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Abstract

We propose a class of new discretization schemes for solving the rate-type non-Newtonian constitutive equations.
The so-called conformation tensor has been known to be symmetric and positive definite in a large class of constitutive
equations. Preserving such a positivity property on the discrete level is believed to be crucially important but difficult.
High Weissenberg number problems on numerical instabilities have been often associated with this issue. In this paper,
we present various discretization schemes that preserve the positive-definiteness of the conformation tensor regardless
of the time and spatial resolutions. Moreover, the robustness of the algorithm has been also demonstrated by the sta-
bility analysis using the discrete analogue of energy estimates. New schemes presented in this paper are constructed
based upon the newly discovered relationship between the rate-type constitutive equations and the symmetric matrix
Riccati differential equations.
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1. Introduction

Fluids comprised of large macromolecules, known as viscoelastic fluids, can produce a great variety of
new phenomena. The better known examples of this richness, among many others, include the rod climb-
ing Weissenberg effect [9], die swell [8], extrusion instabilities [4], and the oscillation of falling sphere [21].
While most of these effects are qualitatively understood to some extent, there has not been much under-
standing on proper mathematical models that are responsible for such phenomena. It is widely acknowl-
edged that numerical simulations play a crucial role in mathematical modelling for such experimental
results.

In the last two decades, there have been rapid advances in the development of numerical algorithms for
simulating viscoelastic flows. However, the developments are hampered by various difficulties. One of most
notable examples of such difficulties is the breakdown in convergence of the algorithms at critical values of
the Weissenberg or Deborah numbers, which was first observed in the late 1970s [33]. Since then it has been
called the high Weissenberg number problem. Despite extensive efforts in the search for suitable methods,
the high Weissenberg number problem still remains elusive. It has been widely believed that such a problem
is attributed to the lack of positivity preserving property of the so-called conformation tensor C on the
discrete level.

The conformation tensor C, from the molecular theories, denotes the ensemble average of the dyadic
product of end-to-end vector Q of the dumbbell (see e.g. [3]). The positive-definite (non-negative) character
of C is then necessary for making meaningful microscopic interpretation and so it is known to give rise to a
criteria for the physical admissibility of the models (see [3, p. 281]). Indeed, the positivity of the conforma-
tion tensor has been proved to be valid for various models, including UCM (upper convected Maxwell
model) and the Oldroyd-B model. These models are known to be mathematically stable in the classical
sense of Hadamard, namely the solution for such models depends continuously on the initial data (see
e.g. [15,22–24]). Moreover, the stability analysis depends crucially on the fact that the conformation tensor
C remains positive definite while it evolves in time. Another observation is that the trace of the conforma-
tion tensor C can be considered to be an elastic energy. Indeed, from the positive-definiteness of the con-
formation tensor, one can derive an energy estimate (see [27,30] and also Section 7 in this paper, where an
energy law has been driven in a more general context and the discrete analogue of energy estimates has also
been driven). Such a property is also valid for other models including Giesekus, Phan-Thien and Tanner,
Leonov and Larson models (see [3,19] for detailed descriptions) for a wide range of parameters and the
local loss of this property on the discrete level causes the onset of oscillation of solutions and leads to disas-
trous effects (see [3,11,18,24,33]).

Clearly, it is significant to develop numerical schemes that preserve the positive definiteness of the con-
formation tensor. It is in fact believed that the aforementioned numerical difficulty can be overcome in
time-dependent calculations with positivity preserving schemes (see [33, p. 197]) and a loss of the positivity
has long been known to be due to the fact that the constitutive equation has not been discretized properly
(see also [3,11,18,24]). Such improper discretization may result from a lack of understanding on the math-
ematical models. It is well-known that mathematical analysis for models describing complex fluids is quite
challenging. We would like to refer readers to the following articles [7,27,29,28] for the state of the art
mathematical analysis on certain viscoelastic models.

Apparently, finding positivity preserving discretization scheme is not an easy task. In a recent (2002)
book ‘‘Computational Rheology’’ written by Owens and Phillips (see [33, p. 59]), authors noted that
‘‘although the continuous system possesses the property that C is positive definite, this may not be carried
over to the corresponding discrete problem’’.

The only attempt known to the authors for obtaining positivity preserving scheme is a very recent (2003)
work [30]. Their main idea was to set C ¼ AAT and then try to write down equations for A approximately
on the discrete level. Hence, the positivity of C is forced with such an approach. One may argue that this is
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an unnatural approach since, judging from the integral expression of C (see (3.6) below), the artificially
introduced A has no apparent physical meaning. Moreover, this approach seems to be restricted to
Oldroyd-B models and its extension to other models does not seem to be obvious and also the scheme is
only first-order accurate.

In this paper, we will develop a unified numerical discretization framework that can be used for simu-
lating most existing constitutive equations in a way that the positivity of the conformation tensor in con-
tinuous level can be naturally extended to its discrete counterpart. We also demonstrate the stability of the
algorithm based on the discrete analogue of energy estimates. Our main observation in this paper is that the
constitutive equation from most of the existing models can be recast, in terms of certain Lie derivative, into
an ‘‘ordinary’’ differential equation which closely resembles the well-known symmetric Riccati differential
equations. The Riccati equation arises in many fields of applied mathematics, engineering and economic
sciences, especially in the domains such as, just to cite a few, linear optimal control and filtering problems
with quadratic cost functionals, differential geometry and singular perturbation theory. Moreover, there are
well-developed theory of symmetric (or Hermitian) Riccati equation. For basic theory of the matrix Riccati
differential equations, we refer interested readers to the monograph of Reid [36]. For the state of the art of
the theory of symmetric matrix Riccati equations, readers refer to the recent monograph by Abou-Kandil
et al. [1].

Using a semi-Lagrangian approach and finite element method [20,35], we obtain a class of positivity pre-
serving discretization schemes whose accuracies are of up to second-order both in space and in time under
some mild conditions. In proposing positivity preserving schemes, we shall begin our discussion on the sim-
plest model, so-called the Oldroyd-B model and we then take steps to extend the idea to a wide spectrum of
models including various non-linear models as well as multi-mode models. Details of implementation and
numerical experiments shall be reported in forthcoming papers.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries together with
various terminologies to ease our expositions. In Section 3, the Oldroyd-B model is given as an illustration.
The general Riccati equation is then introduced in Section 4. In Section 5, the reformulation of various con-
stitutive equations have been performed and in Section 6 we present several algorithms to solve viscoelastic
models in a way that the positivity of the conformation tensor is preserved both in time and space discrete
senses. We then show the stability analysis for the fully discrete systems via the discrete analogue of energy
estimates in Section 7. We close the paper with some concluding remarks in Section 8.

2. Preliminaries

In this section, we shall introduce some preliminary materials and important identities, which shall be
the building blocks for the algorithmic development. We begin this section with a basic review on kinemat-
ics of bodies.

2.1. Deformation tensor

To describe a particle moving in a fluid, we introduce two configurations, say Xt and Xs. The motion of a
particle is then manifested by the following mapping:

y : Xs 7! Xt.

Let us denote y(X, t, s) the position of particle X at time s and y(X, t, t) = X.
We shall now introduce a set of notation for ease of our presentation throughout this paper. For any

given tensor r, r(y(X, t, s), s) shall be denoted by r(t, s) and r(X, t) by r(t). The same notation also apply
to any vector u.
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The velocity of the particle is given by u ¼ _y, where the dot indicates the partial derivative with respect to
s with t fixed. In the Eulerian description (y, s), the chain rule gives the familiar material derivative defined
as follows:

Dg
Ds

¼ og
os

¼ gs þ ðu $ rÞg;

where $ is the gradient for the y variables. Classical mechanics assumes that y :Xs # Xt is a diffeomorphism
and the relative deformation gradient is the matrix defined by (see [29,33] or [37])

F ijðt; sÞ ¼
oyiðX ; t; sÞ

oX j
.

We note that an application of the chain rule gives an Eulerian description,

DF ðt; sÞ
Ds

¼ _F ðt; sÞ ¼ o
os

oyi
oX j

ðX ; t; sÞ
! "

¼ oui
oX j

ðX ; t; sÞ
! "

¼ oui
oyk

oyk
oX j

ðX ; t; sÞ
! "

¼ ruðt; sÞF ðt; sÞ.

