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ON STABILITY, ACCURACY, AND FAST SOLVERS FOR FINITE
ELEMENT APPROXIMATIONS OF THE AXISYMMETRIC STOKES
PROBLEM BY HOOD-TAYLOR ELEMENTS*
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Abstract. We provide a proof of both the stability and the approximation property for the finite
element approximations of the axisymmetric Stokes problem by continuous piecewise polynomials of
degree k + 1 for the velocity and continuous piecewise polynomials of degree x for the pressure with
any k > 1. New techniques are designed so that in this perspective, by a simple transformation, the
existing theory developed in three dimensional Cartesian coordinates can be effectively exploited. In
fact, this perspective provides a new way of developing theories for the axisymmetric Stokes problems
and it can be applied potentially to other problems as well. A simple illustration is provided for the
application in the development and analysis of fast solvers for the resulting discrete saddle point
problems. Sample numerical experiments have been presented as well to confirm the theoretical
results.
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1. Introduction. Many classical problems in fluid dynamics can be modeled
by Stokes equations such as a sphere falling through a viscous Newtonian fluid as
excellently described in [12]. In recent years, it is of tremendous interest to study the
complex fluids flows and complex fluids are typically classified as creeping flows [4]. In
particular, when the domain of interest and the data are axisymmetric, the complex
fluids are typically axisymmetric. Furthermore, many simulations in these classes of
flow equations can be performed by the solution of the Stokes equation together with
the solution to some transport equation that governs the stress fields [15]. Therefore,
it is extremely useful to consider the axisymmetric form of the Stokes equation in
practice since it can afford significant reductions in computation time without loss of
the solution’s reliability in general [16]. Therefore, the importance of handling the
Stokes equation in a stable and efficient way cannot be emphasized too much. In
fact, the use of the axisymmetric form of the Stokes equation is a common practice
and the finite element discretization of the Stokes equation is popular in engineering.
The most commonly used finite element pairs are, perhaps, the Hood—Taylor finite
elements, which consists of continuous piecewise polynomials of degree x + 1 for the
velocity and continuous piecewise polynomials of degree k for the pressure, especially
with k = 1. On the other hand, it seems that the important issue in the stability
analysis, the so-called inf-sup condition, has not been clearly handled for axisymmetric
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AXISYMMETRIC STOKES EQUATIONS 669

Stokes equations in literature. We note that some discussion can be found in the series
of papers by Tabata [23, 24], especially for P2/P1 finite elements. We note that it
is very recent that the pair of finite elements, the so-called PlisoP2/P1 elements, is
proven to be stable for axisymmetric Stokes equations [2]. We also refer readers to
the work by Ying [26] for the proof of stability of P2/P0 elements.

In this paper, we shall establish that the general Hood—Taylor finite elements of
any degree k > 1 are stable for axisymmetric Stokes equations. Our motivation and
idea came from the work by Bofli [5], who proved similar results for the three dimen-
sional Stokes equation using the arguments from Stenberg [22]. The framework we
developed here in this paper is therefore based on the full three dimensional consider-
ations. This is the main novelty in this work. The advantage in this approach is that
many known theories in Cartesian coordinate systems can be effectively exploited.
In fact, a simple illustration is provided in this paper in terms of the development
and analysis of the fast solver for the resulting saddle point problems. In particular,
to the best of the authors’ knowledge, the stability of the higher order Hood—Taylor
finite elements for axisymmetric Stokes equation is missing in literature. A few nu-
merical experiments have been provided, especially for the lowest Hood—Taylor finite
elements to confirm theoretical results, which include the convergence of the meth-
ods and the optimality of the solvers based on the preconditioned minimum residual
iterative methods.

The remainder of this paper is organized as follows. In section 1.1, we present no-
tation as preliminary to the presentation. In section 2, we present the model equations
and the well-posedness. The stability and approximation properties of the Hood-
Taylor finite elements are established as well. In section 3, we illustrate how our
framework can be effectively used to design and analyze the fast solver for the re-
sulting saddle point problems. Sample numerical experiments have been presented in
section 4. This paper concludes with several remarks in section 5. Many technical
results and proofs are included in the appendix.

1.1. Preliminaries. Following Bernardi, Dauge, and Maday [3], for a generic
point x in R3, we use both Cartesian coordinates x = (z,¥, z) and cylindrical coor-
dinates denoted by (r,6, z). In R?, we shall use the restricted coordinates (r,z) and
we define the half-space Ra_ as the set of points in R? with positive r. Let Q denote a

bounded meridian domain contained in R? and denote by Q) C R? the axisymmetric
domain obtained by rotating € around the axis r = 0. We denote by I'y the interior of
the part of the boundary 02 contained in the axis r = 0 and set I' = 9/ I'y. Let R,,
denote the rotation with angle  with respect to the axis » = 0 [3]. The unit outward
normal vector i on d<2 is obtained by rotating the unit outward normal vector n on
I'. We use the standard Sobolev space notation for the domain €. The symbol L2(£2)
denotes the space of square integrable functions for the measure of dxdydz = dx and

9 9

H#(Q) for any real s, which denotes the standard Sobolev space [1]. The space H§(£2)
will denote the subspace of H S(Q) with zero boundary values. We shall use boldfaced
letters to denote spaces for vector fields by L2(€2) and H*(2). We say that a function
w is invariant by the rotation or axisymmetric if it satisfies that w o R, = w for
any n € [—m,m|. On the other hand, a vector field W is said to be invariant by the
rotation or axisymmetric if it satisfies that w = R_, W o R,, for any n € [—7,n]. We
shall denote the subspace of H*(2) (or H5(€2)) which consists of functions that are
axisymmetric by H*(2) (or H*()). By the change of variables, the measure dzdydz
can be transformed into rdrdfdz; therefore, it is natural to study weighted Sobolev

spaces on ) associated with the measure rdrdz. The space L2(Q) is defined as the
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670 YOUNG-JU LEE AND HENGGUANG LI
set of measurable functions w such that

1/2
(1.1) lwllo,a.0 = (/ wz(r,z)ro‘drdz> < 4o00.
Q

For any positive integer m, H™(Q) is the space of functions w in L2 () such that
their partial derivatives of order < m belong to L2(2). The space H™ () is provided

with the seminorm | - [gm (o) and the norm || - || gm (o) given as follows:
m 1/2 m 1/2
[Wlm,a,0 = <Z ||3f3;n€w|%g(g)> and  [[wm,a,0 = (Z |w|H;n(Q)> :
=0 =0

We shall denote by H_; the space of functions that belong to HJ'(€2) and take zero
values at I'. We define additional weighted space V}(Q2) by V}(Q) = {w € H{ (Q) :
w € L2(Q)} with the norm defined by [w]ly; o) = (lwlf 10+ Hw||(2)’_179)1/2. We
shall also introduce the space Vll)o =VinH 11)0((2). It is well known that all functions
in V}1(Q) have a null trace on Ty [19]. We shall denote Hg(S2), H5(€2), H;(Q), and
H3(€2) by the space of functions that have zero trace on 9 or I'. We note that the
aforementioned normed spaces are Hilbert spaces with corresponding inner products.
In particular, we shall often use the inner product for the space L2(f), denoted by

(+,)o,a,0 and given as (u,v)g.a,0 = fQ wor®drdz. The norms | - [[;m.a.0 OF | * |m,a,0
shall be used simply as || - |[m.a O | * |m,o. However, for cases when these norms
are used in the subset, say ¥ C €, we shall use || - [|lm,a,x O | |m,a,5. The same

convention will also be used for the inner products and for the full three dimensional
cases. Throughout this paper, for a domain, say K C (2, we denote

min(K) =min{r: Y(r,z) € K} and 7pax(K)=max{r: V(r,z) e K}.

