi” 1

Ni= oy 49 ] e 0 S e, )

where V;=V° for i=1,2,3 and V,=V".
In the computations we shall use the fact that for i=1,...,4

hmm'/zjxf (x)dx = lim j yif Y (y)dy=9,. (4.8)

m—0 m=0 ¢, ym
Since he C?, we may assume h(x)=0 for |x|>b and we choose m so small that

¢, >b.
We start by showing that J, goes to zero uniformly in ¥° as m goes to zero.

o0

For V°<c,, J,<O0(m"'?) since | y*f(V(ydy<m™*@,,

(AN (VO =4, 12 ~m™ 12, sup I(g V2h(y')<oco, and gi~m3.
[Expressions of the form O(m*) denote quantities depending perhaps on h but not
on ¥°]

For V°zc, we are in the complement of the support of h. Since V'=}°
+74¢,,(, — ¥?), v, must be such that for the post collision velocity ¥ we have |V| <b,
and the “casiest” way for this to occur is if 0= — V%%,. A simple calculation using
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(1.10) shows that |V|<b implies that for m sufficiently small
lv,| = —b(M +m)2m+ V(M —m)/2m> V°

for all ¥°=c,,. Thus J, can be estimated as follows:

(I

6" min N NI

VOeR3

Jy4

II/\

4n sup |(g “P>*h(V")| j (v, + VO)*fD(,)dv, < O(m'/?),

since N, (V°)=N,,(0).
For J; we observe that

Ja= %qrﬁmrl T o243 0o, (| dS,)- VY)+ ()

8n),r

e gz PV,

uniformly in V°, since
4
[dQe,e,= ?n 1.

(1=3 x 3 identity; trace of tensor product e,e,=1.)
For J, we obtain

Jy=quint?| | 02 f v dv, [dQe, VA(V) =2 [ v, fi(v,)dv,V°- [dQe,e, Vh(V°)

16mAr?
1/2 _
HOm )= — 3

@, V°-Vh(V®),

uniformly in V°, since | dQe,=0.
We complete the proof of Lemma 3.2 by noting that in view of (3.6) J, cancels
the first term on the r.h.s. of (4.4).

5. The Closeness of the Paths

Throughout this section we set M =1, A= 1, r=1 to simplify the notation. Our aim
is to define a realisation V), of the Markov process I, which is close [in the sense of
(2.6)] to the true mechanical process. We will call a simultaneous realisation
(coupling) of both processes for which (2.6) is true, a good coupling of V,, and V.
There exist many couplings of ¥, and V.. One natural choice is the process U,
which is naturally defined on Q by the prescription of not counting collisions with

slow atoms, and by Remark 3.1 Umél/o. Actually a similar coupling was used by

Holley in the one dimensional case, but in higher dimensions this coupling is not
as useful for the following reason: The effect of a collision in higher dimensions
involves the impact parameter of the collision, i.e. it depends on the collision point
on the surface of the molecule. If we consider now two identical copies of a bath
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configuration and compare the motion of the “Markov molecule” in the
U,,-process with the motion of the “mechanical molecule” in the ¥, -process under
the same initial conditions, their velocities will differ after some time due to
collisions with slow atoms in the ¥, -process. Hence after some time the molecules
will be in different positions. Then a fast atom which collides with the molecule in
both cases, will collide at different points on the surface of the molecule (as well as
at different times) and hence with different normal velocities. A rough estimate
shows that this effect will cause an error in the velocities which is not sufficiently
controllable to show (2.6).

We obtain a good coupling by constructing ¥, in such a way that collisions
with fast atoms will “usually” occur at the same time and at the same point as in
the actual mechanical process V. .

Recall that the Markov process ¥V, is a Poisson jump process with mean
waiting time ! and jump distribution determined by g,,(¥,v,)dv,d®, i.e. it may be
characterized by the (collision) rates

Il 0,) =200 Vo1,). (5.1)

By the same argument as given before for the process U,, we have for the
mechanical process J,, that until [V, |=c, a fast atom which collides with the
molecule cannot have collided earlier. Hence until |V, [=c,, the fast atoms with
which the molecule collides are all Poisson distributed so that the collisions
between the molecule and fast atoms are also governed by the rates (5.1). Note,
that due to slow atom collisions (5.1) does not describe the mechanical process
even before |V, [=c,,.

