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Abstract. We study nonequilibrium steady states in the Lorentz gas of periodic
scatterers when an electric external field is applied and the particle kinetic energy is
held fixed by a "thermostat" constructed according to Gauss' principle of least
constraint (a model problem previously studied numerically by Moran and Hoov-
er). The resulting dynamics is reversible and deterministic, but does not preserve
Liouville measure. For a sufficiently small field, we prove the following results: (1)
existence of a unique stationary, ergodic measure obtained by forward evolution of
initial absolutely continuous distributions, for which the Pesin entropy formula
and Young's expression for the fractal dimension are valid; (2) exact identity of the
steady-state thermodynamic entropy production, the asymptotic decay of the
Gibbs entropy for the time-evolved distribution, and minus the sum of the
Lyapunov exponents; (3) an explicit expression for the full nonlinear current
response (Kawasaki formula); and (4) validity of linear response theory and Ohm's
transport law, including the Einstein relation between conductivity and diffusion
matrices. Results (2) and (4) yield also a direct relation between Lyapunov
exponents and zero-field transport ( = diffusion) coefficients. Although we restrict
ourselves here to dimension d = 2, the results carry over to higher dimensions
and to some other physical situations: e.g. with additional external magnetic fields.
The proofs use a well-developed theory of small perturbations of hyperbolic
dynamical systems and the method of Markov sieves, an approximation of Markov
partitions.

I. Physical Discussion and Statement of Results

(a) Introduction. We consider in this paper a dynamical system which corresponds
to the motion of a single particle between a finite number of fixed, disjoint, convex
scatterers in a periodic domain of the plane R2. As in the previous works [2, 3], the
particle changes its velocity at moments of collision according to the usual law of
elastic reflection, but, unlike there, the particle motion between collisions is not the
free one at constant velocity. Instead, the motion between collisions is governed by
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the following set of first-order equations:

q = p/m , (1)

Here, q = (q 1 , q 2) are the Cartesian coordinates oί the particle, and p = ( p i , p 2) the
corresponding momenta. E is a constant electric field and the "friction coefficient"
ζ is chosen as a phase space function so that the kinetic energy (or speed) of the
particle is conserved:

C = E (p/m)/(p». (3)

Because of the conservation of kinetic energy, we may consider the reduced phase
space at each value of the particle speed v, with coordinates X = (ql9 q2, θ\ where
θ is the angle of the particle velocity vector with respect to the 1-direction. It is an
elementrary calculation that

Vx X = -ζ, (4)

so that the Liouville measure is not preserved when E Φ 0. On the other hand,
observe that Eqs. (1-2) define a flow {S*E} on the phase-space, running backward as
well as forward, and that the inversion X = (qι,q2,θ — n), corresponding to
velocity-reversal, has the property that S%(X) = (S^X) ~ -

The model under consideration was previously studied theoretically and nu-
merically in [30]. It is a simple example for a set of new methods in non-
equilibrium molecular dynamics (NEMD) which has been developed in the past
decade by W.G. Hoover, D.J. Evans, G.P. Morriss, S. Nose and others [12, 20].
Unlike a more traditional approach (see, for example [28]) which models interac-
tions of the physical system with a heat bath by including suitable stochastic
elements in the dynamics, the new techniques are based upon dynamics which are
purely deterministic and reversible but for which the Liouville theorem is invalid.
In one version of the method, which we study, the total kinetic energy of a system of
particles subjected to a theormodynamic or mechanical driving field is held fixed
by modifying the dynamics according to a prescription of Gauss, the "principle of
least constraint" [16]. What Gauss proposed was that forces F^c) be added to the
Newtonian dynamics in such a way that a chosen constraint /(q, q, i) = 0 be
maintained and the total magnitude of the (Jacobi frame) constraint force,

be minimized instantaneously. In the space of forces (or accelerations) the con
straint defines a hyperplane by a linear equation £f=1 n,(q, q, ί)*β; = fe(q, q, t\
with n((q, q, t) = V^/(q, q, t). Since F^c) oc n( by Gauss' principle, the final equa-
tions of motion are of the form:

for some ζ. Obviously, our dynamics is a special case of this general construction.
For a system of many particles, holding fixed the "peculiar" kinetic energy,
K = ^ Σ?=ι m«(4i ~~ u')2 (Uί *s *e exPected velocity of particle i), should be
equivalent to holding the temperature fixed, according to the identification
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K ~ N d fcβΓ/2. In our simple example with N = 1 the identification of "temper-
ature" is not really appropriate, but we will use the term by analogy. In fact the
analogy is best preserved, see [46], if we set p2/m = kBT = β~l.