Any axisymmetric function © can be completely characterized by the function v de-
fined by v(r, z) = v(z,y, z). We also note that any vector field v = (v1, v2,v3) can
be associated with its radial component v,., the angular component vy, and the axial
component v, in the cylindrical coordinate system; i.e., v, = v; cosf + vo sinf, vy =
—vysinf + vocosf, v, = vz, and it holds that the fact that v is axisymmetric is
equivalent to the fact that v,.,vg, and v, are axisymmetric. Therefore, any ax-
isymmetric vector fields can be completely characterized by the functions defined
only on 2. We note that we can associate any given function § and vector fields
vV = (v, v9,v,)" defined on Q, with ¢ and v defined on Q as follows: q(z,y,2) =q(r, z)
and v = (v, cosf — vy sin 6, v, sin§ + vg cos @, v,)".

2. Stokes equations with axisymmetric data. In this section, we introduce
the Stokes equations formulated in the axisymmetric domain Q with axisymmetric
data f and establish the well-posedness in a different framework from the available
literature such as Bernardi, Dauge, and Maday [3].

2.1. Model description. A creeping flow through a domain ) can be mathe-
matically modeled by the axisymmetric Stokes equation under the assumption that
the body force f = (f., fo, f)! is axisymmetric. Namely,

—0%u, — 10, — 0%uyp + 12Uy + 0pp = fr,
—02up — 1 0pug — 0?ug + 1 *ug = fo,
—0%u, —r 1O, — 0*u, + 0.p = f.,

— Oty — Yy — Oou, =0,
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AXISYMMETRIC STOKES EQUATIONS 671
which is equivalent to the following: for f € L2(2), find i and  such that
(2.1) —Au+Vp=finQ, V.-a=0in€, u=0 ondd

By using the Sobolev spaces introduced in section 1.1, we now provide the variational
formulation of the aforementioned (2.1) as follows: find (1, p) € H{(Q) x L2(€2) such
that

(2.2)  a(i1,¥) +b(¥,p) = fv) W e HE(Q) and  b(i1,q) = 0 V§ € L*(Q),

where a(1,V) = [5 Vi : Vvdx and b(,q) = — [5 ¢V - udx. It is well known that
(2.2) is well posed [9]. It is established that the aforementioned (2.2) admits a unique
axisymmetric solution in [3], where a dimensional reduction technique is exploited.
We shall establish the result in a different manner. Namely, instead of reducing (2.2)
into a two dimensional cylindrical coordinate setting, we shall demonstrate that for
any given axisymmetric function p, there exists an axisymmetric vector field u that
satisfies V - 1 = p. This shall establish the inf-sup condition for the equation of our
interest and proves the same results.

THEOREM 2.1. Given § € L*(Q), there exists i € H(2) such that V - = .

In order to prove the existence of such a vector field, we shall recall the following
well-known result [11].

LEMMA 2.2. For any q € L2(Q) with [4qdx = 0, there exists a function u €
H)(Q) such that V -u = q with |[ul|; < |lqlo.

Proof of Theorem 2.1. According to Lemma 2.2, for a given smooth function ¢,
we can find a vector field u, which is not necessarily axisymmetric, such that ulsgg =0
and V- u = ¢. Now, for any 7 € [, 7), we define u,, and u, respectively, by

1 ™
u,=R_,uoR, and uU=_— u, dn.

By definition, a is axisymmetric and the following relation holds true:

. 1 [ [, o
V-UZ%[WV'Undﬂ:%/ qORn(X)dn:q(X).

—T

Furthermore, it is easy to see that the following inequalities hold true: |[a|? < [jul|? <
Igllo- The standard density argument completes the proof. O

As an auxiliary problem, we also consider the following vector Poisson’s equation:
Find @ € H§(2) such that

(2.3) a(,v) = (£,v) vv e H(Q).

Similarly to Theorem 2.1, we can also establish the following fact.
LEMMA 2.3. For f € L%(Q), (2.3) admits a unique solution i € H{(Q).

2.2. “Toroid” finite elements and interpolation operators. In this sec-
tion, we shall introduce finite elements that are defined on Q) which can be reduced to
the standard finite elements when the dimensional reduction is applied for the com-
putational purpose. This will be the main tool in providing the new angle that can be
used to exploit the existing theories available in the Cartesian coordinate system in a
very natural way when developing relevant theories for the axisymmetric cases. We

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



672 YOUNG-JU LEE AND HENGGUANG LI

begin by triangulating €2 using the standard shape regular finite elements [6] denoted
by Tn = {7 }x. We then define for each k, 7 by

(2.4) 7, = {(rcosf,rsinb, z) : (r,z) € 7, and 0 € [0, 27]}.

We shall then collect 73 to form the triangulation 7? = {F} of Q. Upon the con-
struction of the triangulation, we shall now build the finite element functions again
from the standard piecewise finite element, say p(r, z) defined on 7,. Note that we
shall restrict our concern to only the continuous functions and denote the space of
polynomials of degree k on ¥ € Q by P*(X). The symbol ’ﬁ”(f}) denotes the three
dimensional representation of the space P"(¥). We first define the standard (contin-
uous) piecewise polynomials of degree k > 0 on T, and define the corresponding finite
elements to the triangulation 7, of degree x > 0 by p(z,y,2) = p(r,z). To be more
precise, we denote the piecewise polynomial functions of degree x > 0 defined on 7 by

(2.5) Pr={q,€C’(Q) : qu|r € P"(r) VT ETH}.

The finite element space defined on the “toroid” elements 7 € 771 can be defined as
follows:

(2.6) Py ={an € CO@) s anls € P(¥) ¥reTa}.
We shall use the notation that h = max;, diam(r,) and denote nodes of the triangu-
lation Tp, by {z;};. From the aforementioned “toroid” finite elements, we shall define

axisymmetric Hood—Taylor finite elements as follows: for fixed x > 1, we define the
finite element function space for the pressure by

(2.7) S‘h:{(jeﬁ,f:/v(jdizo},
a
and the finite element space for the velocity fields by

(2.8) Vi, = {¥V, = (, cos — Vg sin b, b, sin 6 + g cos b, ¥, )"

with v, vglan = 0,v.|r = 0 with v, vg, v, € P,’frl}.

The discrete weak formulation of (2.2) reads as follows: find (1, ) € Vi, x Sj, such
that

(2.9)  a(in, Vi) + b, pn) = (£, ¥0) VWi € Vi, b(in,dn) =0 Vgu € Sh.

It is easy to notice that (2.9) is reduced to the standard axisymmetric formulation of
the Stokes equation [2] by coordinate changes into the cylindrical coordinate in terms
of the finite element pairs Vj, and Sy, defined by

Vi = {(vr,v9,02)" : vp, v9]0, ve|r = 0,0r, 09,0, € P} and Sy = PPN L (9).

Namely, the axisymmetric formulation of the Stokes equation reads as follows: find
Uy, = (ur,up,u,)t € Vy, and p;, € Sy, such that for all v, € V, and g, € S,

(2.10) (Auy, V) + (Bp,,vy) = (£,v,) and (B*uy,g,) =0,
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where <Aﬁ,v> = (uravr)vll + (UG,UG)Vll + (UZ7UZ)H11 and <Bp7 V> = (aranT)O,l +
(0:p,v:)0,1. Equation (2.10) is used for practical computations, thus the main ques-
tion of the stability has been posed to show that

(2.11) sup (Orp,vr)o1 + (02p,v2)0,1

2 lpllog  Vp € Sh.
ozvev, 1orllva + llvellva + vzl m

Our strategy is to show rather the equivalent condition to (2.11) given as follows:

(v : {Iapl)o

2.12 su —
(2.12) P e

0£VEV),

> |pllo Vb € Sh.

2.2.1. Interpolation operator for velocity fields. The aim of this section
is to construct the interpolation operator II, : H}(Q2) — Vj, such that for x > 1,
|a — Iy < A5H|eee and ||[IIptl; < [[i]];. We note that any axisymmetric

~
9

vector field v € H(2) can be represented by Vv = (v,,v9,v.)" € Vi'y x Vi'y x H{
as v = (v, cosf — vg sin 0, v, sin O + vg cos 0, v, )t. For the construction of f[h, we shall
construct two interpolation operators, say II, : H1170 — H1170 N P,f“ and II, : Vll)o —
Vll)O N P,'f“, so that they satisfy both the stability and the approximation property;
see Theorems 2.4 and 2.5 below. We then define IT, by

(IT,, uy) cos @ — (II, ug) sin @
(2.13) 1 = (IT,, u,) sin @ + (II, ug) cos @
HZ’ILZ
The operator II;, will then be shown to satisfy the desired properties.

