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Abstract We consider the solution of the system of equations that arise from the higher
order conforming finite element (Scott-Vogelius element) discretizations of the boundary
value problems associated to the differential operator —p2A — x*Vdiv, where p and x are
parameters. Constructed are multigrid methods that are of an optimal convergence prop-
erty with respect to the mesh, the number of levels, and weights on the two terms in the

aforementioned differential operator.
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1 Introduction

We are interested in the fast and robust solution of the finite element discretizations of the
linear elasticity. To be precise, let  denote a bounded polygonal domain in IR?. The linear

elasticity equation is given through:

{ —Au— - Vdivu = g in Q, n

u=20 ondQ,
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where 0 < v < % is a material-dependent constant, the so-called Poisson’s ratio, which de-
scribes the compressibility. The Poisson ratio v is close to %, which corresponds to a nearly
incompressible material. For simplicity, we have imposed the homogenous Dirichlet bound-
ary condition.

The fast solution method for (1) can also be motivated by the solution to the following
steady-state Stokes problem in the velocity-pressure formulation with f € (L?(£2))?, namely,
to find the vector-valued function u € (H}(€2))? and the scalar valued function p € L*(Q)
satisfying

—Au+Vp =1 inQ, ?)
divu = 0 in Q.

There have been a number of works on the solution to the mixed finite element for the
equation (2). The Augmented Uzawa method can be effectively applied to solve the equation

(2) efficiently [6]. The Augmented Uzawa method is based on the Uzawa method to the

following reformulated version of the aforementioned Stokes equation:

—Au—rVdivu+Vp =1 in Q,
{ b 3)

divu = 0 in Q,

where r > 0 is some parameter that can be adjusted arbitrarily. In particular, the speed of the
Augmented Uzawa method will be dramatically improved when r >> 0. The trade off is to
make the inversion of the operator —A — rVdiv difficult.

The multigrid methods for the non-conforming finite element and mixed finite element
discretizations for the nearly incompressible elasticity problem are discussed in [4,11]. The
main concern in this paper is to devise a robust multigrid method for the higher order con-
forming finite element (Scott-Vogelius element) discretizations for the following general

parameter-dependent problem: Find u € (HJ (2))? satidfying
—p*Au— k?Vdiva =f.

We present several technicalities in accomplishing our purpose. Our analysis is per-
formed for the higher order finite element discretization analyzed by Scott and Vogelius and
heavily rely on the properties of the finite element space, introduced therein. The standard
multigrid methods applied to solved the discrete system deteriorates when p?/x? — 0. By
the framework developed in [6], we construct a multigrid method with vertex-based Schwarz
method as the smoother. We prove the convergence rate of the multigrid method is indepen-
dent of the mesh size, number of levels and the two parameters p and k.

We use the standard Sobolev space notation in the paper. If Q' C Q is a polygonal (sub)
domain and k is a nonnegative integer, H' k(.Q’ ), denotes the set of functions with derivatives

of order < k in L?(2') and the corresponding norm is denoted by ||-||; o'. Following [17], we



use the notation x; < y; and x, = y» whenever there exist constants C; and C, independent of
the important parameters such that x; < Cyy;, and x, > Cpy;. Additionally we write x3 >~ y3,
if x3 Sy3 and x3 2 ys.

The rest of this paper is organized as follows. In Section 2, we introduce abstract frame-
work that treats the multigrid analysis for the parameter dependent problems. The Scott-
Vogelius higher order finite element analysis is revisited and analyzed in an appropriate
manner in which the multigrid analysis is transparent. The multilevel finite element spaces

are constructed and a number of technical lemmas are introduced in Section 3 and Section
4. In Section 5, we design and analyze a robust multigrid method for the linear elasticity

equation for which the convergence is independent of the mesh size, number of levels, and

the Poisson’s ratio. We conclude the paper with some remarks in Section 6.

2 Abstract Convergence Framework for Subspace correction method for Nearly

Singular Problems

In this section, we give a brief description of the subspace correction methods to solve the
parameter dependent system of equations that includes a class of nearly singular system of
equations, [6].

We begin by casting the model equation (1) in a variational (or weak) form as follows:

Find u € (H{ (22))? such that

: ! ,
/Vqudiji/ divudivva’x:/ gvdx, Wve (H}(Q))> “)
Q 1-2v /o Q

In order to derive the abstract convergence framework in particular, for the equation (4), and
consider more general setting, we introduce some additional spaces and bilinear forms. Let

V be a real Hilbert space with an inner product a(-,-) and (energy) norm || -|| , = a(-,-)"/2.

The variational formulation of our interest in this section is as follows:

Find u € V such that a(u,v) = f(v), VYveV, )
where the bilinear form a(-,-) can be decomposed into the following form:
a(u,v) = p2a,(u,v) +as(u,v), Yu,v €V, (6)

where p? and k? are positive parameters and two bilinear forms a(-,-) and ap(-,-) are
assumed to be
(i) ap is symmetric and positive definite,

(ii) ay is symmetric and positive semidefinite.



In want follows, | - ||, and |- |4, denote the corresponding norm and semi-norm, respectively.
The model equation (4) can be a specific one if we choose K2 = 1—12v and p2 =1 with

ap(u,v):/QVqudx, and as(u,v):/Q divudivvdx.

