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1. Introduction

We consider the solution of the nearly singular system of equations: Find u ∈ V such that

Au = (A0 + εA1)u = f, (1.1)

where V is a finite dimensional Hilbert space, A0 is symmetric and positive semi-definite,
andA1 is symmetric and positive definite, and ε > 0 is a parameter. We are interested in the
convergence properties of a special class of linear iterative methods (subspace correction
methods) for the approximate solution of (1.1). For ε = 0, the operator A reduces to A0,
which is symmetric and positive semi-definite and a convergence study in this case has
been done in Ref. 26. Our considerations here are for ε > 0, and we focus on proving
ε-independent convergence results under appropriate (minimal) assumptions.

There are abundant examples that fall into the category of nearly singular systems
like (1.1). Such examples are given by the finite element discretizations for H(grad),
H(div) and H(curl) systems as discussed in Ref. 23, 3, 1; stable discretizations of the
nearly incompressible linear elasticity problems (see Ref. 33, 31, 36),

−∇(divu)− (1− 2ν)∆u = f in Ω, (1.2)

where the Poisson’s ratio ν is close to 1/2. Nearly singular problems also occur when solv-
ing indefinite systems arising from mixed finite element discretizations such as (Navier-)
Stokes equations Ref. 20 or more complicated system of equations such as non-Newtonian
flow equations as discussed in Ref. 6, 24, 27 by Augmented Lagrangian Method (see
Ref. 21, 13, 19).

The main goal in this paper is to provide unified theoretical framework for the analy-
sis of multilevel methods for nearly singular systems of equations. Apparently, problems
like (1.1) are badly conditioned, since the smaller ε is the larger the condition number of A
becomes. To illustrate how this affects the convergence rate of an iterative method, let us
consider Gauss-Seidel iterations, applied to the following simple example

Au = (A0 + εA1)u =


 1 −1 0
−1 2 −1
0 −1 1

+ ε

 1 0 0
0 1 0
0 0 1

u = f. (1.3)

Here we assume that f = (f1, f2, f3)t ∈ IR3 and f is in the range of A0. The convergence
history of the Gauss-Seidel method for (1.3) for different values of ε is recorded in Table 1.
It is clearly seen that for ε vanishingly small, the convergence deteriorates. To explain such

ε 1 10−1 10−2 10−3 10−4 10−5 0
# of iterations 14 94 823 7427 66556 588770 2

Table 1. The number of iterations to obtain the energy norm error ‖u− u`‖A < 10−6 for various values of ε.

behavior, we consider the energy norm convergence rate δ of the Gauss-Seidel method for
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(1.3), which is given by (see Ref. 35, 26),

δ2 = 1− 1
K
, K = 1 + sup

v=(v1,v2,v3)t∈IR3

(1 + ε)−1v2
2 + (2 + ε)−1v2

3

(Av, v)
. (1.4)

Clearly, by choosing v in the null space of A0, for example, v = (1, 1, 1)t, we obtain

K ≥ 1 +
(1 + ε)−1 + (2 + ε)−1

3ε
. (1.5)

Hence K →∞ and δ → 1, when ε→ 0.
Of course, the Gauss-Seidel method is a special iterative method, and if we consider the

Conjugate Gradient or the Richardson method, the convergence behavior will be different.
Indeed, in the extreme case when the right hand side f and the initial guess u0 belong to the
range of A0 all the iterates u` generated by Richardson method or the Conjugate Gradient
method belong to the range of A0. This is due the fact that in the example above, A1 = I ,
i.e., A = A0 + εI . In such extreme case, with special initial guess, it is not difficult to
show that the convergence rate of Richardson method or the Conjugate Gradient method
is independent of the parameter ε. However, most subspace correction methods including
multigrid methods do not in general possess this property. Moreover, for a practical iterative
method, it is desirable that ε-uniform bound on the convergence holds for any initial guess
u0, which rules out the special choice u0 ∈ R(A0). Generally speaking, if we decompose
the solution u to (1.1) as u = v + c where v and c belong to the range and the null space
of A0 respectively, the difficulty is to approximate c (the component of u in the null space
of A0). In summary, from the results in Table 1 and (1.5), we may conclude that a naive
application of an algorithm based on space decomposition and subspace corrections (such
as Gauss-Seidel relaxation) would result in an inefficient method.

As it turns out, a crucial assumption on the space decomposition is needed, in order
to obtain ε-uniform convergence (see §4.2, assumption (A1)). Roughly speaking, this as-
sumption says that every kernel component of A0 can be decomposed as a sum of “local”
kernel components in the subspaces. For example for finite element discretizations of vari-
ational problems in H(curl) and H(div), point-wise smoothers violates (A1), while block
Schwarz smoothers with blocks corresponding to vertices (or edges in H(div)) satisfy
(A1). In the former case (point-wise smoothers), it can be shown that a two-level method
is not optimal (see Ref. 37). In the latter case, when using block smoothers, a uniform con-
vergence is proved in Ref. 23, 3. These results show that (A1) is necessary and sufficient
for ε-uniform convergence.

The rest of the paper is organized as follows. In §2 we introduce some of the frequently
used notation. In §2.1, we discuss examples of nearly singular problems, and in §2.2 we
show how to reduce an indefinite problem to a nearly singular problem. In §3 we first
formulate a method based on the augmented system and analyze the simplest case when
the kernel of A0 is one dimensional. In §4 we present the subspace correction algorithm,
the main assumptions and the abstract convergence theory. Further, in §4.1 we also prove
that the augmented system methods are equivalent to subspace correction methods and
hence our analysis applies in more general cases, when the null space of A0 is not just
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one dimensional. To illustrate the abstract results, in §5 we derive convergence estimates
for a multilevel method for the Neumann problem and for two-grid methods for variational
problems in H(div) and H(curl). Finally in §6 we give some concluding remarks.

2. Notation and preliminaries

Throughout this paper, we use the notation introduced below. Let V be a finite dimensional
Hilbert space with an inner product (·, ·) and a corresponding norm ‖ · ‖. For a bounded
operator T : V 7→ V , N (T ) and R(T ) denote the null space of T and the range of T
respectively. Let Ω ⊂ IRd, d = 2, 3 be a connected bounded domain. We will use the stan-
dard notation for the differential operators grad, div and curl. The space L2(Ω) denotes the
space of square integrable functions and H1(Ω) = H(grad) denotes the standard Sobolev
space consisting of square integrable functions with square integrable (weak) derivatives
of first order. Similarly, H(curl) and H(div) denote the spaces of L2(Ω) functions with
square integrable curl or divergence, respectively. The bilinear forms (·, ·)0 and (·, ·)1 de-
note the usual L2(Ω) inner product andH1(Ω) inner product, respectively. Also ‖·‖0, ‖·‖1
and | · |1 denote the L2 norm, H1 norm and H1 semi-norm, respectively. We also denote
‖ · ‖div, | · |div, ‖ · ‖curl and | · |curl by H(div) norm, H(div) semi-norm, H(curl) norm
and H(curl) semi-norm respectively. Following Ref. 34, we use the notation x1 . y1 and
x2 & y2 whenever there exist constants C1 and C2 independent of ε and other important
parameters such that x1 ≤ C1y1, and x2 ≥ C2y2.