Our convention for the gradient of a vector u is that the (i, j) component of $u(t, s) is oui/oyj, where
u ¼ ðuiÞdi¼1 with d = 2 or 3. The inverse of F is often called the displacement gradient tensor. From the
relation that FF&1 = I, we obtain

DF &1ðt; sÞ
Ds

¼ &F &1ðt; sÞruðt; sÞ. ð2:1Þ

We note that the following relations hold true:

F &1ðt; sÞ ¼ F ðs; tÞ ð2:2Þ

and

DF ðs; tÞ
Dt

¼ ruðtÞF ðs; tÞ. ð2:3Þ

2.2. Two identities on upper convective derivatives

In this subsection, we shall introduce two main identities related to the upper convective time derivative
of tensors. The upper convected derivative denoted by dF

dF t
for the tensor f is defined through:

dF f
dF t

¼ of
ot

þ ðu $ rÞf& ðruÞf& fðruÞT. ð2:4Þ

We introduce first identity for the upper convected derivative as follows: for any (X, t) 2 X · (0,1),

dF f
dF t

ðX ; tÞ ¼ lim
s!t

F ðt; sÞDðF ðs; tÞfðt; sÞF ðs; tÞ
TÞ

Ds
F ðt; sÞT. ð2:5Þ

This can be shown by a straightforward calculation based on the facts (2.1) and (2.2). This is often called
the Lie derivative of f and also known as the Truesdell stress rate (see [40, p. 254]).

The second identity is on the upper convective derivative of the identity tensor (see e.g. [32]), namely

dF I
dF t

¼ &2DðuÞ. ð2:6Þ

This identity can be obtained by simply setting f = I in (2.4) and is crucial when we reformulate the con-
stitutive equation in terms of the conformation tensor. It can also be viewed as a tool for approximating
the rate of strain DðuÞ.
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The identity (2.5) has been used for developing objective time-stepping algorithm commonly called incre-
mentally objective discretization, a nomenclature first introduced in Hughes and Winget [17]. Since then it
has also been used for simulating some non-Newtonian models by Baaijens [2]. In their works, the direct
discretization of the upper convected time derivative (2.4) has been performed along the particle trajectory
based on the Lagrangian framework and the approximation for the rate of strain has been made based on
the following identity:

lim
s!t

F ðs; tÞT DCðt; sÞ
Ds

F ðs; tÞ ¼ 2DðuÞðtÞ; ð2:7Þ

where C is called the Cauchy strain tensor defined through:

CðyðX ; t; sÞ; sÞ ¼ F Tðt; sÞF ðt; sÞ.

Our approach is subtle but fundamentally different from their algorithms from the following two aspects.
Namely, we shall use the so-called semi-Lagrangian framework (see e.g. [20,35,38]) for the time discretiza-
tion and shall use (2.6) to approximate the rate of strain. Indeed, the use of (2.6) is instrumental and nec-
essary in that it allows us to view various constitutive models (e.g. the Oldroyd-B model) as the Riccati
differential equation and leads to the positivity preserving scheme. More detailed time discretization scheme
shall be described in Section 6 and we will see that the use of (2.7) may not lead to the positivity preserving
discretization.

In the following section, to illustrate the basic form of viscoelastic models, the Oldroyd-B model is intro-
duced. We then present its reformulated version by using the identity (2.6).

3. An illustration: the Oldroyd-B model

In this section, we shall give a brief description of the Oldroyd-B model [32] as an illustrative example for
viscoelastic models.

3.1. The Oldroyd-B model

Let us consider the flow of the Oldroyd-B fluid occupying a bounded domain X ' Rd . The equations of
motion for unsteady incompressible flows are

q
ou
ot

þ ðu $ rÞu
! "

¼ &rp þ divr;

divu ¼ 0;

respectively, where u is the velocity field, p the isotropic pressure, r the extra-stress tensor and q is the
density of the fluid. The extra-stress tensor is related to the rate-of-strain tensor _c ¼ ruþ ðruÞT by the
following constitutive equation:

rþ k1
dFr
dF t

¼ g0 _cþ k2
dF _c
dF t

! "
; ð3:1Þ

where k1 and k2 are characteristic relaxation and retardation times of the fluid, respectively, g0 is the
constant shear viscosity. Furthermore, if the extra-stress tensor is expressed in terms of its solvent and
polymeric contributions, s

r ¼ gs _cþ s;

then the polymeric contribution of stress, s satisfies
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sþ k1
dF s
dF t

¼ gpDðuÞ.

The constants, gs and gp are the solvent and polymeric viscosities, respectively, where g0 = gs + gp, and

gs ¼
k2
k1

g0 and gp ¼ 1& k2
k1

! "
g0.

In dimensionless form, the governing equations can be given by

Re
ou
ot

þ u $ ru

! "
¼ &rp þ divsþ gsdivDðuÞ; ð3:2Þ

divu ¼ 0; ð3:3Þ

sþ We
dF s
dF t

¼ 2ð1& gsÞDðuÞ ¼ 2lpDðuÞ; ð3:4Þ

where DðuÞ ¼ ðruþruTÞ=2 and

b ¼ k1
k2

; Re ¼ qUL
g0

and We ¼ k1U
L

.

In case gs = 0, UCM (the upper convected Maxwell) model results and it is well-known that the model (3.1)
or (3.4) is the simplest non-linear extensions of Maxwell!s idea of formulating a system of ordinary differ-
ential equations which determines the stress in terms of the velocity gradient. As mentioned earlier, the
Eqs. (3.2)–(3.4) are well-known to be stable in the sense of Hadamard (see e.g. [33]).

3.2. A reformulation of the Oldroyd-B model using the conformation tensor

One crucial technique used in this paper is based on the reformulation of the models in terms of the
conformation tensor. The aforementioned model, the Oldroyd-B model has a property that the following
tensor is positive-definite:

sAðX ; tÞ ¼ sðX ; tÞ þ
lp

We
I .

Thanks to (2.6), the constitutive Eq. (3.4) can be rewritten as follows:

sA þ We
dF sA
dF t

¼
lp

We
I . ð3:5Þ

We also note that, for the Oldroyd-B model, it is well-known that the conformation tensor sA can be written
as the following integral form:

sAðX ; tÞ ¼
Z t

&1

lp

We2
exp

&ðt & sÞ
We

! "
F ðs; tÞF ðs; tÞT ds. ð3:6Þ

From the integral expression for sA, it is immediate to see that sA is positive definite while the rate type
model (3.5) does not show such a property immediately.

The positive-definiteness of sA appeared to be first established by Hulsen (see [19]) directly from the mod-
els such as (3.5) under certain conditions. This shall be revisited in Section 5 in terms of our new framework
and shall be proved in a simpler way. Even though the model (3.6) is known to be equivalent to the rate-
type model (3.5), it does not seem to have been fully clarified. Namely, the equivalent relation has been
claimed by showing that the rate-type model (3.5) can be deduced from the integral model (3.6) without
showing the other direction. So, if the integral model is not available a priori, the equivalent integral model
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for the corresponding rate-type model is not considered to be known (see e.g. [22, p. 15]). Indeed, to obtain
the integral model from its rate-type model, one needs to find out the analytic solution to the rate-type
model. It also seems to have been missing (see [37, p. 18]). We shall elaborate this issue and derive various
integral models from their rate-type models in Section 5.

4. Generalized Riccati equations in terms of Lie derivatives

In this section, we shall prepare for our new framework to construct positivity preserving schemes by
introducing a generalized Riccati differential equation in terms of a general Lie derivative.

The classic symmetric Riccati differential equation that we are interested in is of the following form:

dCðtÞ
dt

¼ AðtÞCþ CAðtÞT & CBðtÞCþ UðtÞ ð4:1Þ

with a symmetric positive semidefinite initial condition Cð0Þ ¼ C0.
This type of equations have been well studied in the literatures. Among others, there are two important

properties of Riccati differential equation that are interesting to us in the current work. First of all, this
equation has a certain closed-form solution, from which the solution C can be proved to be symmetric po-
sitive definite under certain conditions (see Proposition 4.1). Secondly, the positivity preserving schemes for
such equations are easily devised, especially in time (see [10] and Section 6.3).

4.1. A general Lie derivative

The Riccati equation (4.1) will be generalized by replacing the ordinary derivative d
dt by a general Lie

derivative defined as follows:

Definition 4.1

dLs
dLt

¼ lim
s!t

Lðt; sÞDðLðs; tÞsðt; sÞLðs; tÞ
TÞ

Ds
Lðt; sÞT; ð4:2Þ

where L(s, t) is a smooth tensor.

The tensor L can be viewed as a transformation rule and in general satisfy the following ordinary dif-
ferential equation:

DLðs; tÞ
Dt

¼ RðtÞLðs; tÞ; Lðs; sÞ ¼ I . ð4:3Þ

See for example (2.3), the case for the upper convected derivative, where L = F and R(t) = $u(t).
The tensor L determined by (4.3) is called the transition matrix or (evolution matrix) in the community

concerning the Riccati differential equation (see [1, p. 2]). However, it is not known to the authors that the
Riccati differential equation has ever been studied in terms of the Lie derivative.