In practical simulations with realistic potentials and also in the simulations for
our simple model in [30], the empirical measure

μ? = -§dsδSSχ1 o

appears to converge (weakly) to a final stationary distribution for at least a dense
set of initial points X of the phase space. However, the mathematical proof of
existence and uniqueness of stationary measures, which can be given for some cases
of the traditional stochastic approach [17, 18], is generally lacking here. Further-
more, in contrast to the stochastic modeling method, the stationary distributions
appear on the basis of numerical evidence to be singular with respect to Liouville
measure. Indeed, the measures appear to be multifractal, with an information
dimension strictly less than the dimension of the constraint surface in phase space
([12], Ch. 10). The simple model we consider affords the opportunity to rigorously
examine such issues.

In addition, simple formal arguments suggest some remarkable properties of
the Gaussian dynamics. It is found in particular that the physical entropy produc-
tion in the steady state is just equal to the asymptotic rate of decrease of the Gibbs
entropy for time-evolved initial distributions, and the latter is seen to be just the
negative of the sum of the Lyapunov exponents (defined almost surely with respect
to the final stationary measure) [12]. From this results immediately a relation
between the transport coefficients, which appear in the entropy production, and the
Lyapunov exponents for the Gaussian dynamics. We wish also to study the validity
of such relations in our simple model example.

The plan of the paper is as follows: In the next section of Part I we give simple
formal arguments - which are later made into proofs - for the relations mentioned
above, as well as indicate some generalizations and extensions which we do not
prove afterward in all details. In the section following that, we give precise
formulations of the rigorous results we establish for the model, and indicate some
basic ideas of the argument. In addition, we point out the surprising transformation
of this essentially non-equilibrium problem into a problem of (lattice) equilibrium
Gibbs measures, by the method of Markov partitions and symbolic dynamics. In
the final section of Part I we analyze in detail the basic features required of physical
systems, in general, and of our model in particular for the validity of linear response
theory. We do this in the context of the van Kampen argument against validity of
linear response theory. In the more technical Part II the proofs of all the main
results are outlined.

(b) Formal Arguments. Let us first give the argument for the relations between
physical entropy production, time-derivative of Gibbs entropy, and Lyapunov
exponents. Although our discussion is entirely in the context of the Lorentz model,
it will appear that the basis of the results is rather general [12]. We assume in our
discussion that, if μ is an^ initial measure absolutely continuous with respect to the
Lebesgue measure and S^μ = μ ° SE r> then S*Eμ -> μ% (weakly) as ί -»+ oo , where
μi£ is the physical stationary measure for the forward evolution. For simplicity we

denote S^μ by μt and its density with respect to Liouville measure by/,. With the
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usual definition of Gibbs entropy,

S(μ) = -fc B f/(X)log/(X)dX,

it is a simple calculation for differentiable / that

%-S(μt) = kB J/ t(X)(V x X)dX = - kBμt(ζ) ,
at

using in the last equality Eq. (4). Observing from Eq. (3) that ζ is a bounded,
continuous function on the phase space, we can therefore infer that

lim — —

and, in fact, the right side is just equal to μ% (v) E/T. This has an interesting
physical interpretation: if we consider J = μ^(\) as the steady state electrical
current, then it is just J E/Γ, which is the entropy production due to Ohmic
dissipation [19]. (It may appear odd that the negative time-derivative of Gibbs
entropy corresponds to entropy production. One should understand that the
Gaussian dynamics are supposed to model the effect of reservoir elements on the
particle system, for which the total system, reservior -f particles, obeys the
Liouville theorem. Hence, the decrease of particle entropy corresponds to the
increase of reservoir entropy, and the latter represents the physical entropy produc-
tion.)

For the other half of the relation, we note that, if there exist local stable and
unstable subspaces in the tangent space to $01 (for every point where the flow is
smooth), then one may define local exponential rates of contraction, Λ^(X\ and
expansion, Λ^(X\ along those one-dimensional subspaces. The third direction,
along the flow, is neutral. Formally, these rates are defined by the limits,

Sί(X) ,_ θSE(X) . , τ u. . f cί-=~— wα , where ——-—- is the Jacobian matrix of SE at
t~*Q L uX uX

X, α = s(α = u), UK is a vector in the stable (unstable) subspace at x, and || || is the
Euclidean norm. The volume of a small parallelepiped with one leg along the flow
direction and the other legs along the stable and unstable rays has the volume
which is the triple wedge product of those legs, i.e. the product of their magnitudes
and a combination of trigonometric functions of the angles between the legs. We
denote the latter angular factor by UE(X\ defined for all points of smoothness of
the flow. Then, there holds the following relation for all X at which the flow is not
singular,

( V X ' X ) ( X ] = Λi(X) + Λ£(X) + l/E(SέX)
f = 0

On the other hand, λ^ = μί (A|) and λjk = μj (Λ£) are the Lyapunov exponents for
the ergodic measure μέ, while the time-derivative has zero expectation just by
stationarity under SE Hence, we have also the relation

lE J = -M4 + 4). (5)