We begin to construct I} : H{ ((Q) — H{ ;N P (). The technical issue is to
preserve the zero boundary condition on I'. Following the idea of Scott and Zhang
[21], for the node x; on the boundary T', we can choose an edge on I' associated with
it, denoted by e(z;), and choose a triangle 7; that contains e(x;). We require that if

x; € €(z;) does not belong to the z-axis, neither e(z;) nor 7; intersects the z-axis. We
define m; : H{ (;) = P (e(z;)) as follows:

(2.14) / mvrdrdz = / vprdrdz Yo € Hi(r;), Vib € P (e(x)).
e(wi) (4)

For a node x;, which is not on the boundary I', we associate it with a triangle 7(x;)
such that z; € 7(x;). We define 7; : H{ (7(x;)) — P*H(7(x;)) as follows:

(2.15) / mvrdrdz = / viprdrdz Vv € Hi (1(z;)), Y € P (r(z;)).
() (i)
The interpolation operator I} : H{ ;(Q2) — P (Q) can be defined as follows:

(2.16) v = va(ﬂci)@ Vv € Hll,O(Q)ﬂ

where {@;}; is the nodal basis for the space Py (Q). We shall now state the main
property of the operator HZ. The proof is given in the appendix.
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674 YOUNG-JU LEE AND HENGGUANG LI

THEOREM 2.4. For k > 1, the operator HZ is the projection on P,':H, i.e.,
v = oo € PPt and || o)1 S vl Yo € H|,(Q). Furthermore, for £ = 0,1,
it holds true that

(2.17) |lv — H,J{v|g,1 < h“+2_£|\v||,.€+2,1 Yv € Hf”(Q).

We need an additional interpolation operator IT, : Vi!5(€2) — PIH(Q) to take
into account the fact that any functions in Vllo(Q) have the zero null on I'g. This can

be done by a simple modification of the definition of HZ and it should be done in such
a way that for v € V/'((Q), IT,, v takes zero values on T'g. For all nodes {;}; away from
the z-axis, we define II, v by (II, v)(z;) = (Il v)(x;). For nodes x; on the z-axis, we
shall choose an edge e(x;) containing x; so that it belongs entirely on the z-axis. We
let 7; € Ty, be a triangle that contains e(x;). We define m; , : Vi{(7;) — PrT1(e(x:))
by

(2.18) / T odrdz = / vipdrdz Vi € P (e(xy)).
e(x;) e(x;)

Similarly to II;, the interpolation operator II, : Vi'((Q) = P (Q) can be defined
as follows:

(219) Wyv= > Hfv@)ei+ Y. mev@)d Yo Vi (Q).
{i,z:¢{r=0}} {i,z;€{r=0}}

In fact, m;,v(z;) = 0, and therefore, the interpolation operator II, preserves the
boundary condition everywhere on 0f2. We shall now state the analogous results for
II, . The proof is given in the appendix.

THEOREM 2.5. For k > 1, the operator 1T, : V{'((Q) — Pr(Q) satisfies
(1L, vllva < flvllva Vo € Vi, and

(2.20) [lv =T, vy S R ([ollson + [[ollo,—1) Yo € HYF2(Q) N L2, (Q).

We are in position to prove the main properties of the operator II,. We begin
our discussion by noting that for 1 € H(Q),

(2.21) l[g = 27 (flur|

(2J,1 + [Jual (2J,1 + ||UZH(2Jl) ;

(2.22) 61 = 2 (Jurl + ol + sl )

where 1 = (u,. cos 0 — ug sin 0, u, sin 6 + ug cos 0, u,)*. The following theorem can then
be easily derived from the aforemevntioned Theorems 2.4 and 2.5.
THEOREM 2.6. The operator 11}, satisfies the following properties: that for k > 1,

(2.23) o~ Tty S A"z and  [TLa)s S Jlalh.

Proof. The approximation property follows from the identities (2.21) and (2.22)
and Theorems 2.4 and 2.5,

6= Tty S fur — I upllvs + [lue — I, ugllv + [l — I w1

SR (lurllnsza + luello—1 + lluellnrza + luollo—1 + luzllnte,) S A0 e

The stability result can be shown similarly. This completes the proof. d
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2.2.2. Approximation property of pressure fields. The aim of this section
is to establish the approximation property of the pressure finite element spaces.
THEOREM 2.7. The following optimal approximation property holds true:

(2.24) inf (g — dnllo S A |dllwsr, Vg € HTHH(S).
dnESH

Proof. We provide the estimate on infy _g || — énllo- We note that it is enough
to establish the estimate for infy, s, [|¢ — @nllo,1. On the other hand, we note that
infy,es, |l — onllon = /g — qnllo,1, where g, is the (-, -)o,1 projection of ¢ onto Py.
We observe that g;, satisfies that

(2.25) (qn,pn)o1 = (¢,pn)on  Vpn € Py

Therefore, by choosing p, = 1, we note that g belongs to Sp, since (¢n,1)o1 =
(¢,1)0,1 = 0. Now, in particular, we have that

lg = anllon < llg = qlloa S P lallnria S Bl

This completes the proof. a

2.3. Stability and accuracy of the Hood—Taylor elements. In this section,
we shall establish the following inf-sup condition: that for k > 1,
V-vu,p
(2.26) sup L VmPr)o

- > |Ipnllo Vin € Sh.
0V, €V, Va1

For this purpose, we shall follow the argument introduced by Stenberg [22], the so-
called macroelement technique.

The macroelement technique introduced is a very useful technique establishing the
stability of the finite element pairs for the Stokes equation. The main ingredients in
this technique consist of the macroelement M, = {J\7[ &t decomposition of the domain
Q, the local inf-sup condition for the finite element pairs in each macroelement M,
that belongs to M, using the dimensional argument, and combining them to establish
the global inf-sup condition. Although it is standard in the classical finite elements,
our finite element spaces are not standard in that we are considering “toroid” finite
element discretization. Therefore, we shall need to rephrase the classical theory [22]
in our framework. However, it turns out that a minimal modification and proof will
be needed to transfer the classical theories to fit in our framework.

To define a macroelement in our framework, we begin to use the classical definition
of the macroelement used by Stenberg [22] for the domain €, which shall be denoted
by My, = { My }r. We then define our macroelement by rotating it around the z-axis,
namely,

(2.27) My, = {Mj, = (rcos,rsinb,z) : (r,z) € Mg}y

Our choice for M, is the patch associated with each vertex vy of the triangulation 7p,.
This choice of macroelement partition can be shown to satisfy the following;:
(1) each M € My, belongs to an equivalence class of macroelements;
(2) the number of macroelement classes is finite;
(3) each 7 € T, belongs to at most a finite number N of macroelements M € My,
with N independent of h.
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676 YOUNG-JU LEE AND HENGGUANG LI

Fia. 2.1. Macroelement with an internal node xo and triangle Ko with two edges e; with i = 1, 2.

We shall transfer definitions given by Stenberg [22] to our framework M, by
saying that, for example, if £y is the equivalence class, then £, is the corresponding
equivalence class for “toroid” finite element cases. We shall further introduce the
space denoted by N, for each M € M,, as follows:

(2.28) NM:{qu /qV v =0, XVIEVOM}

where Sy, = {p € L*(M) : p|, € P*(7)} and V0 v = Vi NH(M). We shall denote
5’07M = SM N L2(M) and two dimensional representation of SM and 5’071\2 by Sy and

So,um, respectively. The following lemma is crucial and the idea of the proof comes
from Boffi [5].

LEMMA 2.8. Suppose that every element T € Tp, has at least one vertex in the
interior of Q. Define My, by grouping together, for each internal vertex xq, those
elements which touch xo. Then for every M € My, the null space N, is one dimen-
sional, consisting of those functions which are constant on M.

