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1 Introduction

The first step in understanding the dynamics of a nonlinear system of differential
equations
uy = E(u,v) (1)

on a Hilbert space is to identify the set of equilibria &£ := {(u,v) | E(u,v) = 0}.
For many applications this can only be done using numerical methods. In par-
ticular, continuation provides an efficient technique for determining elements on
branches of £. Recall, that this method involves a predictor and corrector step:
given, within a prescribed tolerance, an equilibrium wug at parameter value vy,
the predictor step produces an approximate equilibrium u; at nearby parameter
value v1, and the corrector step, often based on a Newton-like operator, takes
1 as its input and produces, once again within the prescribed tolerance, an
equilibrium u; at vy.

With any numerical method there is the question of validity of the output
as compared with the cost of computation. The goal of this paper is to argue
that for a large and important class of partial differential equations the cost of
validating the existence and uniqueness of equilibria is small when compared to
the cost of identifying potential equilibria by means of a continuation method.
Our interest in this question was motivated by the increasing development of
computer-assisted proofs in the dynamics of infinite dimensional systems (see
[2], [7] and references therein). As mathematicians we are willing to argue
forcefully for the importance of rigorous verification and thus marginalize the
cost. However, in reality for many applications researchers are often interested
in investigating a variety of model partial differential equations at a multitude
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of parameter values to gain scientific insight rather than an answer to a par-
ticular question. This places a premium on minimizing computational cost,
often leading to acceptance of the validity of numerical results simply based
upon the reproducibility of the result at different levels of refinement. As we
shall argue, the results of this paper suggest that this dichotomy need not exist
and we provide an example wherein it is demonstrated that by judicious use of
the computations involved in the continuation method it is cheaper to validate
the results than to re-perform the continuation computation. We refer to the
method we propose as validated continuation.

To the best of our knowledge this is the first attempt to integrate the tech-
niques of rigorous computations with a continuation method, thus we focus on
a clear presentation of the ideas as opposed to presenting the results in the most
general possible setting. We make use of spectral methods as they provide us
with considerable control on truncation errors. To be more precise, assume that
(1) takes the form

d
ug = L, (u) + Z cp(V)uP (2)
p=0

where L, is a linear operator at parameter value v and d is the degree of the
polynomial nonlinearity. Expanding (2) using an orthonormal basis, chosen
appropriately in terms of the eigenfunctions of L,, the particular domain and
the boundary conditions, results in a countable system of differential equations
on the coefficients of the expanded solution. To simplify the exposition, let us
assume the expansion takes the form

d
k= prak+ Y Y (Cplngln, an, k=0,1,2,... (3)
p=03>"n;=k

where pp = pg(v) are the parameter dependent eigenvalues of L, and {a,} and
{(cp)n} are the coefficients of the corresponding expansions of the functions u
and ¢, (v) respectively with a,, = a_,, and (¢p)n = (¢p)—y, for all n.

In particular, this is the case for the Swift-Hohenberg equation

92 \” 3 9 2m
ut_E(u)_{V_<1+8x2> }u—u, u(-,t) €L (O,LO),

2
u(z,t) =u (a: + L—ﬂ-, t) , o u(—x,t) =u(x,t), v>0, (4)
0
considered in Section 4.
The continuation method is applied to the m-dimensional system of ODEs
of the form

d
dkzukak-i-z Z (Cp)nolny =+ an, k=0,1,...,m—1 (5)

p=0 Y n;=k
|ns|<m



obtained by performing a Galerkin projection on (3). It is this truncation that
introduces the most substantial concern for the validity of the results of the
continuation method. In Section 3 we present estimates that provide us with
bounds on the errors. We obtain these bounds under the assumption of power
decay rates in the coefficients {a,}. Of course, such decay rates are directly
related to the spatial smoothness of the equilibria which in turn is governed, at
least in part, by the linear operator L, (u).

The theoretical justification for our proof of existence and uniqueness of
equilibria is based on a component-wise version of the Banach fixed point the-
orem (see Theorem 2.1) which itself represents a minor modification of a result
of Yamamoto [6, Theorem 2.1]. A similar formulation can also be found in [3].
Recall that to apply the Banach fixed point theorem one must have a contrac-
tion mapping g : X — X. With this in mind, we can state that it is appropriate
to view our approach as a method by which the Newton-like iteration of the
corrector step in the continuation process is used to construct a set X and the
above estimates are used to verify that an appropriate generalization of the
Newton-like operator is in fact a contraction. More precisely, in the orthonor-
mal basis used to obtain (3) consider the neighborhood @ + W (r) of @ where
W (r) is of the form

W(r) = nﬁl[fr,r] x ﬁ {’2‘“ .
k=0

k=m

Observe that s indicates the decay rate of the coefficients and r is referred to as
the validation radius. Our strategy which is described in detail in Section 3 is to
produce a set of radit polynomials, { Py (7)}r=0,1,..., whose coeflicients are given
explicitly in terms of the constants A, s, and (5). Theorem 3.6 guarantees that
if there exists a validation radius r > 0 such that Py(r) < 0 for all k, then there
exists a unique equilibrium solution to (2) in the neighborhood X = a + W (r)
of the numerical equilibria @ produced by the continuation procedure. It is
important to remark that the conditions of Theorem 3.6 can be checked with a
finite number of calculations.

