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I. INTRODUCTION

Statistical Mechanics of Non-Equilibrium Processes like other
physical theories has two aspects: (1) the mathematical investigation
of certain well-posed, that is, mathematically formulated problems, and
(2) the proper mathematical formulation of physical phenomena. It is
wise, I believe, to separate these two parts of the problem and this talk
is primarily about some of the progress that has been made in recent
years in the mathematical theory of measure preserving transformations.
Since the dynamical flow in the phase space, which describes the time
evolution of a Hamiltonian system, is an example of such a transformation
this work has, in my opinion, much relevance to statistical mechanics and
to the question of irreversibility. The progress in this field is the
result of the work of many people: Hopf, Kolmogoroff, Sinai and others,
most of whose names and work I shall not have a chance to mention. (A

small bibliography is given at the end).

II. EQUILIBRIUM ENSEMBLES

Let me begin by recalling briefly the situation in equilibrium
statistical mechanics: There is a‘purely macroscopic theory, thermodynamics,
which states that agreat variety of the properties of a large system, of a given
quantity N § N = particle number«wlﬂé% contained in a volume V, which is

in equilibrium, are determined once its energy E is known. This information

about the system is contained in a function S(E,N,V), the entropy, which is
extensive, that is, S(E,N,V) = V s(E/V,N/V) = V s(e,p) and which has certain
convexity properties that insure thermodynamic stability. From s(e,p) the

pressure, temperature, etc., can be found. (If, instead of specifying e,



=o=

the energy per unit volume, we specify the temperature T = Bql (in
units in which Boltzmann's constant is unity) the 'thermodynamics' is
determined by the Helmholtz free energy A(B,N,V) = Va(B,p), which is
related to the entropy by a Legendre transformation.)

Now, according to statistical mechanics, as developed by
Boltzmann, Gibbs, Einstein and others, these thermodynamic functions for
macroscopic systems are obtainable from a knowledge of the microscopic
structure of the system by well known formulae. The microscopic nature
of the system is specified by its Hamiltonian which we assume to be the

sum of a kinetic energy term and a potential energy term

gas: e
Hy(x) = 131'55 Py + U(xyseeesmy) s (1)

where m 1s the mass of a particle, I;» p; are the position and momentum

3
vectors of the ith particle, I, €=y By €ER™ and x = (51""£N’El""pﬂ)

is a point in the phase space I' of M (=6N) dimensions. We shall say
that x specifies the 'dynamical state' of the system. To obtain the
entropy S(E,N,V) of this (classical) system, we define the energy surface
SE by the relation HN(x) =ifiSfor S ¢ SE and equate the entropy to the

logarithm of its 'surface area',

do (%)
s = aalsyl IS = [ R 2

E
where ch is the M-1 dimensional surface area element on SE induced

by the Euclidian metric on I and |VH| is the length of the gradient of
(Similarly, A(B,N,V) ~ 8n{fexp[-ﬁHN(x)]dx}.)
The statistical mechanics of Gibbs does not stop at giving

formulae for the thermodynamic potentials S(E,N,V) (or A(B,N,V)), it
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