Proof. Consider a generic macroelement M € M;. Let Ky € Tp, be a triangle
of M and denote by xzg the internal vertex of Ky which also belongs to the other
elements of M. There are two edges e; with i = 1,2 of K meeting at z (see Figure
2.1 for an illustration). Due to the fact that z¢ is internal, none of the edges e; lie on
the boundary 9. Let p € Sy; be given and suppose that

(2.29) / PV -vdx =0 WYveV
M

We shall prove that Vp vanishes on IV(O, thus obtaining the anticipated result by
virtue of the fact that Ky is arbitrary and p is continuous. First, we concentrate our
attention on the edge e; and consider two triangles Ky and K that belong to Tj,
which share the edge e; in common. We now define v in the following way: for each
1=0,1,

o o o o o o t
V0, = (/\iﬁiaelp Be, €08 0, XiftiOn, p Do, 75i0 0, Xifs00. 8@12) ,

where \; and p; are functions for the two edges of K; that are different from e; chosen
to take positive values in the interior of K;. We then define v|x = (0,0,0)" on any
other element K that belongs to M. 1t is then easy to validate that v € V5, and it is
of degree k + 1 while p is of degree k. We note that 0e,p = 0pp Oc, 7 + 0.0 e, 2 and
the following identity holds true: if [ i VP - vdx =0, then

/ (Orp, 02p) * (NiftiOcy D Doy 7y NiftiOey D Oy 2) rdrdz = Z/ Nifti |0e, p|* rdrdz = 0.
M — JK;
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Therefore, d.,p = 0, in particular on Ky. On the other hand, we can show that
Oe,p = 0 on Ky as well by a similar argument. Therefore, we show that p is constant
on K since e; and ey are linearly independent. Now, by the arbitrariness of the
choice of K, we can establish that p must be a constant on M. This completes the
proof. O

A consequence of the aforementioned Lemma 2.8 is the following theorem.

THEOREM 2.9. Let £y be a class of equivalent macroelements. For M e Eny, it
holds true that

(2.30) sup YR
0AVEV, 4 V1 5z

Proof. The proof can be done basically from the idea presented by Stenberg [22].
Therefore, we provide a sketch of the proof. We can assume vy = 0 and note that
(V-¥.0)g a1 = (0r,0rp)o1,m + (V2,02p)o,1,0r and |‘Vf|f1\;[ = |Ur|%/11(M) + v |3 10 We
shall need to deal with the equivalence classes of macroelements that touch the z-axis
and that do not touch the z-axis separately. For the macroelement M, which is away
from the z-axis, we can show that Miz\h & Fnax (M) [[or]F o 0 + 0213 0. 07], Which
results from the inequality [y, v} /r*drdz < Clv.[3 o 5 for C being independent of M
(see Corollary 4.1 in [19]). Similarly, we have

(V : ‘v’aﬁ)o.]\z = Tmam(M) [(Ura arp)O,M + (U2’7 azp)O,M] .

This will lead to the inequality (2.30) for any such M following the arguments in [22].
On the other hand, for the macroelement M that touches the z-axis, the inequality
(2.30) can be shown to be valid from the argument of Lemma 3.1 in [22] in the
framework of the weighed Sobolev spaces. This completes the proof. d

At this point, these local inf-sup conditions need to be combined to make the
global inf-sup condition, which will be possible from the following lemma. The proof
can be found in the appendix.

LEMMA 2.10. There exists an interpolation operator Ly, : IZI(lJ(Q) — V), such that
Vi e Hj (),

(2.31) ﬁv.(ﬁ_ihﬁ>dx:o and i)y < i)
Q

We shall introduce a subspace C’h C S‘h defined by

]

(2.32) éh:{neig((z) jil yy € PO(M) vMth}

and denote by %, the L? projection from Sy, onto the space Cj,. We are in position
to provide the main theorem in this section.

THEOREM 2.11. Under the assumption proposed for the macroelement partition
M, the inf-sup condition (2.26) for Hood—Taylor finite elements for any degree k > 1
holds true.

Proof. Using the argument provided in Lemma 3.2 in Stenberg [22], we can show
that for every pj, € Sh, there is a v, € Vh such that

(2.33) (V-¥n,0) 2 16 =3n)pullg and  [Val S 11(8 = 34)pnllo-
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We now show that for every p;, € S’h, there is wy, € Vh such that
(2.34) (V- Wn, npn) = 5npnlls  and  [Walr < ndnllo-

The existence of such a function W, can be obtained from Theorem 2.1. Namely, for
fin = Ynpn € Ch, we choose w € H} () such that V- w = ji, and |[W||1 < |[jin]lo. At
this point, we can now apply the same argument provided in Theorem 3.1 in Stenberg
[22] to conclude our proof. a

From the inf-sup condition, we obtain the following optimal error estimate.

THEOREM 2.12. Suppose that @ and p smooth enough and Vi, x Sp, are of piece-
wise continuous polynomials of degree k41 and k, respectively, with x > 1. Then we
have the following optimal error estimates:

(2.35) o = nlly g + 15 = Brllgg < 27 ([allegz + [15]er) -

3. Preconditioning. In this section, we shall discuss the fast solver for the
axisymmetric Stokes equation (2.10). For the solution, we shall consider the pre-
conditioned minimum residual iterative method by Rusten and Winther [20]. The
classical preconditioner for the generalized Stokes equation can be found at Bramble
and Pasciak | 7L We begin by casting the Stokes equation (2. 2) as the followmg opera-
tor equation: ShUh = Fh, where Sh = (SU)U 1,2 with S = Ah, Sio = Bh, So1 = By,
and Sao = 0, Uj, = (tp, Pr)t, and F= (f, 0)t. Here A, is the discrete Laplace operator
and B), is the discrete divergence operator, respectively. It is easy to show that the
application of the minimum residual iterative methods for the axisymmetric formu-
lation of the Stokes equation and the full three dimensional Stokes restricted to the
axisymmetric solution spaces are equivalent. Therefore, it is enough to precondition
the operator S, applied to the axisymmetric solution space. The actual implementa-
tion can be followed by interpreting the operator in terms of basis and the underlying
inner product. It is well known that the operator Sp is spectrally equivalent to the fol-
lowing block diagonal operator: Dy = (D;j;)i j=1,2 with D = /vlh, Doy = ghﬂgll’;’h,
and D;; = 0 for ¢ ;é j. Therefore, we shall have to introduce spectrally equivalent
operators for both A and the Schur complement operator BA~!B. The main task in
this section is to show that the operator A1is spectrally equivalent to the standard
multigrid backslash cycle methods based on Gauss—Seidel smoothing. On the other
hand, the spectrally equivalent operator for the Schur complement operator given by
BA~1B can be seen from the following simple identity:

(3.1) (BA™Bp,p)o = sup

VREV), (Vav)l

It is clear that the identity indicates the Schur complement operator is spectrally
equivalent to the identity operator. Therefore, the associated matrix should be given
in terms of the mass matrix with respect to a (-, -)o,1 inner product. We observe that
our viewpoint here can provide very simple construction of the preconditioner based
on the classical theories.

3.1. Vector Laplacian. In this section, we shall show that the standard multi-
grid backslash cycle will be spectrally equivalent to the vector Laplace operator A in
the (1,1) block of the operator Sj,. Throughout this section, for simplicity of presen-
tation, boldface shall not be used either to denote functions or function spaces, and
we omit the subscript A. The main subject in this section is to solve the following
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discrete weak formulation by the use of the multigrid methods: find u € V such that
a(t,v) = (f,0) Yo € V. Note that V is a real Hilbert space with an inner product
a(-,-) and (energy) norm || - || = a(-,-)"/2.