To demonstrate the efficacy of this approach, we apply it to the Swift-
Hohenberg equation (4) in Section 4. The decision to use (4) as the model
equation was not made arbitrarily. The fact that it is a fourth order parabolic
equation implies that a normalized Fourier series provides an appropriate or-
thonormal basis. Furthermore, the high regularity of the equilibria implies that
any sufficiently high decay rate for the Fourier coefficients is, at least theoret-
ically, acceptable. Finally, because of earlier work by S. Day, et. al. [5] the
existence of the desired equilibria has been rigorously proven (though at a much
higher computational cost). We emphasize this last point because we do not
include a rigorous proof in this paper. In practice, proving the existence of
a unique equilibrium using Theorem 3.6 requires generating and evaluating a
finite set of the radii polynomials using interval arithmetic to account for the
floating point computations. There exists a variety of software packages which
perform such operations. However, since our focus is on comparing the cost



of continuation with the cost of continuation including validation we believe
there are two good reasons for not including the final interval arithmetic com-
putations. First, we have no control over the implementation of the interval
arithmetic packages and hence over their computational cost. Second, if the re-
searcher decides that the computational cost of applying an interval arithmetic
package is too high, then the validity of the computation must be checked in
some fashion. Our computations suggest that the ratio of the cost of validated
continuation to continuation is significantly less than 1.5 (see Section 4.1 for
the precise figures). Thus our method provides an alternative form of validation
which is considerably cheaper than repeating the continuation algorithm at a
reduced step size or with an increased number of modes included in the Galerkin
projection.

As is indicated above, we see the results of this paper as a first step in the
direction of combining continuation methods with rigorous computations. We
conclude the paper in Section 5 with a discussion of open questions and on going
work.

2 Computer-Assisted Proofs for Equilibria

Assume that following the expansion of a PDE into an appropriate orthonormal
basis, we have a system of the form (3). Our goal is to prove that there is a
unique equilibrium for (3) which lies in a small neighborhood of a computed
numerical equilibrium. Suppose ar is a numerical equilibrium computed using
an m-dimensional continuation procedure (as described in Section 3) and a :=
(ap,0,...) is the corresponding point in the infinite dimensional space. The
(small) neighborhood we will consider is a set of the form @ + W where W =
My,

. [—r, 7] 0<k<m
Wy, = 6
' { [~ 5] kzm o

for some constants r, A, > 0 and s > 2.
A particularly nice norm to use for this set (similar to the one used by
Yamamoto in [6]) is the normalized sup norm

llallw = Sup{ |ka| }
ko Lok

where || := maxgeq, |z|. In this norm, W and a + W are compact, W =
B(0,1), the unit ball around 0, and @ + W = B(a, 1), the unit ball around a.

We will now reformulate our problem of studying equilibria for (3) by estab-
lishing an equivalent fixed point problem on a + W. Suppose J is an invertible
(operator) matrix. Then a is an equilibrium solution of (3) if and only if « is a
fixed point of

g9(a) = a—Jf(a). (7)



In practice, g is constructed to be a contraction (Newton-like) operator with
J ~ (Df(a))~! so that we may use Banach’s fixed point theorem. We now
frame this fixed point theorem in a more computational setting.

In the process of showing that g is a contraction, we first consider the fol-
lowing Lipschitz condition on a + W:

lg(z) —9W)llw < Kl —yllw  forz,y ea+W. (8)

Since by construction g is continuous and a+W is compact, such a finite constant
K exists. The question now becomes whether we can compute a contraction
constant K < 1 satisfying (8). We begin by computing Lipschitz constants, K,
for the component functions g, on a + W satisfying the following

l9n(2) — gn(Y)| < Kyllz —yllw  forz,yca+W. (9)

If g is C', we may take K,, to be a bound on the derivative of g,, over a + W.
More explicitly,

K, > sup|Dg,(a+ W) -W|
;= sup |Dgn(@a+b)-c|.
b,ceW
A constant K,, computed in this manner satisfies (9) by the following argu-
ment. Since a + W is convex, the Mean Value Theorem states that there exists
z € a + W such that

|gn(x) _gn(y)| = |Dgn(z)(:c—y)|
r—y
Dgn(2) 7——— | lz — yllw-
2 = yllw
Finally, by construction of || - ||w, % eWw.

Now if K := sup,, é—‘ < 00, then it satisfies (8)

) ‘gn('x) _gn(y)|

xXr) — = Ssu =
lg(z) — g(y)llw up ]
< sup — |l — yllw
n ‘wn‘
= Klz—vyllw.

Theorem 2.1 (Existence and Uniqueness) If for all n there exist bounds
Y, > |gn(@) — an| and K, satisfying (9) such that

Y,+ K, —|w,| <0 (10)
and
K,
K = sup —— < 1 (11)

then there exists a unique fized point of g in a+ W.



Proof. The first inequality ensures that g(a + W) C @+ W. This is true if and
only if for every a € a+ W, ||g(a)||w < 1, or equivalently, W < 1 for all
n.

