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Abstract

The concept of activation in transcriptional regulation is based on
the assumption that product mRNA increases monotonically as a func-
tion of regulator concentration. We analyze the Shea-Ackers model of
transcription and find this assumption to be correct only for the sim-
plest of promoters. We define a new regulatory constant that is a
nonlinear combination of association and transcription initiation con-
stants characterizing activation and repression for more complicated
promoters. Our results can guide the synthesis of new promoters and
lead to a deeper understanding of the constraints guiding the natural
promoters evolution.
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1 Introduction

Synthetic biology suggests the possibility of developing organisms with dif-
ferent functional abilities that may provide solutions to a wide variety of
fundamental problems ranging from medicine to renewable energy. Produc-
ing such organisms may require a deep understanding of existing as well as
novel signal transduction/gene regulatory network designs. Recent work has
shown the feasibility of complete genome transplantation [1], thus, in the-
ory, completely original networks could be employed. In practice synthetic
circuits have already been constructed [2, 3]. However, for many aspects
ranging from the construction of the individual components to the design of
the architecture of the networks themselves, much remains to be understood.

On the network level Alon [4] provides a compelling framework for under-
standing the design principles of biological circuits as it relates local models
for transcriptional regulation and network design to phenomenological func-
tion of the system as a whole. The local model is in accordance with the
concept of regulated recruitment [5], wherein the rate of transcription of
mRNA is determined by the local structure of the DNA and concentrations
of regulatory proteins, often referred to as activators and repressors. As the
names suggest activators enhance and repressors decrease the rate of tran-
scription. For the most part, Hill functions are used in [4] to model the
transcription rate: f(r) = arn/(b + rn) for activators and f(r) = a/(b + rn)
for repressors with n ≥ 1. Observe that these are monotone functions of the
regulatory protein r.

The assumption of monotone regulatory interaction is widespread. The
most common representation of a regulatory network is a graph with vertices
corresponding to the chemical species or genes and edges corresponding to
reactions. Each reaction is usually labelled with a positive or a negative sign
corresponding to up- or down-regulation. Considerable effort has been spent
deducing dynamics and function from such representations of a network [4, 6].
The theory of motifs is a result of such activity.

Assuming all chemical reactions on the regulatory region involving the
regulatory proteins and RNA polymerase (RNAP) equilibrate on a much
faster time scale than transcription, Shea and Ackers [7] construct a non-
linear model for the rate of transcription. Since the first time scale is on
the order of milliseconds (bacteria) to seconds (eukaryotes) and the other on
the order of minutes [4], this is a reasonable assumption in both bacterial
and eukaryotic cells. The Shea-Ackers model provides a broadly accepted
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quantitative framework [8] and has been experimentally validated for a va-
riety of gene networks [9, 10, 11, 12, 7]. It should also be noted that since
the Hill function is derived from the assumption of equilibrium binding of
one transcription factor to the promoter, the Shea-Ackers nonlinearity is a
generalization of the Hill function that naturally allows for multiple binding
factors.

There are many ways in which transcription initiation is controlled and
very likely more ways will be discovered in the future, but (at least in prokary-
otes) there are three main steps in this process. The first is the binding of
RNA polymerase to the DNA (characterized by the association constant KB

that is directly related to the binding energy of RNA polymerase to DNA).
The second is isomerization of the closed RNAP-DNA complex to an open
complex (characterized by a rate constant kf ), and finally successful clear-
ance of the promoter by RNA polymerase (characterized by the constant
kclear). In the Shea-Ackers framework the last two processes are modelled as
a transcription initiation rate and are lumped into one constant k. Both the
binding energy of RNAP and the transcription initiation rate are controlled
by the transcription factors. Thus to each control state s, which is a par-
ticular configuration of regulatory proteins and RNAP bound to the DNA,
there is an association constant KB(s) and an initiation rate constant k(s).

Within the context of the model of regulated recruitment the set of con-
trol states, the association constants and the initiation rate constants are the
fine levers by which the cell controls transcription. These can be measured.
Of course, what is of interest to systems biologists is the effect of particular
regulators on transcription. Transcription factors are activators if an increase
in their concentration leads to an increase in the rate of transcription and
they are repressors if an increase in their concentration leads to a decrease
in the rate of transcription. The Shea-Ackers transcription rate function is
a sufficiently well established quantitative model of these interactions to jus-
tify a mathematical investigation of its behavior as a function of association
constants KB, and transcription initiation rates k.

Observe that the above definition of an activator or repressor is equivalent
to an assumption of monotonicity with respect to the concentration of the
regulatory protein. While this is true for Hill functions, we show in this
paper that it need not be the case for the Shea-Ackers function. While this
should not be a surprise to biologists - in low concentrations the regulatory
protein CI2 in the phage lambda switch is an activator for the cI gene, but at
high concentrations it becomes a repressor - the theoretical extent to which
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non-monotonicity may occur has not, to the best of our knowledge, been
made clear.

The mathematical implications of non-monotone reaction functions can
be significant. As an example, the global dynamics of cyclic feedback systems
with arbitrarily many components with monotone reaction functions exhibits
very simple dynamics; asymptotically one can have only equilibria or periodic
orbits [13]. However, if the reaction functions are not monotone, then one
can have chaotic dynamics [14].

In principle, the lack of monotonicity of the Shea-Ackers function could
have an equally significant impact on the conclusions expressed in [4] concern-
ing the design principles of biological circuits. In reality, it is quite possible
that the biologically constrained parameters prevent this non-monotonicity.
Understanding and design of transcriptional regulation require the ability to
easily identify the appropriate constraints on the set of states, their associ-
ation constants, and their initiation rate constants. With this in mind we
introduce what we refer to as the regulatory constant, ρ, which is a nonlinear
combination of various association and initiation rate constants, that reduces
the determination of regions of monotonicity to linear equations. If r is a
regulatory protein with regulatory constant ρr, then in the absence of any
other regulatory proteins ρr > 1 implies that r is an activator and ρr < 1
implies that r is a repressor.

An outline of this paper is as follows. In Section 2 we review the Shea-
Ackers model and illustrate it in the context of the trp and lac operons
of E. coli. In Section 3 we introduce various concepts and notation. We
begin our analysis of the Shea-Ackers model by showing that in this model
the transcription rate is entirely controlled by the association and initiation
rate constants (see Theorem 3.6). Section 4 contains the main results of
this paper. In Section 4.1 we examine the case of a regulatory region with
a single binding site and a single regulatory protein. Though the Shea-
Ackers function is more general than a Hill function, monotonicity is still
preserved. We also derive a relationship between the association constant
and the initiation rate constant for the regulatory protein that determines
whether the protein is an activator or a repressor (see Figure 5).