The content of this remarkable relation is the equality of the full (nonlinear)
entropy production and the negative sum of the Lyapunov exponents.
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We now turn to a discussion of the formal response theory. It is very useful here
to develop certain exact integral expressions for the stationary measures μέ To
this end, let us note that the density of the measure at time t starting from initial
Lebesgue measure is just given by the Jacobian determinant

^= -dχ

Then, by an elementary calculation,

d fCV\ <Ύ7 . V\\ fίY\ RΓf? . \τί C — ί V\\ fί Y\ (£\
tjt\J* ) ~ — \Vχ ^ j l S~*X Jt\^ ) :== P\^J ^wE ^ / / Jt\^ ) •> W/

and, by direct integration,

ft(X) = 1 + βE v(SϊsX)fs(X)ds =
0

Therefore, for any well-behaved function φ on the phase space,

μt(φ] = Sίμ,(φ) = μ0(φ) + ]8E f μQ(v(φ °Sί))ds (7)
o

(where, note, μ0 according to our previous notation is just Lebesgue measure,
which is stationary for E = 0.) By our assumption, SEJ^O converges to μ£ as
t -> + oo , and, if the integrand on the right side has sufficiently good decay, we
obtain finally

μ ί ( Φ ) = μ*(Φ) + 0E J μo(v (φ°Sί))dt . (8)
o

Such exact expressions for steady-state measures are sometimes called in the
physics literature "non-equilibrium statistical distributions" and have been known
for a long time [27, 29, 44]. Assuming that v is in the class of φ for which the
expression is valid, one obtains at once a formula for the exact current-response as
a nonlinear function of field:

J(E) = jBE J / / O ( V ® ( V ° S E ) ) A . (9)
o

This is an example of the so-called Kawasaki formula for the nonlinear response
[41]. As we see below, it may be regarded as a generalization of the usual
Green-Kubo formula.

It is now easy to specialize the above results to obtain the response to linear
order in the field. Indeed, we see formally that the linear correction term to the
measure μ^ is just given by

= μo(Φ) + βV μo^ (Φ0SΌ))dt + o(|E|) . (10)
0

This is rigorously correct, for example, if there is a bound on the decay in t of
μ o ( y Λ ( φ ° S ί , ) ) uniform in E, so that dominated convergence may be applied to
show the remainder term is really o (|E|). Needless to say, this is not just a fine point
of rigor but is exactly where dynamical properties enter in the derivation of the
transport law. In fact, from Eq. (10) one obtains directly Ohm's law

J = σ E + o( |E|) (11)
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with

The latter yields immediately the Einstein relation

σ = /? D, (12)

where D is given by the usual Green-Kubo formula. Furthermore, putting together
Eqs. (5), (11), and (12), we obtain a simple formula for the diffusion coefficient as:

.
E-0 E2

where e is the unit vector E/|E|. The relation appears naturally as both the
transport coefficient and Lyapunov exponents are related to entropy production.

There is nothing in the above arguments which imposes a restriction to d = 2,
and corresponding results for higher dimensions can be rigorously obtained by
using extensions of our methods developed in [9]. Another interesting generaliza-
tion is to consider the addition of an external magnetic field to the dynamics. This
involves just the addition of an appropriate Lorentz force to the left side of Eq. (2):

p = E + p x B - C ' P

Because the magnetic interaction is Hamiltonian and conserves kinetic energy, the
definition of ζ is the same and also the formula (4) for the divergence of the
dynamical vector-field remains valid. It is therefore easy to derive formally in the
same manner as before expressions like Eqs. (8) and (9), with only S% replaced by
SB.E In particular, the Kawasaki- type formula for current response remains valid:

The above formula describes several new phenomena that arise in the simultaneous
presence of electric and magnetic fields, e.g. the Hall effect of transverse electrical
currents. From this follows also the validity of Ohm's law, as in Eq. (11), but with
a B-dependent conductivity given by

σ(B) = j 8 j μ 0 ( ( v ° S i i 0 ) ® v ) ώ . (13)
o

Although time-reversal symmetry is broken by the magnetic field, one can derive
from this expression, by considering time-inversion, the relation

στ( - B) = σ(B) ,

which is the usual Onsager-Casimir reciprocal relation for the transport coefficient.