In the following discussion, for any closed subspace W C V, by W we denote the
orthogonal complement of W with respect to the inner product a(-,-) and by .4 the null

space of the bilinear form a, defined through:
N ={veV:.a(vw)=0, VweV}. @)

The construction of the general subspace correction methods is based on the space de-
composition that the space V is decomposed into a number of subspaces Vj, withk=1,---,J
and the introduction of the local subspace solver in each subspace. In particular, to achieve
the parameter independent convergence property of the method, the following formal sets

of assumptions should be justified.

AO There exist a number of closed subspaces Vj, with k = 1,---,J such that

A1l The null space .4 can be represented by sum of elements in subspaces, namely,
J
N = Z VknA).
k=1

For each subspace V;, we define the orthogonal projection P : V +— V; with respect to

a(-,-) inner product by
a(Bv,vp) = a(v,v), YweV,v €V ®)

Note that the bilinear form a(-, ) is coercive on V; for each k = 1, - - J, therefore, the opera-
tor P is well-defined, which will be used as our local subspace solvers. Now, all components
of the subspace correction methods are in place. The method of subspace corrections can be

stated as follows:
Algorithm 21 (MSSC) Let u® € V be given.
for/=1,2,---
uf;*l — -1
fori=1,---,J



Let e; € V; solve

ale;,vi) = f(v) fa(ufjll,vi), Yv; € V; ©)
uffl = uf:ll +e;
endfor
ut = uﬁfl
endfor
First, we introduce for each k = 1,---,J, the local null space .4; which are defined
through :
M= {uk eV as(uk,vk) =0, Vv e Vk}. (10)

It is easy to establish the identity: .43 = V;, N .4". The orthogonal complement of .4} re-
stricted to the subspace V; would be denoted by (with some abuse of notation) e/lff. More

precisely,

J%{l = {uk ceVi: a(uk,ck) =0, Ve € /%(} 1)

The space V can be written as Vy, = A4} & ,/%i with such a notation. Note that the orthogo-
nality & is given with respect to a(-,-) inner product. Obviously it can be thought to be with
respect to a,(-,-) inner product, which is the symmetric positive part of the inner product
a(,-).

We introduce two additional projections with respect to the bilinear forms as(-,-) and
ay(-,-) for the discussion that follows. For each k = 1,---,J, they will be denoted respec-

tively by B : V — Ji{{l and Py , : V — V; and satisfy the following relations:

as(Pesv,vi) = as(v,v), YweV,w eV

ap(Pepv,vi) = ap(v,vi), YWeV,n €Vy

By the coercivity of a; on .4, we can prove that the operator P ; maps ./ into {0}.

In light of the assumptions AQ and A1, the parameter independent estimates can be

attained:

Theorem 1 Under the assumptions A0 and A1, the estimate of the energy norm for the

error transfer operator E; = (I — Py)--- (I — Py) can be established as follows:

1

B2 =1-

(12)



where

J 2
P>k vy
K =sup inf Zk*l” N ']”“
vev Zi:l VE=v (V7 V)a

2 2
< sup inf Zi:l‘Pk,SZjZkvj’aS ZilePk7pZ./2k"j||ap

~ vey L ):{:1 V=V (V7 v)as (V, V)ap

7 2
. Tt [1Pep Zjzviell,,
+ sup inf ,
VeE€N Ly Vie=e (Vm Vc)ap

where vy belongs to Vi and vy .’s are in N, for eachk =1,---,J.
Proof For any given v € V, consider the orthogonal decomposition of v given as follows
v=w+vg, WGJVL, ve €N (13)

The use of the assumption A1 leads to write v, as the sum of local null elements. Namely,

we can make the following decomposition:

J J J
v=Y wit+ Y vie= Y v, (14)
k=1 k=1 k=1
where wy, v € Vi and vy . € M,
J J
Zwk:w and ka_,c:vc. (15)
k=1 k=1

An application of the Cauchy-Schwartz inequality and the relation (14) admit the following

inequalities:

2 2 2
2 2
Py Z vill < K| P Z Wi+ Vel +Pp7||Prp Z Wi+ Vie
iz, >k a =k a
2 2
2 2
= K |Ps Z wi|  +P7||Prp Z W+ Vi e
i, ik “
2 2
2 2
S K| Pes Yowi| +p7 || Pep Y Wi
= iz g,
2
2
+ p Pk,p Z Vi,c
Jj>k

ap



Therefore, we obtain that

7 2 J 2 J 2
2 2
Z PkZVj < |x Z Pes ) we| +p Z kaprk
= =k ||, k=1 kg k=1 iz g,
2% ’
+0° Y [Py Y vie|| - (16)
k=1 =k a

The aforementioned inequality can be viewed to hold now for arbitrary decompositions
{wi}/_, and {vg.}/_, of w and v, respectively satisfying wy + vx. = vx for k =1,---,J.

Therefore, taking infimum over the decomposition {vk}izl, we obtain the desired inequality:

J 2 ) J 2
, inf Yz Y vl , inf K> Y 1Pes Y wi 17)
Lw=vk=1|| j=k ||,  Zicrwi=w =T A
2% ’
+p Z Pk,pzwk
k=1 j=k ap
2% ’
+ , inf p Z Pk,pzvk,c >
Lici Vke=Ve k=1 j>k ap

together with a simple observation on the following relation of the denominator,

||VH2 = KZ(W+VL'7W+VC)115 +p2(W+Vc7W+Vc)up

K wilz, +p2lIwliz, +p?Ivellz,
we conclude our proof.