This relation leads to the definition of the regulatory constant ρr. Since it
is well known [15] that multiple regulatory proteins can bind at the same site,
in Section 4.2 we consider the case of a regulatory region with a single bind-
ing site but multiple regulatory proteins. Formulas which exactly determine
when proteins will be activators or repressors as a function of their regula-
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tory constants are presented. A complete classification for the case of two
regulatory proteins is given in Theorem 4.6 and Corollary 4.7. Section 4.3
examines the unequal impact of the association constant KB and transcrip-
tion initiation rate constant k on the Shea-Ackers function. In Section 4.4
we extend the results of Section 4.2 to a generic gene with one regulatory
protein that has two possible binding sites. We define a regulatory constant
for a pair ρ12 and again we are able to determine if the regulatory protein r
is an activator or a repressor using values of the regulatory constants ρ1, ρ2,
and ρ12. We apply our results to a phage λ model. Finally in Section 4.5 we
calculate the Shea-Ackers function for a gene with two regulators and two
binding sites where one of the regulator binding sites overlaps the RNAP
binding site. Imposing further restrictions we recover a model of the lac
operon.

2 The Shea-Ackers Model

The model for regulated recruitment begins with the concept of regulatory
proteins binding in various configurations and at different sites in the regu-
latory region of a particular gene. To capture this we consider a collection of
control states. The simplest state is the empty state which occurs when no
regulatory proteins and no RNA polymerase is bound to the regulatory re-
gion. We denote this by s∅. The set of possible non-empty states is denoted
by S. For the purposes of this paper a state in S is typically determined
by the configurations of the regulatory proteins for that particular gene,
{r1, . . . , rn}, and the presence or absence of RNAP, though in principle other
control factors could be included. The simplest non-empty states consist of
those for which a single regulatory protein or a single RNAP is bound to
the DNA. These states are called elementary states and denoted by E ⊂ S.
Within the context of the model of regulated recruitment we can use the
elementary states to describe the minimal information associated with any
non-empty state s ∈ S. This leads to the following definition.

Definition 2.1 A decomposition of the state s ∈ S is the list of elementary
states {si | i = 1, . . . , I} ⊂ E which indicates whether regulatory proteins
and/or RNAP are bound to the DNA when the state s occurs. In an abuse
of notation we will often write s = {si | i = 1, . . . , I}.
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RNAP plays an essential role in that without its presence transcription
cannot occur. We use [·] to denote concentration, and P represents RNA
polymerase. Although the concentration of RNAP is a variable, [P], in order
to keep our focus on the effects of regulatory proteins, it will be treated as
a constant. The elementary state where only RNAP is bound to the DNA
is denoted by sP . Let S0 ⊂ S be the set of states which do not have RNAP
bound to the promoter.

Under the assumption that the binding of RNAP and proteins ri to the
DNA is sufficiently more rapid than the transcription process Ackers et. al.
[9] define the probability of the occurrence of the control state s to be

P(s) = P(s)([P ], [r1], . . . , [rm]) =
KB(s)[P ]αs [r1]

α1
s [r2]

α2
s ...[rm]α

m
s

Z
,

where
KB(s) := e−

Es
RT (1)

and the partition function Z is given by

Z([P ], [r1], . . . , [rm]) = 1 +
∑
s∈S

KB(s)[P ]αs [r1]
α1

s [r2]
α2

s ...[rm]α
m
s . (2)

In this formula Es denotes the energy associated to the state s ∈ S under
the normalization that Es∅ = 0. The exponents αi

s indicate the number of ri

molecules bound to the regulatory region in state s and similarly, αs denotes
the number of RNAP molecules bound to the regulatory region in state s.
As is standard, T is the temperature and R is the universal gas constant [16].

Let k(s) be the rate of transcription initiation of the binding state s. In
particular, if αs = 0, i.e. s ∈ S0, then it is assumed that k(s) = 0. Under
these assumptions the Shea-Ackers transcription rate function [7] of the gene
in question is

f([P ], [r1], . . . , [rm]) =
∑
s∈S

k(s)P(s). (3)

Remark 2.2 From (3) it should be clear that to describe transcription regu-
lation of a gene within the context of the Shea-Ackers function it is sufficient
to know the set of states S and for each state s to know the association
constant KB(s) and the transcription initiation rate k(s). Because of its
frequent use we define KP := KB(sP ) and kP := k(sP ).

6



A

B

Figure 1: Regulatory regions of trp and lac operon in E. Coli. (A) The trp
operator O (binding site for TrpR) overlaps the trp promoter Ptrp (RNA
polymerase binding site). When TrpR is bound to the DNA transcription
cannot occur. (B) The lac operator O1 (binding site for lacI) overlaps the lac
promoter Plac. When lacI is bound to the DNA, transcription cannot occur.
The CAP binding site is upstream of the lac promoter and when bound by
the CAP-cAMP complex it enhances the probability of RNAP binding to the
promoter.

Example 2.3 The trp operon of E. coli is regulated by the TrpR repressor
protein (see Figure 1.A). When tryptophan is present, it binds the TrpR
repressor inducing conformational change in that protein and enabling it
to bind the trp operator. This binding prevents transcription, since the
operator overlaps with the RNA polymerase binding site. When tryptophan
is limiting, the TrpR repressor is free of its corepressor (tryptophan) and
cannot bind to the operator, allowing RNAP to bind the promoter and start
transcription [17].1

1The trp operon is also subject to transcription attenuation and feedback inhibition
[17]. Within the context of this model we do not consider these types of regulation.
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For this genetic regulatory region, there are three states, s∅, sP , and the
elementary state sr in which TrpR is bound to the DNA. Let [r] denote
the concentration of TrpR. To simplify the notation let Kr := KB(sr). The
partition function is given by Z([r], [P ]) = 1 + Kr[r] + KP [P ]. Since sP is
the only regulatory state leading to transcription, the Shea-Ackers function
for the trp operon is

f([r], [P ]) =
kP KP [P ]

1 + Kr[r] + KP [P ]
. (4)

This function can be viewed as a generalization of the Hill function for protein
binding, with the addition of RNA polymerase. When [P ] is assumed to be
constant f becomes a Hill function for a repressor with a = kP KP [P ] and
b = 1 + KP [P ].