In the following we denote by (Me) the mechanical molecule, in the mechanical
process V,,, and by (Ma) the Markov molecule, undergoing the Markov process I,
which we now define. We use V(V’) as the generic variable for the velocity of
(Me)((Ma)). (Me) and (Ma) have the same initial conditions. Given a configuration
o and thus the motion V,, (w) of (Me), we specify the corresponding motion of
(Ma) in two steps.

(i) We observe the motion of (Me); when, and only when, (Me) undergoes a
collision with a fast atom, with normal velocity v,, the velocity of (Ma) is changed
as if it too had suffered an identical collision, i.e. according to (1.8, 1.10) with the
same v,,.

Using this prescription the velocities V' and V coincide until (Me) suffers a
collision with a slow atom. In particular (until |V| = ¢,,) the collision rate for (Ma) is
given by r,(V', v,)=r(V, v,). Afterwards the velocities of (Ma) and (Me) will differ,
since collisions with slow atoms affect (Me) but not (Ma), and the collision rate for
(Ma) will no longer be given by r,(V’, v,); rather it will continue to be equal to
ru(Y0,) %1, 0,). Since however we wish V), to be a realisation of ¥, it should
have rates r,(V',v,). This necessitates modifying the prescription given in (i), which
we now do.

(ii) To obtain a process with the correct rates we modify (i) by either ignoring
some collisions [so that they produce no effect on (Ma)] or adding some “extra
collisions”, depending on whether r,(V’,p,) is greater or less than r (¥,v,): Let
c=inf {120[lV], [2c,).
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(a) The rate for the occurrence of these extra collisions is
R, (V' V,v)=max(r,(V',v,)—t(Vv),0) for t<z (5.2)

and is r,(V',p,) for t=1.
(b) The probability that a collision of (i) counts (i.e. is not ignored) is

raV',,)

V', ¥,0,)=min /m> 220
o> L) m‘“(rm(_v,y,,)

1) for t<=z (5.3)
and is O for t=>7.

Prescription (i) modified as in (ii), yields a process ¥V, governed by the rates
(¥, 1,) (which is therefore Markovian).

Note that the realisation ¥V, of V,, has mechanical as well as purely stochastic
aspects. To a path I (w, t) of the mechanical process corresponds a set of paths in
the V), -process whose distribution is determined by the rate for random extra-
collisions and the probability of collisions counting for the Markov molecule.

Let (Q, %, P,) be a probability space on which ¥, and ¥}, satisfying the above
description, are both realized ; in particular P, ({@eQ|V,(@)e A})=P,(A), for all
Ae#(D(1)) and YV, differs from ¥, only by virtue of the rates R, and the
probabilities p,. [We may think of Q as a product space Q=Qx H, where the
purely stochastic effects are represented by H, so that V(@)= 1, (w, h)) =V, (w), for
d=(w,h)e, and P(- x H)=1P,(-).]

We now have a good coupling.

Lemma 5.1. For any I and for all ¢>0

lim P, ({@e(z‘stg}o v, (@)— ym,t(@)@a}) =0. O (5.4)

m—0
Proceeding as in Holley [2] we first prove

Lemma 5.2. If t, =0 is such that

lim B,,({ sup, 1.~ 26) =0 (5.3)
m—0 0=t=to ’ ’
for all >0, then
lim P, <{ sup |V, ,—V, ,Iga}) =0 (5.6)
m—0 O0=Zt=to+z ’ ’

for all e>0, where z=1/(128z®,). O

Remark. Lemma 5.1 follows easily from Lemma 5.2: Since V(0)=1,(0), so that for
to =0 the hypothesis of Lemma 5.2 is fulfilled, we obtain that (5.4) is satisfied for
I=[0,z]. Again applying Lemma 5.2 with t,=z, we obtain (5.4) for I=[0,2z].
Iterating until T is surpassed we obtain (5.4) for any I=[0, T].