3.2. MSSC for axisymmetric vector Laplace equations. The construction
of the general subspace correction methods is based on the space decomposmon that
the space Vs decomposed into a number of subspaces Vk, with k =1,...,J and the
introduction of the local subspace solver in each subspace

Assumption AQ. There are closed subspaces {Vk},,C 1 such that V= Zk 1 V.
For each subspace Vj, we define the orthogonal projection Py : H0 (Q) — Vi with
respect to an a(-,-) inner product by

(3.2) a(Pyd,B) = a(v,v) Vo€V, oy € Vi
Note that the bilinear form a(-, -) is coercive on V;, for each k = 1,...,.J; therefore,

the operator P, is well-defined. These shall be used as our local subspace solvers. The
method of subspace corrections can be found in [25].
ArcoriTHM 1 (MSSC). Let @° € V be given.

for 0=1,2,...
vi 1 _ VE—l
Ug
for zzl,...,L
Let €; € V; solve
(3.3) a(&;,0;) = f(13) —a(ii=l, ;) Vo eV,
iy =+ 8
endfor
it =att
endfor

The following result can be easily established from Assumption A0 [14, 17].
THEOREM 3.1. Under Assumzztion A0, the estimate of the energy norm for the
error transfer operator Er, = (I — Pr)--- (I — Py) can be established as follows:

(34) |Er]*=1-K ', with K= sup  inf Z 1P #|* and v € Vi VE.

I5l=1 ko, =% i>k

3.2.1. Multilevel finite element spaces. Throughout this section, we assume
that we have a nested sequence of triangulations 75 = {#{}, 1 < k < L of Q with
characteristic mesh size hj proportional to v?* with v € (0,1). The nested sequence
of triangles will be assumed to be formed in such a way that the refined triangle
is obtained by connecting the midpoints of the coarse triangles for simplicity. Let
Tn = Tz, and Vj, denote the spaces corresponding Vj, defined on the triangulations T
In the rest of this section, to simplify notation, we shall omit the subscript h when
referring to a fixed finest triangulation, namely, V = Vh = \V/L. For the discussions
that follow, we describe the space decompositions and subspace corrections, and we let
{x%}¢ be a set of nodes for the triangulation 7. For 1 < k < L, we set V,f = span{éi},

where {q% ¢ is the basis for the space Vi:

. L . L
(3.5) V=Y Vi=>
k=1

k=1/¢=1

Ny
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where Nj is the number of nodes for the triangulation ’fk We introduce the L2
projection, Qi : L2(Q) — Vi, for each k = 1,...,J. The corresponding L? and
H' projections onto ‘v/,f will be denoted by Qi and 15,5, respectively. The multigrid
algorithm shall be constructed in particular in terms of the algorithm MSSC with the
local exact solver, ]5,5 in each subspace ‘v/,f By the aforementioned decompositions,
we can show that the algorithm is the multigrid method with the smoother being the
Gauss—Seidel with pointwise smoothing We note that the spaces {Vi}r=1,. 1 are
nested, namely, ViCc--CcVoC-CVp. Finally, from Lemmas A2, A6, and AT,
we can establish that there exists an interpolation operators ITj, : H(Q) — V such
that

(3.6) Mo=0v YoeV and ||o—T0|o S ko), Vo e H(Q).

We shall now prove some instrumental results for the multigrid convergence analysis.
LEMMA 3.2. The following inverse inequality holds true:

(3.7) By ShHolle Vo EV.

Proof. Note that @ takes the form that ¥ = (v, cos —vg sin 0, v, sin 0+wvg cos 0, v, ),
with v, vg € V11,07 v, € H 11)0, and the following inequality holds true:

(3.8) 03+ S lorli -

Thus, it is enough to show that |[v.[11,» < h 7 orlo1- and |Jvello—1- S h 7Y vrll01,-
Let 7 denote the reference triangle of 7, and let v,- denote the function v, defined on the
reference triangle. We observe that if 7 intersects the z-axis, by the scaling argument
and the norm equivalence (see Belhachmi, Bernardi, and Deparis [2] for details, and
see our appendix as well), we have |v.[], . < h™?[lv.[|§, .. On a toroid type 7, we

let 7min = min,{(r, z) € 7} and ryax = max,{(r, z) € 7}; we then apply the following
inequality:

3,717’4— |U9|%,17T 3,7177'_'— |UZ|%17"

|UT|1 1,7 < rmm|UT|1 0,7 S Tminh 2||UTH3,O,T ShT 2HUT||(2),1,7-~

On the other hand, we observe that no matter where the location of 7 is, it holds true
that [v.§ 1, S rmaeloelda - S 7 3[vrld 1, This completes the proof. 0

From the approximation property of the interpolation operator as well as the
inverse inequality from Lemma 3.2, we can obtain the stability result for the L2
projection operator Qk as follows.

LEMMA 3.3. For each 1 < k < L, the operator Qy, is stable with respect to a [ |a

seminorm for a € [0, 1], namely,
1040la < |0]a VOEV.

Additionally, the following strengthened Cauchy—Schwarz inequality can be shown
from the inverse inequality together with the standard trace estimate [8].
LEMMA 3.4. Assume that 1 <1i < j < L. The following holds true:

(3.9) (Vi : V) 70y gl Voillo ity € V5, € T

~

LEMMA 3.5. Let ¥ € V}, with T = (v, v9,v:)" and vy, vg, v, belong to P;:+170(7')
with ¥ € Tj, and diamr = h,. Then for each k =1,..., L, the following relation holds
true:

(5+2)(k+3) /2
(3.10) 1885 2 Fmaainyh2 D> (02(@) + vg (i) +va(:))

=1
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where {x;} is the set of nodes where the degrees of freedom of ¥ are defined on ¥ and
Tmax(¥) = max{y/z% + 92 : (z,9,2) € 7}.

Proof. If 7 € T intersects the z-axis, it is affine equivalent to a standard triangle
with an edge on the z-axis or the standard triangle with single vertex on the z-
axis. Let 7 be the reference triangle. Since all norms are equivalent norms on the
finite dimensional space Span{qgi|+} and using the scaling argument, for a function
w € PfT(r), we have that for 7 intersecting the z-axis,

B 20 7Y G

For a toroid type element, 7, similarly to the aforementioned case, we obtain that

(3.11) | =0 |t

Hw||(2),1,7- = rmaw(T)Hw”?),r = rmaw(T)hZHng,f- = Tmaw(T)h2 sz v

This completes the proof. o
LEMMA 3.6. For any v € Vy, the following holds true:

1@k — Q1)o7 S [19]17.

M=

(3.12)
k=1

Proof. Let @k = Qk — Cu)k,l and v; = (151 — 151-,1)17, where for each i =1,...,J,
(B, 91 = (0,91 V; € Vi
We note that the following inequalities hold true:

Qi S B2 Qi S BT S B2 R0

Set i A j = min{é, j}. We then obtain that

L L L Y
S HQK—Qr-0)Blf=> > (@i, Qrvj) Z > Qki, Qr;)1
k=1 k=11i,j=k i,j=1 k=1
L iNj
DI AN S Z hon he b |vi 1|50
i,j 1 k=1 1,7=1
L
= Z Sl NG Z
i,j=1 =1

This completes the proof. a

Based on established aforementioned technical lemmas, it is then easy to conclude
the following theorem from the argument in [13].