2.1. Examples of positive definite nearly singular problems

We summarize here some examples that fall into the category of nearly singular problems
and in our opinion, are encountered quite often in the numerical models of physical phe-
nomena.

2.1.1. Discretizations of variational problems in H(grad), H(curl) and H(div)

For this type of problems we have

(A0u, v) := (Gu,Gv), (εA1u, v) := (τu, v),

where G = curl or G = div and τ is a given function. As we mentioned in the intro-
duction, the nearly singular behavior is “hidden” in the lower order term. In §5.1 and §5.2,
we apply the abstract theory to analyze the convergence of two-level methods for varia-
tional problems in H(curl) and H(div), and multilevel method for variational problem in
H(grad).

2.1.2. Anisotropic problems

An interesting example, which we will not consider further in this paper is related to the
finite element discretizations of anisotropic problems:

(Au, v) := (agradu, gradv),
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and V = H1
0 (Ω). The coefficient tensor a behaves differently in different coordinate direc-

tions, and we may take a = diag(1, 1, . . . , ε), for 0 < ε ≤ εmax < 1. Apparently (Au, v)
can then be rewritten as A = A0 + εA1, where

(A0u, v) :=
d−1∑
i=1

((1− ε)∂iu, ∂iv), (εA1u, v) := (εgradu, gradv).

We remark that when the mesh is aligned with the anisotropy and the null space of A0 is
known, there are several techniques that can be applied to design of an optimal iterative
method. These techniques use semi-coarsening, line (plane) smoothers or both and they
precisely correspond to splittings that satisfy assumption (A1) (see §4.2). When the mesh
is not aligned with the anisotropy or a varies throughout the computational domain, to find
a splitting that satisfies (A1) is a challenging and complicated task, which we will study in
the future.

2.2. Reduction of indefinite problems to nearly singular problems

Other examples of nearly singular problems are obtained when solving systems arising
from mixed and hybrid finite element discretizations of second order partial differential
equations Ref. 13, such as the indefinite systems corresponding to mixed finite element
discretizations for elliptic problems (Darcy’s law in porous media) or the Stokes equation
Ref. 30, 7, 14. We aim to show that implementing an efficient iterative method for the
resulting indefinite linear system reduces to designing an efficient method for the solution
of an auxiliary nearly singular problem.

To begin, we briefly describe a minimal set up needed for our discussion. Let V and
W be two Hilbert spaces, and V ∗ and W ∗ be the dual spaces of V and W respectively.
Here 〈·, ·〉 will denote the dual pairing. Consider the following variational problem: Find
(u, p) ∈ V ×W such that {

Au+B∗p = f,

Bu = g,
(2.1)

where f ∈ V ∗, g ∈ W ∗, A : V 7→ V ∗, B : V 7→ W ∗ and B∗ : W 7→ V ∗ is the dual
operator of B, namely

〈v,B∗q〉 = 〈q,Bv〉 ∀v ∈ V, q ∈W. (2.2)

We assume that A is coercive, B is onto and B satisfies the following inf-sup condition:

〈Av, v〉 ≥ α‖v‖2V , α > 0, inf
q∈W

sup
v∈V

〈q,Bv〉
‖v‖V ‖q‖W

= β > 0.

By the Babuška-Brezzi theory Ref. 12, 13, 5, the problem (2.1) is well-posed. Since same
conditions would hold for any compatible discretization of (2.1), we may assume here,
without loss of generality, that V and W is a pair of compatible finite element spaces.
One of the most popular methods for solving discrete equations resulting from (2.1) is the
classical Uzawa method: For given (u`, p`), the next iterate (u`+1, p`+1) is obtained by

Au`+1 = f −B∗p`. p`+1 = p` − κ(g −Bu`+1),
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where κ > 0 is a damping parameter. It is known that the Uzawa method converges if κ
satisfies 0 < κ < 2

ρ(S) , where S = BA−1B∗ is the Schur complement corresponding to
the p variable. One may say that the Uzawa method is equivalent to a Richardson relaxation
for a linear system with the Schur complement S. Certainly, the choice of the damping pa-
rameter κ affects the convergence of the Uzawa’s iteration and to come up with a procedure
for choosing optimal damping parameter is a non-trivial task (if at all possible). One rem-
edy is to use the Augmented Lagrangian method Ref. 21, 13, 19, which solves a modified
problem, equivalent to (2.1) by the Uzawa method. The modified problem is as follows:{

(A+ ε−1B∗B)u+B∗p = f + ε−1B∗g,

Bu = g.
(2.3)

Application of the Uzawa method to (2.3) with damping parameter κ = ε−1 reads: Given
(u`, p`), the new iterate (u`+1, p`+1) is obtained by solving the following system:{

(A+ ε−1B∗B)u`+1 = f + ε−1B∗g −B∗p`,
p`+1 = p` − ε−1(g −Bu`+1).

(2.4)

Convergence of this method has been discussed in several works Ref. 21, 19, 9. Here we
also provide a result on the rate of convergence of the Augmented Lagrangian method,
which indicates that for small ε, the iterates converge very fast to the solution of (2.1). The
payoff, however, is that to obtain u`+1 we need to solve a nearly singular system, such as

(εA+B∗B)u`+1 = εf +B∗g − εB∗p`, (2.5)

In many applications, B∗B would be a singular operator. Thus the design of optimal iter-
ative method for the nearly singular system (2.5) will result in an optimal iterative method
for the indefinite system (2.1) and a general solution strategy for various mixed and hybrid
finite element discretizations.

We now state and prove a convergence result for the Augmented Lagrangian method.

Lemma 2.1. Let (u0, p0) be a given initial guess and for ` ≥ 1, let (u`, p`) be the iterates
obtained via the Augmented Lagrangian method. Then the following estimates hold:

‖p− p`‖W ≤
(

ε

ε+ µ0

)`
‖p− p0‖W ,

‖u− u`‖A ≤
√
ε‖p− p`−1‖W ≤

√
ε

(
ε

ε+ µ0

)`
‖p− p0‖W .

where µ0 is the minimum eigenvalue of S = BA−1B∗.

Proof. Let e`p = (p− p`) and e`u = (u− u`) be the errors after ` iterations (` > 0). From
the definition of (u`, p`), (2.3) and (2.4) we obtain that (e`u, e

`
p) satisfy:{

(A+ ε−1B∗B)e`u = −B∗e`−1
p ,

e`p = (I − ε−1B(A+ ε−1B∗B)−1B∗)e`−1
p .