Example 2.4 The transcription of the E. coli lac operon is controlled by lacI
and CAP-cAMP complex. The lacI binding region (operator O1) overlaps
with the RNA polymerase binding site and the CAP-cAMP complex binding
site is located upstream of the promoter [15] (see Figure 1.B). In the absence
of the inducer allolactose, lacI will bind to the operator and prevent binding
of RNAP which prevents transcription. In the presence of allolactose, the
repressor can no longer bind to the operator because of the interaction of the
inducer with the repressor. Only in the absence of adequate glucose supply
will the CAP-cAMP complex bind to the DNA, which is required for RNAP
to effectively bind the promoter. Therefore transcription will occur only in
the presence of allolactose and absence of glucose, that is, only when the
CAP-cAMP complex is bound to the DNA and lacI is not bound. The set of
possible regulatory states are s∅, sP , sc, sr, scP = {sc, sP}, and scr = {sc, sr}.
The elementary states sc and sr correspond to binding of the CAP-cAMP
complex to the DNA and the repressor to the DNA, respectively. To simplify
notation let us denote k(s∗) and KB(s∗) by k∗ and K∗, respectively. The
Shea-Ackers function is given by

f([c], [r], [P ]) =
[P ]

Z
(kP KP + kcP KcP [c]), (5)

where

Z([c], [r], [P ]) = 1 + Kc[c] + Kr[r] + Kcr[c][r] + KP [P ] + KcP [c][P ]).
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3 Activators and Repressors

The simplest control design would involve each regulatory protein acting as
either an “activator” or a “repressor.” Heuristically, increasing the presence
of an activator should result in a higher expression of the gene, while increas-
ing the presence of a repressor should lead to a lower level of gene expression.
To tease out the intricacies in the Shea-Ackers function, we begin our analysis
with a generic regulatory region. We use this to extract a binding dependence
constant and a normalized transcription initiation constant. These constants
define control within the Shea-Ackers function. This is the macroscopic char-
acterization of the activator and the repressor. With this in mind we make
the following definitions.

Definition 3.1 A regulatory protein r is a phenomenological activator for a
gene if the transcription rate of this gene always increases with the concentra-
tion of r, that is, ∂f

∂[r]
> 0 for all [r] ≥ 0. Conversely, r is a phenomenological

repressor for the gene in question if the transcription rate of this gene always
decreases with the concentration of r, that is, ∂f

∂[r]
< 0 for all [r] ≥ 0.

Example 3.2 Consider the trp operon as in Example 2.3. The Shea-Ackers
function is given by (4). Differentiation gives

∂f

∂[r]
([r], [P ]) = −kP KrKP [P ]

Z2
< 0,

and hence the regulator r is a phenomenological repressor.

Example 3.3 Consider the tox gene regulation by DtxR protein. The diph-
theria toxin is composed of two subunits that are synthesized from the tox
gene. The regulatory region for the tox gene consists of an operator overlap-
ping with the RNA polymerase binding site [17] (see Figure 2). The DtxR
protein binds to the operator for the tox gene only in the presence of ferrous
ions (Fe2+) and prevents transcription. The tox gene is turned on when there
is a low level of free iron. Since the regulatory region for the tox gene has the
same configuration of Example 3.2, the Shea-Ackers function will be given
by (4) with r representing the DtxR protein. It follows from Example 3.2
that the regulator DtxR is a phenomenological repressor.

An argument following the lines of Examples 3.2 and 3.3 leads to the
following result.
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Figure 2: The tox operon regulatory region: The tox operator O (binding
site for DtxR) overlaps with the tox promoter Ptox. When DtxR is bound to
the DNA transcription cannot occur.

Proposition 3.4 Consider a gene with regulators ri all of whose binding
sites overlap with the RNAP binding site, and whose binding excludes binding
of RNAP. Then the regulators ri are phenomenological repressors.

As the name suggests, we use the adjective phenomenological to indi-
cate the most directly observable relationship between the concentration of a
regulatory protein and the production of the associated mRNA of the gene.
However, given a set of possible states, the Shea-Ackers function has two free
parameters, the association constant, KB(s), and the transcription initiation
rate constant, k(s). In principle these quantities can be determined by ex-
periment. Thus, it makes sense to try to understand the phenomenological
properties of regulatory proteins in terms of their association constants and
transcription initiation rates. We begin with the following definition which
is justified by Theorem 3.6.

Definition 3.5 The decomposition {si | i = 1, . . . , I} of a state s in terms
of its elementary states is independent if

KB(s) =
I∏

i=1

KB(si)

or equivalently

Es =
I∑

i=1

Esi
.
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The following theorem shows that within the Shea-Ackers function all the
regulation of gene transcription occurs because of the interactions of binding
energies and transcription initiation rates. Without this, the Shea-Ackers
function reduces to a Hill function describing interaction of RNAP and the
promoter. In particular, the transcription rate is constant with respect to
concentrations of regulatory proteins.

Theorem 3.6 Consider a gene with the set of regulatory states S which
satisfies the following two conditions:

1. for each state s ∈ S its decomposition into its elementary states is
independent,

2. the rate of transcription initiation k(s) does not depend on the state,
i.e. k(s) = k for all the states s 6∈ S0.

Then the transcription rate is given by

f([P ], [r1], . . . , [rm]) = k
KP [P ]

1 + KP [P ]
.

Proof. Consider a gene with a regulatory region that contains n distinct
binding sites for m proteins, {r1, . . . , rm}, and one binding site for RNAP.
Let k be the state independent rate of transcription initiation. To simplify
notation we will denote KB(si) by Ksi

. Since each state is decomposed
independently into its elementary states

P (s) = k
Ks1Ks2 . . . KsnKP [r1]

α1
s [r2]

α2
s . . . [rm]α

m
s [P ]

Z
,

and

Z([P ], [r1], . . . , [rm]) = 1+
∑
s∈S

(Ks1Ks2 . . . KsnKsn+1 [r1]
α1

s [r2]
α2

s . . . [rm]α
m
s [P ]αs),

where si ∈ {r1, . . . , rm, ∅} for i = 1, . . . n and either sn+1=sP when RNAP is
bound, or sn+1=s∅ when the RNAP binding site is empty.

Therefore the transcription rate is of the form

f([P ], [r1], . . . , [rm]) = k
A([P ], [r1], [r2], . . . , [rm])

A([P ], [r1], [r2], . . . , [rm]) + B([r1], [r2], . . . , [rm])
,
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with B =
∑

s∈S0
Ks1 . . . Ksn [r1]

αs
r1 . . . [rm]α

s
rm and A = KP [P ]B.