Notice that v is restricted to .4+ when the supremum is taken and furthermore, although the
abstract assumptions in the Theorem 1 are used crucially to get rid of the parameters p? and
K2 in the estimate of K, this is in fact, a partial success since there is a “hidden” parameter,
which is the mesh size A, that can hinder achieving the robustness of the iterative method
more severely. In the actual application, in particular for the linear elasticity equation, using
the technique of BPX estimate and under the abstract estimate given in the Theorem 1, we

will show that

2
BTl _ IVIE,
VIZ, ~ IE
In order to prove that K = O(1), we need to show that [|v||s, < [v]a,, Which is irrevant to the

assumptions A0 and A1 at all and for which it is required that v € 41, where 4 is the

range of the divergence operator as will be seen shortly in the next section.



3 Review on Scott-Vogelius Finite Element Spaces

Let 7, = {t/'};=1 with 0 < 7 < 1 be a family of guasiuniform triangulations of Q, para-
metrized by the mesh size h. To be more precise, for a fixed , the 7/ are disjoint triangles
with

diamt! <h, and UT=Q.

We denote {xi}é\i’l by the set of vertices of a triangulation .7, and assume that no vertex of
a triangle of .7}, falls in the interior of an internal edge of .7,. For any integer m > 0, and
u=0or 1, we denote @;"’“ by the set of functions in C* () that are given by a polyno-
mial of degree < m on each of the triangles of .7,. To take into account the homogeneous
Dirichlet boundary conditions, we introduce ﬂ{f }i“ , which denotes the subspace of 3”;:"“
which vanishes on the boundary of Q if u = 0, and denotes the subspace of 3”3? ,"l” for which
the function itself vanishes and also its normal derivative vanishes on dQ if u = 1. We also
introduce the notion of singular vertex. An internal vertex of .7, is a vertex that lies on Q
and it is called singular if the edges meeting at this vertex fall on two straight lines. Cor-
respondingly, a vertex on d€2 is called a singular boundary vertex of .7, if all the edges of
), meeting at this vertex fall on two straight lines. We are in a position to introduce ad-
ditional notation. For m > 0, the space W,T’_l denotes functions, ¢, which are given by a

polynomial of degree < m on each triangle with no continuity requirement such that for any

singular internal vertex xg of .7,

(=1)"9i(x0) =0,

-

i=1

where ¢;(xo) = @|(x0) and 71, -, 74 are the triangles meeting at xo, numbered consecu-
tively. Following Scott and Vogelius, we also introduce @;’ln ! which denotes the subspace

of 32;1"771, consisting of functions, ¢, which additionally satisfy the following two require-

ments, that is (1) [, ¢ dx =0 and (2) at any singular boundary vertex of .7, xo,

(—1)'¢i(x0) =0,

on

Il
-

1

where §;(xo) = @], (x0), and 7y, -, T, are the triangles of .7}, meeting at xo with k being
any number from 1 to 4, and the triangles are numbered consecutively. For simplicity, we
denote V;, = z@gf}lo X 96'7’;?, Sy = 37;1"’_] and W), = 95;1,1' Note that a vector field v in V;,
is uniquely specified by giving its value at a triangular array of (m+ 1)(m+2)/2 points in

each triangle for each component v; of v. We note that oftentimes, we restrict our domain to



a subdomain in which we define the corresponding finite element spaces. For this purpose,

in case we consider the subset of .7, denoted by .7/, and set

Q' = interior U TN
€]

For the subdomain Q' of 2, we define corresponding finite element spaces @6" ;[]"1 (Q),
2y ,’IO(Q’ ) and %" ~1(Q"). The following results are well-known:
Theorem 2 For m > 4, the following relation holds true :

1 di 0
Wy, <5 V), =5 8, — 0,

i.e., the sequence is exact or the range of each of the operators in the sequence coincides

with the null-space of the following operator.

‘We further introduce a notation that will be used to measure how close a vertex xp in £2 is to
being singular, [13]. Let xy denote any non-singular vertex of £ and let 6;, 1 <i <k, be the

angles of the triangles 7; with 1 <i < k, meeting at xo. If xo is an internal vertex, we define
R(xo) =max{|6;+6;—7|:1<i,j<k and i—j=1modk}. (18)

If x¢ is a boundary vertex, R(xp) is defined in the same way, only deleting the term mod k.
We also set

R(£) = min{R(xp) : xp is a non-singular vertex of Q}. (19)

The following theorem is the main result on the aforementioned finite element spaces
V,, and S, obtained in [12]:

Theorem 3 Let J), with 0 < h < 1 be a quasiuniform family of triangulations of the polyg-

onal domain Q, and let m > 4. Assume that
R(Q)>0>0, 6 independent of h. (20)
Then divV), = S}, and there exists a linear operator
G : S,V (2D
such that for all y € Sy,
v (y)=v, and [|Fyll <m"y]lo. (22)

where K is independent of h,m and .



