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i Lfor the grain count distribution
in radio-autographs of cells prepared at various times following exposure
to radioactive thymidine is_developed. The theory s Tormulated in the =
context of a particular model of cell proliferation proposed by Lajtha.? | In- .(M:g'f' 2
/ The connection between the distribution of tritium atoms among the cells
A calculated from the theory and observable quantities such as the labeling
/ index, median grain count, etc., dré Qvt)f‘ked out in detail. Various possible
_extensi re-discussed-and-these appear 4o be sufficiently
flexible ‘so-that-they-would correctly represent observations such as those
of Clarksonyand others on leukemic myeloblast cell populations, The A B
time evolution of this cell population following an arbitrary initial state ‘aff, e
is also presented. v.- ., . = ) S Ao E 2t T ML o ey
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1. Introduction §
The introduction of tritiated thymidine as a radioactive label in proliferating
cells and subsequent radioautographic study of them has greatly stimulated
the study of mammalian cell kinetics in recent years (Cleaver, 1967).}
In particular, a great deal of information has been collected about differen-
tiating cell systems such as blood cells (Cleaver, 1967, section 7.12).

The analysis of these experiments has in general been based only on the
gross features of the labeling data such as the labeling index and the fraction
of labeled mitotic cells. For this purpose the theoretical age-time (Scherbaum
& Rasch, 1957; von Foerster, 1959) and more recently maturity-time
(Rubinow, 1968) descriptions of cell populations is sufficient. However,
there exists in addition detailed information concerning the distribution of
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+ Also Physics Dept, Belfer Graduate School of Science, Yeshiva University, New
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t This book is an excellent and thorough account of the labeling process and its
theoretical implications. Discussions of most of the aspects alluded to in this paper may
be found there together with numerous references to the current literature.

99



100 jJ. L. LEBOWITZ AND S. I. RUBINOW

grain counts in cells following exposure to radioactive thymidine (Cleaver,
1967, section 1.10; Clarkson, Ohkita, Ota & Fried, 1967). These observations,
which will hopefully increase in precision and reliability, contain much
quantitative information about cell kinetics. A theoretical analysis of such
data for obtaining median generation times has been given recently by
Fried (1968).

It is our purpose in this note to formulate a mathematical representation
of cell populations in which the amount of radioactive label contained in
a cell is included as one of the independent variables. Thus, equations for
cell density functions are introduced which depend on the variables age,
maturity, time and radioactive label. These equations are related to similar
equations that have been introduced by various authors (von Foerster,
1959; Bell & Anderson, 1967; Bell, 1968; Rubinow, 1968). They are here
used for quantitative mathematical treatment of experiments on cell
populations which are subject to pulse labeling but can also be used for
continuous infusion experiments.

Our equations are presented in the context of a physical model of cell
proliferation proposed by Lajtha, Gilbert, Porteous & Alexanian (1964) to
help explain how stem cells in the bone marrow may recover from radio-
active damage. It utilizes the concept of a non-proliferative or resting state
which has been suggested (Lajtha, Oliver & Gurney, 1962; Mendelsohn,
1962) to help understand kinetic features of cell renewal systems. In this
view mitosis is normally followed by a G, or resting phase (Lajtha et al.,
1964) from which the normal cell cycle consisting of the phases Gy, S, G,
and M (Howard & Pelc, 1953) is triggered by an appropriate mechanism.
This concept helps explain the very characteristic feature of leukemic marrow
cells following a pulse injection of tritiated thymidine, namely that only an
abnormally small fraction of them are initially labeled (Gavosto, Maraini &
Pileri, 1960; Mauer & Fisher, 1963; Clarkson, Ota, Ohkita & O’Connor,
1964 Killman, 1965). A very simplistic study (Rubinow, unpublished) of
the proliferative cycle for such cells suggests that a large proportion of the
cells are in a resting state.

Our mathematical model hopefully provides, by the appropriate choice
of the parameters involved, an adequate representation of the essential
features of the in vivo and in vitro myeloblast proliferative system. It supposes
two compartments of cells, an active compartment in which all cells undergo
proliferation and a resting compartment in which no cells divide. Both
compartments may lose cells at characteristic fractional rates per unit time
B, and B, respectively. A cell entering the active compartment is charac-
terized by zero maturity. After such a cell has spent the time necessary for
it to reach a certain level of maturity, assumed to require a definite time








































