(c) Rigorous Results. We now state precisely the results along the above lines that
we can establish by - we emphasize - essentially just supplying necessary rigor to
the above formal arguments. The basic properties we need, as we have seen, are
existence of local stable and unstable manifolds, (weak) convergence to a station-
ary, ergodic measure and some uniform decay of correlations. The general ap-
proach to the rigorous derivation of the transport law is the same as that given in
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[13] for the case of stochastic lattice gases. Here the necessary information on
uniform correlation bounds is established by approximating the deterministic
dynamics by a suitable Markov chain, through the method of Markov sieves.
Unfortunately, the formal argument as we have given it above cannot be presently
made rigorous, since there are so far no proofs of decay of correlations for the
Lorentz gas (even at zero field) in "true" time. Instead, such bounds have been
obtained by counting time in terms of numbers of successive collisions. This is
connected with the so-called special representation of the flow, a particular applica-
tion of a general technique of ergodic theory. We give now a more precise
formulation of our model than in the Introduction (partly to set notations) and
then describe the special representation. Afterward, we formulate our main results
as a series of propositions with brief indications of the main ideas of the proofs and,
finally, discuss the notions of Markov partitions and symbolic dynamics which are
not actually used in the proofs but give some additional insight into the model.

As stated in the Introduction, we consider the system of a moving particle in the
torus T2 with a finite number of disjoint strictly convex scatterers. The region of
that torus complementary to the union of all the scatterers is denoted by Q. Recall
that the speed of the moving particle is constant and equals υ = p/m. Therefore, the
phase space of the system is now 9W = Q x $„, where Sy stands for the circle of
radius v. The motion under the field E generates the phase flow {SE} in $1 where
— oo < ί < oo . Define a subset of 9Jt corresponding to the points of collision of the

particle with the boundary dQ:

M = {x-(q,

Here and further on n(q) stands for the inward unit normal vector to dQ at the
point q; we have chosen rather arbitrarily to label points by their velocity the
instant after collision. Standard coordinates in M are r and φ[4, 5], where r is the
arc length parameter along dQ and φ is the angle between n(q) and v at a point
x = (q9v)eM9 \φ\ ^ π/2. Rather than φ it is sometimes useful to consider the
coordinate s = sinφ, |s| ^ 1. A map ΓE: M -»M may be defined by taking each
point x e M to the point of its next collision, the so-called billiard ball map or
first-return map. We denote the time until the next collision by τE(x) and note the
important restriction of all our considerations to the case of finite horizon. In that
case TE(X) ̂  τmax < -I- oo except possibly on the codimension 1 singularity set
S_ 1 = JJ1(3M) of the piecewise smooth map ΓE (where <9M = {x = (q, v)e
M: v n(q) = 0}.) However, the singularities of ΓE are mild - they cannot accumu-
late, i.e. after a finite number of collisions the trajectory will escape the vicinity of
S-i and stay uniformly far from it. The map ΓE has an inverse ΓE

 1 which is also
piecewise smooth with a singularity set S1 = ΓE(δM). On the space M there is
defined the inversion x = (r, - φ) for x = (r, φ) under which ΓE(x) = (ΓE

 1x)~.
Note that the billiard flow {,%} preserves the Liouville measure dμ0 = dqdv and
the billiard map Γ0 preserves the measure dv0 = drds = cos φ dr dφ.

Since the dynamics for any E is completely deterministic, it is obvious that any
point (q, v) e 9JI is completely specified by giving the point x e M corresponding to
its state just before its last collision and the time τ since that last collision. This is
the so-called special representation of the flow. More formally, it corresponds to
representing the system (9JΪ, SE) as the flow under the (ceiling) function τE generated
by the map ΓE on the (base) space M; e.g. see the general discussion in Chapter 11
of [10]. Let us just remark here that if VE is a measure on M invariant (ergodic)
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under TE, then a measure μE on SOΐ invariant (ergodic) under SE is defined by

ME(/) = i iv E (r fx) T E f d τ f ( x , τ ) , (14)
T EM o

for /eC(9JΪ), using the isomorphism 9JΪ ^ {(x, τ):xeM, 0 rg τ g τE(x)}. Here,
TE = VE (TE), the mean collision time, appears as a denominator for proper normal-
ization. Notice that the measures μ0, v0 previously defined are in fact^so related.
There is also a simple relation between the Lyapunov exponents λE

s for any
ergodic^ measure VE under TE and those for the associated μE, which is just
O W , S TU>S/~

AE = ΛΈ ΛΈ
We can now state our results. They all require the condition of finite horizon

and sufficient smallness of the field, which we hereafter assume without explicit
mention. First, we have (defining, as above, TEV = v° TE

n)

Proposition 1. There is a stationary, ergodic measure VE for the map TE on M, which
is the weak limit

VE = w - lim ΓEV ,
«-»• + oo

for any measure v <ζ v0 on M. The measure VE satisfies the Pesin formula for the K-S
entropy

= IE ,

and Young's formula for the fractal (or information) dimension

Furthermore, considering S% as the special flow, one obtains by the construction in
Eq. (14) above, an invariant ergodic measure μE which is the weak limit
μ^ = w — limr^ + 00 S^μ for any μ <ζ μ0, which has the K-S entropy given by

= hv£(TE)/τE and the fractal dimension H D(μE) = HD(vE) + 1.