Let a € a+ W. Then |la — a|lw < 1 and for each n,

|gn(a) - dn| |gn(a) - gn(a’) + gn<a’) - dn|

< lgn(a) — gn(a)| + [gn(a) — @n
< Knlla—allw +Ya

< Y, +K,

< |

by assumption (10). Therefore, g(a + W) C @ + W. The second inequality
guarantees that g is also a contraction. Thus, the result follows from Banach’s
fixed point theorem. ]

Let us make the comment here that sufficient regularity of the equilibrium
solutions will effectively reduce the infinite set of conditions listed in Theo-
rem 2.1 to a finite list. In essence, the strong decay in the higher modes may be
used to verify (10) simultaneously for all n > N for some N. (In our case N is
determined by the dimension used for continuation and the degree of the non-
linearity.) Furthermore, regularity of the equilibria may also be used to show
that ‘g:‘ becomes a decreasing sequence. Therefore, (11) follows automatically
from (10).

Perhaps an even more important point to make for our intended algorithmic
approach in this paper is that Y;, + K, — |@,| will be given as a polynomial in
the validation radius r, the width of the set W in the low modes. Therefore,
validating the existence of a unique equilibrium near a will amount to showing
that it is possible to simultaneously solve a (finite) list of polynomial inequalities
in r.

3 Continuation and the Newton-like Operator

The ideas outlined in Section 2 for proving the existence of unique equilibria
fit naturally with traditional continuation techniques for following branches of
numerical equilibria. In particular, an approximation of a projection of the
Newton operator given in (7) onto the appropriate m-dimensional subspace is
an intrinsic element of the continuation algorithm. In this section, we discuss
exploiting this relationship to produce an automated, validation of the existence
of unique equilibria at each step of the continuation procedure.

Recall that following the expansion of the system in the appropriate basis,
we have

a= f(a,v) (12)



where for £ =0,1,2,..., pur = pr(v), (cp)n = (¢p)n(v) and

d
ay = fk(a) = prar + Z Z (Cp)noam ©ln, (13)

p=0 Z n;=k

A first approach for implementing a continuation algorithm for studying a
PDE is to perform a Galerkin projection. Let m be a fixed projection dimension
and consider the following truncated version of our original expansion of the
PDE given in (13).

For ar := (ag,...,am_1) € R™, define f(™ : R™ — R™ by f(™)(ap) =
( ém)((lp) . (”i)l(ap)) where for £ =0,...,m — 1,

secedm

d
Igm)(aF) = Mkak+z Z (Cp)nolny -~ Gn,

p=0 S n;=k
[ni|<m

The corresponding Galerkin projection of the original system (12) is then
ar = f™(ap,v) (14)

This is the m-dimensional system to be studied numerically. Intuitively, we
expect that if m is sufficiently large, (14) will capture the essential dynamics
for the original system (12). In particular, given an equilibrium ap for (14)
we expect that there is a small neighborhood around @ := (ag,0,...) which
contains a unique equilibrium solution for (12). Our approach is to study this
relationship via the tools outlined in Section 2.

A traditional continuation procedure involves iteration of predictor and cor-
rector steps to trace out branches of equilibria. Under the assumption that at
some parameter ¥ = vy we have an equilibrium solution for (14), we want to
continue the equilibrium as we vary v.

1) Euler Predictor: Given an approximate equilibrium g at vy, the predictor

at vy = g + Av is 3350) = 1o + ToAv, where

&o = —fagm)(xo,Vo)ilfzgm)(xoﬂ/o)- (15)

2) Quasi-Newton Corrector: We now use the following quasi-Newton itera-
tive scheme to improve our approximation at v

n n m ~Leim n
2D = ) ) (3, ©) )T ) () (16)

If k is the total number of iterations of (16), then ap := wgk) and f0"™)(ap,v) ~
0.

As before, define the corresponding point @ = (ar,0,...) in the infinite di-
mensional space. We now use the information required for the next predictor



step, the numerical inverse of fg(cm)(d F, V1), to construct a Newton-like opera-
tor near a at the parameter value vy. Let J,,x,, be the numerical inverse of

Fom) (@p,v1) and define T by

T(a) = a— Jf(a) (17)
where
mem 0
L [ B
T 0 'um+1

is the block diagonal matrix which we expect to be close to (D f(a,v1))~!. Note
that T', J, and f all depend on the parameter v. As in Section 2, we will attempt
to show that T' is a contraction on a set of the form a + W where W has the
form (6). We now emphasize the dependence of this set W = W(r) on the
validation radius r since this approach relies on finding an appropriate r > 0
to satisfy a set of conditions. The constants A; and s may be determined by
regularity arguments or otherwise set prior to the computations. As seen in the
definition of W (r), these constants determine the size of the region in which we
are attempting to show the unique existence of an equilibrium solution.

3.1 Computing the bounds

We now focus on computing the required bounds Y,, and K, in (10) for the
Newton-like operator constructed in (17).
Taking a Taylor expansion around the point a,

T(a) = T(a)+T’(a)(a—a)+---+m(a—a)er---Jr%(a—a)d
p! d!
and
@ (g (g
T'(a) = T’(&)—i—T"(d)(a—d)-i-'“-i-é_(l))!(a—d)p1+'~'+(1:l_(1))'(a— yd-t

We use this expansion to compute the bounds

Ky >max|[T'(a+ W)Wl > sup  {[T'(z)(a - y)lk}
z,y€(a+W)

where, as in Section 2, W has the form (6).