Then

f([P ], [r1], . . . , [rm]) = k
KP [P ]B

KP [P ]B + B
= k

KP [P ]

1 + KP [P ]
,

which is a Hill function of the concentration of RNA polymerase, which is
independent of the concentration [ri] of the transcription factors.

Theorem 3.6 indicates that for control to occur there must be dependence
of states and/or differences in the transcription initiation rate. To quantify
these differences we introduce two new parameters.

Figure 3: The regulatory region of gryB as an example of φ < 1. In the
regulatory region of gyrB there are Fis binding sites upstream of the RNA
polymerase binding site. When Fis is bound to the DNA it enhances RNA
polymerase binding, but transcription fails to initiate.

Definition 3.7 Given a state {si | i = 1, . . . , I} its binding dependence con-
stant is defined by

βs :=
KB(s)∏I

i=1 KB(si)

and if s ∈ S \ S0 its normalized transcription initiation constant is

φs :=
k(s)

kP

.
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Figure 4: The right operator of phage λ as an example of φ > 1. The cro
gene is transcribed from the PR promoter, while the cI gene is transcribed
from PRM promoter. The DNA regions OR1, OR2 and OR3 are binding sites
for either CI or Cro proteins.

Example 3.8 (Case of φ < 1) Gyrase, an enzyme found in bacteria and
plants, is composed of two subunits GyrA and GyrB, both of which are in-
hibited by Fis, a nucleoid protein [18, 19]. Fis inhibits GyrA by directly
competing with RNAP for the gyrA promoter. The control of GyrB expres-
sion is more interesting. In the presence of Fis, RNAP stably binds the gyrB
promoter, and even forms an open complex, but transcription still fails to
initiate [20], see Figure 3. Because RNAP in the presence of Fis freely and
stably binds to the gyrB promoter, but transcription fails, this is an example
of φ < 1.

Example 3.9 (Case of φ > 1) The right operator OR in phage λ has three
regions designated OR1, OR2 and OR3 (see Figure 4). The OR region also
contains two disjoint promoters PR (Right promoter) and PRM (Repression
Maintenance promoter). The promoter PR completely overlaps OR1 and
partially overlaps OR2; PRM completely overlaps OR3 and partially overlaps
OR2. The gene cI, that codes for the repressor protein, and a gene cro, that
codes for Cro protein, flank the OR region. The binding of RNA polymerase
to PR initiates transcription of cro gene, while RNAP binding to PRM initi-
ates transcription of the cI gene. When a CI2 protein binds OR2 it assists
PRM bound RNAP to isomerize from a closed complex to an open complex,
increasing the transcription rate [15]. This is an example of φ > 1.
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4 Binding and Initiation Regulation

The key question we want to address is the correspondence between acti-
vation and repression on the biochemical level and on the macroscopic, or
phenomenological level. We define a regulatory constant ρ which has a non-
linear dependence on both the binding dependence constant and the normal-
ized transcription initiation constant. In Proposition 4.3 we characterize a
phenomenological regulator using ρ and show that in the simplest of settings
a phenomenological activator is equivalent to ρ > 1 and a phenomenological
repressor is equivalent to ρ < 1.

In Section 4.2 we find that the constant ρ determines whether a regulator
is an activator or a repressor in a situation where multiple regulators com-
pete for the same binding site. In section 4.3 we explore in more depth the
unequal effect of KB and k, two key parameters of the Shea-Ackers function,
on the rate of transcription. In section 4.4 and section 4.5 we discuss acti-
vation and repression for the operators with two binding sites and one, or
two regulators, respectively. We illustrate our results on examples of phage
λ and lac operons.

4.1 The Simple Regulatory Region

The simplest nontrivial regulatory region has one binding site for the RNAP
and another for a single regulatory protein. We capture this in the following
definition.

Definition 4.1 A simple regulatory region is defined by the set of states
S = {s∅, sr, sP , srP} where srP = {sr, sP}.

The existence of the state srP implies that both RNAP and the protein
r can be bound to the DNA simultaneously. To simplify the notation, let

βr :=
KB(srP )

KB(r)KP

and φr :=
k(srP )

kP

.

Observe that the Shea-Ackers function is

f([r], [P ]) =
kP KP [P ] + k(srP )KB(srP )[r][P ]

1 + KB(sr)[r] + KP [P ] + KB(srP )[r][P ]

=
kP KP [P ]

Z
(1 + φrβrKr[r]) . (6)
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Whether r is an activator or repressor is determined by the sign of the deriva-
tive of f . Differentiating (6) gives

∂f

∂[r]
([r], [P ]) =

kP KrKP [P ]

Z2
(φrβr(1 + KP [P ])− 1− βrKP [P ]) . (7)

Failure of the regulatory protein to be an activator or a repressor at a
particular concentration is equivalent to ∂f

∂[r]
([r], [P ]) = 0, that is,

φrβr(1 + KP [P ])

1 + βrKP [P ]
= 1.

This leads to the following definition.

Definition 4.2 Consider a regulatory region with a regulatory protein r for
which the state srP = {sr, sP} exists. The regulatory constant of r is

ρr :=
φrβr(1 + KP [P ])

1 + βrKP [P ]
. (8)

As an example, consider an E. coli culture with growth rate µ ≈ 0.02
min−1, which corresponds to a doubling time of 30 minutes, then there are
approximately 1500 active RNA polymerase molecules per cell [21]. This
corresponds to [P ] ≈ 3.0 µM and hence

ρr :=
φrβr(1 + 3.0 ·KP )

1 + 3.0 · βrKP

.

Rewriting (7) in terms of the regulatory constant we obtain

∂f

∂[r]
([r], [P ]) =

kP KrKP [P ]

Z2
(1 + βrKP [P ]) (ρr − 1). (9)

Thus, as expected the sign of the derivative is determined by ρr. This gives
the following result.

Proposition 4.3 Consider a simple regulatory region with regulatory protein
r. Then

r is a phenomenological activator ⇐⇒ ρr > 1

and
r is a phenomenological repressor ⇐⇒ ρr < 1.
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As immediate consequences of Proposition 4.3 we have the cases when
either the binding constant βr or the normalized transcription initiation con-
stant ρr is one.

Corollary 4.4 Consider a simple regulatory region and suppose that the rate
of transcription initiation is independent of state, i.e. k(sP ) = k(s) = k.
Then,

r is a phenomenological activator ⇐⇒ βr > 1

and
r is a phenomenological repressor ⇐⇒ βr < 1.

Corollary 4.5 Consider a simple regulatory region and assume that the de-
composition of s into its elementary states is independent. Then,

r is a phenomenological activator ⇐⇒ φr > 1

and
r is a phenomenological repressor ⇐⇒ φr < 1.