A simple application of Shermann-Morrison-Woodburry formula for (εA+B∗B)−1 gives

ε−1B(A+ ε−1B∗B)−1B∗ = B(εA+B∗B)−1B∗ = Sε − Sε(I + Sε)−1Sε,
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where Sε = ε−1S = ε−1BA−1B∗. It is also straightforward to verify that

I − ε−1B(A+ ε−1B∗B)−1B∗ = I − Sε + Sε(I + Sε)−1Sε = (I + Sε)−1. (2.6)

Hence

e`p = (I + ε−1S)−1e`−1
p ,

and the first estimate follows immediately. The second estimate is obtained using the fol-
lowing identities

‖e`u‖2A = (Ae`u, e
`
u) = ((A+ ε−1B∗B − ε−1B∗B)e`u, e

`
u)

= −(B∗e`−1
p , e`u)− (ε−1Be`u, Be

`
u)

= ε[(Ze`−1
p , e`−1

p )− ‖Ze`−1
p ‖2W )].

where Z = B(εA + B∗B)−1B∗. The proof is complete by observing that (2.6) implies
that ‖Z‖W ≤ 1.

3. Solution of nearly singular problem via augmented system

The first method for nearly singular problems that we now present in this paper is based on
the so-called augmented or modified system of equations Ref. 4, 29 by means of a basis of
N (A0) is known. We equip V = IRn with the discrete `2 inner product (·, ·) = (·, ·)`2 and
a norm ‖ · ‖ = (·, ·)1/2. Assuming that a basis in the kernel of A0 is known:

N (A0) ⊂ span{φ1, · · · , φm}. (3.1)

we define Φ = [φ1, · · · , φm] : W 7→ V with W = IRm and obtain the augmented system
of equations for the problem (1.1) as follows (see Ref. 4, 29):

Aũ =
(

ΦtAΦ ΦtA
AΦ A

)
ũ = f̃ , f̃ =

(
Φtf
f

)
. (3.2)

We note that the system (3.2) is singular and furthermore the range and null space ofA are
characterized by

R(A) =
{(

Φtv
v

)
: v ∈ V

}
and N (A) =

{(
c

−Φc

)
: c ∈W

}
. (3.3)

Obviously, there exist infinitely many solutions to the equation (3.2). However, if ũ =(
u1

u2

)
is a solution to (3.2) then the solution u to the original system (1.1) can be recovered

in a unique fashion by setting u = Φu1 + u2.
We now consider the block Gauss-Seidel method for the augmented system (3.2) with

one block given by ΦtAΦ. This method has convergence rate independent of ε and it is, as
we shall see in §4.1, equivalent to a two-level method with coarse space N (A0) Ref. 34,
22.

As an example, we first analyze a simpler problem, with A1 = I , and f ∈ R(A0), that
is

Au = (A0 + εI)u = f, (3.4)
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where dimN (A0) = 1, i.e., N (A0) = span{ξ}. The augmented system of equations for
this problem is given by

Aũ =
(
ξtAξ ξtA

Aξ A

)
ũ = f̃ , (3.5)

where f̃ =
(

(ξ, f)
f

)
=
(

0
f

)
.

Assume that

A = Dε − L− Lt, A0 = D0 − L− Lt, (3.6)

where Dε and D0 are the diagonal matrices corresponding to A and A0, respectively and
−L is the strict lower triangle of both A and A0. We then define

Sε = LD−1
ε Lt and S0 = LD−1

0 Lt.

Since Dε = D0 + εI , there exists α(ε) such that for any v ∈ V ,

(S0v, v) ≥ (Sεv, v) ≥ α(ε)(S0v, v), and lim
ε→0

α(ε) = 1. (3.7)

We also introduce a splitting of the augmented matrix A

A = D − Lt − L, and S = LD−1Lt.

Note that the null space and the range of A are

N (A) = span
{(

1
−ξ

)}
and R(A) =

{
ṽ =

(
(ξ, v)
v

)
: v ∈ V

}
.

Furthermore, both the energy norm convergence rate δA of the Gauss-Seidel method for
matrix A and δA0 of the Gauss-Seidel method for the matrix A0 are as follows Ref. 35, 26

δ2
A = 1− 1

K(A)
, K(A) = 1 + supev∈R(A)

infec∈N (A)

(S(ṽ + c̃), (ṽ + c̃))
(ṽ, ṽ)A

,

and

δ2
A0

= 1− 1
K(A0)

, K(A0) = 1 + sup
v∈R(A0)

inf
c∈N (A0)

(S0(v + c), (v + c))
(v, v)A0

.

The constant K(A0) is independent of ε and we have the following convergence result.

Lemma 3.1. Let δA and δA0 be defined as above. Then

lim
ε→0

δA = δA0 . (3.8)

Proof. A simple calculation yields

K(A) = 1 + supev=((ξ,v),vt)t∈R(A)

inf
λ∈IR

(Sε(v + λξ), (v + λξ)) + ‖Pξ(v + λξ)‖2A
‖ṽ‖2A

, (3.9)

where Pξ is the A-orthogonal projection on N (A0), namely

Pξ = ξ(ξtAξ)−1ξtA.
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Now, for a given v ∈ V , we consider the orthogonal decomposition

v = v0 + γξ,

where v0 ∈ R(A0) and γ ∈ IR. With this decomposition, ‖ṽ‖2A can be written as

‖ṽ‖2A = ‖v + (ξ, v)ξ‖2A = ‖v0‖2A + ε|γ + (ξ, v)|2‖ξ‖2. (3.10)

From (3.9), we see that

K(A) ≥ 1 + sup
v0∈R(A0)

sup
γ∈IR

inf
λ∈IR

(Sε(v0 + λξ), (v0 + λξ))
‖v0‖2A + ε|γ + (ξ, v)|2‖ξ‖2

(3.11)

≥ 1 + sup
v0∈R(A0)

inf
λ∈IR

(S0(v0 + λξ), (v0 + λξ))
‖v0‖2A

.

Observe that for v ∈ N (A0), we have

inf
λ∈IR

(Sε(v + λξ), (v + λξ)) + ‖Pξ(v + λξ)‖2A
‖ṽ‖2A

= 0,

and also for v = v0 + γξ ∈ V ,

inf
λ∈IR

(Sε(v + λξ), (v + λξ)) + ‖Pξ(v + λξ)‖2A

= inf
λ∈IR

(Sε(v0 + λξ), (v0 + λξ)) + ‖Pξ(v0 + λξ)‖2A.

Therefore, K(A) can be estimated by

K(A) = 1 + supev∈χ inf
λ∈IR

(Sε(v + λξ), (v + λξ)) + ‖Pξ(v − λξ)‖2A
‖v0‖2A + ε|γ + (ξ, v)|2‖ξ‖2

≤ 1 + supev∈χ inf
λ∈IR

(Sε(v + λξ), (v + λξ)) + ‖Pξ(v + λξ)‖2A
‖v0‖2A0

,

= 1 + sup
v∈R(A0)

inf
λ∈IR

(Sε(v0 + λξ), (v0 + λξ)) + ‖Pξ(v0 + λξ)‖2A
‖v0‖2A0

. (3.12)

where

χ =
{(

(ξ, v)
v

)
∈ R(A) : v = v0 + γξ with v0 6= 0 ∈ R(A0)

}
.

Finally, we observe that

‖Pξ(v0 + λξ)‖2A = ε‖Pξ(v0 + λξ)‖2. (3.13)

As a result, we see that

K(A) ≤ α(ε)K(A0) + sup
v0∈R(A0)

inf
λ∈IR

ε‖Pξ(v0 + λξ)‖2

‖v0‖2A0

. (3.14)

Thanks to the inequalities (3.11) and (3.14), by taking the limit ε → 0, we complete the
proof.

