HAMILTONIAN FLOWS AND RIGOROUS RESULTS IN NONEQUILIBRIUM STATISTICAL MECHANICS
J. L. Lebowitz

I. INTRODUCTION

| will begin my talk by calling your attention to Art Wightman's lecture, Statistical Mechanics
and Ergodic Theory: An Expository Lecture, given about two years ago not far from here at the
sympmiu.rn in honor of Professor George Uhlenbeck at Northwestern in 1969 [2]. Wightman's
lecture has now been published [13, and | urge you strongly to read it. It describes in a physicist's
language many of the ideas developed by mathematicians in the last 40, and more particularly in
the last 20, years for the study of the qualitative features of the time evolution of isolated
dynamical systems [3].

These concepts on the one hand are of central importance to the understanding of nonequi-
librium phenomena in physical systems and on the other hand are almost entirely unknown in the
statistical mechanics fraternity, a goodly many of whom are gathered here today. (At least they
were unknown before you all heard the lectures by Professors Smale and Ornstein this morning. )

Even the nomenclature of this work, such as mixing flow, K-system, are rorely or not at all to be

found in any of the many books on statistical mechanics and kinetic theory written for physicists
in recent yeors or, for that matter, in the physics journals. Even when time evolution, irrevers-
ibility, and approach to equilibrium are discussed in the standard books (4], all that iz usually
mentioned is something about ergodic systems and the Birkhoff theorem that a system is ergodic if
and only if the Hamiltonian flow in phase space, restricted to o surface of constant energy, is
metrically transitive. The latter means that the energy surface is not decomposable, in a

"o

"sensitive way, " into separate parts which are left invariant by the flow.
Now | believe that almost all real physical systems are "essentially" ergodic. Indeed, this

is necessary for understanding why equilibrium statistical mechanics, which includes a description
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of fluctuations in thermal equilibrium, works so well in the real world. | think, however, that

just ergodicity alone is not sufficient for either the understanding of irreversible phenomena or--
and this is perhaps even more important to those of us who make a living working in this field--
for the existence of the integrals which we use in the computation of transport coefficients, such
os the diffusion constant, viscosity, etc. [5]. What is necessary is something stronger which fs
more like Hopf's mixing flow or still stronger.

| want to devote my lecture to (1) defining these concepts in ways which are useful to
statistical mechanics, (2) discussing the role of the thermodynamic limit, where systems become
very large or infinite, in the study of irreversible phenomena, (3) relating these concepts to some
simple mode| systems which have been worked out explicitly, or almost explicitly, by various
authors, some of whom are in this audience, (4) raising some questions about the time evolution
of quantum systems which do not fit in a simple way into the structure of ergodic theory, mixing
flows, etc., the thermodynamic limit being essential for mixing in quantum systems, (5) questions
about the existence of a heat conductivity in random harmonic crystals, and finally (6) to a few
remarks about some recent work on the metastable state of systems with very long range interactions.

I would like to make it clear ot this point that (1) this talk does not contain even all the
rigorous results known to me in this field, much less all those known to others, and (2) nonrigorous
does not mean incorrect any more than rigorous means relevant or interesting.

| have in particular left out all discussion of kinetic equations. These equations asseciated
with the names of Boltzmann, Pauli, Kirkwood, Born and Green, Prigogine, van Hove, Bogolubov,
and Uhlenbeck, to mention just a few, have played and continue to play a central role in our
understanding , interpretation and prediction of nonequilibrium phenomena. (Boltzmann's great
H-theorem will have its centenary next year.) Some of these equations, like the Boltzmann
equation, may be exact ot all times in special limiting situations [such as the Grad limit for
hard spheres; particle density n ~ =, particle diameter a = 0, mean free path £ = (na ®)* remaining
finite]. Other equations may be valid only asymptotically (in the Prigogine-van Hove type of
equations these conditions are clearly stated), or may hold only approximately. In any case
their physical validity is a question to be settled first by experiment and only later, if we ever
get clever enough, by rigorous mathematics. -

I could continue with other things | have left out--Green-Kubo formulas, master equations,
Brownian motion, hydrodynamics, etc.,--but | think | had better start on the few things which |

do want to discuss.

Il. ERGODICITY, MIXING, AND DECAY OF CORRELATIONS

Since most of these concepts, and many more, are presented and defined in a clear and
precise way in Wightman's lecture [1] and in the book by Arnold and Avez [37, I shall only
sketch here the definitions which | need for this talk. | shall use the physicist's language, which

sometimes sacrifices precision and generality for the sake of simplicity and familiarity.
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Consider a conservative classical system of particles with canonical variables G Py i=1;
. - ., 3N. The state of the system is represented in the N-dimensional phase space T by a
point x = {qi, pi]. The time evolution of the system or its representative point in T, X, Lor x(t)],
is governed by the canonical equations of motion coming from a time independent Hamiltonian
H(x),

N
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We assume in addition that the coordinates of the system are confined to a finite region of
space Aby rigid walls (or by some external potential which can be put into V), or that the system
moves on some N-dimensional torus (periodic boundary conditions). (When the particles have hord
cores, these con also be thought of as internal walls.) Under these conditions the motion of the
system, i.e., the flow in T space, will be confined to a (6N - 1) = dimensional energy SE which
is piecewise smooth and has finite "area, " given by the equation

H(x)EE=H(xf); ~mst S, (2.2)

The time evolution of any function f(x) is given by

df(t)/dt = (F(t), H) = iLf,

ir)l= f(xf) = flexp [itL1x) = explitLIf(x) = U‘F(x},

where L is the Liouville operator corresponding to the usual Poisson bracket. Thus if p(x,0)

(2.3)

describes some Gibbsian ensemble density in T af t =0, then the ensemble density ot time f is

given by the solution of the Liouville equation,

t) - (4, p)=-iLp (2.4)

plx,t) = expl-itL] p(x,0)=U_ plx,0)=pix_,0). (2.5)
U!’ is a unitary operator, and i is introduced so that L is self-adjoint.
Every p(x,t) (which may be singular), which is nonnegative, defines a measure it on T.

Thus if A isany set in T,

uA 1) = [ pixt)dx = [ px_, 0)dx = [p(c_,,0)dx_, = [ p(x,0)dx = u(h_0). (2.6)
A A A A_r
The third equality following from the Liouville theorem that the volume element dx (Lebesque

measure ) is invariant in time. We shall always assume that p is normalized:

MED= [ plx,t)dx = [ plx, 0)dx =1. (2.7)

OF particular importance in statistical mechanics are time independent measures (or ensemble
densities),

p(x,t)=p(x,0) =p (x),  uA,t)=u_(A). (2.8)

Particular examples of such time invariant ensembles are the micro-canonical and canonical

ensembles. The first of these is








































