Note that the choice of L shall change the rate of stress. The possible choices for L useful for our
exposition in this paper are listed as follows:

Lðt; sÞ ¼

I ; RðtÞ ¼ 0 ðmaterialÞ;
F ðt; sÞ; RðtÞ ¼ ruðtÞ ðupper convectedÞ;
F ðs; tÞ; RðtÞ ¼ &ruTðtÞ ðlower convectedÞ;

Eðt; sÞ; RðtÞ ¼ aþ 1

2
ruðtÞ þ a& 1

2
ruTðtÞ ðGordon–SchowalterÞ:

8
>>>><

>>>>:
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A rate defined by the following relation is known to be objective (see e.g. [2, p. 1119]):

dLs
dLt

¼ Ds
Dt

& ðxþ HÞs& sðxþ HÞT; ð4:4Þ

where x ¼ ru&ruT

2
, H is some objective tensor (see e.g. [16] for the definition of the objectivity). The rate

defined by (4.4) can be cast into the Lie derivative with the transition tensor L(s, t) satisfying the following
ODE:

DLðs; tÞ
Dt

¼ ðxþ HÞLðs; tÞ; Lðs; sÞ ¼ I .

With some appropriate choice of H, we can show that three cases except for L = I are objective rates. We
can also consider some other objective stress rates available in any literatures. Indeed, it has been addressed
especially in Hughes [16], Simo and Hughes [40] that any possible objective stress rate is a particular case of
a fundamental geometric object known as the Lie derivative and moreover under the tensor L, a transfor-
mation rule, a somewhat complicated expression e.g. (2.4) becomes a rather simple time derivative (2.5).

4.2. A generalized Riccati equation

A generalized Riccati differential equations in terms of the above general Lie derivative is as follows:

dLCðtÞ
dLt

¼ AðtÞCðtÞ þ CðtÞAðtÞT & CðtÞBðtÞCðtÞ þ UðtÞ. ð4:5Þ

In this formulation, we shall assume that the coefficient matrices are bounded and piecewise continuous and
that the matrices B and U are symmetric and positive semidefinite.

Let us first consider a special case of the Eq. (4.5).

Lemma 4.1. The solution to the following ordinary differential equation written in terms of a general Lie
derivative:

dLCðtÞ
dLt

¼ UðtÞ ð4:6Þ

can be given in the following closed-form:

CðtÞ ¼ Lðs; tÞCðsÞLðs; tÞT þ
Z t

s
Lðm; tÞUðmÞLðm; tÞT dm.

Proof. The ordinary differential equation (4.6) can be rewritten as followings:

lim
s!t

Lðt; sÞDðLðs; tÞCðsÞLðs; tÞ
TÞ

Ds
Lðt; sÞT ¼ UðtÞ.

This expression can then be cast into the following form:

lim
s!t

DðLðs; tÞCðsÞLðs; tÞTÞ
Ds

¼ lim
s!t

Lðs; tÞUðsÞLðs; tÞ.

To distinguish the fixed variable in the above expression, we shall denote t by t̂ for now. We then have the
following ordinary differential equation for Lðt; t̂ÞUðtÞLðt; t̂Þ

DðLðt; t̂ÞCðtÞLðt; t̂ÞTÞ
Dt

¼ Lðt; t̂ÞUðtÞLðt; t̂ÞT.
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Taking integration and changing t̂ back to t, we obtain the desired results. h

Proposition 4.1. The solution of (4.5) exists and it is symmetric and nonnegative for all tP 0. Further, if CðsÞ
or U(s) is positive for some s P 0, then CðtÞ is positive for all t > s.

Proof. We begin with a reformulation of the general Riccati equation (4.5). Notice

dLCðtÞ
dLt

¼ DCðtÞ
Dt

& RðtÞCðtÞ & CðtÞRðtÞT.

Now by a simple reformulation, we obtain that

DCðtÞ
Dt

¼ AðtÞ þ RðtÞ & 1

2
CðtÞBðtÞ

! "
CðtÞ þ CðtÞ AðtÞ þ RðtÞ & 1

2
CðtÞBðtÞ

! "T

þ UðtÞ. ð4:7Þ

Let us set

GðtÞ ¼ AðtÞ þ RðtÞ & 1

2
CðtÞBðtÞ

and rewrite (4.7) as followings:

dUCðtÞ
dUt

¼ UðtÞ;

where

DUðs; tÞ
Dt

¼ GðtÞUðs; tÞ; Uðm; mÞ ¼ I . ð4:8Þ

By Lemma 4.1, we obtain that

CðtÞ ¼ Uðs; tÞCðsÞUðs; tÞT þ
Z t

s
Uðm; tÞUðmÞUðm; tÞT dm. ð4:9Þ

Since U(s, t) is non-singular for all s and t, the statement of the proposition follows as long as the solution
exists. However, from the fact that B(t) is semi positive-definite, we can deduce that with kCðtÞk ¼
supkvk¼1v

TCðtÞv,

kCðtÞk 6 kCð0Þk þ
Z t

0

2kAðmÞ þ RðmÞkkCðmÞk þ kUðmÞkð Þdm;

from which it follows by the Gronwall!s inequality that kCðtÞk is finite and hence CðtÞ exists for all t > 0.
This completes the proof. h

5. Reformulating constitutive equations as generalized Riccati equations

In this section, we shall show that various interesting constitutive equations can be reformulated into the
generalized Riccati equations (4.5) based on the Lagrangian frame.

Note that the reformulation will be made in terms of the conformation tensor denoted by sA (with abuse
of notation) and sA is determined by the rate used in the model. Especially, the objective rate of our interest
here is

dEsA
dEt

¼ DsA
Dt

& RðtÞsA & sARðtÞT; ð5:1Þ
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where

RðtÞ ¼ aþ 1

2
ruðtÞ þ a& 1

2
ruðtÞT. ð5:2Þ

In this case, the tensor sA will be of the following form:

sA ¼ sþ
lp

aWe
I . ð5:3Þ

For models with the upper convected derivative, the conformation tensor sA is given with a = 1 and with
a = &1 in case the lower convected derivative is used.

The objective rate (5.1) is often called the Gordon–Schowalter derivative [14]. This can be written as a
Lie derivative (4.2) with the transition matrix E(s, t) satisfying the following ordinary differential equation:

DEðs; tÞ
Dt

¼ RðtÞEðs; tÞ; Eðs; sÞ ¼ I . ð5:4Þ

The tensor E(s, t) obeying (5.4) has been first introduced by Johnson and Segalman [25] as a deformation
tensor for viscoelastic fluids having non-affine histories.

In this section, first we shall study some interesting properties of the following Riccati equation:

dEsA
dEt

¼ &asA þ bI ; ð5:5Þ

where a, b may depend on sA. Second, we shall illustrate how various rate-type models including multi-
mode FENE-PM model can be cast into the aforementioned special Riccati equation (5.5) (see Table 1).

In the end of this section, we shall extend this idea to some general single variable models with the prop-
erty of the positive definiteness and present their reformulations into another type of Riccati equations.

Let us begin with an explicit solution of the Riccati equation (5.5).

Lemma 5.1. The solution to (5.5) satisfies

sAðtÞ ¼ exp &
Z t

s
að1Þd1

! "
Eðs; tÞsAðt; sÞEðs; tÞT þ

Z t

s
exp &

Z t

m
að1Þd1

! "
bðmÞEðm; tÞEðm; tÞT dm. ð5:6Þ

Proof. By an argument similar to what was used in the proposition (4.1), we can solve the Eq. (5.5) to
obtain

sAðx; tÞ ¼ Uðs; tÞsAðt; sÞUðs; tÞT þ
Z t

s
bðmÞUðm; tÞUðm; tÞTdm; ð5:7Þ

where

DUðs; tÞ
Dt

¼ aþ 1

2
ruðtÞ þ a& 1

2
ruðtÞT & aðtÞ

2
I

! "
Uðs; tÞ; Uðs; sÞ ¼ I .

Now we shall show that U(s, t) can be expressed by the following form:

Uðs; tÞ ¼ exp &
Z t

s

aðmÞ
2

dm
! "

Eðs; tÞ. ð5:8Þ

To see this, note that U1(s, t) = E(s, t) is the solution to the following ordinary differential equation:

DU1ðs; tÞ
Dt

¼ aþ 1

2
ruðtÞ þ a& 1

2
ruðtÞT

! "
U1ðs; tÞ
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and the solution to the equation

DU2ðs; tÞ
Dt

¼ & aðtÞ
2

U2ðs; tÞ

is given by

U2ðs; tÞ ¼ exp &
Z t

s

aðmÞ
2

dm
! "

I . ð5:9Þ

A simple observation that U(s, t) = U1(s, t)U2(s, t) completes the proof. h

We shall now derive a and b corresponding to some interesting models such as the Oldroyd-B, the
Johnson–Segamal, the Phan-Thien and Tanner, and the FENE-PM, respectively. Let us first summarize
the result in the following table.