More general cases can be treated using the analysis provided in Ref. 26, since in § 4.1
we prove that an iterative method for the augmented system is in fact equivalent to a sub-
space correction method for the original problem (1.1).
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4. Abstract convergence analysis for general subspace correction method

Let us introduce the bilinear forms that correspond to the operators (matrices) A, A0 and
A1. We define a, a0 and a1 : V × V 7→ IR by

a(u, v) = (Au, v), a0(u, v) = (A0u, v), and a1(u, v) = (A1u, v), ∀u, v ∈ V. (4.1)

The corresponding induced (semi)-norms are then defined by ‖u‖2a = a(u, u), |u|2a0
=

a0(u, u) and ‖u‖2a1
= a1(u, u). The solution u ∈ V to the system (1.1) satisfies the

following variational problem:

a(u, v) = a0(u, v) + ε a1(u, v) = (f, v), ∀v ∈ V. (4.2)

The null space of the operator A0 denoted by N is given by

N = {u ∈ V : a0(u, v) = 0, ∀v ∈ V } .

We then define the a(·, ·)-orthogonal complement N⊥ of N :

N⊥ = {u ∈ V : a(u, v) = 0, ∀v ∈ N} = {u ∈ V : a1(u, v) = 0, ∀v ∈ N} .

Note that, N⊥ is also the orthogonal complement of N with respect to the inner product
a1(·, ·). To describe the iterative algorithm that we study, we assume that V is decomposed
into a sum of subspaces {Vi}Ji=1 such that V =

∑J
i=1 Vi. A subspace correction algorithm

then can be written as follows.

Algorithm 4.1 (MSSC). Let u0 ∈ V be given,
for l = 1, ... until convergence,
ul−1

0 = ul−1

for i = 1, · · · , J
Let ei ∈ Vi solve

ai(ei, vi) = f(vi)− a(ul−1
i−1, vi), ∀vi ∈ Vi (4.3)

ul−1
i = ul−1

i−1 + ei
endfor
ul = ul−1

J

endfor

Here, as usual, the bilinear forms ai(·, ·) are approximations of a(·, ·) on Vi. For each
i = 1, · · · , J , we assume that they satisfy the inf-sup conditions:

inf
vi∈Vi

sup
wi∈Vi

ai(vi, wi)
‖vi‖‖wi‖

= inf
wi∈Vi

sup
vi∈Vi

ai(vi, wi)
‖vi‖‖wi‖

= βi, (4.4)

where βi > 0. The assumptions make all the steps in Algorithm 4.1 well-defined.

Remark 4.1. In what follows, we shall often use the following convention: A decompo-
sition {Vi}Ji=1 such that

∑J
i=1 Vi = V , and approximating bilinear forms ai(·, ·), satisfy-

ing (4.4) uniquely determine all steps in a subspace correction algorithm, such as Algo-
rithm 4.1.
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To obtain an estimate on the convergence rate we need to introduce some additional
notions and terminology, commonly used in the analysis of iterative methods such as Al-
gorithm 4.1. We first define the subspace solvers Ti : V 7→ Vi, by setting Tiv be the unique
solution to the variational problem:

ai(Tiv, vi) = a(v, vi), ∀v ∈ V, ∀vi ∈ Vi. (4.5)

We note that if ai = a on Vi, then Ti is the orthogonal projection on Vi with respect to
the inner product a(·, ·). In such case we denote the exact subspace solver by Pi, instead of
Ti. Evidently, after l iterations the errors (u− ul), (u− ul−1), and (u− u0) are related as
follows:

u− ul = E(u− ul−1) = ... = El(u− u0), where E = (I − TJ)(I − TJ−1) · · · (I − T1).
(4.6)

The operator E is usually referred to as the error transfer operator. For each 1 ≤ i ≤ J ,
there exists a unique T ∗i : V 7→ Vi, the Hilbert adjoint of Ti with respect to the inner
product a(·, ·), i.e.,

a(Tiv, w) = a(v, T ∗i w), ∀v, w ∈ V. (4.7)

The symmetrization T̄i of Ti for each i = 1, · · · , J is given by

T̄i = Ti + T ∗i − T ∗i Ti. (4.8)

For each i = 1, · · · , J , we introduce a projection Pi,1. Pi,1 : V 7→ Vi defined by

a1(Pi,1v, vi) = a1(v, vi), ∀v ∈ V, vi ∈ Vi.

We also need a projection Pi,0, orthogonal with respect to a0(·, ·). Since this bilinear form
has a nontrivial kernel, we need to define the action Pi,0 in a non-ambiguous way. This can
be done as follows. Denote by Ni, the local null space of a0, namely,

Ni = {ui ∈ Vi : a0(ui, vi) = 0, ∀vi ∈ Vi}

and the orthogonal complement of Ni with respect to the inner product a(·, ·),

N⊥i = {ui ∈ Vi : a(ui, vi) = 0, ∀vi ∈ Ni} = {ui ∈ Vi : a1(ui, vi) = 0, ∀vi ∈ Ni}.

Then Pi,0v ∈ N⊥i , for all v ∈ V is uniquely determinated by the following variational
problem:

a0(Pi,0v, vi) = a0(v, vi), ∀v ∈ V, vi ∈ Vi.

4.1. Equivalence with methods for the augmented system

We now show that every subspace correction method (SSCA) for the augmented sys-
tem (3.2) corresponds to an equivalent subspace correction method (SSCO) for the original
problem (1.1). Let Ṽ = IRn+m and let ã(·, ·) : Ṽ × Ṽ 7→ IR be the bilinear form corre-
sponding to the augmented matrix A : Ṽ 7→ Ṽ , namely,

ã(ũ, ṽ) = (Aũ, ṽ), ∀ũ, ṽ ∈ Ṽ . (4.9)
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In order to introduce the subspace correction method for the augmented system, we de-
compose the space Ṽ as follows:

Ṽ =
J∑
i=1

Ṽi. (4.10)

By the convention that we have made above, associated with each subspace Ṽi, we have
a bilinear form ãi(·, ·) : Ṽi × Ṽi 7→ IR satisfying the inf-sup conditions, required for the
well-posedness of the local problems:

infevi∈eVi

supewi∈eVi

ãi(ṽi, w̃i)
‖ṽi‖‖w̃i‖

= infewi∈eVi

supevi∈eVi

ãi(ṽi, w̃i)
‖ṽi‖‖w̃i‖

= β̃i > 0. (4.11)

We denote the subspace correction method for the augmented system of equations based
on the decomposition (4.10) and the bilinear forms ãi on Ṽi by (SSCA).

We now introduce the components needed for a subspace correction method (SSCO)
for the original problem (1.1). For V = IRn, we define Λ : Ṽ 7→ V by

Λṽ = (Φ, I) ṽ = (Φ, I)
(
v1

v2

)
= Φv1 + v2. (4.12)

It is obvious that the operator Λ is onto, but in general it may not be one-to-one. To obtain
a space decomposition for V , each subspace Vi is chosen to be

Vi = {vi ∈ V : vi = Λṽi, ∀ṽi ∈ Ṽi}.