Formally,
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Expanding into Fourier modes (or another suitable basis), we get

T'(a+ W)W = ([inln — JIL(W)]n) -
‘g ~ ~
_JZZZ(Z> D (p)nolng iy Uy, U,
=1 p=l doni=n )

For flexibility in balancing numerical computations (requiring a finite num-
ber of operations) with analysis (to obtain truncation bounds), we now choose
M > m to be the dimension used to split these sums. The block-diagonal struc-
ture of J allows us to decompose (18) into a finite, M-dimensional piece and
the infinite dimensional tail terms as follows:

[T'@+W)Wlp = (ip — JexrL(W)r) (19)
d d D
e ) | T sy B,
=1 p=l S ni=n »

where the subscript F' denotes the vector consisting of modes 0 through M — 1.
For k > M,

[T(a+W)Wle = (@ = J(k, k) L(W)k) (20)
d d
—J(k, k) Z Z : <2lj> Z (Cp)noanl o .anpfl/[[]npfl#»l o 'd’np
=1 p=l S ni=k

Equation (18) and its decomposition into Equations (19) and (20) contain
several finite sums determined by the degree of the polynomial nonlinearity with



terms consisting of infinite sums arising from derivatives of the monomial terms.
We will now focus on computing bounds for the infinite sums since the finite
sums will then be handled by the computer.

The infinite sums in (18) come in the form

Z (CP)noa’m e anp—ld}npfl#»l e ﬁ)np (21)

where p is the degree of the original monomial term of f and [ € {1,2,...,p} is
the order of the derivative being taken.

In one case, when [ = 1 and k is a fixed number, we may exploit the fact
that @ has only finitely many nonzero Fourier coefficients to show that the
corresponding sum is actually a finite sum. In this case, it may be reasonable
to compute a bound for the sum numerically. In all other cases, further analysis
must be used to compute a bound for the sum.

First, let us establish asymptotic bounds for the Fourier expansions of the
coefficient function c,, the numerical zero @, and the set W. Define A, C},, and
A by

A= max {|ag|, |ax||k|®
e {[aol.aul|kI°}
Cp = max{|(cp)ol, [(cp)rllk]*}
A = max{Ag, r(m—1)°}.
We have now established the asymptotic bounds ay, € k% [—1,1], (cp)k € %’ [-1,1],
and w C k—‘i [—1,1] for all k. Note that these bounds are related to the norms of

the corresponding sets.
One upper bound for (21) is given in the following lemma.

Lemma 3.1 Let o = % +2+4+3.5-2%. Then

PC APl A!
- [ ety ko
Z (Cp)n()a’nl o lny,_ Wnp_ gyt Wa, c

Sni=k aPC APTAN-1,1] k=0.
Proof. This lemma is a modification of [1, Lemma 5.8]. I

In most cases, especially when [ is small relative to p, this bound will be too
large to use for the low modes. In particular, @ may be far from zero, resulting
in a large constant A. By taking k sufficiently large, the contraction given by
J(k, k) will overcome the large bound. A more practical approach for obtaining
bounds for the low modes is given by the following lemma.

Lemma 3.2

l
_ _ . . l , iy
Z (Cp)noanl Oy Wy gt Why, C Z ( ) Ck;(p,L l, M)?"l T+ Ek(p7 l, M)
Y ni=k i=o

10



where

Ck(pajalvM) = (22)
A
Ss - (C )n an ...dnp7
mE|np_jq1ls.np | <M Inal,...,|np|<m
and
x(p, 1, M) = (23)
[ paric,ArtA! 1 arC,y APt Al
—1.1
mind e R o) e

Proof. This lemma is a modification of [1, Lemma 5.10] combined with Lemma 3.1.
In [1, Lemma 5.10], the bound is split into a finite sum and the tail term,

—1 AP—1L gl
bounded by & Cpd” 4 [ L

=T 16-1) | (M-F)F +

Z O R Y
no+-+np==~k
[nol,..|np| <M

no+-+np=k
Inolilng 141l lnpl<M
[n1l,..sInp_1|<m

J

=0 no+-Fnp=
m<|ngl,Inp—j41l--
‘n1|7...,|np7j|

<.

<

1
(M+k)5} :
We obtain a polynomial in r by rewriting the finite sum as follows:

...wnp

k
Jnpl<M
<m

m<|nglilng_ i1l lnpl<M
‘nll"“flnpfj|<m

I
.MN

<
Il
o

m<|ngling—jt1l--lnpl<M
[nal,....lnp—jl<m

- ()

J |ngl<M

m<[np_jy1l-..

A

S

(j) " (ep)ngln, -

no+---4np=k

E (¢pInony =+ * ny, Wiy, 4y Wn,
l
l _ _ _ _
= E . E (Cp)noanl Oy, Wnp_yyq 7 Wny,

l
— AW (Cp)nglin, -+ N AT
B J " Cp)noln, Anp_ Wnyp_ i1 Wn,y,
=0

ng+-tnp=k

As As

Np—1 |np7j+1|s e |np|s

|np—j+1|S T ‘np|s

[np|<M

11

Z (cp)noling *+* n,,_,

ng+-t+np=k
[n1lses|np|<m



Remark 3.3 Note that Cy(p,j,1l, M) captures the contribution to the (I — j)th
polynomial coefficient from the l-th derivative of the p-th monomial term of f
in the Taylor expansion. If M = m, then Cy(p, j,1, M) =10 for all j > 0 and

Ck(p7 07 l) m) = § (Cp)noanl e anp,l
n0+-~-+np:k
‘nll""alnp|<m

If M > m there is also a (small) contribution to the coefficients of higher degrees
of r in the radii polynomials, while simultaneously decreasing the €y, term. This
offers a way to use computations to decrease the bound €y, if this bound proves
to be too large for the validation procedure.