Here u and g are scalar functions given as (5.12) and (5.13) below, respectively. Some interesting results
that can be deduced from the result (5.6) of Lemma 5.1 and Table 1 are in order. First, if a P c for some
positive constant c, under the assumption that the transition matrix E(s, t) is bounded for s 6 t, we obtain
formally the following integral models by taking s ! &1:

sAðtÞ ¼
Z t

&1
exp &

Z t

m

aðmÞ
2

dm
! "

bðmÞEðm; tÞEðm; tÞT dm. ð5:10Þ

Especially, this includes the Johnson–Segalman integral model, which does not seem to be known before
(see [22, p. 15]). Second, the expression for U(s, t) in (5.8) is quite useful in the computational viewpoint.
Namely, combining an approximation for E(s, t) that is ubiquitous in viscoelastic models with an approx-
imation of (5.9), we can handle various non-linear models without much extra efforts.

Now, we shall illustrate the procedure of reformulations by taking several interesting models. Some of
constitutive equations that are interesting to us are originally given as follows:

usþ We
dEs
dEt

¼ 2lpD. ð5:11Þ

Here the function u is defined through

u ¼ exp
eWe
lp

trðsÞ

 !

; ð5:12Þ

where e is a parameter. This corresponds to so-called the Phan-Thien and Tanner model, [41]. If e = 0 or
u = 1, then the Jonson–Segalman model, [25] results and if further E = F and a = 1, the Oldroyd-B model
(3.4) results.

Note that the Eq. (5.11) relates the stress and the rate of strain. The reformulation shall hide this rela-
tion. Observing the relation (5.3) and simple change of variables, we obtain the following equations for sA:

We
dEsA
dEt

¼ &usA þ
lp

aWe
uI .

We then obtain the expressions listed in Table 1 except for the FENE-PM model.

Table 1
The coefficient functions a and b of some typical viscoelastic models written in the form of (5.5)

Model a(t) b(t)

Oldroyd-B (a = 1) 1/We lp/We2

Johnson–Segalman 1/We lp/aWe2

Phan-Thien and Tanner u/We lp/aWe2

FENE-PM
g
Wej

& D ln g
Dt

lp
We2j

g
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Let us now consider the multi-mode FENE-PM model [42]. This model is also formulated in a way that
it relates the stress and the rate of strain, however, similarly to what was done before, by introducing the
conformation tensor in each mode and non-dimensionalizing appropriately, we can obtain the following
equations:

s ¼
XN&1

j¼1

sj;

lp

Wej
g ¼ g & Wej

D ln g
Dt

! "
sA;j þ Wej

dF sA;j
dF t

;

where

g ¼ 1þ ð3=bÞ 1þ Wej
lp

trðsÞ
3ðN & 1Þ

! "( )

; ð5:13Þ

and b is the so-called FENE parameter, Wej is a positive constant and sA, j = sj + (lp/Wej)I. Hence, in this
case, a and b are given as follows:

a ¼ D ln g
Dt

& g
Wej

and b ¼
lp

We2j
g.

The general single variable models introduced in Hulsen [19] and Beris and Edward [3] can be given in terms
of the conformation tensor sA as follows:

DsAðtÞ
Dt

¼ AðtÞsAðtÞ þ sAðtÞAðtÞ þ g1ðtÞI þ g2ðtÞsA þ g3ðtÞs2A; ð5:14Þ

where gi, (i = 1,2,3) may be functions of sA. As mentioned before, Hulsen [19] provided a sufficient condition
that g1(sA) > 0 for which the conformation tensor sA for models of the form (5.14) remains positive definite.
His arguments were based on the investigation of the rate of change of the determinant of sA along the
trajectory, from which he showed that an initially positive tensor sA cannot attain non-negative eigenvalues
under the assumption that g1(sA) > 0. Our new framework cast (5.14) into the general Riccati equation

DsAðtÞ
Dt

¼ ~AðtÞsAðtÞ þ sAðtÞ~AðtÞT & sAðtÞBðtÞsAðtÞ þ UðtÞ;

where

~AðtÞ ¼ AðtÞ þ g2ðsAÞ
2

I ; BðtÞ ¼ &g3ðsAÞI and UðtÞ ¼ g1ðsAÞI .

or

dUsAðtÞ
dUt

¼ &sAðtÞBðtÞsAðtÞ þ UðtÞ;

where

DUðs; tÞ
Dt

¼ ~AðtÞUðs; tÞ; Uðs; sÞ ¼ I .

Under the assumption that sA is symmetric positive semi-definite initially, the simple application of the
proposition (4.1) immediately implies that the conformation tensor sA evolves in time with the property
of the positivity if g1(sA) > 0. Hence, our general framework recovers his observation in a very transparent
manner.
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6. A semi-Lagrangian finite element method that preserves positivity

In this section, we shall propose numerical approximations to the following systems of viscoelastic flow
equations that preserve the positivity of the conformation tensor sA in both time and space discrete senses
regardless of the time step size and the mesh size:

Re
Du
Dt

¼&rp þ divsA þ gsdivDðuÞ; ð6:1Þ

divu ¼0; ð6:2Þ

and

dEsA
dEt

¼ &asA þ bI . ð6:3Þ

Here a and b are positive and may depend on sA. For simplicity, we shall assume that the velocity has no-
slip boundary condition, namely u = 0 on oX.

Throughout this section, let us denote the current time t = tn+1, the previous time tn, the time step size
tn+1 & tn = k, unþ1

h ¼ uhðX ; tnþ1Þ; pnþ1
h ¼ phðX ; tnþ1Þ; snþ1

A;h ¼ sA;hðX ; tnþ1Þ and yn = y(X, tn+1, tn).
As discussed in the previous section, (6.3) represents a large class of constitutive equations. Recasting

these constitutive equations in such a special form plays a crucial role in obtaining positivity preserving
schemes. If a discretization is performed in their original formulations such as (3.4) and (5.11) or in the
reformulation based on the identity (2.7) used in some literatures including [2,40] rather than (2.6) used
in this paper, the positivity is difficult to be preserved.

Let us illustrate this using the Oldroyd-B model (3.4). Using the identity (2.7), an application of the
implicit Euler method on the Lagrangian frame leads to the following discrete system:

snþ1
A ¼

lpð2Weþ kÞ
WeðWeþ kÞ I þ

We
Weþ k

F ðtn; tnþ1ÞsAðtnþ1; tnÞF Tðtn; tnþ1Þ

&
lp

Weþ k
F ðtn; tnþ1ÞF Tðtn; tnþ1Þ þ F Tðtnþ1; tnÞF ðtnþ1; tnÞ
# $

.

It is immediate to see that the positivity of tensor snþ1
A may not be preserved unless k is sufficiently small

and, even for sufficiently small k, the positivity property may still not be preserved after sufficiently many
time steps.

In the rest of this section, we shall introduce the full numerical approximations that preserve the posi-
tivity of tensor sA based on the so-called Lagrange–Galerkin method. Before considering temporal discret-
ization, let us first consider discretizations on spatial variables.

6.1. Spatial discretization

In this section, we shall take a spatial discretization based on the finite element method and introduce a
property that the approximation space for the stress are required to possess in achieving the positivity. We
assume that the domain X ' Rd has been partitioned into elements Ih ¼ fKg and that the partitions Ih

satisfies

!X ¼
[

K2Ih

!K.

Based on this partitions Ih, we shall choose appropriate approximation spaces Vh, Wh and Sh for the prim-
itive variables, u, p and sA at any instant time t, respectively. Let us denote PV

h ;P
W
h and PS

h by the standard
interpolation operators determined by Vh, Wh and Sh, respectively. We shall also use the standard notation
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that (Æ, Æ) denotes the usual L2(X) inner product between vector-valued or scalar-valued functions and (Æ : Æ)
acting on two matrix-valued functions A and B denotes

ðA : BÞ ¼
Z

X

X

ij

AijBij dx ¼
Z

X
trðABÞdx. ð6:4Þ

The semi-discrete weak formulation of the system of equations (6.1)–(6.3) based on the aforementioned
finite elements shall then be formulated as follows: Find (uh(Æ, t),ph(Æ, t),sA, h(Æ, t)) 2 Vh · Wh · Sh such that
"(vh,qh,rh) 2 Vh · Wh · Sh

Re
Duh
Dt

; vh

! "
þ ðph; divvhÞ þ gsðDðuhÞ;DðvhÞÞ ¼ ðsA;h : DðvhÞÞ;

ðdivuh; qhÞ ¼ 0;

dEsA;h
dEt

; rh

! "
¼ &ðasA;h; rhÞ þ ðbI ; rhÞ.