THEOREM 3.7. The following estimate holds true: |Er|? =1 — K~ with

2

L Ny
(3.13) K< sup inf ZZ P} Z Uz <éd <1,
[5ll=1eV Sk, Sk 5h=0 =1 =1 (€,5)> (ki)

where Ui, € ‘u/,;, for each k and i and § is independent of h.
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4. Numerical experiments. In this subsection, we shall present sample numer-
ical results that confirm some of our theoretical analysis. We consider the following
axisymmetric Stokes equation on the domain = [0, 1] x [0, 1]:

—0%u, — r 0, — 0%uy + 1 Uy + 0pp = fr,
—0%u, —r 10, — 0*u, + 0.p = f.,
—Ouy — 1 YUy — Oyu, = 0,
where f, = r3sinz and f, = 8r?cosz — 16cosz. The choice of this force function
f = (fr, f.)! corresponds to the pair of analytic solutions W = (u,,ug,u,)" with
U, = 1r3sinz, ug = 0, and u, = 4r2cosz, and p = 4r?sinz. We shall denote the
discrete axisymmetric Stokes equation by the following operator equation:

(41) ShUh = Fha

where Sh = (Sij)ijzl’z with Sll = Ah, 512 = BZ, 521 = Bh and SQQ = 0, Uh =
(T, pn)t, and Fj, = (f4,0)%. For the solution to the aforementioned equation, we
have tested the preconditioned minimum residual iteration with the block diagonal
preconditioner Dy, = (D;;); j=1,2 given by D11 = Cp, and Dag = My, where C;l is one
iteration of Hypre algebraic multigrid solver, which can be assumed to be spectrally
equivalent to the vector Laplacian A, since we have shown that the standard multigrid
with point Gauss—Seidel smoothing can be an effective solver for Aj, and My, is the
mass matrix with respect to (-,-)o,1 inner product. Table 4.1 demonstrates that the
proposed block diagonal matrix is spectrally equivalent to the axisymmetric Stokes

operator. The stopping criteria used is |\§71Rk||/||§71Fh|| < 1079, where RF is the
kth residual. We have also investigated the error behavior, which excellently agrees
with the theoretical analysis. Table 4.2 shows the convergence order for the L2 error
for the pressure and the H! error for the velocity is 2 for k = 1.

TABLE 4.1
The number of iterations of the preconditioned MINRES for Hood—Taylor discrete axisymmetric
Stokes with k = 1 as a function of the mesh size. The computation is done using a Dual-Core Intel
Xeon Processor with a processor speed of 2.66 GHz.

Mesh size | # of iterations | CPU (in seconds)
1/23 56 7.18E-02
1/24 58 1.52E-01
1/2° 58 5.77E-01
1/26 58 2.30E+00
1/27 58 1.10E401

TABLE 4.2

The L2 error for the velocity and the pressure and the H! error for the velocity as a function
of the mesh size for Hood—Taylor discrete azisymmetric Stokes with k = 1.

Mesh size || [[a —unlo |t — a1 [[p — pnllo
1/23 0.13E-03 X 0.80E-02 X 0.73E-02 x
1/24 0.17E-04 | 2.95 | 0.20E-02 | 1.98 | 0.17E-02 | 2.0
1/2° 0.21E-05 | 2.98 | 0.51E-03 | 1.99 | 0.43E-03 | 2.0
1/26 0.27E-06 | 2.99 | 0.12E-03 | 1.99 | 0.10E-03 | 2.0
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5. Conclusion. This paper provides the stability analysis of the Hood—Taylor
finite elements for the axisymmetric formulation of the Stokes equation for any degree
k > 1. The newly developed framework can effectively use the standard theoretical
results. An illustration is given for the development and analysis for the preconditioner
of the axisymmetric Stokes operator. Sample numerical results are provided to confirm
our theoretical results as well.

Appendix. This section provides proofs of various results stated in the main
text. We first give the following lemma regarding the scaling in the weighted norms
on a triangle intersecting the z-axis. We require that if the intersection set is a point
(resp., an edge), then the reference triangle intersects the z-axis on a point (resp., an
edge). Namely, there are two reference triangles corresponding to different cases.

LEMMA A.1. Let E be either a triangle or an edge in the triangulation intersecting
but not contained in the z-axis. Let h = diam(E). Then, for a function v on E,

leas = B2 0], 5, £=0,1,

where kK = 1 on a triangle and k = 1/2 on an edge.

Proof. Let {\;}i=0,1,2 be the barycentric coordinates associated with the vertex
x; of the triangle including F, i = 1,2,3. Assume the triangle has an edge on the
z-axis and x7 is away from the z-axis. Define r1 = r(x1). Then, if E is a triangle,

|v|371’E = /Evzrdrdz = r1/}3v2)\1d7’dz = |E|r /Eﬁzjxldfdé = h3|ﬁ|(2),1,1§'

If F is an edge,

g1 e = /EUZrds = 7“1/Ev2/\1ds = |E|r /E@25x1d§ e h2|@|§71,g~

The case £ = 1 and the case when the triangle containing E intersects the z-axis on
a vertex follow a similar calculation using the barycentric coordinates. O

A.1. Proof of Theorems 2.4 and 2.5. In this section, we shall provide tech-
nical results for proofs of Theorems 2.4 and 2.5.

LEMMA A.2. For a compact set K C €, let hx = diam(K) < 1. Suppose K is
star-shaped with respect to a ball of radius 6 hy. If KN {r =0} # 0, then there exists
p € P*(K) such that for all & > ¢,

(A1) v —pleaw <OR oler e Yo € HY(K),

where the constant C' depends on &, but not on v or hi.
Proof. The proof for k = 0,1 and ¢ = 0,1 can be found in [2, 18]. For £ > 2,
Kk > 2, the proof can be done following a similar process. For example, see Lemma 7
in [2]. d
Note that based on the standard approximation results (see [8]) in the usual
Sobolev spaces, the above lemma also holds for K, on which r > Chy.
LEMMA A.3. Let ¢ be a usual Lagrange basis function on the triangle 7. Then
the following holds true:
o« IFTO{r="0}#0, [¢leas S Y2, £=0,1.
o IfTN{r=0}=0,dle1,r < Tmax(T)/2h17E £=0,1.
Proof. These inequalities can be proven by the usual scaling argument. If 7
does not intersect the z-axis, we have |@lg1,, < T‘maw(T)l/2|(b|g7-,— < Tonan (T)Y/2RIL

~
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Now, if 7 intersects the z-axis, then |¢[p1, < hY2|¢ler < h3/?7C. This completes the
proof. a
LEMMA A.4. Let ¢ be a usual Lagrange basis function that vanishes on the z-axis
in case TN {r =0} # 0. Then the following holds true: for £ =0,1,
o if TN{r=0}#0, then

(A-2) lllo.—1.r SRY? and |ple1. < B35
o if TN{r=0}=0, then

Proof. When 7 does not intersect the z-axis, r is bounded below, and thus in-
equalities in (A.3) can be obtained by the standard argument. We shall prove the case
when 7 intersects the z-axis. Note that the estimate on |-|¢ 1,7, the second inequality
of (A.2), can be obtained using the norm equivalence and the usual scaling arguments.
For the proof of the first inequality in (A.2), we assume 7N {r = 0} is an edge. Then,
since ¢ is a polynomial that vanishes on the z-axis, we can write ¢ = rq, where ¢ is
a polynomial. Namely, r is a factor of ¢. Therefore, ||¢|lo,—1, < oo and | - |Jo,—1,~
defines a norm for ¢. Let {\;}i=0,1,2 be the barycentric coordinates associated with
the vertex x; of 7,7 =1,2,3. Let 1 be the vertex away from the z-axis and let r; be
the distance from z;7 to the z-axis. It is easy to verify that the distance r(z) to the
z-axis for any point  in 7 can be written as r(x) = r1A;(x). Note 1 = h. Using the
norm equivalence on finite dimensional spaces and the second estimate in (A.2), we
observe

Illo,—1,r = l6r=2[lo.r = 71 2 16A7 2 o = IV 219N 20,2
N A YV 1H¢r”2 2o = Y @llo,1,r S hY2.