For 0 < k < M, we substitute the bound from Lemma 3.2 into (19),

Ti(a+W)W C (@ — [JrxrL(W)Flk)
l

- _JFszd:Zl< )[Z() WP L M) e (p M)

=1 p=l Jj=
= (=Jrxrlen(p,l, M)]F), + 7l — Jpxp L) Flk

d d d
300 (e S5 00(7) (§) eutot = it a0
i=0 i

where

€n = ZZz(i’) en(p, 1, M). (24)
=1 p=l
For k < M, set K to be
d .
Ky =Y CE@)yr' > |Ti(a+W)W|
=0

where

CE@) 2 || ~Trxr iilclj)(i)C’n(p,li,l,M)

=i p=I P
—JF><F6F 1 =0

+ Ip —JpxpL(Dp i=1 . (25)
0 otherwise

k

Recall that our goal is to find a polynomial bound for Y; + Kj — || for
Theorem 2.1. This requires also computing the bounds for Y} satisfying the
following equation.

12



d
—J | pnln + Z Z (Cp)noﬁnl T &np (26)

p=0 ng+-+np=n

[1]yeeInp|<m n’ k
Therefore, for k < M, set Y = CY where
d
Y — — —
Cy = —JFrxF | HnGn + Z Z (Cp)noam Tt Qpy, - (27)
p=0 ng+---+np=n
[n1],e]np|<m nd &

Note that these terms involve the Galerkin projection of f at @ onto the first m
modes and, therefore, are expected to be small. Furthermore, since a = 0 for
all k > m, computing each C} involves only a finite number of computations.
In particular, fi(a) = 0 for k > d(m—1) so only finitely many of the bounds C}¥’
require numerical computations. Hence, for 0 < k < m, we combine our bounds
for Y, with the bounds for K to compute the coefficients of the polynomials
Py (r) giving the bounds Yy, + K — |wy|.

Definition 3.4 The M finite radii polynomials, Py, ..., Py;_1, are given in vec-
tor notation as

d
Pp(r) = Z Cr(n)r™ (28)
n=0
where
CY+CE@0) n=0
Cr(n):=¢ CE(1)-1 n=1
CE (n) n=2...d

and the terms C}f and Cfp( (n) are computed component-wise as previously de-
fined.

13



In the tail modes, kK > M we have

Ti(a+ W)W C  (wp — J(k,k)L(W)) (29)
d d
p _ _ - -
6033 (2) i,
=2 p=I S ni=k
C (@k — o, pwon)

_Nklzzl( )M[—l,l]

=2 p=l

— ,Ukké (iZz< >apc AP~ lAl) [—1,1]

l p=l

- L CA ALY

where

d d
)= 3 (fl) ) aPC, AP~ A! (30)
=2 p=l

Therefore, for k > M, set Kj to be such that

C(4, A)

e 2 Ta Wl (31)

E =

with A := max{A,,r(m — 1)*}. Recall (26). Then for k¥ > m, choose Y}, such
that

Y3

v

[T'(a) — alx]
|=J (k, k) fx(a)]

d
_/~LI;1 Miag + Z Z (Cp)noaTM e C_an

p=0 ng+-+np=k
(7], | <

|12

We may now define the polynomial bounds for Y; + Ky — |wg| in the tail
modes.

Definition 3.5 For k > M, the tail radii polynomial, Py, is

As

Pk(r) =Y.+ Kk(T) — E

14



By considering the inequality P, < 0, k > M, required for Theorem 2.1 and
rearranging terms we get

k| fru(@] + C(A, max{As, r(m - 1)°}) < |ux|As. (34)

Since fr(a) = 0 for k sufficiently large, a regularity assumption that |ux| is
growing in k ensures that (34) may be verified for all & > M with only a finite
number of checks. More explicitly, computing an upper bound for k*|fx(a)],
M < k <d(m—1), and a lower bound on |ug|, & > d(m — 1) would allow us
to verify all inequalities of type (34) in one step. We have now constructed the
radii polynomials to give the bounds required for Theorem 2.1.

Theorem 3.6 If there exists a validation radius v > 0 such that Py(r) < 0
for all Py, as defined in Definitions 3.4 and 3.5 and the eigenvalues py satisfy
|| — oo then there exists a unique equilibrium solution of (12) in a+ W (r).

Proof. The radii polynomials have been constructed so that Py(r) < 0 for
all k ensures that the first condition of Theorem 2.1 is satisfied. Since the

first condition is satisfied, we also have that Iw{{SI < 1 for all k. Finally, since
|Mk| — 00, -
C(4,A) -
Kr _ TJmle _ C(A4,A)
= =g = — 0
|| : As| ]

ks

Therefore, K := Sup{ Ky } < 1 and the second and final hypothesis in Theo-

[0k |
rem 2.1 is also satisfied. 1

We now present a slightly weaker version of Theorem 3.6 which provides a
natural order for defining the constants A, s, and A. To motivate this corollary,
we make the observation that A := max{A,,r(m—1)°} depends explicitly on the
variable r. From a computational perspective, we would like to find r > 0 solving
Py(r), -+, Ppr—1(r) < 0 without having to simultaneously study the influence
of r in the polynomials Py, k > M. The influence of r in these tail polynomials
comes in the definition of the constant A as max{r(m — 1), As}. A practical
way to overcome this problem is to set A = A, at the beginning of the procedure
and then check in the end that a solution r > 0 to Py(r), -+, Pay—1(r) < 0 also
satisfies r(m —1)* < A;. Finally, we add a condition which simplifies the check
of the tail polynomials Py < 0, k > d(m—1) and also set M = m. The following
follows from Theorem 3.6.