ð6:5Þ

Let V(
h;W

(
h and S(

h denote the dual spaces for Vh, Wh and Sh, respectively. For ease of our presentations,
we shall define the following operators Ah : Vh 7! V(

h;rh : W h 7! V(
h and divh : Sh 7! V(

h by

hAhuh; vhi ¼ð DðuhÞ : DðvhÞÞ; 8vh 2 Vh;

hrhph; vhi ¼ &ðph; divvhÞ; 8vh 2 Vh;

hdivhsA;h; vhi ¼ &ðsA;h : DðvhÞÞ; 8vh 2 Vh;

where the bracket hÆ, Æi denotes the duality pairing.
The weak formulation (6.5) can then be written as follows:

Re
Duh
Dt

þrhph þ gsAhuh ¼ divhsA;h in V(
h; ð6:6Þ

divuh ¼ 0 in W (
h; ð6:7Þ

dEsA;h
dEt

¼ &asA;h þ bI in S(
h. ð6:8Þ

The actual choice of finite element spaces Vh, Wh and Sh depends on many considerations including the
stability and approximation property. For example, Vh and Wh can be chosen among the stable pairs
(which satisfy certain inf–sup conditions) for the Navier–Stokes equations (see [6] or [13]). The choice of
Sh requires special caution as it is the crucial space that leads to positivity preserving schemes.

6.2. The choice of Sh and positivity preserving interpolant

In this subsection, we shall address details about the choice of the approximation space Sh. To keep the
positivity of sA, there should exist a linear operator PS

h whose range is Sh and that preserves the positivity in
the following sense:

r > 0 ) PS
h ðrÞ > 0. ð6:9Þ

Here r is any d · d symmetric tensor and r > 0 means that the tensor r is symmetric and positive definite.
See e.g. (6.17), (6.21) and remarks that follow.

Such an operator can be in particular generated by the following linear and positive operator Ph defined
on scalar functions

u > 0 ) PhðuÞ > 0; ð6:10Þ

where u is any scalar function.
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Note that the inequality ‘‘>’’ is meant to be ‘‘>’’ almost everywhere since functions may not be defined
pointwise. To see PS

h can be constructed by Ph, take any r ¼ ðrijÞi;j¼1;...;d , d · d symmetric tensor and
consider any nonzero vector n ¼ ðniÞi¼1;...;d and observe that

0 < nTrn ¼
Xd

i;j¼1

nirijnj ) 0 < PhðnTrnÞ by (6.10).

Now, by the linearity of Ph, we see that

PhðnTrnÞ ¼
Xd

i;j¼1

niPhðrijÞnj 2 SðX; hÞ.

Hence PS
h is defined through

PS
h ðrÞ ¼ ðPhðrijÞÞij¼1;...;d 2 Sd)dðX; hÞ.

Here, S(X;h) is some finite element space for the scalar functions.
The most natural candidate for S(X;h) is the space of Lagrange finite elements of total polynomial de-

gree 6k with kP 0. For k = 0, we have a finite element space of piecewise constant. In this case, the exis-
tence of the positivity preserving Ph is obvious. For example, we can take, on each element K,

PhðuÞðxÞ ¼
1

jKj

Z

K
udx 8x 2 K. ð6:11Þ

Of course, this choice of S(X;h) only leads to the first-order approximation for the conformation tensor.
For k = 1, there are two possibilities. The first one is to choose globally continuous piecewise linear finite

element function. In this case, the standard pointwise nodal value interpolant certainly would be positivity
preserving. In case u is rough, point values of u are not well-defined, we may define the nodal value of
Ph(u)(xi) as the local mean-value as follows:

PhðuÞðxiÞ :¼
1

jBij

Z

Bi

udx; ð6:12Þ

where Bi = B(xi, ri(xi)), the ball centered at xi with radius ri(xi) with ri(xi) chosen small enough so that Bi is
contained in the union of closed elements containing xi. The above construction (6.12) was proposed re-
cently by Nochetto and Wahlbin [31] and it is easy to see that such an operator Ph preserves linear func-
tions and has a second-order accuracy.

Another possibility for k = 1 is the discontinuous piecewise linear finite element space. In this case, the
construction of positivity preserving operator Ph for the above continuous piecewise linear element case
can obviously be applied here.

For k P 2, however, it is known that it is impossible to construct a positivity preserving interpolant that
has more than second-order accuracy. For details, we refer to [31].

In summary, we can choose Sh as either piecewise constant or piecewise linear finite element spaces. The
approximation accuracy for such choices is either first-order or second-order. It is in general not possible to
construct a positivity preserving scheme for the conformation tensor whose approximation accuracy is
more than second-order.

6.3. Time discretizations

In this section, we shall discretize the Eqs. (6.6) and (6.8) in time. We shall use the particle following
approach in order to exploit the connection between the Riccati equation and the constitutive Eq. (6.3).
In doing so, the semi-Lagrangian methodology will be taken, (see [34,38,35]) rather than the Lagrangian
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method since in the Lagrangian framework, the mesh moves with the particle and in case of large defor-
mation, the mesh can be severely distorted and re-meshing is inevitable introducing additional numerical
errors (see e.g. [2] or [34] and the references cited therein). To implement the semi-Lagrangian method,
given any material particle, X at the current time tn+1, the particle path should be determined by

dyðX ; tnþ1; sÞ
ds

¼ uðyðX ; tnþ1; sÞ; sÞ; yðX ; tnþ1; tnþ1Þ ¼ X . ð6:13Þ

The Lie derivative dLn
dLt

at time tn+1 can then be approximated on the time interval [tn, tn+1], for example, by
the following first-order time discretization:

dLn
dLt

ðtnþ1Þ * nðtnþ1Þ & Lðtn; tnþ1Þnðtnþ1; tnÞLðtn; tnþ1Þ
k

; ð6:14Þ

where n is either a vector or a tensor and correspondingly L is either I or E and n(tn+1, tn) = n(tn) + yn.
Throughout this section, we shall assume that Sh has been chosen so that it is the range of PS

h , which
satisfies the property (6.9).

The main goal of this section is to develop the positivity preserving time discretization of (6.8). The fol-
lowing two approaches will be taken. The first approach is to discretize the material derivative. It will be
first-order time accurate. The second approach is to use the analytic solution (5.6) introduced in Section 5.
Most of our presentations here is based on the work by Dieci and Eirola [10].

Let us begin by recalling that

dEsA
dEt

¼ DsA
Dt

& RðtÞsA & sARðtÞT. ð6:15Þ

Regarding the time derivative as the material derivative, taking an implicit Euler scheme to (6.8), we obtain

anþ1snþ1
A;h þ

snþ1
A;h &PS

h ðsnA;h + ynÞ
k

&PS
h ðR

nþ1
h snþ1

A;h Þ &PS
h ðs

nþ1
A;h ðR

nþ1
h ÞTÞ

 !

¼ bnþ1I . ð6:16Þ

An interesting fact is that this equation can be recast into the well-known algebraic Riccati differential
equation as follows:

anþ1k þ 1

2k
& Rnþ1

h

! "
snþ1
A;h þ snþ1

A;h
anþ1k þ 1

2k
& Rnþ1

h

! "T

¼
snA;h + yn

k
þ bnþ1I . ð6:17Þ

Note that the equivalence between two Eqs. (6.16) and (6.17) should be asserted with taking PS
h for both

sides of Eq. (6.17). We simply did not write it to clarify (6.17) is an algebraic Riccati equation. We also note
that it is necessary to consider the range of PS

h with the property (6.9) as the approximation space sA
to make sure snA;h + yn > 0 and under this condition, it can be also shown that the Eq. (6.17) has a unique
positive definite solution snþ1

A;h (see e.g. [10] or [26]).
The numerical schemes based on the analytic solution (5.6) to (6.8) require approximations of (5.9),

E(s, t) and the integral expression in (5.6). Approximations of the first two quantities can be made in
any ways since these do not affect the positivity property. However the integral expression in (5.6) should
be approximated, for example by using numerical quadrature with positive weights in order to keep the
positivity.

We shall introduce three different approximations for each of them. For every cases, the first scheme is a
first-order implicit scheme, the second scheme is a second-order single step implicit scheme and the third
scheme is a second-order two step explicit scheme.
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• Approximations of expð&
R t
s aðmÞdmÞ:

atn;tnþ1 :¼ 1& anþ1k;

eatn;tnþ1 :¼ exp & k
2
½aðtnÞ þ aðtnþ1Þ-

! "
;

batn&1;tnþ1 :¼ exp &kaðtnÞð Þ.

• Approximations of E(s, t):

Ehðtn; tnþ1Þ :¼ I þ kRhðtnÞ + yn or ðI & kRhðtnþ1ÞÞ&1;

fEhðtn; tnþ1Þ :¼ I & k
2

Rnþ1
h þ Rn

h + y
n

# $! "&1

I þ k
2

Rnþ1
h þ Rn

h + y
n

# $! "
;

cEhðtn&1; tnþ1Þ :¼ I & kRn
h + y

n
# $&1ðI þ kRn

h + y
nÞ;

where

RhðtÞ ¼
aþ 1

2
rhuhðtÞ þ

a& 1

2
rhuhðtÞT. ð6:18Þ

• Approximations of
R t
s bðtÞUðm; tÞUðm; tÞ

T dm:

I tn;tnþ1 :¼ kbnþ1;

eI tn;tnþ1 :¼ k
2

bnfUhðtn; tnþ1ÞfUhðtn; tnþ1ÞT þ bnþ1
% &

;

bI tn&1;tnþ1 :¼ kbn I þ cUhðtn&1; tnþ1Þ
2

 !
I þ cUhðtn&1; tnþ1Þ

2

 !T

;

where

fUhðtn; tnþ1Þ :¼ eatn;tnþ1fEhðtn; tnþ1Þ;
cUhðtn&1; tnþ1Þ :¼ batn&1;tnþ1cEhðtn&1; tnþ1Þ.