Next we introduce ai : Vi × Vi 7→ IR, using the definition of ãi on Ṽi.

ai(vi, wi) = ai(Λṽi,Λw̃i) = ãi(ṽi, w̃i), ∀ṽi, w̃i ∈ Ṽi, (4.13)

where vi = Λṽi and wi = Λw̃i. The mapping Λ : Ṽi 7→ Vi is clearly one-to-one (on Vi)
due to the solvability conditions (4.11) and therefore, it is an isomorphism. Furthermore,
the bilinear forms ai(·, ·) also satisfy the corresponding inf-sup conditions on Vi.

We now show that the two methods (SSCO) and (SSCA) are equivalent.

Theorem 4.1. Let {u`} and {ũ`} be two sequences of iterates generated by the meth-
ods (SSCO) and (SSCA) with initial guesses u0 and ũ0, respectively. Then the algorithms
(SSCA) and (SSCO) are equivalent in the following sense: If u0 = Λũ0, then u` = Λũ`.

Proof. Let ũ` denote the `-th iterate obtained by (SSCA) and u` denote the `-th iterate
obtained by (SSCO). We will show that

u`+1 = Λũ`+1, (4.14)

under the assumption that ũ` and u` satisfy

u` = Λũ`. (4.15)

Thanks to the relation (3.2), we see that

(f̃ , ṽi) =
((

Φt

I

)
f, ṽi

)
= (f,Λṽi), ∀ṽi ∈ Ṽi (4.16)
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and also

ã(ṽ, w̃) = (Aṽ, w̃) = (AΛṽ,Λw̃) = a(Λṽ,Λw̃). (4.17)

We consider now the local residual equations as follows.

ai(ei, vi) = (f, vi)− a(u`i−1, vi), ∀vi ∈ Vi,

ãi(ẽi, ṽi) = (f,Λṽi)− ã(ũ`i−1, ṽi) = (f̃ , ṽi)− ã(ũ`i−1, ṽi), ∀ṽi ∈ Ṽi.

Therefore, If u`i−1 = Λũ`i−1, we get ei = Λẽi and u`i = Λũ`i directly by the above
local residual equations. Since we assume that u`0 = u` = Λũ` = Λũ`0 and from the
aforementioned observation, we have u`1 = Λũ`1. Repeat this argument for i = 2, · · · , J ,
we get that u`+1 = Λũ`+1. Then, a simple induction shows that u` = Λũ` for all `.

As an illustration, let us revisit the example from §3, with dimN (A0) = 1 (see (3.5)).
The Gauss-Seidel method for (3.5) is based on the decomposition

Ṽ =
n∑
i=0

Ṽi, (4.18)

where Ṽi = span{ẽi+1} for i = 0, · · · , n. Here ẽi is the canonical basis for the space
Ṽ = IRn+1. The equivalent subspace correction method for the original equation (3.4) is
based on the space decomposition

V =
n∑
i=0

Vi, (4.19)

where Vi = ΛṼi = span{ei} for i = 1, · · · , n and V0 = span{ξ}.
A simple conclusion that can be drawn from the aforementioned analysis is that if the

null space is contained in one of subspaces, then the convergence of the subspace correction
method will be ε-independent. However, in many cases it does not lead to an efficient solu-
tion method, because the dimension of the null space of A0 may grow with the size of the
problem. Nearly singular problems, that exhibit such a behavior are easily found by consid-
ering discretizations of variational problems in H(curl) or H(div), because the dimension
of the null space increases with the problem size and it is hard or even impossible to solve
systems with ΦTAΦ directly. Apparently, in such cases a good candidate for providing ef-
ficient iterative solver is a multigrid method. As it turns out, when designing a multigrid
method, the role of the smoother (or equivalently the choice of the local subspaces) is cru-
cial. As we have mentioned in the introduction, a point Gauss-Seidel relaxation will not
work for discrete systems resulting from H(curl) or H(div) discretizations (see Ref. 37
for a proof of such result) and the local subspaces should contain the kernel functions to
obtain a good smoother (see Ref. 2, 3 for the relevant results on uniform convergence of
multigrid method in such cases). In the next section, we formulate a general assumption
that encompasses in a way these observations, and then prove a convergence result.
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4.2. Abstract assumptions

In this section, we present the abstract assumptions under which we can obtain the pa-
rameter independent convergence of Algorithm 4.1. For the discussion of the parameter
independent convergence, when inexact subspace solvers are used, we need some addi-
tional assumptions. We first assume that for each i = 1, . . . , J , there exists a constant
δi ∈ [0, 1), independent on ε, such that

sup
vi∈Vi:‖vi‖a=1

‖(I − Ti)vi‖a ≤ δi. (4.20)

This assumption is equivalent to the following two assumptions: There exist ωi ∈ (0, 2)
and µi > 0 independent of ε such that

(Tivi, Tivi)a ≤ ωi(Tivi, vi)a ∀vi ∈ Vi, (4.21)

(Tivi, Tivi)a ≥ µi(vi, vi)a ∀vi ∈ Vi. (4.22)

We remark that the assumptions (4.21) and (4.22) are automatic for Ti = Pi with ωi =
µi = 1. In particular, the assumption (4.21) is well known to be a necessary and sufficient
condition for the energy norm convergence of the subspace correction method Ref. 34, 35.
On the other hand, (4.22) is related to the limiting case ε = 0 and is necessary to guarantee
ε-independent convergence. Similar assumptions have been introduced as necessary and
sufficient conditions for the energy norm convergence of the semi-definite problems (case
ε = 0) in Ref. 26, 25.

The next assumption is on the splitting of the null space of A0. It plays a crucial role in
the convergence analysis.

(A1) The decomposition V =
∑J
i=1 Vi satisfies N =

J∑
k=1

(Vk ∩N ).

In another word, (A1) implies that any element in N can be decomposed into a sum of
elements in Vk ∩N .

4.3. Convergence estimate for Algorithm 4.1

With all assumptions and notation in hand, we are ready to prove a convergence rate esti-
mate for Algorithm 4.1, applied to problem (1.1).

The following lemmas are needed to prove the main results (Theorem 4.2 and Theo-
rem 4.3).

Lemma 4.1. The following inequality holds true.

‖Piu‖2a ≤ |Pi,0u|2a0
+ ε‖Pi,1u‖2a1

, ∀u ∈ V.
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Proof. For any u ∈ V ,

a(u, Piu) = a0(u, Piu) + εa1(u, Piu)

= a0(Pi,0u, Piu) + εa1(Pi,1u, Piu)

≤ 1
2

(a0(Piu, Piu) + a0(Pi,0u, Pi,0u))

+
ε

2
(a1(Piu, Piu) + a1(Pi,1u, Pi,1u)) .

This completes the proof.

We now show the ε-independent convergence rate for the local subspace solver based
on the assumptions (4.21) and (4.22).