Observe that if ρr = 1, then ∂f
∂[r]

≡ 0, and hence r has no regulatory
impact. Figure 5 indicates the ρr = 1 isocline in the binding dependence
constant and normalized transcription initiation constant plane.

One of the consequences of this result is that the regulatory protein r
is either a phenomenological activator or phenomenological repressor, but
it cannot take on both functions. As is indicated in later subsections, the
introduction of multiple regulatory proteins or multiple binding sites changes
this.

4.2 Multiple Regulators, One Binding Site

The examples of multiple proteins competitively binding to the same site
are ubiquitous and range from λ phage Cro and CI proteins [15] to eukary-
otes [22].

With this in mind we turn our attention to the setting of a gene with n
regulatory proteins ri, i = 1, . . . , n, one regulator binding site, and one RNAP
binding site. The associated collection of states is S = {s∅, si, sP , siP | i = 1, . . . , n},
where siP = {si, sP}. The initiation rate function is given by

f([r1], . . . , [rn], [P ]) =
kP KP [P ]

Z

(
1 +

n∑
i=1

φiβiKi[ri]

)
(10)
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6

βr
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Figure 5: The relative importance of the dependence constant as opposed
to the normalized transcription initiation constant in determining whether a
single regulator is a phenomenological activator or repressor.

where Z = 1 +
∑n

i=1 Ki[ri] + KP [P ] +
∑n

i=1 βiKiKP [ri][P ].
Straightforward differentiation and substitution of (8) gives

∂f

∂[ri]
=

kP KiKP [P ]

Z2
· 1 + βiKP [P ]

1 + KP [P ]
(11)(

(1 + KP [P ])(ρi − 1) +
n∑

j=1

Kj(1 + βjKP [P ])[rj](ρi − ρj)

)

From an experimental point of view, perhaps the easiest test for the reg-
ulatory nature of the protein ri is to measure whether production of mRNA
increases or decreases with respect to [ri] in the absence of the other regula-
tory proteins. Observe that

∂f

∂[ri]
|[rj ]=0,j 6=i=

kP KiKP [P ]

Z2
· (1 + βiKP [P ])(ρi − 1). (12)

Therefore the sign of ∂f
∂[ri]

for low concentrations of other proteins [rj], j 6= i,
is determined by the regulatory constant ρi.

To determine whether or not a regulator can change between an activator
and repressor requires identifying the regions where ∂f

∂[ri]
= 0. Solving (12)

17



for zero gives rise to the following hyperplane

n∑
j=1

Kj(1 + βjKP [P ])(ρi − ρj)[rj] = (1 + KP [P ])(1− ρi). (13)

-

6

ρz

ρy ρy = ρz
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�
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�
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�
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1

1

(d)

(c)

(a)

(b)(e)

(3) (1)

(2)

Figure 6: The regulatory constants ρy and ρz determine the roles of the
regulatory proteins y and z as activators or repressors. In region (1) z is a
phenomenological activator and y is a phenomenological repressor. For all
values of ρz and ρy in region (2), there is a particular [z]∗ which designates
whether y is an activator or repressor. Similarly, region (3) has a [y]∗ where
z is an activator or repressor.

As a first application of this formalism we completely characterize the
behavior of the regulatory proteins when n = 2. To make the notation more
transparent let y = r1 and z = r2. Without loss of generality we restrict our
attention to the case where ρz ≥ ρy. (See Figure 6.)

Theorem 4.6 Consider a gene with two regulatory proteins y and z, one
regulator binding site, and one RNAP binding site.

1. If ρz > 1 > ρy, then z is a phenomenological activator and y is a
phenomenological repressor.
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2. If ρz > ρy > 1, then z is a phenomenological activator and there exists
[z]∗ > 0 such that if [z] > [z]∗ then y is an activator and if [z]∗ > [z]
then y is a repressor.

3. If 1 > ρz > ρy, then y is a phenomenological repressor and there exists
[y]∗ > 0 such that if [y] > [y]∗ then z is an activator and if [y]∗ > [y]
then z is a repressor.

We also have the following special cases.

Corollary 4.7 Consider a gene with two regulatory proteins y and z, one
regulator binding site, and one RNAP binding site.

a. If 1 = ρz > ρy, then z is an activator for all [y] > 0 and y is a
phenomenological repressor.

b. If ρz > ρy = 1, then z is a phenomenological activator and y is a
repressor for all [z] > 0.

c. If ρz = ρy > 1, then z and y are phenomenological activators.

d. If 1 > ρz = ρy, then z and y are phenomenological repressors.

e. If ρz = ρy = 1, then ∂f
∂[z]

= ∂f
∂[y]

≡ 0. Thus neither z nor y are phe-
nomenological activators or repressors.

Proof of Theorem 4.6. In this simpler setting, (13) reduces to two equations
which can be solved explicitly:

[y]∗ =
(1 + KP [P ])(ρz − 1)

Ky(1 + βyKP [P ])(ρy − ρz)
(14)

and

[z]∗ =
(1 + KP [P ])(ρy − 1)

Kz(1 + βzKP [P ])(ρz − ρy)
. (15)

Observe that there exists at most one positive value for [y]∗ and [z]∗.
1. Both [y]∗ < 0 and [z]∗ < 0, thus f is monotone in [z] and [y]. The

result follows from (12).
2. In this case, [y]∗ < 0 and [z]∗ > 0. Again, the signs of the derivatives

are determined by (12).
Similar arguments prove 3 as well as Corollary 4.7
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A presentation of the complete characterization of the behavior of more
than two regulatory proteins is possible, but tedious. Instead we present a
typical result in the case of three regulatory proteins.

Proposition 4.8 Consider a gene with three regulatory proteins ri, i =
1, 2, 3, one regulator binding site, and one RNAP binding site. Assume
ρ3 > ρ2 > 1 > ρ1. Then

1. r3 is a phenomenological activator.

2. r1 is a phenomenological repressor.

3. If

[r3] >
K1(1 + β1KP [P ])(ρ1 − ρ2)

K3(1 + β3KP [P ])(ρ2 − ρ3)
[r1] +

(1 + KP [P ])(1− ρ2)

K3(1 + β3KP [P ])(ρ2 − ρ3)

then r2 is a phenomenological repressor, and if

[r3] <
K1(1 + β1KP [P ])(ρ1 − ρ2)

K3(1 + β3KP [P ])(ρ2 − ρ3)
[r1] +

(1 + KP [P ])(1− ρ2)

K3(1 + β3KP [P ])(ρ2 − ρ3)

then r2 is a phenomenological activator.