This result is proved in Part II, Sects, (d) and (f ). It is easy to check by
combining the Pesin and Young formulas that

where /ZE = hμ + (SE) and CE = — (^E + Λ E) The next main result allows us to
physically identify the latter expression:

Proposition 2. For any measure μ on $01, μ <^ μ0,

J E/Γ=- lim ̂ S(μt) = -
t-> + ao at

Here, as above, J = μE(\), μt = ̂ μ αnίί AE, λE are Lyapunov exponents for the
ergodic measure μE .

This result follows from the weak convergence in Proposition 1 and the
existence of stable and unstable subspaces in XX501 except for the codimension 1 set
of points Xe9JΪ where the flow is singular. The existence of the subspaces is
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guaranteed by the strong hyperbolicity of the flow SE, which holds for small E (see
Part III and Ref. [23]). It is perhaps interesting to note that the ratio determining
the fractal dimension is just the physical entropy production J E/Γ divided by (kB

times) the dynamical entropy production hE.
To state the next results, we must introduce some additonal notation. For any

XeWl let us define Q(X) to be the projection onto the configuration space Q, i.e.
Q(q, v) = q. In particular, Q(x)edζ) for xeM. We then define on M a function
A E b y

Clearly, ΔE(x) is just the total vector displacement of the particle from its starting
point xeM until its next collision. This definition is actually ambiguous since we
use periodic boundary conditions on β. For the results below it is crucial that ΔE be
defined by the convention that, when a particle in R2 crosses the boundary of the
fundamental domain Q, the displacement is evaluated between the starting point in
Q and the final position in the adjacement domain (rather than its periodic image in
the fundamental domain). Let us also define a space of Holder continuous fun-
ctions HΛ = (f:\f(x) —f(y)\ ^ Cf\x — y\" for any x, yeM}. More generally, let
H* denote the space of piecewίse Holder continuous functions, which are Holder
continuous (with an exponent α) on a finite collection of subdomains in M separ-
ated by a finite union of compact smooth curves. (Note that the curves and
domains must be fixed for the class H* under consideration: we consider below the
case where the discontinuities occur on the singularity sets S-1Λ = S-luS1oΐ

both the maps T^ and T^1). Then, an exact integral formula for invariant
expectations and a Kawasaki-type formula for nonlinear response can be estab-
lished in the following form:

Proposition 3. For any φeH*,

00

vί(Φ) = v0(φ)+ Σ v 0 [(0o7Ί)(l-e-" E Δ )]. (16)
n=l

Furthermore, the following equality holds

The proof of this proposition is obtained by repeating the formal arguments
given earlier, but now for the map ΓE (see Part II(a).) To make the argument
rigorous it must be shown, for the first Eq. (16), that the function
/E(x) = 1 - e-/?E ΔE(x) obeys Vo(yE) = o and is in H* for all (small E: the result
then follows from Theorem 17 of Part II(e) which proves the decay of correlations
to guarantee convergence of the summation. The second equation follows more or
less directly from the first one (see H(a)).

Finally, we have the following results on the linear response, transport law and
Einstein relation:

Proposition 4. For any

(17)
n = l
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Furthermore, J = σ E + o(|E|), where σ = βΌ and

V = ̂  Σ V o ( ( A o ° Γ 0 « ) ® A o ) . (18)
ZT0 « = - o o

The latter expression is just the (discrete-time) Green-Kubo formula estab-
lished by Sinai and Bunimovich in [3] for the diffusion coefficient. See also [5],
where this formula was corrected and the matrix D was shown to be positive-
definite. In these works, the diffusion coefficient is naturally defined through the
covariance of the limiting Wiener process for the rescaled particle motion in the
Lorentz array of scatterers. Thus, the relation σ = βD is a proper form of the
Einstein relation. (Although we give no details here, similar results can be obtained
for the situations with an external magnetic field, as long as the scatterer array has
finite-horizon for the motion along circular arcs produced by the Lorentz force.
The limiting Brownian motion with B-dependent drift can be obtained, for
example, by the arguments in [9], and the diffusion coefficient is then given just by
the above Green-Kubo formula with Tξ replaced by ΓB,O In that case, therefore,
there is a generalized Einstein relation of the form σ(B) = /?D(B), where σ is the
symmetric part of σ given by the formula (13) or by a similar discrete-time formula.)
The proof of Eq. (17) follows from the uniform correlation bounds in Part Π(e),
which allows dominated convergence to be applied to show the remainder term is
o(|E|). The rest of the proposition then follows rather directly (see Π(a).) From
Ohm's law and Eq. (15), we can obtain an estimation for the fractal dimension valid
for small E:

Corollary.