Based on the aforementioned various approximations, we can devise three different approximations for
(6.8).

First, based on the first-order approximations atn;tnþ1 and I tn;tnþ1 , we have

snþ1
A;h &PS

h Ehðtn; tnþ1ÞðsnA;h + ynÞEhðtn; tnþ1ÞT
% &

k
¼ &anþ1snþ1

A;h þ bnþ1I . ð6:19Þ

It is interesting to note that (6.19) can also be obtained by a direct application of implicit Euler method
to (6.3) based on the time discretization (6.14).

The numerical approximation based on the implicit second-order single step scheme, namely eI tn;tnþ1 can
be given as follows:

snþ1
A;h ¼ PS

h
fUhðtn; tnþ1Þ snA;h + y

n þ k
2
bn

! "
fUhðtn; tnþ1ÞT

! "
þ k
2
bnþ1. ð6:20Þ

Finally, two step explicit scheme bI tn&1;tnþ1 produces the following formula:

snþ1
A;h ¼ PS

h
cUhðtn&1; tnþ1Þ sn&1

A;h + yn&1
% &

cUhðtn&1; tnþ1ÞT
% &

þ k
4
PS

h bn I þ cUhðtn&1; tnþ1Þ
% &

I þ cUhðtn&1; tnþ1Þ
% &T

! "
. ð6:21Þ
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Recall that the time discrete Eq. (6.8) is positivity preserving under the assumption that snA;h + yn is
positive definite and this holds for any spaces Sh which is the range of PS

h with the property (6.9).

6.4. Full space and time discretizations

In this section, we shall complete our numerical approximations combining discretizations of the
momentum Eq. (6.6) with the aforementioned discretizations of the constitutive equations (6.8).

Taking first-order approximation implicit Euler for (6.6) together with (6.19) for the constitutive equa-
tion, we obtain:

First-order scheme

Re
unþ1
h &PV

h unh + yn
# $

k
þrhpnþ1

h þ gsAhu
nþ1
h ¼ divhsnþ1

A;h ; ð6:22Þ

divunþ1
h ¼ 0; ð6:23Þ

snþ1
A;h &PS

h Ehðtn; tnþ1ÞðsA;hðtnÞ + ynÞEhðtn; tnþ1ÞT
% &

k
¼ &anþ1snþ1

A;h þ bnþ1I . ð6:24Þ

The Crank–Nicolson scheme for (6.6) combined with the implicit second-order scheme (6.20) for (6.8)
results in

Second-order single step scheme

Re
unþ1
h &PV

h unh + yn
# $

k
þ 1

2
rhpnþ1

h þrhPW
h pnh + y

n
# $# $

þ gs
2

Ahu
nþ1
h þ AhPV

h ðu
n
h + y

nÞ
# $

¼ 1

2
divhsnþ1

A;h þ divhPS
h snA;h + y

n
% &% &

;

divunþ1
h ¼ 0;

snþ1
A;h ¼ PS

h
fUhðtn; tnþ1Þ snA;h + y

n þ k
2
bn

! "
fUhðtn; tnþ1ÞT

! "
þ k
2
bnþ1.

ð6:25Þ

Finally, the combination of the stiffly stable second-order BDF, [43] for (6.6) and second-order explicit two
step scheme (6.21) for (6.8) produces another second-order schemes as follows:

Second-order two step scheme

Re
3
2
unþ1
h &PV

h 2unh + yn þ 1
2
un&1
h + yn&1

# $

k
&rhpnþ1

h þ gsAhu
nþ1
h ¼ divhsnþ1

A;h ;

divunþ1
h ¼ 0;

snþ1
A;h ¼ PS

h
cUhðtn&1; tnþ1Þ sn&1

A;h + yn&1
% &

cUhðtn&1; tnþ1ÞT
% &

þ k
4
PS

h bn I þ cUhðtn&1; tnþ1Þ
% &

I þ cUhðtn&1; tnþ1Þ
% &T

! "
.

ð6:26Þ

We note that the stiffly stable scheme (6.26) is preferred especially for the long time computations for the
Crank–Nicolson scheme (6.25) since it is known that the presence of the explicit part of the pressure in
such a formulation may incur some numerical instability (see e.g. [43]). We would like to remark that
for such a two step scheme, at least two previous step solutions should be available to proceed to the cur-
rent step solution and so it may not be applied to obtain the first step solution. However, to get the first
step solution, a single step second-order scheme can be used instead. This allows us to keep the overall
temporal accuracy.

Y.-J. Lee, J. Xu / Comput. Methods Appl. Mech. Engrg. 195 (2006) 1180–1206 1197



7. Stability analysis: continuous and discrete energy estimates

The purpose of this section is to show the importance of keeping the positivity in the discrete sense. We
shall first derive the energy estimates of the general form of viscoelastic models (6.1)–(6.3) in the continuous
level. We then take a specific algorithm (6.22)–(6.24) presented in Section 6 to show the discrete analogue of
energy estimate. Namely, we shall show several a priori estimate of the numerical solutions. By this, we
confirm both the stability and the robustness of the algorithm. Our analysis crucially relies on the positivity
of the conformation tensor and energy estimate holds no matter how large the Weissenberg number is. The
analysis indeed includes the limiting case when We = 1.

For any positive definite tensor r, the L1(X) norm for r shall be defined as follows:

krkL1 :¼
Z

X
trðrÞdx. ð7:1Þ

In the following discussion, we shall further adopt the standard notation for Sobolev spaces Hk
0ðXÞ;HkðXÞ

with norms denoted by kÆkk.
As usual, kÆk0 shall denote the L2 norm.

7.1. Continuous energy estimates

In this section, we shall derive the energy law of models (6.1)–(6.3) and then we further show the energy
estimates in the continuous level. In doing so, we shall make the following assumptions:

A1: a(t) 2 L1(X) with a P c > 0 for all tP 0, for some constant c.
A2: b(t) 2 L1(X) with b P 0 for all tP 0.
A3: sA(x,0) is semi-positive definite.

The assumptionA1 is related to damping. This holds for all the models in Table 1 except for the FENE-PM
model for which the definiteness of a seems to be difficult to determine. A2 and A3 are necessary for the pos-
itivity of the conformation tensor in time evolutions and especiallyA2 is also for the boundedness of the energy.

Let us first state an energy law.

Lemma 7.1. Under the assumptions A2 and A3, we have the following energy law for the models, (6.1)–(6.3):

d

dt
Rekuð$; tÞk20 þ

1

2a
ksAð$; tÞkL1

! "
¼ &gskDðuð$; tÞÞk20 &

1

2a

Z

X
tr asAð$; tÞð Þdxþ d

2a

Z

X
bð$; tÞdx. ð7:2Þ

Proof. We first take the trace on the Eq. (6.3) and then take the integration. Using the fact that divu = 0, we
can obtain:

Z

X
tr asAð$; tÞð Þdxþ d

dt
ksAð$; tÞkL1 &

Z

X
tr RðtÞsAð$; tÞð Þdx&

Z

X
tr sAð$; tÞRðtÞT
% &

dx ¼ d
Z

X
bð$; tÞdx.

ð7:3Þ

We notice the following simple but important relation:

ðsAð$; tÞ : Dðuð$; tÞÞÞ ¼ 1

2a

Z

X
trðRðtÞsAÞdx ¼

1

2a

Z

X
trðsARðtÞTÞdx. ð7:4Þ

Let us now consider the momentum equation. Multiplying u to (6.1) and taking the integration, we obtain
that
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Re
d

dt
kuð$; tÞk20 þ gskDðuð$; tÞÞk20 dx ¼ &ðsAð$; tÞ : Dðuð$; tÞÞÞ. ð7:5Þ

From (7.3) and (7.4), we obtain

Re
d

dt
kuð$; tÞk20 þ

1

2a
d

dt
ksAð$; tÞkL1 þ gskDðuð$; tÞÞk20 ¼ & 1

2a

Z

X
tr asAð$; tÞð Þdxþ d

2a

Z

X
bð$; tÞdx. ð7:6Þ

This completes the proof. h

Note that physically, the trace of the conformation tensor can be thought of as the length from the tail to
the head of the macromolecule. As fluid flows, the molecules can be stretched, which means that the mole-
cules store an energy. The more stretched, the more energy they store. One may then view ksAkL1 as a total
elastic energy due to the interaction between macromolecules and fluids. This is an elaborate argument on
the importance of keeping the positivity of the conformation tensor in the physical terms.