Lemma 4.2. Assume (4.21) and (4.22). Then we have

(T̄ivi, vi)a = ‖vi‖2a − ‖(I − Ti)vi‖2a (4.23)

≥ µi

(
2
ωi
− 1
)
‖vi‖2a, ∀vi ∈ Vi,

(T ∗i vi, T
∗
i vi)a ≤ ω2

i (vi, vi)a, ∀vi ∈ Vi, (4.24)

and

(T̄−1
i vi, vi)a ≤

ωi
µi(2− ωi)

(vi, vi)a, ∀vi ∈ Vi. (4.25)

Proof. The inequalities follow directly from the definitions and assumptions (4.21)
and (4.22).

The following convergence rate result for the subspace correction method for the sym-
metric and positive definite problems (see Ref. 26) will be crucial in our analysis.

Lemma 4.3. If (4.21) holds, then

‖E‖2a = sup
‖v‖a=1

‖Ev‖2a = 1− 1
K
,

with

K = sup
v∈V

infPJ
i=1 vi=v

∑J
i=1(T̄i

−1
wi, wi)a

‖v‖2a

where wi = vi + T ∗i
∑J
j=i+1 vj .

Since an estimate on K also gives an estimate on the convergence rate ‖E‖a, below we
only state the results in terms of K. Under the assumptions (4.21) and (4.22), we get an
estimate which only depends on the exact subspace solvers and the constants ωi and µi in
(4.21) and (4.22).
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Lemma 4.4. Assume that (4.21) and (4.22) hold. Then,

K ≤ sup
v∈V

infPJ
i=1 vi=v

J∑
i=1

2ωi
µi(2− ωi)

(
‖vi‖2a + ω2

i ‖Pi
J∑

j=i+1

vj‖2a
)/
‖v‖2a.

Proof. Set

wi = vi + T ∗i

J∑
j=i+1

vj .

Using (4.21) and (4.22), and applying Lemma 4.2, leads to

(T̄−1
i wi, wi)a ≤

ωi
µi(2− ωi)

‖wi‖2a

≤ ωi
µi(2− ωi)

{
2‖vi‖2a + 2

∥∥∥∥∥∥T ∗i Pi
J∑

j=i+1

vj

∥∥∥∥∥∥
2

a

}

≤ 2ωi
µi(2− ωi)

{
‖vi‖2a + ω2

i

∥∥∥∥∥∥Pi
J∑

j=i+1

vj

∥∥∥∥∥∥
2

a

}
.

The proof is completed by applying Lemma 4.3.

Lemma 4.5. For any v ∈ V , we decompose v = w + ϕ, with w ∈ N⊥ and ϕ ∈ N , then

‖v‖2a = |w|2a0
+ ε‖w‖2a1

+ ε‖ϕ‖2a1
. (4.26)

Proof. Noting thatN⊥ is the orthogonal complement ofN with respect to a1(·, ·) (see the
beginning of § 4), we have

a(v, v) = a(w + ϕ,w + ϕ) = a(w,w) + a(ϕ,ϕ)

= a0(w,w) + ε a1(w,w) + ε a1(ϕ,ϕ).

The first estimate that gives ε-independent convergence rate is for exact subspace
solvers.

Theorem 4.2. If (A1) holds, then Algorithm 4.1 with exact local subspace solves converges
uniformly with respect to ε and we have the estimate

K ≤ 2 sup
v∈N⊥

infP
i vi=v

J∑
i=1

( |Pi,0∑J
j=i vj |2a0

|v|2a0

+
‖Pi,1

∑J
j=i vj‖2a1

‖v‖2a1

)

+2 sup
ϕ∈N

infP
i ϕi=ϕ,ϕi∈N

∑J
i=1 ‖Pi,1

∑J
j=i ϕj‖2a1

‖ϕ‖2a1

. (4.27)

Proof. By Lemma 4.3, we get that

K = sup
v∈V

K(v)
‖v‖2a

, with K(v) = infP
i vi=v

J∑
i=1

‖Pi
J∑
j=i

vj‖2a.
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For a given v ∈ V , we have the decomposition v = w+ϕ where w ∈ N⊥ and ϕ ∈ N . By
(A1), there exist ϕi ∈ Vi ∩N such that

∑
i ϕi = ϕ. Then

K(v) ≤ infP
i vi=w

infP
i ϕi=ϕ,ϕi∈N

J∑
i=1

‖Pi
J∑
j=i

(vj + ϕj)‖2a

≤ 2 infP
i vi=w

J∑
i=1

‖Pi
J∑
j=i

vj‖2a + 2 infP
i ϕi=ϕ,ϕi∈N

J∑
i=1

‖Pi
J∑
j=i

ϕj‖2a.

By Lemma 4.5 and the above inequality, we get

K ≤ 2 sup
v∈N⊥

infP
i
vi=v

∑J
i=1 ‖Pi

∑J
j=i vj‖2a

|v|2a0
+ ε‖v‖2a1

+
2
ε

sup
ϕ∈N

infP
i
ϕi=ϕ,ϕi∈N

∑J
i=1 ‖Pi

∑J
j=i ϕj‖2a

‖ϕ‖2a1

.

By Lemma 4.1, we obtain that

‖Pi
J∑
j=i

vj‖2a ≤ |Pi,0
J∑
j=i

vj |2a0
+ ε‖Pi,1

J∑
j=i

vj‖2a1

and

‖Pi
J∑
j=i

ϕj‖2a ≤ |Pi,0
J∑
j=i

ϕj |2a0
+ ε‖Pi,1

J∑
j=i

ϕj‖2a1
= ε‖Pi,1

J∑
j=i

ϕj‖2a1
.

Combining the above three inequalities, we get the inequality (4.27).

By Lemma 4.4 and using similar arguments as in the proof of Theorem 4.2, we get
convergence result for the case of inexact subspace solvers.

Theorem 4.3. Assume (A1), (4.21) and (4.22) hold true. Then the convergence rate of
Algorithm 4.1 is given by ‖E‖2a = 1−K−1 with

K ≤ 2 sup
v∈N⊥

infP
i
vi=v

J∑
i=1

2ωi
µi(2− ωi)

( |vi|2a0
+ ω2

i |Pi,0wi|2a0

|v|2a0

+
‖vi‖0a1

+ ω2
i ‖Pi,1wi‖2a1

‖v‖2a1

)

+2 sup
ϕ∈N

infP
i ϕi=ϕ,ϕi∈N

J∑
i=1

2ωi
µi(2− ωi)

‖ϕi‖2a1
+ ω2

i ‖Pi,1wi,ϕ‖2a1

‖ϕ‖2a1

.

where wi =
∑J
j=i+1 vj and wi,ϕ =

∑J
j=i+1 ϕj .

We remark that the estimate on K in Theorem 4.2 and Theorem 4.3 are also indepen-
dent of the upper bound on ε. In the next section we apply these estimates for discretizations
of variational problems in H(grad), H(curl) and H(div).
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5. H(grad), H(curl) and H(div) systems

Let G represents any of the grad, curl or div operators. Given a bounded and convex
polyhedral domain Ω ∈ IR3, we introduce the following Sobolev spaces

H(G; Ω) = {v ∈ L2(Ω), Gv ∈ L2(Ω)}.