HD(μί) = 3 -E 'σ 'E / : Γ+o(|E|2) .

This requires the proof that limE_0^E = ^o (see Part II(f).) In particular, it
follows that HD(μ%) < 3 when E is small but finite.

The method of Markov sieves is the main technical tool used both in the
construction of the invariant measure and in the proof of the correlation bounds.
The construction of the measure proceeds by first defining in a usual manner
a conditional measure pc on unstable fibers γ (x) and^then, for a selected fiber y",
proving both the existence of the limit w — limn^ + ao f£pc and its independence of
the choice of y". Without entering into any technical details, we just remark that
TEP°(B) - for a fixed "parallelogram" B circumscribed by stable and unstable
fibers - is shown to have a limit only by studying the simultaneous evolution of the
whole collection of parallelograms composing the Markov sieve. Likewise, the
correlation bounds are obtained by using the Markov sieve to approximate the
entire evolution sufficiently well by a Markov chain with good decay of correla-
tions. The uniformity in E is the consequence of a "stability" property of the strictly
hyperbolic map Γ0 under small perturbations.

The related method of Markov partitions, which played the crucial role in
earlier work [2, 3], is not used here. Nevertheless, it should be possible to construct
such partitions with good enough properties, and, not only would this yield some
further conjectured results, but also some additional heuristic insights into the
model. We therefore very briefly explain this method and the related idea of
symbolic dynamics. A Markov partition is a certain countable partition η of M into
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parallelograms η = {Ai\ieJ} (for the definition of parallelograms see our
Sect. Π(c). As a notation, we write y%(x) = yu(x) π Ai9 where xeAieη and yu(x) is
the local unstable fiber through x (with a similar notation for the stable fibers.)
Then, the Markov partition has the fundamental property that for a.e. x e M,

τ(γζ(x)) c y*(7x), Γ-HyJW) ^ yJίΓ-1*) .

It can be shown that the sets of the form Pj^J0^ TnAωn for any sequence
ω = {. . . , ω _ „ , . . . , ω0, . . ., ωn, . . . }e2z may consist only of one or no points,
and p|n

+

=

ro_ooΓMωnΦ0 if v(Aωn n TAωn+1) > 0 for all rceZ. Setting πo = 1 if
v(Ai n TAj) > 0 and 0 otherwise, we may define the space Ω of symbolic sequences
ω as the subset of Zz such that πωn(0n+ί = 1 for every ne%. Then it may be seen
that the mapping Φ: Ω -> M defined as

is one-to-one onto a set of full v-measure. It a natural way it gives an isomorphism
of measurable spaces for M and Ω. Furthermore, if S is the shift on Ω defined by
(Sω)n = ωn- i , then Φ°S = T°Φso that v is pulled back to an S-invariant measure
p on Ω. In fact, the essential point is that p is a kind of one-dimensional lattice
Gibbs measure for the spin-system with values of spin in the countable set 3 and
with interactions of sufficiently rapid spatial decay. The formal Hamiltonian of the
measure p% (corresponding to V E ) is just given by the expression

ff(α>)« +f Λί(Φ(S»ω)), (19)
n= — oo

in which quantity A%(x) is the local exponential rate of expansion for xeM
under the map 7Έ, and is simply related to the expansion rate for S% by Λ^(x) =
JQE ( X ) dτ ΛE(X, τ). (For the notions, see Ref. [33].) What is very remarkable about
this isomorphism in our context is that it converts the essentially nonequilibrium
measure VE into a lattice Gibbs measure PE of an equilibrium spin-system! This is
the main feature of the so-called thermodynamical formalism [33].

This transformation, if it can be rigorously carried out here, should have
various consequences. First, it is believed on the basis of various numerical
evidence that the measure VE should be multifractal, with an entire continuous
spectrum of associated dimensions. In fact, we expect on general grounds that this
should be so (for small E) and the verification by the above method of symbolic
representation should be possible along the lines in [39]. Another interesting
consequence of the representation as a lattice Gibbs measure is that there should be
a variational principle which characterizes the measure V E . Specifically, the measure
VE should minimize the quantity /(v) = v(Λu

E) — /ιv(TE) among all the ergodic
measures for ΓE on M. The question of existence of a variational characterization
of steady state measures has been a traditional one in non-equilibrium statistical
mechanics, with a principle of minimum entropy production most often proposed
[13]. It may be of some interest to observe that linear corrections to invariant
measures, such as in Eq. (17) above, are known to be correctly prescribed by
minimizing entropy production in some simple stochastic dynamical contexts
[13, 24]. However, no such principle is known to be exactly valid, and the present
example is the only one we know where a microscopic measure is precisely
characterized. It may be that this example is, in fact, a little more reminiscent of the
maximum entropy principle proposed by Zubarev [45]. On the other hand, it must
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be admitted that the form of the principle considered here is quite different from
any of the ones conventionally considered in non-equilibrium statistical mechanics.
The minimization is only within the class of ergodic measures and, while/(v) ^ 0 in
that class, the minimum should be exactly zero (so that V E satisfies the Pesin
formula.) Whereas standard variational principles seek to characterize a (unique)
invariant measure out of the class of all probability measures, here the principle
characterizes a certain physical measure out of the infinite class of ergodic measures
for the deterministic dynamics.