We note that the curve in the [r1], [r3] plane that separates regions where r2 is
an activator and where r2 is a repressor is a line where both the slope and the
intercepts are functions of ρ1, ρ2 and ρ3. This underscores the effectiveness of
the regulatory constants in the characterization of activation and repression.

4.3 KB versus k-cooperativity

Consider a regulatory region with states S. Let r be a regulatory protein.
Denote the elementary state in which r is bound to the DNA by sr. De-
fine Sr ⊂ (S \ S0) to be the set of states s which contain the elementary
state sr in their decomposition. The protein r exhibits KB-cooperativity (k-
cooperativity) if β(s) > 1 (φ(s) > 1) for all s ∈ Sr. We wish to compare the
relative effect of KB-cooperativity against k-cooperativity.

The following theorem indicates that if a particular regulatory protein can
produce either an “equal” amount of KB-cooperativity or k-cooperativity,
then the latter results in a greater rate of production of mRNA. Apart from

20



-

6

[r1]

[r3]

[r3] = a[r1] + b

�
�

�
�

�
�

�
�

�
�

�
�

�
�

r2 is an activator

r2 is a repressor

b

Figure 7: Under the assumption that ρ3 > ρ2 > 1 > ρ1 we show that r3 is
a phenomenological activator and r1 is a phenomenological repressor. A line
in [r1], [r3] plane separates regions where r2 is an activator and where r2 is

a repressor, see Proposition 4.8. The slope a = K1(1+β1KP [P ])(ρ1−ρ2)
K3(1+β3KP [P ])(ρ2−ρ3)

and the

intercept b = (1+KP [P ])(1−ρ2)
K3(1+β3KP [P ])(ρ2−ρ3)

are functions of ρ1, ρ2 and ρ3.

the maximal production of mRNA there are very likely other evolutionary
constraints imposed on the cell. A corollary of our result is that if a partic-
ular protein interacts with RNA polymerase by only KB cooperativity, then
there must be additional constraints worth the trade-off of decreased mRNA
production.

Theorem 4.9 Consider a regulatory region with states S and regulatory pro-
teins {r, r1, . . . , rn}. Let srP = {sr, sP} where sr is the elementary state where
r is bound to the DNA. Assume that for all s ∈ Sr, as defined above,

KB(s) = KB(srP ) and k(s) = k(srP ).

Let fa,b denote the initiation rate function under the assumption that βsr = a
and φsr = b. If c > 1, then

f 1,c([r], [r1], . . . [rn], [P ]) > f c,1([r], [r1], . . . [rn], [P ]).
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Proof. The initiation rate function fa,b has the form

ab
∑

s∈Sr kP KP [r]α0 · · · [P ]α +
∑

s∈(S\(Sr∪S0)) k(s)KB(s)[r]α0 · · · [P ]α

1 + a
∑

s∈Sr KB(srP )[r]α0 · · · [P ]α +
∑

s∈S\Sr KB(s)[r]α0 · · · [P ]α

Thus, f 1,c is given by

c
∑

s∈Sr kP KP [r]α0 · · · [P ]α +
∑

s∈(s∈(S\(Sr∪S0))) k(s)KB(s)[r]α0 · · · [P ]α

1 +
∑

s∈Sr KP [r]α0 · · · [P ]α +
∑

s∈S\Sr) KB(s)[r]α0 · · · [P ]α

while f c,1 is given by

c
∑

s∈Sr kP KP [r]α0 · · · [P ]α +
∑

s∈(s∈(S\(Sr∪S0))) k(s)KB(s)[r]α0 · · · [P ]α

1 + c
∑

s∈Sr KP [r]α0 · · · [P ]α +
∑

s∈S\Sr KB(s)[r]α0 · · · [P ]α

The numerators of the two terms are identical but the denominator of f c,1 is
larger since c > 1.

Example 4.10 The difference between KB- and k-cooperativity may have
consequences for the function of the organism. On the PRM promoter of the
phage λ the CI2 repressor interacts with RNAP using k-cooperativity [15].
By using a detailed model of the induction process, which was based on
experimental data, Gedeon et. al. [10] predict that replacing k-cooperativity
with the same amount of KB-cooperativity yields a defective phage. This
mutant phage induces at a much lower level of radiation and is inherently
unstable to noise.

Finally, our result can be viewed in the context of design of tightly con-
trollable promoters in synthetic biology. Lanzer and Bujard [23] studied
which factors most affect repressibility of promoters. They found that both
the association constant of the RNA polymerase KP and the promoter clear-
ance rate kP play key roles. In a later paper Lutz and Bujard [24] put the
emphasis on the rate KP , since stronger binding of RNA polymerase puts
the repressor at a competitive disadvantage and hence a gene with high KP

is difficult to repress. They construct tightly repressible and highly inducible
synthetic operators from promoters with low to moderate KP . Our results
suggest that on highly inducible operators the cooperativity between the reg-
ulator and RNAP will be characterized by a moderate binding dependence
constant β and a very high normalized transcription initiation constant φ.
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4.4 One Regulator, Two Binding Sites

We now consider a gene with one regulator r, two regulator binding sites,
and one RNAP binding site. The collection of non-empty states is

S = {s1, s2, s12, sP , s1P , s2P , s12P}

where si, i = 1, 2 denotes the elementary state of r bound in the i-th binding
site and

s12 = {s1, s2} , s1P = {s1, sP} , s2P = {s2, sP} , s12P = {s1, s2, sP} .

To simplify the notation, let K∗ := KB(s∗) and φ∗ := φs∗ .
Then the Shea-Ackers function takes the form

f([r], [P ]) =
kP KP [P ]

Z
(1 + (φ1P β1P K1 + φ2P β2P K2)[r] + φ12P β12P K1K2[r]

2),

(16)
where

Z([r], [P ]) = 1 + KP [P ] + (K1 + K2)[r] + (β1P K1 + β2P K2)KP [r][P ] +

β12K1K2[r]
2 + β12P K1K2KP [r]2[P ].

Recall the regulatory constants for each protein-binding site pair

ρ1 :=
φ1P β1P (1 + KP [P ])

1 + β1P KP [P ]
and ρ2 :=

φ2P β2P (1 + KP [P ])

1 + β2P KP [P ]
.