We now consider the following model problems: Find u ∈ H(G; Ω) such that

a(u, v) = (Gu,Gv) + ε(u, v) = (f, v), v ∈ H(G; Ω), (5.1)

where (·, ·) = (·, ·)0 is the L2 inner product. (5.1) corresponds to the partial differential
equation

G∗Gu+ εu = f,

where G∗ is the adjoint operator of G with respect to (·, ·) inner product, with natural
(Neumann) boundary condition.

To introduce the finite element discretization for (5.1), we assume that the domain
Ω is triangulated using simplexes and the triangulation is quasi-uniform. We denote this
triangulation with Th = {τh}. The spaces Vh(G) are the conforming finite element spaces
corresponding to the triangulation Th.

The finite element discretizations of (5.1) is: Find uh ∈ Vh(G) such that

a(uh, vh) = (f, vh), v ∈ Vh(G). (5.2)

Examples for the lowest order H(G,Ω)-conforming finite element spaces on a tetrahe-
dral mesh Th of Ω are listed below for various G.

Vh(grad) := {vh ∈ H(grad) : vh|τ (x) = a+ b · x, a ∈ IR,b ∈ IR3, ∀τ ∈ Th},
Vh(curl) := {vh ∈ H(curl,Ω) : vh|τ (x) = a + x× b, a,b ∈ IR3, ∀τ ∈ Th} ,
Vh(div) := {vh ∈ H(div,Ω) : vh|τ (x) = a + βx, a ∈ IR3, β ∈ IR ,∀τ ∈ Th} ,
Vh(0) := {vh ∈ L2(Ω) : vh|τ (x) = a, a ∈ IR, ∀τ ∈ Th}.

The readers refer to Ref. 23 and Ref. 28 for a detailed discussion on the finite element
space Vh(G). A simple description on Vh(G) is made in Table 2.

5.1. Two-level method with Schwarz smoothers for H(curl) and H(div)
systems

To be specific, we will restrict our concern only on the two-level method with the exact
coarse grid solver. We denote TH = {τH} by the triangulation of Ω with the mesh size
H , and assume that Th is obtained from the refinement of the triangulation TH . VH(G)
denotes the conforming finite element spaces based on the triangulation TH .

Following the notation presented in our abstract convergence theories, we shall set V =
Vh(G) and

a(v, v) = a0(u, v) + ε(v, v),
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G H(G,Ω) Vh(G) ⊂ H(G,Ω) FE space reference

grad H1(Ω) Vh(grad) linear Lagrangian FE Ref. 16

curl H(curl,Ω) Vh(curl) edge elements Ref. 28

div H(div,Ω) Vh(div) face elements Ref. 28

0 L2(Ω) Vh(0) p.w. constants

Table 2. Finite element spaces of Whitney forms.

R −−−−→ C∞
grad−−−−→ C∞

curl−−−−→ C∞
div−−−−→ C∞ −−−−→ 0yΠgrad

h

yΠcurl
h

yΠdiv
h

yΠ0
h

R −−−−→ Vh(grad)
grad−−−−→ Vh(curl) curl−−−−→ Vh(div) div−−−−→ L2

h −−−−→ 0

Fig. 5.1. Exact sequences, commutative diagrams and degrees of freedom for the finite element spaces in the
lowest order case.

where (·, ·) = (·, ·)0 and a0(u, v) = (Gu,Gv). The null space of a0 is denoted by N and
V can be decomposed (orthogonal) as

V = N ⊕N⊥,

where ⊥ is with respect to the L2 inner product.
Now, we construct the subspace correction methods for (5.2) based on the vertex-based

space decomposition as in done in Ref. 3. For a vertex xi of Th, we define

T ih = {τ ∈ Th : xi ∈ τ}, and Ωih = interior
(⋃
T ih
)
.

Then the domain Ωih is the subdomain of Ω formed by the patch of elements with xi as a
vertex. The subspaces and the space decomposition are then given by

V ih = {v ∈ V : supp(v) ⊂ Ωih}, and V = VH +
J∑
i=1

V ih =
J∑
i=0

V ih , (5.3)

where for convenience we have denoted V 0
h = VH and J is the number of vertices of Th.

We then apply the exact subspace solver in each subspace V ih as well as in the coarse space
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VH . We call the aforementioned subspace correction methods as two-level method with
vertex-based smoother. Observe that by the commuting diagram given in Figure 5.1 (see
also Ref. 3), we have

N =
J∑
i=0

Ni =
J∑
i=0

N ∩ V ih .

Thus, the decomposition (5.3) satisfies (A1). The following lemma is well-known (see
Ref. 3).

Lemma 5.1. Let PH be the orthogonal projection onto VH with respect to H(G) inner
product. Then under the assumption H & h and v ∈ (I − PH)Vh, there exists a decompo-
sition v =

∑J
i=1 vi with vi ∈ V ih such that

J∑
i=1

‖vi‖2H(G) . ‖v‖2H(G). (5.4)

Furthermore, we can show the following result.

Lemma 5.2. Let ΠG
H : V (G) 7→ VH(G) be the interpolation operator. Then, under the

assumption that H & h and ϕ ∈ (I − ΠG
H)N , there exists a decomposition ϕ =

∑J
i=1 ϕi

with ϕi ∈ Ni such that
J∑
i=1

‖ϕi‖20 . ‖ϕ‖20. (5.5)

Proof. The proof for both curl and div systems is similar. Here we only prove the case
G = curl. Then N = {gradφ : φ ∈ Vh(grad)} and we have the following commuting
relation (see Figure 5.1),

gradΠgrad
H = Πcurl

H grad.

For ϕ ∈ (I −Πcurl
H )N , there exists a function φ ∈ Vh(grad) such that

ϕ = grad[I −Πgrad
H ]φ.

Now, by the interpolating locally, there exists a decomposition of ψ = (I − Πgrad
H )φ =∑J

i=1 ψi such that
J∑
i=1

‖ψi‖20 . ‖ψ‖20.

Then ϕ =
∑J
i=1 ϕi =

∑J
i=1 gradψi is the desired decomposition, i.e.,

J∑
i=1

‖gradψi‖20 . h−2
J∑
i=1

‖ψi‖20 . h−2‖ψ‖20 . ‖ψ‖21 = ‖ϕ‖20.

Note that in the setting described above, since a1(·, ·) = (·, ·)0, the projection oper-
ator Pi,1 is nothing else than the local L2 projection for each i = 1, · · · , J . Applying
Theorem 4.2 and Theorem 4.3, can obtain the following convergence rate estimate.
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Lemma 5.3. The two-level method with vertex-based Schwarz smoother for H(div) and
H(curl) systems converges uniformly with respect to ε and the mesh size h.

Proof. We have that ‖E‖2a = 1− 1
K with

K . sup
v∈N⊥

infP
i vi=v

J∑
i=0

( |Pi,0∑J
j=i vj |2a0

|v|2a0

+
‖Pi,1

∑J
j=i vj‖20
‖v‖20

)
(5.6)

+ sup
ϕ∈N

infP
i ϕi=ϕ,ϕi∈Ni

∑J
i=0 ‖Pi,1

∑J
j=i ϕj‖20

‖ϕ‖20
.