Corollary 3.7 Suppose that the eigenvalues py are such that |ug| — oo. Let
m € N be such that |ur| > [ptagm—1)+1| for all k > d(m —1)+1 and set M = m.
Let

§>2, A,>0, A=A, (35)
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and let Py, , Pp—1 be the finite radii polynomials (28) depending on these
constants. Fork=0,--- ,m—1, let I, :== {r >0 | Pr(r) < 0} and define

=) I. (36)

Let Pp,- -+, Pym—1) be the tail radii polynomials defined by (33). Note that
they are now independent of r. Finally, let

- C(A,A)
Pym— =" — A, 37
dm=1+1 |,U/d(m71)+1| (37)
If there exists ¥ € T such that
r(m — S S
(m—-1)*< A (38)

and if P, <0 for k=m,--- ,d(m —1) and Pd(m,l)ﬂ < 0 then there exists a
unique equilibrium solution of (12) in the set a + W(F), where

W(F) = ﬁ[ff,f] < ] [’2;,‘25} : (39)
k=0 k=m

Proof. Since pd(m,l)ﬂ = % — Ay < 0 and |ug| > [pam—1)+1| for all
kE>dim—1)+1,
C(A, A
Vi+ K, = Kip= |(Mk|kg)
C(4,4)
T pam—1)411k®
)
ks

for all k > d(m — 1) + 1. Hence, the hypotheses of Theorem 3.6 are satisfied. I

4 Sample Results for Swift-Hohenberg

The Swift-Hohenberg equation (4) was originally introduced to describe the
onset of Rayleigh-Bénard heat convection [5], where L is a fundamental wave
number for the system size 27 /Ly. The parameter v corresponds to the Rayleigh
number and its increase is associated with the appearance of multiple solutions
that exhibit complicated patterns.

In the notation of Section 3.1, (4) has linear operator L = v — (1 + 86—:2)2
with eigenvalues py, := L(I);, = v — (1 — k2L%)?, and polynomial nonlinearity of
degree d = 3 with associated coefficient function c3 with Fourier expansion

(c8)n = -1 n=0
3n =13 0 otherwise
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For a projection dimension m, the associated Galerkin projection is

,Em)(ap,l/) = prp(V)ag — Z pyy Oy Qs s k=0,...,m—1. (40)
nitnatnz=k
[njl<m

For validated continuation, we need to compute the coefficients of the 3m — 1
radii polynomials Py, - -- , P3,,—2 of Corollary 3.7 at the end of each predictor-
corrector step. Let ap be the numerical zero coming from the last quasi-
Newton iteration of the corrector at v and let J,,x, the numerical inverse
of Df™)(ap,v). To simplify the presentation, we consider the specific case
M =m.

We now compute the formulas for the radii polynomial coefficients for (4)
given the constants m = M, s > 2, and A, > 0 and the constant vector ag.
Since the only nonlinear term is a monomial of degree p = 3 and we have set
M =m, Cx(p,j,1, M) =0 whenever p < 3 or j > 0 (see Remark 3.3). The only
nonzero terms of this form are

Ck(?’aovlam) = - § Gy~ Ong_, -
ni4notng=k

[n1fs|nzlf,|nsl<m

Before computing the truncation errors €, we set A = A, as in Corollary 3.7
and the constants

_ o R 2 s
A—Og}ixm{|ao|,|ak|-|k\} and a—;+2+3.5 2

as described in Section 3.1. By (24),
3
3
= Zl(l)ek(?),l,m) = 3e1(3,1,m) + 661(3,2,m) + 3¢ (3,3, m)
=1

where, by (23)

(3,1, m) . 3a2 A3l Al 1 4 1 a2 A3LAl
= min .
CrlSh b, T (m—1)p-1(s—1) |[(m—k)y  (m+ke| &k
Using (25), we set
CE(0) = | = Jrxrer| (41)
where | - | denotes the component-wise absolute value. Now, from (25), we get
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that the nonzero terms in CE (1) occur when [ = 1 and p = 3. Hence, let

Cr (1)

3 3
Ir — Jpxr | L(DF + ZZ()()C/M?? —1,5,m)
= k

=1 p=l

1
3\ /1
= HFJFXF( F+1(1>(1> Ck30,1,m k)‘

= |Ir = Jrxr L(H)F—3[ > amam
ni+na+nz==k

= |Ip — JpxrDf ™ (ap)lg|.

By construction, Jpyp ~ (Df)(ar),v)~" so this term should be small.
Following the same ideas, we let

ek =2(3) (3) rerCe.02m -1l =6lrel 3 anl

nitngt+ng==k
[ni|<m

and

CcK(3) = 3(3) (g) [TrxrCr(3,0,3,m — 1)| = 3[Texr > 1l

ni+ng+ng==k
[nil<m

The last coefficient to compute for the finite radii polynomials (28) is C}.. From
(27), CcY = |JF><Ff(m)(C_lF,V)|.