We now assume that 7 N {r = 0} is a vertex and that z; and x2 are the vertices of
7 away from the z-axis and z3 = (0, 23). Note that ¢ is assumed to vanish on z3,
and hence vanishes on at least one of the two edges e; and ey of 7 containing x3.
These edges can be written as apr + z — z3 = 0, £ = 1,2, respectively. Therefore,
¢ = (agr + z — z3)q for some ¢, with ¢ being a polynomial. Without loss of generality,
we let £ = 1. We consider T € 7, a triangle enclosed by the edges e, with £ = 1,2 and
the vertical line r = ¢, for € small. We note that

/(;52 “Ldrdz =

< l(a1r + 2 — 23)q HOOT

/O (a1 — as)?rdr

Thus, || - Jo,—1,- defines a norm for ¢. Let 71 and 72 be the distances from 1 and z2
to the z-axis, respectively. Note that for any x € 7, r(z) = rA1(x) + roda(z), and
r1 = ro = h based on the shape regularity of the mesh. Therefore, using the norm
equivalence on finite dimensional spaces and the second estimate in (A.2),

Hof

zZ3— azf’
(arr + 2 — 23)2¢*r ' dzdr

zZ3— azf’
/ / (arr + z — z3)r ' dzdr
zZ3—alr

< Q.

z3—alr

S

lollo,—1,- = H¢(7‘1)\1 + 7“2)\2)71/2‘

5 |’7’|1/2 HQAS(ﬁXl + 7’2/):2)71/2‘

0,7

0,7
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< |T|1/2h_1/2 H&Xl +X2)—1/2‘

SRR [+ R 2|

0,7

0,7

Sh7|otrn +r22) 2| S hT o o S BT Il S B2

which completes the proof of this lemma. |
We shall now consider the norm of the operator 7; defined in section 2.2.1.
LEMMA A.5. The following estimates hold true:
o If mv is defined by the triangle T(x;) intersecting the z-axis,

Imivlloor(z S B2 2lvll0.17(0)-
o If mv is defined by the edge e(x;) intersecting the z-axis,
[17i0llso ey S 2 0111 + B2 [0]l0,1,m,
e [f mv is defined by the triangle T(x;) not intersecting the z-axis,
(70 ]|oor @) S Timin (T(2)) "2 0]l0,1,721)-
e [fmv is defined by the edge e(x;) not intersecting the z-axis,
730l cose(en) S Tmin (7)™ 2 ([0l11,m + R H0llo1m)-

Proof. Let E be either the triangle 7(z;) or the edge e(z;), where m; is defined.
We have the following inequality from the definition of 7;:

(A4) [mivlone < [Jv]lo1,2-

We first prove the case that 7; is defined in terms of the triangle 7(z;). If 7(x;) does
not intersect the z-axis, using the norm equivalence, we have

HWiUHOO,‘r(ri) = ||7Ari@||oo,7°(ri) S ||7Ariﬁ||0,7°(ri) < h_lnﬂ—iU”O,T(ri)

S Pmin (@) 720 Im0ll0,1,7 () S Pmin (7(22)) 7 2R T [0llo,1,72) -

Now for 7(x;) that touches the z-axis,

||7Tiv||oon'(ri) = ||7Ari@||oo,7°(ri) S ||7Ariﬁ||0,1,?(zi)
SBT3 ol ShTR

0,1,7(x;) ||/U||0,1,T(:Ei)'

We consider the case that 7; is defined in terms of the edge e(z;). If e(z;) does not
intersect the z-axis, then by using the standard trace estimates and the fact that
Tmar(Ti)/Tmin(Ti) S 1, we have

730 coe(zs) = NFi0lloo,e(r) < NFi0ll0.e(zn) S B2 T ll0,e(20)

S Tmin(Ti)71/2h71/2||7TiU||O,1,e(ri) S rmin(Ti)71/2h71/2||’U||0,1,e(zi)
1/2 ~1/2p,-1/2

/S Tmazx (7'1) T'min (Tl) |U||O,e(wi)
S HTVRRY 2ol + R ollo.n)

S Pin (73) T2 (011, + B 0017,
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We now assume that e(z;) intersects the z-axis and the triangle 7; intersects the z-axis
at an edge. Then, from a weighted trace theorem in [10], we obtain

||7Tiv||00,6(zi) = ||ﬁ-7;@||00,é(mi) S ||7Ariﬁ||0,l,é(1i) 5 hilnﬂ—ivHO,l,e(zi) 5 hil”””O,L@(zi)

S (B2l + 572 ollo i) S BTl + BT ol

If e(x;) intersects the z-axis, and the triangle 7; intersects the z-axis at a point, then
we first observe that from the definition of &; and Hélder’s inequality,

(A.5) 170015 1 6(en) < 1Fi0ll0,0,60e0) 19]l0,2,6(20)-
Then, using the norm equivalence for functions in the finite dimensional space,
[7i0llo,1,e2:) S 110]l0,2,e(2:)-
Therefore, by a weighted trace theorem in [10], we obtain
1750 llose(@n) = D]l soe(an) S 1Fibllo1,6@) S ollo2.e@n S22 Ivllo2e)
S B2 Rl  (ollom) S TP ol + BT 0]lo1

This completes the proof. a

The following lemma proves Theorem 2.4.

LEMMA A.6. For a given T € Ty, let U, be the union of triangles that intersect
7. Then for £ = 0,1, the interpolation operator 1L : HL()) — P(Q) satisfies

(A.6) I olear S B P, + b~ vlorw, Vo€ Hi(Q).

Proof. Let z; be a node in 7. First, we assume 7 does not intersect the z-axis.
Therefore, based on the usual estimates on the trace, Lemmas A.5 and A.4, if 7; is
defined in terms of the edge e(x;), then we have

Imv(@)Ble,r S 170l coe@n|Blet,r S Tmas () 2R T30 o o)

< Tz (1) 20 i (1) T2 (01 + 0 0o, ) S R ulam, + B ollo,1
If 7; is defined in terms of the triangle 7(x;) that does not intersect the z-axis, then

|7Tiv(xi)¢|€71,f S ||7T7;/U||00,T(5Ei) ¢|€,177— S Tmaw(7)1/2h176||7riv||oo,7(z¢)

< Tmaw (1) V2R i (7(22)) 2R 0llo, 1,7 ey S B 0llo,1, o)

In the case that 7(z;) intersects the z-axis, a similar argument shows that

|miv(zs)dle,r S h7€||v||071,r(wi)-

Second, we assume that 7 intersects the z-axis. If m; is defined in terms of the edge
e(z;) that does not intersect the z-axis, then by Lemma A.5 we have

Imv(@)dle1,r S I1Tivlloose@n Dle,t,r S B 2770 oo o)
S B2 i (1) T2 (0l + B 0ll01) S ATl + R [0]0, 1

If e(x;) intersects the z-axis, then, using Lemma A.5, we have

[0 (@:)ble1r S ITiv]loo e Blet,r S 27 miv ]| oo e
SEPE RV ol 1y 4 B2 0lloar) S ATl + R[]0,
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If 7; is defined in terms of the 7(z;) that does not intersect the z-axis, by Lemma A.5,

Imv(@)Blet,r S Tivlloor @ dilesr S 2] o ()
S B2 i (7 (22)) T 2R )|

o1, S BT Nll0,1r () -

If 7(x;) intersects the z-axis, by Lemma A.5, we have

Imv(@)Blet,r S Tl Bletr S A 27T v r(ar)
< h3/2—£h—3/2”1}|

o1, S BT Nll0,1,r () -

Therefore,

2 —2¢ —2¢
|HZU|§,1,T S Z |Wiv($i)¢i|e,1,r S h*—? |U|%,1,UT +h? ||UH3,1,U,-

i, TiET

This completes the proof. a
We note that from the above estimates and Lemma A.2, for any p € P*(U,),

lv = vler < Jo—pletr + 5 (v —p)ler

Slv=plear+h' v —plau, +h o —pl
SR |11,

0,1,U,

which completes the proof of Theorem 2.4. The following lemma gives the stability
result in Theorem 2.5.

LEMMA A.7. For a given T € Ty,. Let U, be the union of triangles that intersect
7. The interpolation operator 1L, : Vi (Q) — P () satisfies, for £ = 0,1,

(A7) I, ollo,~1,r S lollva,) Yo € ViH(Q)
(A8) |H;U|Z,1)T ,S h1_£|’U|171)UT + h_e”UHQJ)UT Yv € Vll(Q)

In addition, for any v € HZ(SY), the following holds true:
o if TN{r=0}#0, then
(A9) [T vler S BTY2 0l

~

oL, + R ol o, + R ula

o if TN{r=0}=0, then

(A.10) 1L, vle.r S Tl (MB ([0llo,1,0, + Rlvlio,).