We now define Gy, : S, — V), as the adjoint of —div by for g € Sj,
(Gug,v); = —(gq,divv)y, VYveV, (23)

We then arrive at the following discrete Helmholtz decomposition due to the Closed Range
Theory, [20]:

V), = A (div) @ Z(div*) = curlW, & G,S}, (24)

where .4/ (div) denotes the null space of the divergence operator and % (div*) is the range of
the dual of the divergence operator. Note that the decomposition is orthogonal with respect
to (H'(€))? (semi) inner product (u,v); = (Vu, Vv) and also H(div) (semi)inner product,
i.e, (u,v)gy = (divu,divv)g for u,v € V. Having introduced the finite element space Vj,

we formulate the discrete variational formulation of the equation (4): Find u;, € V}, such that
1
/ Vllh VVh dx+ 7/ diVllh diVVh dx = / gvy, dx Vvh € Vh. (25)
Q 1-2v /e Q

To express the error estimate and emphasize the dependence on the parameter 0 < v < %,
we denote by u” € (H}(2))% u) € V), C (H}(R2))?, the solutions to (4) and (25) respec-
tively. Then, for a fixed 0 < v < % the following estimate is a direct consequence of Babuska
for V), C (H} ())%. Namely,

1 .
[’ —uyll; + T—av [div(u” —uy)lly

divu” — ¢

1-2v

<Cy ( inf |[u¥ —v|; + inf
vevy, gedivyy,

J

where Cy is a positive constant independent of 4. In [15,16,13], Vogelius showed that the

constant Cy, can also be made independent of v provided the family V, is divergence-stable.

More precisely, (1) the space divV}, is closed in L?(£) and (2)

di
sup (divv,q)

2 llgllo, Vg € divVy,. (26)
vev,/{0} vl

The divergence-stability is well-known to be equivalent to the requirement that there
exists a uniformly bounded maximal right inverse for the divergence operator on the spaces

Vj, i.e., there exists a family of linear operators ¢, : divVy, — V), such that

div(%q) =q and |[%q

[ Sllglloe, Vg€ divvy,. 27



11

Consequently, the condition of the divergence-stability is crucial in obtaining the optimal
convergence property of the finite element space for, in particular, the problem dependent

on the parameter. We now introduce the space .4, defined by

Ny ={ueV,:(divu,qg) =0, VgedivV,}
= {u eV, : (diva,divv) =0, VveV,}

and 4, is the (H")? orthogonal complement of .4;. Namely,

Mt ={ueV,: (Vu,Vv)p =0, We ..

With this notation, it is well-known that the inf-sup condition (26) is equivalent to the fact

that the operator div : A4;* +— (divV},)* = divV), is an isomorphism and

divv]jo = [[v]l1, ¥veE At (28)

where (divV}y)* is the dual of the space divV),. Interested readers can refer to [5]. We would
like to note that the inequality (28) provides certain coercivity relation in the range of diver-
gence operator and also since the norm of the maximal right inverse grows algebraically with
the degree of the polynomial, the coercivity also deteriorates with the degree of the polyno-
mial. The condition (28) will be used crucially in establishing the theory of the multiplicative
Schwartz method whose convergence rate is independent of the parameter € = 1 —2v and
mesh size as indicated in the remark that follows the Theorem 3. However, our analysis will
show that the multigrid convergence may be deteriorating at most algebraically with the

degree of polynomials.

4 Construction of Multilevel Finite Element Spaces and Several Technical Lemmas

In this section, we review and prove a number of important technical lemmas that will be
used in our multigrid analysis. Throughout this section, we assume that we have a nested
sequence of quasi-uniform triangulations .9} = {‘L’ik}, 1 <k < J of ©Q with characteristic
mesh size & proportional to Y% with y € (0,1). Let .5, = .77 and W, V; and S denote
the spaces corresponding W;,,V;, and S, defined on the triangulations ;. In what follows,
to simplify notation, we omit the subscript 7 when referring to a fixed finest triangulation,
namely, V=V, =V, W =W, =W, and so forth.

The following relations are evident :
ViCc---CVyC---CVy.

and
wc.--CcW,C---CWj.

The following lemma is simple but crucial in our discussion.
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Lemmal Fork=1,---,J, we have
curlW, = 4

and

JV]C"'Ce/%(C"'Ce/VJ-
Proof Tt is clear that by the Theorem 2, curlW, = 4 for 1 <k <J.

Due to the Lemma 1, for each 1 < k < J, the following discrete Helmholtz decomposi-

tion holds true:

Vi = curlW, @ GiS; = M ® A, (29)

where the orthogonality is with respect to (H')? (semi) inner product.

In our multigrid analysis, we make a frequent use of the L? projection, Qy and H'! pro-

jection for each k = 1,---,J defined by
(Oru,vi) = (u,v), YueV,v,eV, (30)

and
(BY ¢, 00)1 = (0,00)1, Vo €W, €W, 31)

We now present a number of technical lemmas.

4.1 Some technical lemmas

In this section, we list several technical lemmas that are crucial for the multigrid analysis.

We begin by the discrete L> norm equivalence on the space V.
Lemma 2 The operator P’ is stable with respect to |-|1 .o semi-norm for o, € [0, 1], namely,
P Olia S 0l1eas VO EW.
Furthermore, it satisfies the following approximation property :
IR = P9I S her [(B = RE D9, Yo EW. (32)
Proof From the definition of PV it is clear that

PV ol <|6]i, VoeW.



We notice that with ; = d/dx; and Q) the L? projection on W, for ¢ € W,
B oh < X1l ol
< Y 10pY ¢ — 0 %911 +10F ard
S L0BY 6~ 0 aeli+ael
S YL I0B" 60 a1 +9la.