For both systems, the last quantity can be similarly estimated by a generic constant, and
here we shall estimate the first term only. We observe that by setting v0 = PHv,

J∑
i=0

|Pi,0
J∑
j=i

vj |2a0
.

J∑
i=1

|Pi,0
J∑
j=i

vj |2a0
+ |PHv|2a0

.
J∑
i=1

|vj |2a0
+ |v|2a0

.

Similarly, we see that by setting v0 = PHv,

J∑
i=0

‖Pi,1
J∑
j=i

vj‖20 .
J∑
i=1

‖Pi,1
∑
j=i

vj‖20 + ‖PHv‖20

.
J∑
i=1

‖vj‖20 + ‖v‖20.

With the choice of decompositions {vj}Jj=1 given in Lemma 5.1, we can conclude that

sup
v∈N⊥

infP
i vi=v

J∑
i=0

( |Pi,0∑J
j=i vj |2a0

|v|2a0

+
‖Pi,1

∑J
j=i vj‖20
‖v‖20

)
.
|(I − PH)v|2a0

+ |v|2a0

|v|2a0

+
‖(I − PH)v‖20 + ‖v‖20

‖v‖20
. 1.

The above inequalities are obtained by the stability of the operator PH . This completes the
proof.

5.2. Multigrid analysis for H(grad) = H1(Ω)

In this subsection, we will illustrate how our general theory may also be applied to mul-
tilevel analysis for the case G = grad. The technique presented in this section relies on
the techniques introduced in Ref. 24, 26 for semi-definite problems. The difference is that
for ε > 0, one can see the important role played by assumption (A1), in order to obtain
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{ε, h}-independent convergence of Algorithm 4.1. We now consider the following problem
in H(grad):

−∆u+ εu = f, in Ω, (5.7)

subject to the pure Neumann boundary condition on ∂Ω, i.e.,

n · ∇u = 0, (5.8)

where n is the unit normal vector to ∂Ω. The variational problem corresponding to (5.7) is
as follows: Find u ∈ H1(Ω) such that

a(u, v) = a0(u, v) + ε a1(u, v) = (f, v), ∀v ∈ H1(Ω), (5.9)

where

a0(u, v) = (u, v)1 =
∫

Ω

∇u · ∇v dx,

a1(u, v) = (u, v)0 =
∫

Ω

u v dx, and

(f, v) =
∫

Ω

f v dx.

The null space N of a0(·, ·) is N = span{1}. As usual, we assume that Ω is triangulated
with a nested sequence of quasi-uniform triangles Tk = {τ ik} of size hk, where the quasi-
uniformity constants are independent of k and hk ∼ γk with γ ∈ (0, 1) for k = 1, · · · , J .
Associated with each Tk, we have the finite element space of continuous piecewise linear
functions Vk ⊂ H1(Ω). In this setting, it is clear that

V1 ⊂ · · · ⊂ Vk ⊂ · · · ⊂ VJ = V.

The standard nodal basis functions for each space Vk are denoted by φik, and we have the
following decomposition of V

Vk = span
{
φ1
k, · · · , φ

nk

k

}
=

nk∑
i=1

V ik ,

where V ik = span{φik}, dimV ik = 1. We are interested in solving the system resulting
from the standard finite element discretization: Find u ∈ V with h = hJ and V = VJ such
that

a(u, v) = (f, v), ∀v ∈ V. (5.10)

To solve the problem (5.10), we consider a multigrid method with the Gauss-Seidel method
as a smoother. Setting V0 = N , n0 = 1 and V 1

0 = V0, then V can be decomposed as
follows:

V =
J∑
k=0

nk∑
i=1

V ik .
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It is easy to see that the decomposition satisfies (A1). The error transfer operator, E, is:

E = ΠJ
k=0Πnk

l=1(I − P lk), (5.11)

where P lk is the exact solver on V lk (see also 34). In the following discussion, P lk,0 and P lk,1
are the a0 and a1 orthogonal projections on V lk respectively. We note that for all k and l,
Pk,1 and P lk,1 are L2 projections. Following more popular convention, we use the standard
notation Qk = Pk,1 and Qlk = P lk,1.

By a direct application of Theorem 4.2, we obtain the following convergence estimate.

Theorem 5.1.

‖E‖2a < δ < 1, (5.12)

where δ is bounded uniformly with respect to the parameter ε, the number of levels J and
the mesh size h.

Proof. By the Poincare’s inequality and Theorem 4.2, we obtain that

K . 1 + sup
v∈N⊥

infPJ
k=0

Pnk
i=1 v

i
k=v

 J∑
k=0

nk∑
i=1

|P ik,0
∑

(`,j)≥(k,i)

vj` |
2
1

/
|v|21

+
J∑
k=0

nk∑
i=1

‖Qik
∑

(`,j)≥(k,i)

vj`‖
2
0

/
‖v‖20


+ sup
ϕ∈N

infPJ
k=0

Pnk
i=1 ϕ

i
k=ϕ,ϕi

k∈N
i
k

∑J
k=0

∑nk

i=1 ‖Qik
∑

(`,j)≥(k,i) ϕ
j
`‖20

‖ϕ‖20
.

For simplicity, we shall denote

I =
J∑
k=0

nk∑
i=1

|P ik,0
∑

(`,j)≥(k,i)

vj` |
2
1

/
|v|21 +

J∑
k=0

nk∑
i=1

‖Qik
∑

(`,j)≥(k,i)

vj`‖
2
0

/
‖v‖20,

II = sup
ϕ∈N

infPJ
k=0

Pnk
i=1 ϕ

i
k=ϕ,ϕi

k∈N
i
k

J∑
k=0

nk∑
i=1

‖Qik
∑

(`,j)≥(k,i)

ϕj`‖
2
0

/
‖ϕ‖20.

Since V 1
0 is one dimensional, we have

II = 2 sup
ϕ∈N

‖Q1
0c‖20
‖ϕ‖20

= 2.

Now, by setting, v1
0 = 0, we obtain the following estimate:

I . 1 + sup
v∈N⊥

infPJ
k=1

Pnk
i=1 v

i
k=v

 J∑
k=1

nk∑
i=1

|P ik,0
∑

(`,j)≥(k,i)

vj` |
2
1

/
|v|21

+
J∑
k=1

nk∑
i=1

‖Qik
∑

(`,j)≥(k,i)

vj`‖
2
0

/
‖v‖20

 .
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The estimate of the right hand side of the above inequality is standard, we refer to Ref. 26
for the details.

6. Conclusions

We presented a transparent theoretical framework for proving convergence estimates for
subspace correction algorithms for nearly singular problems. We have stated the minimal
assumptions needed to provide parameter independent convergence. The abstract theory is
applicable to wide range of numerical models corresponding to finite element discretiza-
tions of partial differential equations, for example it can be used to design and analyze
efficient methods for indefinite problems. As a future research, we plan to extend this work
and derive convergence estimates for multigrid methods for anisotropic problems and linear
elasticity problems.
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