Proof of Lemma 5.2. Fix ¢>0 and t, and introduce the stopping time

tr=inf {:|V, ,— ¥, |26} (5.7)
t2to

Since V/(t) and ¥ (t) are right continuous

[Vt = V() 2. (5.8)
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Observe that

{ sup |_,;,,,—_V,,,,,|za}={tfzéto+z}

O0Zt=<tot+z
= (St + V%) = L) 26) (5.9)

and that

Vo=V, l<e, for s<tk. (5.10)
By Lemma 3.2

lim P,(G})=1,
where _
Gy = {(T)EQ sup |V, ,<cr>>l<pcm}, p>0.
0=st=sto+z ’

Therefore to establish (5.6) it will suffice to show that
lim P,({th Sto+2,|L,(65) = L, (63 2} nGp) =0. (5.11)
m—0

If we pick p=1/8 and ¢ <c,/8, then on G}

sup |V, | <c,/4
t<th ’
so that with (1.9), if [v,| = ¢,

1—m 2
Nz e — — 1/4
012 = o > (1),
for m<1/10. This means that on G} a fast atom which collides with (Me), bounces
off with normal speed [v| > c,,/4 and therefore cannot recollide with the molecule
during [0, tX].

Remark 5.1. Consequently we have that on G} within [0,%] the only atoms with
which (Me) can recollide are slow atoms, both for the original collision and for
recollisions.

This remark, which will be helpful for estimating the effect due to recollisions,
follows by noting that (on G} within [0, ¢}])

(1) a fast atom cannot recollide with (Me);

(2) an atom which was slow in the first collision will also be slow in
recollisions. This may be seen by tracing the paths of (Me) and a colliding fast
atom from the collision point backwards in time.

We now compare the velocities of (Ma) and (Me).

There are three effects which cause V), to differ from V,:

(1) The change in ¥, (w) directly caused by collisions with slow atoms. Let &,(¢)
denote the change in ¥, during the time interval [0, t], produced by collisions with
slow atoms.

(2) The change in V() directly due to the extra-collisions for (Ma) and the
change in V(@) due to those fast collisions which don’t count in ¥, (“extra-
collisions” for (Me)). Let E(E’) be an index set for extra-collisions for (Me) ((Ma))
within [t,, t].
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(3) The effect on V' and the effect on V of the fast atoms which collide with
(Me) and are also counted in V), depend respectively on the velocities of (Ma) and
(Me), which may differ. Let B be an index set for these fast atoms which collide
within [t,, t%].

With W(i)(W'(i)) denoting the change in the velocity of (Me)(Ma)) due to a
collision with a fast atom having index i we have

Vol t3) = Vo6 = 2 (WD) = W (D) — (6,(15) — &,,(1to))
ieB
+ 2 W)= X W, () + Y (to) = Y, (to)
ieE’ ieE

S WD) + W20 + Wd(en) + 1 Vlte) = Vo)l

where
WD(t5) =6,,(th) — &,(to)l
W)= T 1,01+ 3 1,0)
W)= W, )~ W, ).
Then

3
(V) — Vot ze} C .szl {W(th) ze/4)
VLI(t0) = Vulto)l 2 6/4} 5
and (5.11) follows from (5.5) if

lim P, (Gr{tk<ty+z}n{W(t%) 2e/4})=0, (5.12)
m—0
lim P, (Grn{tk<tg+ 2z} n{WD(tk) 2 /4})=0, (5.13)
m—0

lim P, (Grn{ti <ty + 2} {WDAtk) z /4})

m—0
since lim P,,({113(t0)— L,to)| 2¢/4}) =0 by hypothesis.
We now establish (5.12)—(5.14) for p=1/8. All of the estimates in the remainder
of Sect. 5 are for we G}, p=1/8, c,/8>¢, and m<1/10.

