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ABSTRACT

There exist a large number of papers in the liter-
ature dealing with warrant prices. These vary from the
purely empirical (Kassouf, 1968) to the highly theoreti-
cal (Samuelson - McKean, 1965). We present here a review
and interpretation of this literature with principal em-
phasis on Samuelson's paper, as well as some empirical
data on the current A.T.& T. warrants. The data shows
a very large dispersion of warrant prices for a given
stock price. This raises some questions about the valid-
ity of Samuelson's and similar models which predict a
unique warrant price for a given stock price. We plan
to explore this in a future memorandum.



Warrant Pricing - A Review with Comments,

of Samuelson's and Other Theories

1 Introduction

A simple warrant is a right to buy a share of a par-
ficular stock at a specified price, called the exercise
price, E. There are two types of simple warrants, differ-

in the provisions as to when the warrant holder may exer-

cise his right to buy the stock.

1) The European warrant, where the exercise time is
some fixed future date.

2) The American warrant, where the right may be exer-
up to some fixed future date. A perpetual warrant
is an American warrant where the fixed future date
is iInfinity; the right may be exercised at any

future time.

We study the "proper" price of the warrant, i.e., the
time discounted expected value of the excess of the stock
price over the exercise price that will accrue to the war-
rant holder when he exercises his warrant. We assume here
that he will exercise his warrant with optimal strategy. No
consideration will be given to the existence of a specula-

tive market for warrants, since we assume for the purposes



of this paper that all warrant holders and all prospec-
tive warrant holders evaluate the warrant similarly. With
this restriction, the value of the warrant is dependent
only on investors' anticipations as to the future price

of the stock. These anticipations will be given probabi-
listically; a random process will be described that re-
presents the anticipated series of stock prices. From this
process the value of the European warrant will be explic-
itly calculated. Inequalities relating the values of Euro-
pean and American warrants, and of different American war-
ants, will be determined by arbitrage arguments. A func-
tional form for the calculation of the value of the American
warrant will be given, and closed form solutions of this
will be given for special cases. Thils development is taken
principally from Samuelson [6] and Chen [3]. Appendices
will mention other formulas for warrant prices, empirical
and analytic. Mention will also be made in an appendix of

rational pricing for 'zero-exercise price warrants'.

2. The Stock Price Series

The anticipated price of the stock will be defined for

the model as a random process X The units for this process

tl
will be the exercise price of the warrant, E (or if the war-

rant allows the holder to obtain K units of stock for exercise



price E, units will be E/K). 1In these units, the exercise
price for one share of stock will be unity. Several prop-

erties of the process X, are postulated:

t

A) Prob {X .o < Y|xt = K, Xt—Tl = Xq{, xt_T2 = X5, )
Y
= P(Y,x;T) = J ply,x;T) dy . (2.1)
0

That is, the process is stationary and Markov. Consequently,

it satisfies the Chapman-Kolmogorov equation:

P(X,x;T) = { P(X,z;T-t) dP(z,x;t) (2.2)
o)

B) The price scales, i.e.:

P(X,x3t) = G(X/x;t) (2.3)

Equation (2.3) implies that the stock price has the same proba-
bility of doubling (or tripling, or halving), in a given time

interval, no matter what its initial value for the period.

Thus
E(X|x;t) = J XdP(X,x3t) = I XdG(%;t)
= x J% ac(E;t) = xk(t) . (2.4)

Taking expectation values of X in (2.2) yields

xK(t) = xK{t—tl) K(tl)




























