Furthermore, we have

05" ¢ — 0 a1 < b |0k ¢ — O g |
< I (1R ¢ — 90 0l +119:0F ¢ — 90|
+[|9i¢ — O A9l
Sh (1B =09l + 11— 0 )9l
+I(1—0)ael)
Sh (IT=2)oli+ 11— 0)aell)

S 192

Due to the standard arguments from the real interpolation of Sobolev spaces, we complete
the stability of the H' projection P,:’V . To show the inequality (32), from the fact that (/ —
PY)H(PY —PY )= (P —P ), we have
IR =Rl = 17 -RE) B = RE)6|
S et |[(BY = B9

This completes the proof.

The following lemma establishes the equivalence between L? norm and nodal values of

the functions in V.

Lemma 3 Foreachk=1,---,J, and for any v € 9,'1"’0(1') with T € 9 and diamt = hy, the
following relation holds true :
(m+1)(m+2)/2
MiGe=r Y V), (33)

i=1

where {a;} is the set of nodes that determines v on the triangle .
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Proof The proof is based on the norm equivalence on the finite dimensional space and a

standard scailing argument.

Lemma 4 For any q € Wy, the following holds true:

7
Z Y =P Dal < gl (34

Proof Let PW PW P “yand g = ( i Pi—l)q, where foreachi=1,---,J,
(P.g,qi)2 = (q,q1)2, Vgqi € W,
‘We note that the following inequalities hold true:

B Gil3 < h**|BY Gil3_y, by inverse inequality
< h2*|@i)5_, by the stability of P

< h2*h3%|@|3 by the approximation property of P

Set i A j = min{i, j}. We then obtain that

I
(R —PR e =Y, Y (B'a.Bq

1 k=1i,j=k

Ms

k:

iNj

Z

i,j=lk=

7 oin
< Y Y n20ntn%gil2g50
i=1i=1

Z hi 2 h RS (g2l g1
i,j=1

= Z = gilalgsl < Z |Gkl3 = lql3-

i,j=1
The results below are related to the strengthened Cauchy-Schwarz inequality, [17].

Lemma 5 Assume that 1 <i < j <J. The following holds true that

(divu,divv;) < ¥k ugllolldivyillo, Vuj € Vj,vi€ Vi (35)



Proof Let T € 7. To show (35), it suffices to show that

/ diva divwidx S ¥ ullo.c[div o
JT

where 7 indicates that the L>—norms are defined with respect to the domain 7.

By Green’s identity, it follows that

/divujdivvidx = —/uj-V(divvi)dx—i—/ (u;-n)divv;dx
T JT Jot

< Jlwjllo,<[Vdivvilfo,c

+ HujHO,BTHdiVViHO,&r

< oz (hi_] [[divv;[|o.z) by the inverse inequality
+ (1 wilos ) (" ldivwillo)  since iy < b
< 2(hihy) " 2w locl|divvilloe  since iy < hy
S YR o zlldivvio,e,
where n is the unit outer normal vector of 7. This completes the proof.

We would like to remark that the identical result is also valid although div is replaced by V,
namely, for each 1 <i < j <J, we have thatforallu; € V;,v; € V,,

(Vu;, Vi) S 705 o] Vvillo- (36)

The identical proof presented for the Lemma 5 can be found in e.g., Xu, [18].

5 Multigrid Convergence Analysis for the Planar Linear Elasticity Equation

In this section, we construct a robust multigrid method for the planar linear elasticity equa-
tion with respect to the two weights, mesh size and the number of levels. As indicated in the
abstract theory, the space decomposition is crucial in achieving the parameter independent
convergence property. We first introduce the space decomposition and several corresponding

decomposition lemmas and then we present our main multigrid analysis.

5.1 Space Decompositions and Subspace Corrections (Smoothing)

The construction of the smoother is closely related to the space decomposition. To describe

our space decompositions, for 1 < k < J fixed, we let {xﬁ} ¢ be vertices of the triangulation
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. We denote ﬂlf by the set of triangles in 7} meeting at the vertex x; and set

Q=

0
€T,

These form an overlapping covering of £ and we build the finite element functions on Q]f
as follows:

— m,
Vi ={vk € Vi :supp(vi) € 2, } = yo,ko(-qlf)-

Correspondingly, we also define W = L@(')”,:r M1 (@f) and S{ = 3”'" b1l Note that the

finite overlap condition certainly holds. Having the definition of subspace decomposition,

ie.,
J
Z

where Ny is the number of vertices for the triangulation .7, we solve the local problem

H
l M\
I M»

exactly, by which we define the block Gauss-Seidel method. Namely, for a fixed Vﬁ C Vg,

we apply the exact subspace corrections on V¢, namely the subspace solvers are defined to
be
a(P,fu,Vﬁ) = a(u,vi), Yu € V,Vf € V,{. 37

We note that Theorem 2 can be directly applied to establish that for m > 4,

W( curl Vz div Si 0 07

Therefore, we can deduce that the following discrete Helmholtz decomposition holds locally

Vi= e, ve=1,--- N, (38)

where 4" = curlW/.
We now establish various decomposition results, which will be crucially used in the

multigrid analysis that follows.