Consider (5.12). We first estimate the total absolute change of the momentum
of a slow atom with velocity u(t):

|4pl =mlu(ty) — v(to)l 5

0, (5.14)

we show that
|[4p| £ Tmc,,,. (5.15)

This gives, by conservation of momentum, an upper bound for the total change in
the velocity of the molecule produced by one slow atom within [t,,t%]. We
distinguish two cases:

(1) The tangential component [v{"] of the velocity v of the slow atom in its
first collision after t, is Zc,,
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First observe that the effect of a collision on the velocity v of an atom is always
to decrease its normal component v,. We claim that the same effect is produced
between successive collisions, i.e. that

vO(+) 2o, (5.16)

where v?(v®(+)) denotes the normal component of the pre(post)collision velocity
of the atom in its i-th collision in [#,, £*]. If this can be shown we easily obtain that

[u(tF) —vlto) < 4c,,

since if the normal component becomes smaller than —c, /4, further recollisions
are impossible: We have that if the atom undergoes k collisions in [#,, t*]

=, AT ()oY L Sol(+) vV <,

Therefore

k
() — 2t £ X v(+) = v S, b /A 0(+) — v

i=1

=c,+c,/4+2c,+2c,/4<4c,,

where we have used the collision equation (1.9).

To establish the claim (5.16) consider an “equator”, on the surface of the
molecule, perpendicular to p{" and passing through the point of the first collision
with the atom in [¢,,t*]. Suppose the southern hemisphere is in the direction of
ot Since {pV|Z¢, and on Gy ¥, |Zc,/4 for t<t} the collision point in
subsequent recollisions will always be in the southern hemisphere and the speed of
the atom will remain at least as large as ¢,,. Now consider a plane perpendicular to
the velocity v®(+) of the atom after the i-th collision passing through the point of
the i-th collision and fixed in (i.e. moving with) the molecule. Since [p(+)/=c,,
and [V|<c,/4 the next collision (if there is one) with the atom must occur on the
side of the plane in the direction of y(+), i.e. (5.16) holds.

QlgPI<c,-

If the tangential component grows bigger than c,, at some time ¢, <t*, we can
apply (1): A little thought shows that [u(t,)| < ]/icm and we obtain with |v(t,)| = 2c¢,,

lo(eE) — (to)| = [u(t2) — ()| + [o(t ) — (t,) = 4e, + 2/ 2¢,,

If the tangential component is always less than c,, [v(t%)|=2c¢,, since the absolute
value of the normal component cannot become bigger than c,,+c,,/2. Then

(%) — vt S 21/ 2)e,s

this combined with (1) proves (5.15).
To estimate the total effect W (t¥) of the slow atoms, we have to multiply
(5.15) by the number N(¢%) of distinct slow atoms which hit (Me) in [ ¢, £%]. But in
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view of Remark 5.1 N(t¥) <N, =the number of first collisions with slow atoms
within [0, T in which (Me) has a speed V=c,,.

N,, can be estimated using the rates (3.4), since for the rate of first collisions of
slow atoms with the molecule Lemma 3.1 provides an upper bound. Setting in (3.4)
(v,—V,), =2c, we obtain with E(-) as expectation (A=r?=1)

E(N,)<8nc, Tm™'/*,

and we obtain using (5.15)

PGt Sto+ 2} WD) Ze/4) SN, 4pl Ze/4})
=P, ({N, =¢/(28mc,,)}) < 28mc, E(N,)/e~c2m*?T}e.
Since ¢,,=m~1/° the r.h.s. of the last equation goes to zero with m.
Next we establish (5.13).

For the rate of the occurrence of extra collisions, including “extra collisions”
for (Me), we have

R, (V" Y.0) =V, 0,)—r(¥,0,).
Since Sup I—I./r;l tl <cm/87 Sup Il/m tl <Cm/4 and Ig
t<t¥ ’ t <t¥,, ’

obtain using (5.1) and (3.4)

W =c, for the extra collisions, we

R, (V. V,0)=m 2V —V|flwv,).

In view of (5.10) |V, — V| S ¢ (for t <t¥); therefore we consider the Poisson field Y,
on the t—yp, space determined by the rates

Ry(e,n,)=m" "2\ (v,), (5.17)

which majorizes the rate Iim(l/’,l/, v,,) of the actual process of extra collisions.
Hence the correlation functions for the extra collisions in the actual process within
[to, k] are less than those of the process Y,,. This may be seen by introducing a
new “independent” process f’m defined by the rates

R(V',V,0,)=RE(e,0,)— R, (V, V1,),

so that Y, arises by “combining” Y, with the actual process of extra collisions. For
the change 4V, of the velocity of the molecule due to a fast atom we have
according to the collision equation (1.10) (V =c,)