At this point, we are now ready to check for the existence of an r > 0
which satisfies Pp(r) = Zi:o Cr(n)r™ < 0. To do this we find the numerical
zeros of each of the cubic polynomials Py, -, P,_1, construct Iy, -+, Ip_1
where I, = {r > 0|Py(r) < 0}, and finally check for a non-empty intersection
7= ﬂ;’:olfk representing a solution to Pr(r) < 0. If we can get a positive
7 € Z such that 7(m — 1)® < A, then we build the tail radii polynomials
P, -, P3n_1, and Pgm,g and attempt to verify the remaining hypotheses of
Corollary 3.7.

We now construct the tail polynomials given in (33) and Ps,,_ in (37). For
k=m,---,3m—1,

Ay

Pk—Yk"‘Kk-—E

where

1 o
Y. =|— g A,y Qpy Qg

,LLk- n1+ng+ng==k
[ngl<m

18



and

||k
Using (30) with A = A;,
. (3
C(A,A)=>"1 <l>a3A31Al =6a°AA% + 303 A3, (42)
1=2
The final polynomial from (37) is
Pyo = M — A,
|/’L3m—2|

The two remaining steps in verifying the conditions of Corollary 3.7 are to check
the inequalities for the tail polynomials P,,, - , P3;,—3, P3n_o < 0 constructed
above and the condition on the eigenvalues uy, £ > m. This last condition on
the eigenvalues, that |pug| > |pgm—2| for all & > 3m — 2 and |p,| — oo follow
directly from the form of these values for (4) and the constants chosen below
for the sample result.

Using m = 27, Ly = 0.65, s =4 and A = Ay = 0.002, we ran the validation
procedure just outlined for (4). Figure 1 shows a branch of equilibria where
each point represents the center of the infinite dimensional validation set of the
form @ + W(F), containing a unique equilibrium of (4). For example, the last
point on the right of the branch is a given in Figure 6, the approximate zero for
(4) at v = 0.7617, and has validation set

26 [e%}

(ar,0)+ [[1-4.1395¢79,4.1395¢ %] x [ [

~0.002 0.002}
k=0 k=27

kt 0 kA

4.1 Computational Cost

We now compare the cost of the continuation with the cost of validated con-
tinuation for the Swift-Hohenberg model (4). Since the nonlinearity in (4) is
cubic and we use a Newton-like operator in the continuation proceedure, the
most expensive terms of the computation involve m? operations where m is the
number of modes used in the Galerkin projection. We now provide a rough
comparison of the number of m? operations for both approaches.

We decompose the analysis of the cost of continuation into four steps, as-
suming that we begin with an approximate zero xg at 1.

Step 1. In order to get the Euler predictor (15), we need to compute the

-1
vector — fim™ (20, 10) £im) (70, 0). Hence, we first need to evaluate the m by
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Figure 1: Validated continuation in v for the Swift-Hohenberg equation at Ly =
0.65.

m matrix fm(m)(ac(()o)7 vg). For 0 <i,j < m, we have
m 0 0 0
[f; )(33(() )7VO)]H_1,]‘+1 = i i — 3( Z [Z‘E) )]\n1|[$6 )h"2|
n1+tno+j=i
[ni|<m
0 0
Y 28
ny+ng—j=i
[ns]<m

This requires the evaluation of 2m? sums demanding 2m — 1 multiplications

and 2m — 2 additions each. Therefore, the evaluation of fgﬁm) (Jcéo), Vo) requires

8m3 operations. Next, we compute the LU decomposition of f{™ (xéo), vp) in

order to compute the action of its inverse on fu(m) (zo,vp). This involves %m?’

operations. In our case, fy(m)(l’(),l/o) = xg, requiring no additional cost. We

-1
then let mgo) =x0 — Aufém) (zo,v9) o and vq =1y + Av.

Step 2. To construct the quasi-Newton operator (16), we need the action of
the inverse of fém) (xgo), v1). As seen before, it costs 8m? to evaluate fém) (mgo), vy)
and §m3 to compute its inverse using LU decomposition. Note that we need to
compute the LU decomposition only at the first step.

20



Step 3. At the j" iteration of (16), we need to evaluate f(™) (m§j71)7 v1). Its
i*" component is

m —1 j—1
P ET )] = )Y,
i—1 j—1 ji—1
- Z [xgj )]‘n1|[x§] )]|n2\[$§j )]|n3\

ny+ngtng=i
[n;l<m

which requires at least 3m? operations to evaluate. Since f(" has m compo-
nents, we get a total of 3m>. Let k to be the total number of iterations of the
corrector. Then this step requires 3km?> operations.

Step 4. The corrector ends when Hf(m)(:c(lk),ul)ﬂ < tolerance. Let ap :=

ajgk). Evaluating the function at (ar,v1) is another 3m3. Now, note that we

have to compute the action of the inverse of fém) (@p,v1) to get the predictor
for the next step. Define Jrpxr to be the numerical inverse of fém)(&F,yl)
computed as before using an LU decomposition. Explicitly computing all the
coefficients in fg(gm)(ép, v1) requires an extra 2m? operations. We do not count
the m?3 involved to get the next predictor, since that is part of the next predictor-
corrector step.