~ - max

Proof. We recall that

(A.11) Moo= Y I+ Y. meo(@)d

i,x;¢{r=0} i,x;€{r=0}

Then, for any v € Vi}(Q), it is clear that m; ,v(x;) = 0 for any node x; lying on the
z-axis. Therefore, we estimate only for the node z; away form the z-axis. By Lemma
A .4 and following the same process as in Lemma A.6, for different m;v defined by a
triangle or an edge, we have ||mv(z;)¢illo,—1.+ S ||[v]lo,—1,0, and ||mv(z:)dillo,—1.+ S
|v|1,1,0, + ||v]lo,—1,0,, respectively. Then the first desired inequality is obtained by
summing up the above estimates over the triangle. Similarly, we have for ¢ = 0,1,
L v]eq,r S A vliau, +h Y v]l0.1,0, , for both 7 intersecting the z-axis and 7 away
from the z-axis, which proves (A.8).
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We now prove inequalities (A.9) and (A.10) of Lemma A.7. We first note the
following result in [19]. Let P be a bounded domain in the rz-plane, r > 0, intersecting
the z-axis; then ||v||1,p < C||v||2,1,p Vv € HE(P). Therefore, v has a trace on each edge
e; belonging to the z-axis in the L? sense. Then, for a triangle 7 with z; € {r = 0}
as a node, by Lemma A.4 and the trace estimate for functions in H'(Q2), we have

70 (@) diler < illoo eionlileir S B a0l ee S B Rirbllooe
SN Rirtloe S B olloe S A N8ls S A 0ll2 s
,S hl_e(h_3/2||v|\0,1,n 4 h_1/2|11|1,1,7'i + h1/2|U|2,1,n)

SEYE oo, 4+ B2 0l 1, 4 B2 0l

For any node x; away from the z-axis, using the same process as in Lemma A.6,
for ;v defined by a triangle, we have |m;v(z;)ile,r S h R ae () 7Y (0]l0,1 7 (21)-
For mv defined by an edge, we have |mv(z:)diler S Tmaz(T) V20 (|v]007 +
hlv|11,7). Then, (A.9) and (A.10) follow by adding these estimates in the corre-
sponding triangle. O

The approximation result in Theorem 2.5 is proved as follows.

LEMMA A.8. For k > 0, suppose the finite element space contains continuous
piecewise polynomials of degree k. Then,

(A12) o~ ollvy S A ([vllesrae + ollo-10) Yo € HFFH(Q)N L2, (Q).

Proof. For k = 0, by Lemma A.7, we have ||II, v|jo,—1,0 < |v[1,1,0 + [[v]l0,—1,0-
Note that [|v — I, v|[1,1,0 < |lv — Il v||1,1,0 + [T v — II; v 1,1,0. Since the first term
has the desired approximation rate, we concentrate on the second term. Note that
the second term vanishes on triangles away from the z-axis. Thus,

e -Tvlhae S Y, A 2lmvles,
i,x;€{r=0}

where F; is either the triangle or edge that defines m;v. By Lemma A.5, we have

I7i0llo,i, S B2 0ll0,1,05, + B2 0l 10s, STV 0ll0, 1,08, + B2 0110,

~ ~

where Ug, is the union of adjacent triangles of E;.
Therefore, for K = 0, |[v =11, v||1,1,0+ [[v =11, v|o,—1,0 S [v]1,1,0 + [[v]lo,—1,0- For
k> 1Yo e HYQ)N L2 (Q), we first have (see [19]) [[v]l1.0 < [v]lsr1.1.0-
Then, if 7 intersects the z-axis, recall II"p = p for any p € P}, by Lemma A.7
and Corollary 4.1 in [19],
lo =10, vllo,—1,7 S BY2([0 = 1T, 8llo,—1, S B2||0 — 1T, 81,7
S Y2119 = pllus + 1T, & — 0, ll17)

SE20 =l + 10 = dllor0,) SN0 = bllyr 00,

Since by Lemma A.2, infpepr [0—pll, 11,0, S [0l,111,0,, we have =1, vlo, -1+ S
RY2REY2 0|0, S || 0leg11,0, - I T is away from the z-axis, note I, = II,
and

v =11, vllo,~1,7 < Pmin(7) " lv = I v]lo,1,7

< Poin (T) T R 0l egr,1,00 S R0 llkgr,,0, -
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Now for [|v —II, v|[1,1,7, by Lemmas A.7 and A.2, we have

[v =1 vl < v =pllias + 1 p = ol S B5(ollesa,o,
Summing up the estimates over all the triangles proves this lemma. d

A.2. Construction of the interpolation operator Zp. In this section, we
shall construct the interpolation operator Z;, : H§(Q) — V}, that satisfies

(A.13) /v-(ﬁ—ihﬁ)dx:o and || Zpuy < )l Va e Hy().
Q

For this purpose, we shall need some preliminary results. The first result is a simple
consequence of the work by Copeland, Gopalaknishnan, and Pasciak in [10].
ProOPOSITION A.9. Let 7 C Q be a triangle with diameter h and let e C T be an

edge. For any v € C*(T), the following estimates hold true.
Case 1. If TN {r=0} #0 anden{r =0} # 0 but e ¢ {r =0}, then

(A.14) /vrde S B2l + BP0l

e

Case 2. If TN {r =0} =0, then

1/2
(A.15) /vrde < (/ rde) (h_l/QHvHo,LT + h1/2|v|171,7) )

From Proposition A.9, we obtain the following estimates.

ProproOSITION A.10. Let 7 C Q be a triangle with diameter h, and let e be an edge
of T that does not belong to the z-axis. Suppose that ¢ € P2() is the basis function
that corresponds to the midpoint of the edge e. Then,

J, vrde J, vrde
. rde . rde

Proof. Suppose eN{r = 0} # 0. Then, it holds true that h* < [ rde < h?. Then,
the first inequality is the direct consequence of Proposition A.9 and Lemma A.3. The
second inequality can be similarly obtained by using Proposition A.9 and Lemma

d
A.4. Namely, we have ffvfd:||¢| o1 S B2 [orde S b7 vlloar + vl S

Ille.rr < A vllor+h' ol and

[6llo,~1,+ < l[ollo,~1,r+v]1,1,7-

llv]lo,<1,- + [v|1,1,7- In case €N {r = 0} = 0, the estimates can be obtained using the
fact that [ rde & rpi,(7)h. This completes the proof. O

We are in a position to construct the operator 7. For a triangulation 7j of €,
we collect all the edges {ex : ex C 7 € T} that do not belong to the z-axis. We
now consider the standard basis function {¢y }x that is associated with the midpoint
of the edge ey for each k. The main idea is based on the fact [2] that for each k,
there exist generic constants px and vy for which the following identity holds true:
fek Gprde = (fek rde)pr, = Vg, from which we can define the modified basis function ¥y,
by ¢ = f—: Then it is clear by definition that fej Yrrde = 01. Furthermore, v, takes

zero at all vertices of the triangle in 7,. Three steps will be taken to construct ih.
First, we define an operator 119 : H{(Q) — PZ(Q) by IYu = Zk(fek urde) Vu €

HL(€). Second, we define 19 : H}(€2) — V), by

(A16) I%u= (115w, cos O — 1) ug sin 6, 1) u,. sin 6 + 1) ug cos 6, H%uz)t ,
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where 1 = (u, cos@ — ugsin®, u,sinf + ugcosf,u,)t. Finally, we now define the
operator Zp, : HY(Q) +— Vy, by Z, = 11, + T19 (8 —IT,,), where 4 is the identity operator
and the operator I, is the interpolation operator introduced in section 2.2. Note that
by construction, it is easy to establish that for fi;, € C’h, (V-jhﬁ, fn)o = (V -1, fin)o-
Therefore, it is clear to see that

[ V. (a—Zyi)dx =0 Vie HY(Q).
Q

Furthermore, we can establish that 7, is stable. Note that the operator 7 preserves
polynomials of degree two, namely, Lip=pVpec 15,5. Now, from Proposition A.10, it
holds true that for m = 0,1, | Zyt[,, < A=l + h~"*!al;. Therefore, we obtain
the following relation: ||Ihu ally < [[a—plL+ HIh(u P)|l1 < |1, from which we
can complete the proof that | Zyul|; < ||y + [0 — Zpuall; < |-
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