2
Ay, < "
14+m

4m
<—1Iv].
(gl + ) = 7ol
Using Y, we obtain for (5.13) the inequality
B, (G {6 Sty + 23 (W2 2 6/4))

<Prob( 3" - 0> 4 8
<Pro Zl+mv,, =¢e/4), (5.18)

i=1
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where (1, ..., 0™) represents the “extra collisions” in [t,,t,+ 2] arising from the
Poisson field Y, and v =[v?|. With E,(-) denoting the expectation corresponding
to Y, we obtain using (5.17)

E (i 1‘:_ v(”) =(4m/1 +m)E,, (i vﬁf))

i=1

=(dm/1+m)dnezm™! | of "(v)dv <1672, <e/8

cml/m

for our choice of z=(128n®,)”'. Hence the r.h.s. of (5.18) can be estimated as
follows: With

Jo=3 o0, (5.19)

VB

i=1

Prob (% J= 8/4) <Prob(J=2E,(J))=Prob(J—E,(J)=E,(J))

_ B —E,P)

by Chebychev’s inequality. Using (5.19) and the independence of the “extra
collisions” in the process Y, we obtain with

[ vl fa)dv,
e =y, k=12
[ fu(v,)dv,

and some basic properties of Poisson random fields
E,(J)={v,»E,(N)
E,(J?)=E,(NXv;> + E,(N(N = )Kv,>? =E,(N)}v; > + E,(N)*<v,»*.

For the rhs. of (520) we thus obtain Em(N)_1<v,%>/<vn>2W0, since

2y~m~ 3t (v, y~m " Y? and E (N)~m~ /2,

In view of (5.20) and (5.18), (5.13) follows [in case {v,» =0, (5.13) is trivial].

We are left with (5.14), and because of the coupling we have chosen thisisan easy
estimate. With W(W¥/) as the effect of atom i, which collides with (Me)((Ma)) at
time s<¢* with normal velocity v”, we have

Yno

2m
S N L Hn@
(i)
2m

=1 L) - Lls =)l =2me/(1+m)

using (5.10).
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Hence
Wi(es) <

2
e ().

where N,,(z) is the number of collisions involving (Ma) within [, t,+ z]. Since the
total rate of collisions for the Markov process is 4,,, we obtain

E(N,(2))= :I\—]m!Z=ImZ§4nzm‘l¢l. (5.21)
We therefore obtain

P, (Gy n {th<to+ 230 {WD(6) Z ¢/4})

IIA

P, ({limm &N, (2) 28/4}) =P, ({N,(2)=1+m/3m})

P,({N,(2)>2N, })=P,({N,(2)-N, >N, .}
E(N,(2)—N,, )Nz .=N,, /N2 . N 0,

by (5.21), using the fact that z is such that (1 +m)/8m>2Nm’z. This completes the
proof of Lemma 5.2. []

A A

I

6. General Velocity Distribution

In this section we extend Theorem 2.1 to a general, i.e. not necessarily spherical
symmetric, velocity distribution f(v). Whenever possible we use the same notation
as in the previous sections. Clearly the description of the mechanical process V¥, is
the same as before. Moreover, what has been done in the previous sections can
easily be adapted to this slightly more general setting. In particular, the treatment
in Sect. 5 of the closeness of the paths applies without essential modification. We
now describe the major differences.

Throughout Sects. 3-5, f,! should now be replaced by £, the distribution
of e,-v. Note that N, (V) [Eq. (3.6)] now need not equal N,,(0), even for |V|=c,.
Thus defining 4,,=4,(V) by

o = Aol® TN [Nm(l/), l sup N, (V')
Visem
in place of (3.8), the Markov approximation fm (defined exactly as in Definition
3.1) will now have a process dependent mean waiting time 1, .

Integrals of the form | y*f}(y)dy, appearing in Sect. 5, which are not already
embedded in an Q-integration should be replaced by

(4m)~ 1fdey"fe" )dy=(4m)" ! [dQ f (e, v)f, (v)dv

(=] lyl"fm(l_))dy =m~ 2 [|v]*f(v)dv).

