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RESUME

On montre qu'un systéme de particules chargées avec interactions coulombiennes
(et éventuellement en outre des interactions tempérées) & une limite thermodynamique
bien définie pour I'énergie libre par unité de volume : celleci peut dépendre de la forme
pour un systéme qui n’est pas électriquement neutre. Cela prouve que la mécanique sta-
tistique, développée par Gibbs, conduit bien 4 la thermodynamique pour des systémes ma-
croscopiques, au moins quand les effets relativistes peuvent étre négligés.

ABSTRACT

It is shown that a system of charged particles interacting with coulomb forces (and
possibly also with other tempered interactions) has a well defined statistical-mechanically
computed, free energy/unit volume in the thermodynamic (bulk) limit : which may be
shape dependent when the system is not electrically neutral. This proves that statistical
mechanics, as developed by Gibbs, really leads to a proper thermodynamics for macroscopic
systems, at least in situations when relativistic effects are not important.

There has grown up in recent years a large body of exact results in statis-
tical mechanics. The most fundamental of these results concern the proof
that the equilibrium statistical mechanics developed by Gibbs and Einstein
with its later generalization to quantum systems can really yield equili-
brium thermodynamics. To be more precise, given our present understanding
of the microscopic laws, e.g. Hamiltonian, relevant to the behabior of ma-
croscopic matter in “‘ordinary circumstances” it is desired to show that the
free energy derived from the partition function Z = tr (e™"™) has the pro-
perties postulated by equilibrium thermodynamics, a theory based on ma-
croscopic experiments, i.e., starting from the appropriate partition function,
is it true that the resulting properties of matter will be extensive and
otherwise the same as those postulated in the science of thermodynamics?
In particular, does the thermodynamic, or bulk, limit exist for the free
energy derived from the partition function and if so does it have the appro-
priate convexity, i.e. stability, properties ?
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To be precise, if N}. are an unbounded, increasing sequence ot particle
numbers, and S'Z.! a sequence of reasonable domains (or “boxes™) of volume
V.,. such that Nf_!\’,, —> constant = p, does the free energy/unit volume

f=—6' (V) nZ@,N, Q) : Z=(Ze T
approach a limit (called (B, p)) as j — oo and is this limit independent
of the particular sequence and shape of the domains ? If so, is f convex
in the density p and concave in the temperature, B~'. Convexity is the
same as thermodynamic stability (non-negative compressibility and specific
heat). Here E (N, Q) is the a th energy level of the N particle system
obtained from the solution of the Schroedinger Equation with the require-
ment that the wave function vanish on the “boundary” of £. (There is
not a full proof for the existence of the thermodynamic limit for different

types of boundary conditions, e.g. periodic or normal derivative vanishing
on the boundary).

Various authors have evolved a technique for proving the above [1],
but always with one severe drawback. It had to be assumed that the interpar-
ticle potentials were short range (in a manner to be described precisely
later), thereby excluding the Coulomb potential which is the true potential
relevant for real matter. (Actually, Griffiths [2], using the Dyson-Lenard
theorem, below, found a way to extend the “canonical” proof [1] to electri-
cally neutral systems with Coulomb forces under the restrictive assumption of
complete charge symmetry, i.e. that positive and negative particles have
the same mass, spin, etc. but this is clearly insufficient for nuclei and elec-
trons. Similarly Penrose [2] was able to prove the above for the case of a
system enclosed by a very special, unphysical, container). That a nice
thermodynamic limit exists for neutral systems with Coulomb forces is
a fact of common experience, but the proof that it does so is a much more
subtle matter than for short range forces. It is screening, brought about by

the Coulomb force itself, that causes the Coulomb force to behave as if
it were short range.

In this note we will indicate the lines along which a proof for Cou-
lomb forces can be, and has been constructed. The proof itself, which is
quite long, will be given elsewhere [3]. We will also list here some additional
results for charged systems that go beyond the existence and convexity of

1(B,p).

To begin, with, a sine qua non for thermodynamics is the stability
criterion on the N body Hamiltonian, H = K.E. + V. It is that there
exists a constant B 2 0 such that for all N

V(ry,...,ry) > — BN (classical mechanics), )
E, > — BN (quantum mechanics) 3)
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