With two binding sites there is an additional state where both sites are
occupied by the protein. We define a regulatory constant for a pair by

ρ12 :=
φ12P β12P (1 + KP [P ])

β12 + β12P KP [P ]
. (17)

Then after tedious computation the derivative of (16) can be written as

∂f

∂[r]
([r], [P ]) =

kP KP [P ]

Z2
(α1(ρ1 − 1) + α2(ρ2 − 1) + 2α12(ρ12 − 1)[r]

+ [r]2
α12

αP

(α1(ρ12 − ρ1) + α2(ρ12 − ρ2) ) ), (18)
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where

αP := 1 + KP [P ]

α1 := K1(1 + β1P KP [P ])

α2 := K2(1 + β2P KP [P ])

α12 := K1K2(β12 + β12P KP [P ])

are all positive constants.
Observe that kP KP [P ]

Z2 is nonzero for all [r] and the remainder of the deriva-
tive is a quadratic function

df

d[r]
=

kP KP [P ]

Z2
(A[r]2 + B[r] + C) (19)

where

A :=
α12

αP

(α1(ρ12 − ρ1) + α2(ρ12 − ρ2))

B := 2α12(ρ12 − 1) (20)

C := α1(ρ1 − 1) + α2(ρ2 − 1).

When the coefficients A, B, C have the same sign we have the following corol-
lary.

Corollary 4.11 Consider a gene with one regulator r, two regulator binding
sites, and one RNAP binding site. If

ρ12 ≥ ρ1 ≥ 1 and ρ12 ≥ ρ2 ≥ 1,

and at least one inequality is strict, then r is a phenomenological activator.
If

ρ12 ≤ ρ1 ≤ 1 and ρ12 ≤ ρ2 ≤ 1

and at least one inequality is strict, then r is a phenomenological repressor.

However, if the signs of the coefficients are not the same then r may be an
activator for small [r] and a repressor for large [r]. This indeed is the case in
phage λ PRM promoter where CI acts as an activator at low concentrations
and as a repressor at high concentrations [15].
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Example 4.12 The center of the regulatory processes in the phage λ is the
right operator OR, see Figure 4.

The lysogenic pathway corresponds to the state of the OR where CI dimers
are bound to both OR2 and OR1, blocking the PR promoter and thus tran-
scription of the cro gene, while RNAP is free to bind PRM, maintaining the
transcription of the cI gene. In the lysogen OR1 is almost always bound by
a CI2 protein and thus the production of Cro is very low. We simplify the
situation by assuming that in fact OR1 is always occupied by CI2 and there
is no production of Cro in lysogeny. Therefore we will only consider OR2 and
OR3 binding sites and only the regulatory protein CI.

These assumptions imply that we are in the setting of a single regulatory
protein with two binding sites. Let s1 and s2 correspond to the elementary
states where CI is bound to OR2 and OR3, respectively. However, in the
phage λ, OR3 overlaps with PRM. Mathematically this is incorporated by
setting β2P = β12P = 0 which implies that ρ12 = ρ2 = 0. This immediately
implies that A < 0 and B < 0. The value of C can in principle be of both
signs; if C < 0 then the CI would be a phenomenological repressor and if
C > 0 then there is a unique positive value [r]∗ at which r switches from
being an activator to being a repressor. At the value [r]∗ the transcription
initiation rate is at its maximum and in this respect the promoter is at its
peak performance. Based on the experimental values collected in Santillan
and Mackey [11] β1P = 1, φ1P = 12.26 and thus ρ1 = 12.26. Further K1 > K2

and (1 + KP [P ]) > 1 and therefore C > 0 in phage λ.

The next question we address is whether it is possible to choose values
of A, B, C in such a way that equation (19) has two positive roots. If it is
possible and A < 0, then the regulatory protein r is an activator at low [r], a
repressor at intermediate [r], and then an activator for large [r]. (For A > 0
the switch would be from repressor to activator and back to the repressor.)

While such A, B and C certainly exist for a general quadratic equation,
as the next Proposition shows, for A, B and C as specified in (20) this is not
possible.

Proposition 4.13 Consider a gene with one regulator r, two regulator bind-
ing sites, and one RNAP binding site. Then there is at most one positive
value [r]∗ at which the derivative of the transcription rate function f([r]) can
change the sign.
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Proof. For (19) to have two positive zeros either A < 0, C < 0 and B > 0
or all signs are reversed. We will show that this cannot happen. Assume
A < 0, C < 0 and B > 0, the other case being analogous. The condition
B > 0 is equivalent to

ρ12 > 1. (21)

The conditions A < 0 and C < 0 are equivalent to solving

α1(ρ12 − ρ1) + α2(ρ12 − ρ2) < 0 (22)

α1(ρ1 − 1) + α2(ρ2 − 1) < 0.

Since αi > 0, i = 1, 2 the terms ρ12−ρ2 and ρ12−ρ1 have opposite signs. The
same is true of ρ1 − 1 and ρ2 − 1. Assume that ρ1 − 1 > 0 and ρ2 − 1 < 0,
the opposite case being analogous. Since ρ12 > 1 this forces ρ12 − ρ2 > 0
and thus ρ12− ρ1 < 0. Then the solution of the set of inequalities (22) is the
region in the positive quadrant of the α1, α2 plane given by

α2 <
−(ρ12 − ρ1)

ρ12 − ρ2

α1, α2 >
ρ1 − 1

−(ρ2 − 1)
α1

where both slopes are positive. This set has non-empty intersection in the
the positive quadrant if and only if

−(ρ12 − ρ1)

ρ12 − ρ2

>
ρ1 − 1

−(ρ2 − 1)

which is equivalent to

(ρ12 − ρ1)(ρ2 − 1) > (ρ12 − ρ2)(ρ1 − 1).

After simplification this inequality is equivalent to

ρ12(ρ2 − ρ1) > ρ2 − ρ1.

Since ρ2 < ρ1 this contradicts (21). This contradiction finishes the proof of
the Proposition.

Example 4.14 (Optimal transcription depends on KB- vs. k-cooperativity.)
We revisit our simplified λ phage lysogen maintenance model and discuss the
dependence of the critical value [r]∗ on φ1P and β1P (see Section 4.3). Re-
call [25, 26] that the cooperativity between CI2 and RNAP is accomplished
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by OR2 bound CI2 increasing φ about 12-fold (φ1P ≈ 12) without having any
significant effect on binding probability of the polymerase (β1P ≈ 1).

When β12P = β2 = 0 the coefficients of the quadratic equation in 19 are

A = −K2
1K2β12φ1P β1P , B = −2K1K2β12 and

and
C = K1(φ1P β1P − 1)−K2) + β1P K1(φ1P − 1)KP [P ].

Solving for the positive root of the quadratic equation in [r] we get [r]∗ =
1

2A
(−B +

√
B2 − 4AC).