Definition 6.1. Let o7, & be real 3 x 3 matrices, symmetric and positive semidefinite.
The (generalized) Ornstein-Uhlenbeck process ¥, is the diffusion process with
generator 4 given by

Al ==V -A-V+3V-2-V. [J 6.1)
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We now give the extension of Theorem 2.1:
Theorem 6.1. Let f(v) be any probability density with [v* f(v)dv < oo and

[lelof @)dp=0. (6.2)
Then
‘:9> .I./O >

where V, is the Ornstein-Uhlenbeck process with drift and diffusion coefficients (1
=unit matrix and yv =tensor product)

oA =M~ i nj|v|f(y)(11+! !2)
(6.3)
D=M"2)p? j|u|3f@(n+3-—> O

lof?
Remark. The condition (6.2) is needed for the existence of the limit lilr%) A™ (recall

that A™ is the generator of ¥, ); the Lh.s. of (6.2) may be interpreted as the net force
acting on the molecule due to collisions with the atoms. We will see below that
without (6.2) the drift becomes infinite. As a side remark let us mention that (6.2)
can always be fulfilled by choosing an appropriate coordinate system, i.e. if (6.2)
does not hold one can find an g such that for f@)= f(v—a) (6.2) is fulfilled. [The
scaling should then be applied to f(v), i.. f,()=m>>f(m' ) =m32f(m'?v—ga).]

Proof of Theorem 6.1. All that remains is to establish

Lemma 6.1. :V |

Proof. We estabhsh}he convergence of the generator as in Sect. 4. We note first
that the generator A™ of ¥, is given by

A™Y©) =2,V N —h(I°)+ [ GV, dV)n(V)
on the domain 44™ =C,,
This follows from the observation that
"”)(h(l/m N=e YNy 1 T (1°) j at'
.j'(e—lm(l’o)l Gm(l/O, dl/')e—lm(l’)(l’t')h(l/)) + O(IZ)
=(1 =24,V + L, Y[ G, (V°, dV)h(¥)+ O(r?).
We write the integrals J; [Eq. (4.7) with f¢" replacing f'] in the form

= NGV T etV S )

We assume h(x) =0 for |x|>b and we choose m so small that c,, >b. Using the fact
that
Jlel*f@dy < oo,

we obtain, as in Sect. 4, that J 4—”:70, uniformly in ¥°.
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For J, we have
Ty =50tV - (f dufy) | dQle, '2)32.,2")

i 2Ar?
VHYO)+ 0> TV
-(I dofw) | dsz(g,,'y)@ng,.)‘l?h(_w)
en'v20
=3V-2-Vh(Y°),
uniformly in V°, using (k=0,1,2,3,...)
2n Y
) P P | ==

For J, we obtain, again using (6.4),

J 2 =Gl |fduf, (D)0 —2V°): ( [ dQe, 'y)§n§n>~ Vh(V 0)} +0(m'?)
=qumr2[§dwfm@w—2_v°)'(' [ 40, 1l PHYY) + 00

= Guar ™ e Il VHY) =g, m P
[iaf {1+ B} PH) 0 10) o — - V)

uniformly in V°, using (6.2). [

We conclude the section with two remarks:

(1) It is not necessary to assume that the radius of the molecule is fixed. All
that our argument requires is that Ar ~m™ /2, so that by appropriately scaling A
with m, the radius of the molecule can be scaled as well.

(2) The absolute continuity of the velocity distribution is not essential. It is
used (in the Appendix) only to preclude multiple collisions, which render the
definition of a natural deterministic time evolution for the mechanical system
problematical. However, if we do not insist on a deterministic evolution, the
motion can easily be continued past multiple collisions: randomly choose the
order in which the collisions are to occur. Everything which we have done in this
paper then applies essentially unchanged.

Appendix

The mechanical process ¥, has been defined only for good configurations of the
Poisson field, describing the atoms. These give rise, in any finite time interval, to at
most finitely many collisions none of which are multiple collisions. We denote the
set of such configurations by @ (Q of course depends upon X° and 1°).

Proposition A.1. ]Pm(f))= 1. O

Proof. We first consider systems (consisting of a “molecule” undergoing elastic
collisions with “atoms”) in which the number of atoms is finite (n), which we call
finite systems.