Theorem 7.1. Under the assumptions A1, A2 and A3. The following estimates hold for t P 0.

Rekuð$; tÞk20 þ
1

2a
ksAð$; tÞkL1 6 exp &C1tð Þ Rekuð$; 0Þk20 þ

1

2a
ksAð$; 0ÞkL1

! "
þ C2ðtÞ

C1

ð1& expð&C1tÞÞ

ð7:7Þ

and

gs

Z t

0

kDðuð$; mÞÞk20 dm 6 Rekuð$; 0Þk20 þ
1

2a
ksAð$; 0ÞkL1 þ C2ðtÞt

! "
; ð7:8Þ

where

C1 ¼ min
cXgs
Re

; c
% &

and C2ðtÞ ¼
d
2a

sup
06s6t

kbð$; sÞkL1 . ð7:9Þ

Here cX is a positive constant depending only on X from the Korn’s inequality.

Proof. To obtain the estimates (7.7) and (7.8), we shall start with the energy law (7.2) from Lemma 7.1.
Using the Korn!s inequality and the assumption c = minXa > 0, we obtain the following inequality from
(7.2):

d

dt
Rekuð$; tÞk20 þ

1

2a
ksAð$; tÞkL1

! "
6 &gscXkuð$; tÞk

2
0 &

c
2a

ksAð$; tÞkL1 þ
d
2a

Z

X
bð$; tÞdx; ð7:10Þ

where cX is a generic constant depending only on X from the Korn!s inequality. Let us denote
C1 ¼ minðcXgsRe ; cÞ. With C1, we then obtain the following inequality:

d

dt
Rekuð$; tÞk20 þ

1

2a
ksAð$; tÞkL1

! "
6 &C1 Rekuð$; tÞk20 þ

1

2a
ksAð$; tÞkL1

! "
þ d
2a

Z

X
bð$; tÞdx. ð7:11Þ

It is easy to derive the following inequality from (7.11):

Rekuð$; tÞk20 þ
1

2a
ksAð$; tÞkL1 6 e&C1t Rekuð$; 0Þk20 þ

1

2a
ksAð$; 0ÞkL1

! "
þ C2ðtÞ

C1

1& expð&C1tÞð Þ; ð7:12Þ

where C2 ¼ d
2a sup06s6tkbð$; sÞkL1 . So the estimate (7.7) follows. To obtain the estimate (7.8), we take the

integration of (7.2) to get
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Rekuð$; tÞk20 þ
1

2a
ksAð$; tÞkL1 þ gs

Z t

0

kDðuð$; mÞÞk20 dm

6 Rekuð$; 0Þk20 þ
1

2a
ksAð$; 0ÞkL1 &

Z t

0

1

2a
kasAð$; mÞkL1 dmþ C2ðtÞt

6 Rekuð$; 0Þk20 þ
1

2a
ksAð$; 0ÞkL1 þ C2ðtÞt. ð7:13Þ

This completes the proof. h

Next, we shall consider the limiting case when We = 1. In this case, for most of models presented in the
previous sections, a = b = 0. So, we shall discuss the limiting case restricted to such cases.

Corollary 7.1. Under the assumptions that We =1, a = b = 0 and A3, we have the following estimates:

Rekuð$; tÞk20 þ
1

2a
ksAð$; tÞkL1 6 Rekuð$; 0Þk20 þ

1

2a
ksAð$; 0ÞkL1 . ð7:14Þ

and

gs

Z t

0

kDðuð$; mÞÞk20 6 Rekuð$; 0Þk20 þ
1

2a
ksAð$; 0ÞkL1 . ð7:15Þ

Proof. Both estimates (7.14) and (7.15) immediately follow from (7.7) and (7.8) due to the fact that
a = b = 0 imply C1 = C2(t) = 0. This completes the proof. h

A priori estimates like what are obtained in this section are often essential ingredients in establishing the
global (in time) well-posedness of non-linear partial differential equations. It is still an open problem if any
of the non-Newtonian models discussed in this paper is globally well-posed (in weak sense). This is a topic
of active research, see e.g. [7,27,29,28].

7.2. Discrete energy estimates

In this section, we shall derive a discrete analogue of the energy estimate and shall demonstrate the sta-
bility and robustness of our new algorithms. We do not intend to give a general analysis but rather use a
special scheme under some special assumptions to illustrate the main ideas. More general analysis under
weaker assumptions is a topic of further research.

Specifically, we shall consider the scheme (6.22)–(6.24) and show how the positivity play a role in the
stability analysis. Let us begin this section by the Galerkin finite element method for discretizations
(6.22)–(6.24). Namely, given ðunh; snA;hÞ 2 Vh ) Sh, find ðunþ1

h ; snþ1
A;h Þ 2 Vh ) Sh such that for all (vh,rh) 2 Vh ·

Sh,

Re
unþ1
h &PV

h unh + yn
# $

k
; vh

! "
þ gs Dðunþ1

h Þ : DðvhÞ
# $

¼ & snþ1
A;h : DðvhÞ

% &
; ð7:16Þ

snþ1
A;h &PS

h Ehðtn; tnþ1ÞðsnA;h + ynÞEhðtn; tnþ1ÞT
% &

k
; rh

0

@

1

A ¼ &anþ1snþ1
A;h þ bnþ1I ; rh

% &
; ð7:17Þ

where

Ehðtn; tnþ1Þ :¼ I & kRnþ1
h

# $&1
. ð7:18Þ

For simplicity, we shall assume that Vh and Wh are chosen in a way that

divuh 2 W h; 8uh 2 Vh. ð7:19Þ
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Throughout this section, we shall further assume that the interpolation operator PS
h for the stress field is

given by

PS
h ðrÞ ¼ PhðrijÞ

# $
ij¼1;...;d ; ð7:20Þ

where Ph is defined through (see (6.11) in Section 6)

PhðuÞðyÞ :¼
XN

l¼1

1

jKlj

Z

Kl

udx
! "

/lðyÞ. ð7:21Þ

Here Ih ¼ fKlgNl¼1 and /l(y) is a characteristic function which is one for y 2 !Kl and zero elsewhere. Fur-
thermore, we apply the following approach to update snþ1

A;h from (7.17). More precisely, the interpolation
PS

h operator shall be taken by the following procedures:

PS
h Ehðtn; tnþ1ÞðsnA;h + y

nÞEhðtn; tnþ1Þ
% &

¼ I & kðRnþ1
h Þh

# $&1ðsnA;h + y
nÞ I & kðRnþ1

h Þh
# $&T

; ð7:22Þ

where ðRnþ1
h Þh :¼ PS

h ðRnþ1
h Þ. We shall also assume that the volume preserving numerical approximation for

the characteristic feet has been used. We would like to remark that a stable pair of spaces Vh and Wh sat-
isfying the relation (7.19) can indeed be made especially with continuous piecewise polynomial of degree k
and k & 1 for Vh and Wh, respectively with kP 4 (see [5] or [39]). We note that (7.19) implies that divuh = 0
on each element and so, volume preserving schemes for the characteristic feet can be devised for both two
and three space dimensions (see e.g. [12]).

Finally, we shall make the following discrete analogue of the assumptions A1, A2 and A3:

Ah
1: a

n 2 L1(X) with an P c > 0 for all n P 0, for some constant c.
Ah
2: b

n 2 L1(X) with bn P 0 for all n P 0.
Ah
3: s

0
A;h is semi-positive definite.

The following simple lemma is instrumental to derive a discrete analogue of energy estimate.

Lemma 7.2. Assume A and B are matrix-valued functions, Ah ¼ PS
h ðAÞ and Bh ¼ PS

h ðBÞ. Then the following
holds true:

ðAh : BÞ ¼ ðAh : BhÞ ¼ ðA : BhÞ. ð7:23Þ

Proof. Since

ðA : BÞ ¼
Z

X
trðABÞdx ð7:24Þ

and the trace operator is linear, it is enough to show that for any scalar functions f and g, the following
holds true:

Z

X
fgh dx ¼

Z

X
fhgh dx ¼

Z

X
fhgdx; ð7:25Þ

where fh = Ph(f) and gh = Ph(g). We observe that
Z

X
fgh dx ¼

Z

X
f
XN

l¼1

1

jKlj

Z

Kl

gdx
! "

/l dy

¼
XN

l¼1

Z

X
f/l dy

! "
1

jKlj

Z

Kl

gdx
! "
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¼
XN

l¼1

Z

X

1

jKlj

Z

Kl

f dy
! "

/l dz
1

jKlj

Z

Kl

gdx
! "

¼
Z

X

XN

l¼1

1

jKlj

Z

Kl

f dy
! "

/l
1

jKlj

Z

Kl

gdx
! "

/l dz ¼
Z

X
fhgh dx.