Lemma 6 Foreachk=1,---,J and a given v € Vy, there exists a decomposition
Ny
V= Z Vy
/=1
such that v, € Vifor each=1,--- Ny and

Z Y vlG o S IVIIG, (39)

l=1jEN(£)

where _Q,f is the patch of the vertex x; and Ni(£) = {j = £, Ny : _Q,f N _Q,f #0}.
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Proof Note that Vi, = 20%0 x 2200 and V = 2 00l x 2! 0(2f). It suffices to prove

that for v € ,’(0, there exists a decomposition v = ZIXL , ve such that v, € 2 ,;O(Q,f ) and

Ne
Y X Il g S I 0)
I=1jEN,(L)

For any given T € %, by the Lemma 3, we can define a norm of &"0(t) equivalent to
IIllo.z

(1) (m+2) .
wle=he Y, wia), YweZ(0),
=1

where {a;} is the set of nodes that determines w on the triangle 7.
For a given £ (1 < ¢ < N;), we try to define v, for the desired decomposition. For any

TE ﬁi, by the finite element theory, there exist the nodal basis functions ¢;, i =1,---, (m+
1)(m+2) such that

Now we define a positive constant f3; with respect to the nodal basis function ¢; as follow:
(1)if a; ¢ interior(Qf), Bi = 0; (2) if @; € interior(L/), define S; = {j : supp(¢;) C ﬁi} and
Bi = 1/#(S;). It is easy to verified that §; < 1.

Then we can define v, € @gf}(o(ﬂf ) such that

(m+1)(m+2)

velr = ; Biv(ai)¢i-

By the definition of B;, v = Zlévi | v¢» and the inequality (40) follows by the equivalent norm

|||l +,- and the finite overlap property. Then we get the desired decomposition for v € &' ,;0.

Now we consider the similar decomposition for the C' finite element space W, = 3”8? k“"l .
In any given triangle 7 of the triangulation .7, the set of the degrees of freedom consists of
the nodal variables of the following four types: (1) the value, the gradient and the second-
order derivatives at the vertices (aj,a;,a3) of the triangle; (2) the edge-normal derivative at
the distinct points (a4, - -,a, ) in the interior of edges; (3) if m > 4, the value at the distinct
points (@, +1,--+,am,) in the interior of edges; (4)if m > 4, the value at the distinct points

(@myt1,- -+, amy) in the interior of the triangle.
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Lemma 7 For each k = 1,---,J, and for any v € 2"V (1) with © € F, the following

relation holds true:

2 3 mi m3
2+2 2 4 2 2 2
Iv[13 ¢ = Z Y D% (@) P+ LY [Gav(a) P12 Y VA ai),
|=0 i=1 i=4 i=my+1

where 0y, denote the edge-normal derivative.

Proof By the norm equivalent in the finite dimensional space and scaling argument, we can
get that

2 3 mp m3
242
e~ Y w2y DOva) P+ Y IDv(a) PR Y V@), (4D
|ot|=0 i=1 i=4 i=my+1

Since a; (4 < i < m;) are points in the interior of the three edges, |[Dv(a;)|> = |dnv(a;)|> +
|0¢v(a;)|*> where d; denotes the tangent derivative along the edges.

Now considering 9;"“’1 (7) restricted on each edge of 7, we can get that by the norm

equivalent in the finite dimensional space and scaling argument,

mi mp

2|o| -2
Y |aev(a)® < Z [ Z|D°‘ P+ Y @)
i=4 lat|=0 i=m+1

Combining the above inequality and (41), we get the desired equivalent norm.

Lemma 8 Foreachk=1,---,J, and any g € Wy, there exists a decomposition g = Z]]Vil q;j

such that q; € ij and

Z Z quHo_QlN”qu (42)

(=1 jEN(£)
where Ny (£) ={j=40,-- Ny : Q,{ﬂﬂf #0}.

Proof Assume that g € Wy is given, for any j (1 < j < Ng), we try to define g; for the desired

decomposition. For any 7 € Q, assume that

mj

Q|T—V1+V2+V3+Zanqaz o+ Z q(a:;) i,
i=4 i=m+1

where ¢; (4 <i < mj3) are nodal basis functions; vi, v, and v3 are the related parts of ¢ only

decided by the degrees of freedom at the three vertices of the triangle 7, respectively. For

simplicity, we assume v; is decided by the degrees of freedom at the vertex x]{ € interior(QI{ ).
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Now we define a positive constant f3; with respect to the nodal basis function ¢; (4 <
i <ms) as follow: (1) if a; & interior(2}), B; = 0; (2) if a; € interior(£2]), define §; = {; :
supp(¢;) C ﬁi} and B; = 1/#(S;). It is easy to verified that §; < 1.

Then we define ¢; € ij satisfying

gile=vi+ Y. Biona(a)gi+ Y. Bigla:)e.
i=4

i=mp+1

By the definition of f;, we get that ¢ = ):?’i 14 (42) follows by the Lemma 7 and the

finite overlap property.

The following lemma is crucial in estimating the estimate K.

Lemma9 For each k =1,---,J and let v, € N} be given by v, = curlg with g = (PIYV -

Pk“i 1)@ for some ¢ € Wy, then there exists a decomposition

Ni
Ve = Z Ve
=1

such that v € Jﬂcéfar eacht=1,--- N and

Ne
Y Y Iveillg o S Ivelld. (43)
(=1 jeN,(0) ¢

where Q is the patch of the vertex x; and N(£) = {j = £, , Ny : Q,f NQL+0}.