A final remark which we make regarding the Gibbsian formulation of our
problem, is that, in this guise, the conductivity σ appears as a "susceptibility," or
the equilibrium response to an applied field. That is, the current J is just the
expected value of a variable AE (actually, AE = ΔE/τE: see Part II, (a)), and it is
possible to show that the Green-Kubo formula for the conductivity σ = VEJ|E = 0

is equivalent to

V E v E (A E ) | E = 0 - v0(Ao( - VEH|E = 0)),

where H is the formal Hamiltonian in Eq. (19). This is exactly the usual perturba-
tion formula for the response of an equilibrium system to a small change in the
potential.

(d) The van Kampen Argument Against Linear Response. In the original form given
by Kubo [26], the linear response theory essentially amounted to deriving a for-
mula like our Eq. (7) - for the equilibrium measure μ0 evolved to time t - but
without a thermostating mechanism. Thereafter, an expression was obtained for the
current response by first expanding in E and then taking the limit t -> + oo, in that
order of limits. Because no "heat bath" was employed, the stationary state did not
exist and the opposite order could not be taken. Although it is the opposite order
which is logically correct, the final result for the linear part of the response was
exactly the same as ours (essentially because the dissipative effects of the "heat
bath" are 0(|E|2) and do not enter at the retained order). Alternately, one may
simply expand the expectation in E at a finite macroscopic time, with the assump-
tion that the resulting finite-time integral contains essentially the full contribution
to the conductivity.

Kubo's analysis was criticized by van Kampen in [22]. He claimed that the
mathematical condition necessary for validity of the derivation is a restriction on
the field strength sufficient to guarantee closeness of an individual trajectory over
this macroscopic time interval. The basic point of the van Kampen argument was
that one cannot expect such a linear microscopic response (i.e. of individual particle
trajectories) over macroscopic times like seconds, minutes, or hours under an
external perturbation, unless that perturbation is exceedingly small. On this basis
he challenged the theoretical foundation of Kubo's microscopic response theory
derivations of macroscopic linear transport laws (including, perhaps, the predicted
value of the phenomenological coefficient). To demonstrate his point, van Kampen
considered electrical conduction in a system of electrons which move freely except
for occasional collisions with impurities. An external field E then has the effect of
displacing the particle paths from their unperturbed positions over a time ί by at
least an amount ^t2(e\E\/m). van Kampen argued that, in order that the induced
current be linear in |E|, one must have ^t2(e\E\/m) <ξ d, where d is a mean spacing
of impurities. Obviously, the upper bound on allowed field strengths |E| becomes
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more severe as t increases. Taking d « 100 A and t to be a macroscopic time of
order 1 second or so, van Kampen found that the field must be less than

We argue that, in fact, much weaker conditions are sufficient for validity of
linear response than such a severe requirement of "microscopic linearity": it is
certainly nowhere used in our proof. We believe the loophole in van Kampen's
argument comes from the fact that linear response theory deals actually with
probability distributions of the electrons rather than individual phase space points.
Such distributions of electrons are the relevant objects when one deals with
a macroscopic system containing many particles. We agree therefore with the
discussion of Kubo et al. in Sect. 4.7.2 of [37]. If one examines the formal response
theory calculations, for example which lead to our Eq. (9) in Sect, (b), it is apparent
that it really requires only relatively modest assumptions. The main requirement is
that of a uniform bound on decay of correlations in the Green-Kubo integrand.
The observation made in [12], Sect. 7.8, that the integrands in formulas like
Eq. (10) typically decay to nearly zero in a microscopic time, makes it very reason-
able that such uniform integrability as is required will hold. Therefore, the invari-
ant measure of realistic systems have very likely a finite, linear correction such as in
Eq. (9). Furthermore, for such a system the macroscopic current response will be
the sum of separate contributions of many individual electrons. Therefore, one
should expect that there will be a /αw of large numbers for the macroscopic current,
so that for every phase space point distributed with respect to the invariant
measure the actual, empirical value of the current is equal to the average value with
a probability approaching unity as the number of electrons increases (e.g. see [14]).
Since the average value has a perfectly linear behavior in |E|, so will the actually
observed current response.