Combining the costs of the four above mentioned steps suggests that the cost
of one application of the predictor-corrector algorithm is on the order of (20 4+
3k)m3, where k is the number of iterations in the quasi-Newton corrector.

We now examine the extra cost of performing the validation in this specific
context. The additional work comes primarily from the fact that we need to
build the coefficients of the 3m — 1 polynomials Py, - -, P3;,_3, Psp_s. From
Step 4, computing CE(0) in (41) is not an m?* operation. Computing C (1)
requires multiplying two m by m matrices at a cost of 2m3. Note that we
used a combinatorial argument to compute CE(2) and CE(3). Therefore,
computing these terms requires on the order of m? operations. Computing
cY = |JF><Ff(m)(C_lF, v1)| comes with no extra m? cost since we already com-
puted these terms in Step 4 of the predictor-corrector algorithm. In order to
compute the coefficients of the tail radii polynomials, we need an extra 6m?
operations. Indeed, we need to evaluate fx(a) for k = m,--- ,3m — 3. The
remaining terms do not require computations of order m3. Hence, validated
continuation requires on the order of an extra 10m? operations over continua-
tion alone.

In summary, if k is the number of iterations of the corrector, then the ratio
of the cost of validated continuation to continuation is asymptotically roughly
ggigz In the computations described in this section, we performed validated
continuation for 40 predictor-corrector steps involving a total of 90 quasi-Newton
iterations. We did the same without validation. The ratio of elapsed time for
validated continuation to the time used for continuation alone was 26-scconds

. . . . 44 seconds
1.27. Given that we had an average of 2.25 iterations per predictor-corrector
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f 30+3-2.25

step, this is close to the rough estimate of 5557552

arguments.

~ 1.37 given by the above

5 Concluding remarks

In order to communicate the essential ideas of our proposed validation method,
we presented it in a somewhat limited setting. Thus, we conclude with a range
of comments, beginning with obvious generalizations and ending with future
work.

As is indicated in the Introduction, the particular choice of the abstract
expression for the expansion of the partial differential equation (3) was chosen
because it was appropriate for the application to Swift-Hohenberg (4). Hopefully
it is clear that a different choice of boundary conditions or symmetries does not
affect the essential estimates. It is expected, but remains to be checked, that the
form of the estimates can be lifted to parabolic PDEs on rectangular domains
(see [4] where similar estimates were used to study the equilibria of the Cahn-
Hilliard equation on the unit square) and to systems of such PDEs. We also
believe that generalizing this technique to pseudo-arclength continuation should
be fairly straightforward.

As presented in the previous sections, our technique represents a method for
validating the continuation results. With extra effort these ideas can be used to
rigorously verify the continuation results. To be more precise, our technique re-
lies on the existence of a validation radius ¥ making all radii polynomials strictly
negative. Hence, rigorous validation follows if the inequalities are satisfied even
when one considers the possibility of floating point errors. The first step in
checking these inequalities on this level is to obtain floating point outer bounds
for the coefficients of the polynomials. This can be done by defining each entry
of

ar, f(m)(dp,u), Jmxm, Df(m)(dp, v), ur(v), As, and s

to be an interval of machine precision length and then computing (25), (27),
(31) and (32) using exact floating point arithmetic. The resulting radii poly-
nomials have interval coefficients. Let 7 be the smallest representable number
such that using interval arithmetic, the corresponding finite radii polynomials
may be shown to be strictly contained in (—o0,0). Assume such an 7 exists. If,
again using interval arithmetic, #(m—1) — As C (—00,0) and the tail radii poly-
nomials are strictly contained in (—o0,0), then the hypotheses of Corollary 3.7
are satisfied and we obtain a proof. Similarly treating the parameter v as an
interval allows us to prove the existence and uniqueness of a branch of solutions
over the interval v. By adapting the predictor step length, this approach may
be used to prove existence and uniqueness along continuous, finite branches of
equilibria.

While there are numerous directions in which our validation technique can
be expanded or improved we focus on the following three.
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e In the computations described above, for the sake of simplicity of presen-
tation, we fixed M = m. The success of our technique strongly depends
on upper bounds presented in Lemma 3.2. In general, for fixed m choosing
M > m increases the computational cost, but provides a smaller bound
for the truncation error ¢;. Improved bounds, however, may facilitate
validated continuation with a smaller projection dimension m, which de-
creases the computational cost. At the moment we do not know how to
choose M and m optimally.

e The computational strategy adopted for this work is to fix A, and s
throughout the continuation procedure. In particular, in our example
we obtained 40 successful predictor-corrector steps with A; = 0.002 and
s = 4 held constant over a parameter range of length 0.4. We were able
to do this because we chose a projection dimension m = 27 which is un-
necessarily large. For example, with m = 11, A; = 0.002 and s = 4.52 we
were able to perform a validated continuation over a parameter range of
length 0.01. In this case, we obtained s = 4.52 by fixing A; and seeking
a successful s by trial and error. This suggests that it is worthwhile to
develop a method for choosing A, and s adaptively during the validated
continuation procedure.

e It is important to observe that if (2) has a polynomial nonlinearity of order
d, then straightforward evaluation of the nonlinear term in (5) involves on
the order of m® operations. This can be reduced by the use of the fast
Fourier transform.
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6 Appendix

Figure 2: Approximate stationary solution a at v = 0.7617.

k ag
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