Now we discuss two cases. First, corresponding to the wild type phage,
we let β1P = 1 and φ1P = δ > 1. Then

[r]∗wt =
1

−K2
1K2β12δ

(−B+
√

B2 + 4K2
1K2β12δ(K1(δ − 1)(1 + β1P KP [P ])−K2).

(23)
The second case we analyze is in certain sense the opposite of the first

one. For this fictitious mutant we set β1P = δ > 1 and φ1P = 1, which means
that there a CI-RNAP binding cooperation, but CI does not enhance the
transcription initiation. Then the critical concentration value is

[r]∗mut =
1

−K2
1K2β12δ

(−B +
√

B2 + 4K2
1K2β12δ(K1(δ − 1)−K2). (24)

Since 1 + β1P KP [P ] > 0 comparing (23) and (24) we see that

[r]∗wt > [r]∗mut (25)

at the same δ.
Li et. al. [26] removed the positive control of the phage λ by an Arg

to His change in the σ70 subunit of RNAP. This corresponds to β1P = 1
and φ1P = 1 in our model. In the same paper Li et. al report that when
the mutant RNAP was combined with the wild type CI, β1P was increased,
without significantly affecting φ1P . By comparing the value of [r∗] in such a
mutant with the wild type value of [r∗]wt the prediction (25) can be verified
experimentally.

Using k-cooperativity (φ1P = δ > 1 and β1P = 1) it takes a lower value
of cooperation level δ to guarantee that CI2 is an activator at low concentra-
tions, compared to KB-cooperativity (β1P = δ > 1 and φ1P = 1)
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4.5 Two binding sites for two regulators

A canonical example for transcriptional control using two regulators is the
E. coli lac operon. The transcription of the lac operon is controlled by lacI
and CAP-cAMP complex (see Figure 1). This type of promoter has two
regulators y and z, one binding site for regulator y, one binding site for
regulator z and one RNAP binding site. The feasible states are

S = {s∅, sz, sy, sP , szP , szy} ,

where szP = {sz, sP} and szy = {sz, sy} . In particular, we assume that the
states s = {sz, sy, sP} and syP = {sy, sP} are not possible because of the
mutual overlap between the y and P binding sites. Then the transcription
rate is (compare (5))

f([z], [y], [P ]) =
kP KP [P ]

Z
(1 + φzβzP Kz[z]), (26)

where

Z([z], [y], [P ]) = 1 + Kz[z] + Ky[y] + βzyKzKy[z][y] + KP [P ](1 + βzP Kz[z]).

Furthermore,

∂f

∂[z]
([z], [y], [P ]) =

kP KP Kz[P ]

Z2
((ρz − 1)(1 + βzP KP [P ]) (27)

+(φzβzP − βzy)Ky[y])

∂f

∂[y]
([z], [y], [P ]) = −kP KP [P ]

Z2
(1 + φzβzP Kz[z])(Ky + βzyKzKy[z]).(28)

It is clear from expression (28) that the regulatory protein y is a phe-
nomenological repressor. But in general we cannot label z as a phenomeno-
logical activator or repressor.

Example 4.15 Now we specialize further to the lac operon where y repre-
sents lacI and z represents the CAP-cAMP complex. By [27] it is known that
φzP = 1, and by [12] we know βzy = 1 and βzP > 1, therefore (27) simplifies
to

∂f

∂[z]
([z], [y], [P ]) =

kP KP Kz[P ]

Z2
(βzP − 1)(1 + Ky[y]) > 0.
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It follows that z (CAP-cAMP) is a phenomenological activator. There-
fore in the lac operon setup with the repressor blocking transcription by
preventing RNA polymerase binding we recover the correspondence between
biochemical and macroscopic markers of activation and repression.

An immediate consequence of having φzP = 1 is that the sign of (27)
has no dependence on RNA polymerase concentration. It is interesting to
notice though that if φzP > 1 instead of φzP = 1, then z would still be a
phenomenological activator and y a phenomenological repressor. Not only
that, but z would be a more effective activator and y a more effective repressor
since the derivatives would be greater in absolute value, but would keep the
same signs. This situation could be achieved by moving the CAP binding
region. This is the situation in the gal operon promoter P1 [27]. It is not
clear why this is not the regulation process adopted in the lac operon, since
it seems that would be more effective regulation. It would be interesting to
investigate whether there are other constraints that force E. coli to use this
less than optimal regulator.

Another observation is that βzy = 1 is also not a requirement for z to be a
phenomenological activator and y a phenomenological repressor. Assuming
βzP > 1, it is sufficient to have βzy ≤ φzP βzP to still have the same result.
However, with these changes z would be less effective as an activator, and
y less effective as a repressor. On the other hand, if βzy > φzP βzP , then for
high concentrations of y the regulator z would work as a repressor instead.

5 Discussion

Most of the conceptual models of transcriptional regulation assume mono-
tonicity of the function relating product mRNA and the concentration of
the regulator. This perhaps reflects the prevailing mode of data collection
through knockout experiments where the absence of the putative regulator
causes either an increase or a decrease of the mRNA production. On the
modeling front this assumption leads to widespread use of Hill type response
functions.

The Shea-Ackers model of transcriptional regulation was introduced more
then 20 years ago. Using the chemical equilibrium assumption and using ex-
perimentally accessible parameters the resulting Shea-Ackers function relates
concentrations of regulatory proteins, RNAP and the geometry of the pro-
moter to the transcription rate. The model has been matched to experimental
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data and the necessary parameters have been measured for at least a couple
of canonical examples like lac operon in E. coli and phage λ switch.

The Shea-Ackers function reduces to a Hill function only in the case when
there are no regulatory proteins. We show however that the Shea-Ackers
function is still monotone for a promoter that contains a single binding site
for a single regulatory protein in addition to a RNAP binding site. If there
are more binding sites, or more regulatory proteins, then non-monotonicity
is common. While this non-monotonicity is used by certain organisms (CI2
control of its own expression in phage λ), it may be tightly controlled in
other cases by keeping concentrations of regulatory proteins in monotone
regions. This opens up many new questions about regulatory circuit design
and perhaps points to a need to revisit results that were obtained using the
Hill model response function.

For all but the simplest of operators the key parameters of the Shea-
Ackers model have a complicated, nonlinear effect of monotonicity of the
transcription rate. We define a new regulatory constant ρ which greatly sim-
plifies characterization of activation and repression for several complicated
promoter designs. Since the constant is experimentally accessible it provides
a new tool for the understanding of existing operators as well as the design
new ones.
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