The substantive issue raised by van Kampen's criticism is just what is the exact
range of validity of the response theory. One part of the question is what range of
E constitutes the linear regime, where the linear transport law is valid, and whether
the observed conductivity in the macroscopic linear regime corresponds to Kubo's
prediction. It is possible in principle that what is experimentally observed corres-
ponds to an intermediate asymptotic regime, where nonlinear corrections conspire
to produce a linear effect with modified slope (although this seems unlikely).
Another question is what is the range of E for which the full nonlinear response
formula, like Eq. (9), is valid. We address now the latter issue in the context of our
concrete model.

Consideration of the details in Part II yields conditions on E of a similar form
as van Kampen's but with a crucial difference. A main condition of our proof is that
of strict hyperbolicity, and that requires that the dynamics with imposed field be
a sufficiently small perturbation of the original free billiards. A condition on
E sufficient for that purpose is that ^τ2(e\E\/m) <ζ a, where τ is the mean-free-time
between collisions and a is the radius of the scatterers. The meaning of this
condition is that, in the time it takes until its next collision, a particle should deviate
from its original trajectory under an applied field by an amount which is a small
fraction of the scatterer radius. This guarantees that the collision map ΓE with an
external field is a small perturbation of the original discrete dynamics TQ . Here, the
demand of finite horizon requires that a be only a little smaller than the distance
d between scatterers. Therefore, the main difference between this estimate and van
Kampen's is the appearance of the microscopic mean-free-time - which is also of the
order of the relaxation or correlation-decay time - rather than a macroscopic time
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of the order of seconds. Some similar but more stringent requirements emerge from
the specific details of the proof in Part II. For example, in Lemmas 10 and 11 it is
assumed that the perturbation is small under m iterates of the map ΓE, where m is
an integer selected so that the minimal expansion rate after m collisions, Wm,
should be greater than, say, 100m. This requires m = 30 or so, and the basic
restriction on E is of the form %τ2(e\E\/m) W30 <ζ d (cf. the discussion in [31]). The
expansion factor W w d/a appears since deviations accumulate exponentially; it
may be taken somewhat less than 2. If one estimates the mean free time by taking
a scatterer separation d « 100 A and v « 108 cm/sec, a typical Fermi velocity, then
τ = d/v « 10"14 sec. Therefore, requiring that the deviation in 30 collisions be, say,
no more than j^ of a scatterer radius, we still arrive at an estimate for E which is
1018 times bigger than van Kampen's, allowing electric fields up to at least about
1 V/cm.

Unfortunately, for the proof in its present form, a much more severe restriction
comes from Lemma 13, which makes a similar requirement on closeness of a power
of the collision-map but with the number of iterates n2 selected by the requirement
of "sufficient mixing" in the phase space. It is more difficult to estimate the
minimum size of n2, but a value of 1000 could probably suffice. Even though this is
still a microscopic time, it already implies an extremely tiny bound on allowed E,
because of the huge factor W1000. The resulting bound is much smaller than van
Kampen's! Actually, van Kampen's numerical estimate did not take properly into
account exponential deviation of trajectories - as he himself remarked, it is "far too
optimistic." The true requirement on E for microscopic linear response over
macroscopic times is smaller than his stated estimate by a factor of WIQIA\ That is
the necessary limit on E he could have claimed, if his restrictive condition were
really required, and our estimate is much better than that. However, our proof as it
stands certainly does not prove the transport law for a realistic range of E.

We have two comments on the situation:
First, the strong requirement in Lemma 13 might be eliminated with some

greater effort to optimize its proof. The essential requirement of our strategy is, we
believe, a closeness of the trajectory for just several collisions and that implies
a reasonable range of validity of the response theory. We emphasize again that our
proof nowhere uses any "linearity" of individual, microscopic trajectories over
a macroscopic time interval. Such a closeness is required only over a fixed,
microscopic time interval. The consequence of the closeness of the single collision
map is a certain "stability" of the phase-portrait of the dynamics as a whole. The
entire hyperbolic structure of the billiards at zero field - local stable and unstable
manifolds, Markov partitions, etc. - are just "slightly distorted" by turning on the
thermostat and small field. Since we are only interested ultimately in statistical
information about our system, it is this stability of the whole dynamics which is
relevant and not the stability of individual trajectories over macroscopic times.
From such properties we can deduce, in particular, the uniform estimate on
correlation decay.

Second, for the derivation of the transport law it is just this uniform integrabil-
ity, besides existence of the stationary measure itself, which are required. The
specific conditions on E emerge from our particular strategy based on strict
hyperbolicity to prove a priori these requirements. There is no question that the
required integrability is more general than the strict hyperbolicity, which can be
lost if even a single scattering surface has a point of zero curvature. One must
carefully distinguish between the linear response argument itself, which should