The other equality "Xfhghdx = "Xfhgdx follows in a straightforward manner from the similar argument.
This completes the proof. h

We shall now state and prove our main theorem in this section.

Theorem 7.2. Under the assumptions Ah
1;A

h
2 and Ah

3. The Lagrange–Galerkin formulation (7.16), (7.17)
together with (7.18) provide solutions unh and snA;h for n P 1 satisfying the following estimate:

Rekunhk
2
0 þ

1

2a
ksnA;hkL1 6 c1 exp &C1tnð Þ Reku0hk

2
0 þ

1

2a
ks0A;hkL1

! "
þ c2Cn

2 ð7:26Þ

and

2gs
Xn

l¼1

kkDðulhÞk
2
0 6 c1 Reku0hk

2
0 þ

1

2a
ks0A;hkL1

! "
þ 2Cn

2t
n; ð7:27Þ

where Cn
2 ¼ d

2amax06l6nkblkL1 with c1 and c2 being generic constants.

Proof. From (7.17) and (7.22), the following relation holds:

1

k
þ anþ1

! "
snþ1
A;h ¼ 1

k
I & kðRnþ1

h Þh
# $&1ðsnA;h + y

nÞ I & kðRnþ1
h Þh

# $&T þ bnþ1I . ð7:28Þ

To obtain the discrete energy estimate, we first multiply ðI & kðRnþ1
h ÞhÞ on the left and ðI & kðRnþ1

h ÞTh Þ on the
right of the Eq. (7.28), respectively and rearrange various terms appropriately. Finally, by taking the trace
operator followed by taking the integration, we obtain that

ð1þ kanþ1Þ
Z

X
tr ðRnþ1

h Þhs
nþ1
A;h þ snþ1

A;h ðR
nþ1
h ÞTh

% &
dx

¼ 1

k
þanþ1

! "
ksnþ1

A;h kL1 &
1

k
ksnA;h + y

nkL1 þkð1þkanþ1Þ
Z

X
tr ðRnþ1

h Þh snþ1
A;h & k

1þ kanþ1
bnþ1I

! "
ðRnþ1

h ÞTh
! "

dx

& d
Z

X
bnþ1 dxþ k

Z

X
bnþ1tr ðRnþ1

h ÞhþðRnþ1
h ÞTh

% &
dx. ð7:29Þ

We note that from (7.28), snþ1
A;h has the following lower bounds:

snþ1
A;h P

k
1þ kanþ1

bnþ1I 8n P 1. ð7:30Þ

Further, by Lemma 7.2,
Z

X
bnþ1tr ðRnþ1

h Þh þ ðRnþ1
h ÞTh

% &
dx ¼

Z

X
bnþ1tr Rnþ1

h þ ðRnþ1
h ÞT

% &
dx ¼ 2a

Z

X
bnþ1divunþ1

h dx ¼ 0 ð7:31Þ

and
Z

X
tr ðRnþ1

h Þhs
nþ1
A;h

% &
dx ¼

Z

X
tr snþ1

A;h ðR
nþ1
h ÞTh

% &
dx ¼ a snþ1

A;h : ðDhðunþ1
h ÞÞh

% &
¼ a snþ1

A;h : Dðunþ1
h Þ

% &
. ð7:32Þ
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Finally, based on the volume preserving property of yn, we have

ksnA;h + y
nkL1 ¼ ksnA;hkL1 . ð7:33Þ

Taking into account (7.30)–(7.33), from (7.29), we obtain the following inequality:

snþ1
A;h : Dðunþ1

h Þ
% &

P c
1

k
þ c

! "
ksnþ1

A;h kL1 &
c
k
ksnA;hkL1 & cd

Z

X
bnþ1 dx; ð7:34Þ

where c ¼ 1
2að1þckÞ with c ¼ infnP0;x2XanðxÞ. We now consider the momentum equation (7.16) together with

(7.34) to obtain that

Re
k
kunþ1

h k20 þ gskunþ1
h k21 ¼

Re
k

PV
h ðu

n
h + y

nÞ; unþ1
h

# $
& snþ1

A;h : Dðunþ1
h Þ

% &

6 Re
k

unh + y
n; unþ1

h

# $
& c

1

k
þ c

! "
ksnþ1

A;h kL1 þ
c
k
ksnA;hkL1 þ cd

Z

X
bnþ1 dx.

Applying the Cauchy–Schwarz inequality and the standard kick-back argument, we obtain the following
relation:

Re
2k

kunþ1
h k20 þ gskDðunþ1

h Þk20 þ c
1

k
þ c

! "
ksnþ1

A;h kL1 6
Re
2k

kunhk
2
0 þ

c
k
ksnA;hkL1 þ cd

Z

X
bnþ1 dx. ð7:35Þ

We shall now show the first estimate (7.26). Multiplying k by both sides of (7.35) and using the Korn!s
inequality, we obtain that

j1kunþ1
h k20 þ j2ksnþ1

A;h kL1 6 Rekunhk
2
0 þ cksnA;hkL1 þ kcd

Z

X
bnþ1 dx

6 expð&C1kÞ j1kunhk
2
0 þ j2ksnA;hkL1

% &
þ kcd

Z

X
bnþ1 dx; ð7:36Þ

where j1 = Re + kgscX, j2 = c (1 + ck), cX is a positive constant depending only on X and C1 > 0 is a con-
stant given by

max
Re

Reþ kgscX
;

1

1þ ck

! "
6 exp &C1kð Þ; 0 6 k 6 1. ð7:37Þ

Now, we use the induction argument to obtain:

j1kunhk
2
0 þ j2ksnA;hkL1 6 expð&C1tnÞ j1ku0hk

2
0 þ j2ks0A;hkL1

% &
þ kdc

Z

X
bnþ1 dx

Xn

l¼0

expð&C1tlÞ ð7:38Þ

6 expð&C1tnÞ j1ku0hk
2
0 þ j2ks0A;hkL1

% &
þ ~C

n
2; ð7:39Þ

where

~C
n
2 ¼ k

d
2a

Z

X
bn dx

1& expð&C1tnÞ
1& expð&C1kÞ

! "
. ð7:40Þ

It is easy to see that we can choose generic constants c1 and c2 such that

j1ku0hk
2
0 þ j2ks0A;hkL1 6 c1 Reku0hk

2
0 þ

1

2a
ks0A;hkL1

! "
and ~C

n
2 6 c2Cn

2; ð7:41Þ

where Cn
2 ¼ d

2amax06l6nkbð$; tlÞkL1 . We then obtain the desired result (7.26). We now derive the other esti-
mate (7.27). First we multiply 2k to both sides of (7.35) and take summation from l = 1 to l = n for both
sides to obtain:
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2gs
Xn

l¼1

kkDðulhÞk
2
0 6 c1 Reku0hk

2
0 þ

1

2a
ks0A;hkL1

! "
þ
Xn

l¼1

2k
d
2a

Z

X
bl dx;

6 c1 Reku0hk
2
0 þ

1

2a
ks0A;hkL1

! "
þ 2Cn

2t
n.

This completes the proof. h

We shall now consider the limiting case when We = 1 especially for models a = b = 0 in such a case.

Corollary 7.2. Under the assumption that We =1, a = b = 0 and Ah
3, the following estimates hold true:

Rekunhk
2
0 þ ksnhkL1 6 c Reku0hk

2
0 þ ks0hkL1

% &
8n P 1.

and

gs
Xn

l¼1

kkrulhk
2
0 6 c Reku0hk

2
0 þ ks0hkL1

% &
; ð7:42Þ

where c is a generic constant.

Proof. Note that in the limiting case, a = b = 0 and snh is itself a conformation tensor for n P 0. The result
then immediately follows from two estimate (7.26) and (7.27) since C1 = 0 and Cn

2 ¼ 0 for all n P 0. This
completes the proof. h

In summary, apparently, the stability analysis indicates that keeping the positivity of the conformation
tensor in the discrete level is crucial in the numerical stability and that the so-called ‘‘the high Weissenberg
number problem’’ will not be presented in our scheme as is the case for currently available schemes in the
literatures. Based on the new frameworks in this paper, we then confirmed the common belief affirmatively
that the positivity preserving scheme shall allow to overcome the difficulty arising in simulating the time
dependent non-Newtonian fluid flows. Furthermore, we have also extended such a confirmation to other
models.

8. Concluding remarks

This paper presents a unified approach to discretize a large class of rate-type constitutive models having
a property of the positive-definiteness of the conformation tensor in a way that such an important physical
quantity is preserved, namely the conformation tensor evolves in time with the property of positive-definite-
ness in the discrete sense. The proposed discretization schemes are introduced based upon the important
observation that the rate-type constitutive equations can be cast into the formulation of the Riccati Differ-
ential Equations and demonstrated that some second-order accurate schemes for both time and space can
be devised. This approach is unique in its simplicity as well as its generality and also shown to lead to robust
and stable schemes.
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