Proof For the function g € W, such that v, = curlg, we apply the Lemma 8§ to construct the

decomposition of g as follows:

2 2
g=Y q;, and Y Y llgllg o < lali-
j=1 =1 jENL(0) k

For such a decomposition, it is clear to see that

Ny Ny
v. = curlg = curl Z qj= Z Ve js
J=1 J=1

where v ; = curlg;. Note that by the inverse inequality, we have

leurlg;flo < 7 *llg;o-
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We now observe that due to the finite overlap property, we have

Z I¥e.illg 0 = Z Y leurlg;| o

= IJGNk ]j€Nk (’

<h22 Z HLI]HOQ/

(=1 jeN,(¢)
S P lall =N B =R 9|l
S 2B =Bl
< 1V4l§ = lcurlq|5

= [[vellg.

This completes the proof.

5.2 Validation of Abstract Assumptions and Convergence Estimates

We are in a position to present our main theorem. First, we notice that by construction, we

have

3

J J J
Z (VinA) :Z Z (44)

k=1/

~
\ |

and hence the assumption A1 holds true.

Now, we consider to solve the problem (6) based on the following space decomposition:

Under the settings outlined above, the norm of the product operator E; can be written as

follows:

Ej=(I-T)-(I-Ty) = IT_ I* (1 - P)), (45)

where P,f is the exact solver on V, (see also [17]).
The following can be easily obtained by applying the abstract results given in the previ-

ous section and the several technical lemmas in Section 4.1.

Theorem 4 The following estimate holds true:

1
JESP=1- <8< (46)



21

where 8 is a constant independent of the mesh size h and the parameters and

2

PLoZi=wn Vi),

N,
Yioi Lk
K < sup inf

Ne i
veN+ Zﬁ:lzi:kl V=V (Vav)aj

Ne 11 pi j
Yiot ity 1B, Eiey= i VelIZ, “7)
(Vvv)ﬂp
2
J N, i
Lot T2y || Pep Zitay= i) Vi a
+ sup inf 5
VCEL/V):i:lZ?Zl Vi =Ve (VC’VC)a"

Note that V;; € Vi, and V;;_C € f/ﬂfci.for each k and i.

Proof The estimate (47) of K can be obtained by the direct consequence of the abstract
results, the Theorem 1. Our main task is to show that K = O(1). For convenience, we denote
1,11 and Il by

2
J Ny i
IARD Pe s X(0.))> (ki) i ;
| =

s
)

(Va V)as

v .
X B X wa Vi,

1 Ve

)

2

J Ni i Jj
Yie1 Lity ‘Pi,p Ytz Vee|,
= 2,
(VL'7 vL')(lp

respectively. We now estimate |, Il and 11l one by one rigorously.

To estimate | and 11, for any given v € .41, we consider the following decomposition:

V=

Mx

(Vi — V1), (48)
k

1

where v; = Qv with Qp = 0. We now consider the decomposition of vy —v;_| € Vi, i.e.,

N
Vi— Vi = Zvi, (49)
j=1
such that v,{ € Vi foreach j=1,---,N; and
Ny _
Y Y Il g S e =ver [, (50)

(=1 jeNg(0)
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where Q/ is the star (or patch) of the vertex x; and N (¢) = {j € {¢,---, Ny} : .Q,f NQf +0}.
The existence of such decomposition is due to the Lemma 6. The following is the easy

consequence:

J N

J . . .
v=Yvi-viei=) Y v, VeV, (51)
k=1 k=1 j=1

We observe that the following relation holds true that

. . N ) J
li,s Z V; = Ié,sz'vi{_Plé,s( Z VI_V11>

(1) > (ki) =i I=k+1

. Nk . . J
_Pli,‘yZVi‘FP/é,st,s( Z Vz—V11>-

=i I=k+1
Therefore, we have that

N 2

)}

i=1

Ne

)}

i=1

P, Y v

(1)) = (k,i)

N

(52)

Nk .

i J

Pes Z Vi
=i

div div

N 2

)

=

+

J
Pé,st.s< Y V1V11>
Ik

=k+ div

Ny 2

- (2

i=1

Ni

P} Vi

=

div
+ Y PP (V=i |-
i=1

The first term in the right hand side of the equation (52) can be estimated as follows: Thanks

to Lemma 5 and (50), we have

Ny Ne o Ni . 2 Ny .

1 -2 2
YIPsXvis SX| L w Sl L Ivillg
i=1 J=i div  i=1]jEN() div,Q} i=1 jEN(i)

< P vie—vicllg = i 2y [vie— Vi 3

S = vie1 [T = [(Qx — Qk—1)VT,

where Ny (i) ={j=i,--+,Ni: _Q,f NQ} # 0}. The second term in the right hand side of the

equation (52) can be similarly estimated. Namely, we observe that due to the finite overlap
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property,

Ny
Z}Pk VPkV(V Vi |d1v[) ~ Z|Pk‘ V= Vi {dlvﬂ’

i=1

< P (v=vo) 2, -

We then consider the following estimate:

2
|Pes(V=91) |5y = (Pes(V = Vi), P (V= Vi) Jaiv

= (Pes(V—= V),V — Vi)div

J

= Z (ka(V Vk) —Vj- l)dlv

J=k+1

J
Y VR P (V= vi)laiv |V vj-illo by Lemmas
b

A

Z/\

Z ,},J k|PkS(V Vk)‘le' Qj 1V|1
Jj=k+1

Using the elementary inequality
. - 12 , 1/2
Y Y v itap<c|Yd Yo (53)
j=lk=1 j=1 k=1

it follows that
J J
Z}PksV Vi |div Z (Qk— Or—1)Vl7

Consequently, by the well-known BPX estimate, [3] and Xu [17], we have

J Ne . J
) (Z P, Y lj|<2nv> S Y (0= Q)i
ki) k=1

= \i=l )=(

2 2
SAVIT S vl
The last inequality is due to the fact that v € .4 . We now focus on the second estimate that

2
2
S vl

=

J Ni X
YY|E, X v
k=1i=1

(£.1)= (k)

1
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Similarly to the previous case, the following holds true that

2 2

Ni

=)

i=1

)} v/

i=1

Jj=i I=k+

N J
PIévPZVi—'_P]é,pPk,p Z Vi —Vi_1
1

o Y
(1) ki

) 1 1

N 2

SlL

i=1

Ne

liﬁp Zvli

j=i

1

J
PP | Y vi—via
1=K+

N 2

L

i=1

1

We then observe that

Ny 2

)}

i=1

Ny

i L Vi

J=i

2 '
=) Vi

=

JEN (i) 1, Q]t;
The application of the inverse inequality and the property of the decomposition based on the
Lemma 6, we obtain that

N N 2

ko N
YR, Y v S Vi = Vie1 T = [(Qe — Qe—1)VI7
=1 =il

The following inequality is due to the strengthened Cauchy-Schwarz inequality:

| Pe.p (v *Vk)||%,g S Prp(vV=V1), Pep(V = Vi)

J

= Y (Bp(v=vi),vj =V
j=kt1

J

S Y YRR, =V lhllvi—vioillo by (36)
J=k+1

J

S Y YRRV I(Q— Q1) V-

j=k+1

‘We then conclude that

J
Y 1P,(v=vi)llT £ Y 10— Qj-1)vi
=1

k=1
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We are then led to the desired estimate:

J [ Ng ) - J

Y Z‘|PI£7p Y vl Z (Ox — Qr1)V]?

= A= Y () =
< vl

Finally, we show:

2

J
Zk ’Pkp t.j)= (kj)véc ap
sup inf < o(1). (54)
Vte/VZk 12, 1 Yk,c=Ve (VC7VC)ap

For any v, € A4/, let ¢ € W be such that v, = curlg. We then consider the following decom-

position that

Ve=) (Vke—Vi—1c), Withvg,= curlP,qu.

g

k=1

First of all, due to the fact that vy . — Vi . = curl(P,fV — Pk“i 1)q and the Lemma 9, we can

consider the following further decomposition:

— V1o = kac, (55)

such that Vijc € J{f foreach ¢ = 1,---, Ny and the following estimate holds true that

Z Y llvktllmwllvkt—vk 1ell3s (56)

i=1 jEN (i)

The following identity is straightforward to obtain :

) Ni J
P, Y v _PkpZVkL+Pkp< Y Vl.cV/1,c)

(,J)=2(k, ) Jj=i I=k+1

Ni J
_ pi Jj i
- Pk,P Z_Vk,c +Pk,pP/<~,P ( Z Vie _Vll,c> .

Jj=i I=k+1
As before, we have

2 2

Ny

)}

i=1

Ni
i Jj

P/é-P Z Vl,c 5 Z

(1.J)=(k,i)

Pkpzvkc

(57)

1

Ny )
- Bl vl

1
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The first term in the right hand side of the equation (57) can be estimated as follows: Thanks
to (56), we have

2 2

Ni

)}

i=1

Ne

)

1 i=1

L Vi

JENL(i)

Ny, X
i J
Pk,p Z Vk,c
J=t

1,9}

Nk .
Sy Y ||VLC||<2)__Q[ ShIZZHVk,c*kaLcHé.
i=1 JEN (i) ‘

The second term in the right hand side of the equation (57) can be similarly estimated.

Namely, we observe that due to the finite overlap property,

Ny .
; HP]L]Jkap(VC - Vk~c) Hig S‘ ||Pk,p(VC - Vk,C) ||? :
i=

We then consider the following estimate:

2
HPk,p(Vc *Vk.,c)Hl = (Pk,p(vc *Vk,c)aPk,p(Vc - Vk,c))l

J

Y (Pp(ve—Vie)s (Vie—Vj-1.e)h
jokt1

J

< Zk:IYj_khfl||Pk.,p(Vc—Vk,c)H1HVJJ—ijl,c\lo by (36).
jlrat

Therefore, we obtain that

J J
Z HPk,p(Vc _Vk,c)H? < Z |Vk7c — Vi1, %
k=1 k=1

Then the proof is completed by the Lemma 4.

6 Conclusion

In this paper, we review the Scott-Vogelius higher order finite element discretization and
apply the finite element to discretize the linear elasticity equations. We construct a robust
multigrid method with vertex-based Schwarz method as the smoother, for the solution of the
discrete system of equations. By the properties of the Scott-Vogelius elements, our meth-
ods transparently analyze the multigrid method for the parameter dependent problems like
the linear elasticity. The techniques can also be applied other more general equations that

include H(curl) and H(div) [1] and other relevant problems.
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