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ABSTRACT. In this paper we give a new definition of the chain recurrent set of
a continuous map using finite spatial discretizations. This approach allows for
an algorithmic construction of isolating blocks for Morse sets of Morse decom-
positions which approximate the chain recurrent set arbitrarily closely as well as
discrete approximations of Conley’s Lyapunov function. This is a natural frame-
work in which to develop computational techniques for the analysis of qualitative
dynamics including rigorous computer-assisted proofs.
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Conley’s Fundamental Decomposition Theorem and its extension to Morse de-
compositions is a powerful tool in dynamical systems theory. However, the frame-
work on which the standard theory is built is not does not lead naturally to an al-
gorithmic or computational approach for the approximation of the chain recurrent
set, i.e. generation of Morse decompaositions or the approximation of a Lyapunov
function for the gradient-like part of the system. One can approximate the chain re-
current set by the-chain recurrent set for finite > 0, but there are no algorithmic
or computational techniques for computing this set directly.

In this paper, we present an alternative approach based on finite discretizations
and combinatorial multivalued maps. This approach has several advantages. The
basic elements of the theory can be proved in a straightforward manner. Moreover,
the methods are inherently combinatorial and hence algorithmic. The framework
leads naturally to computational techniques for analyzing qualitative dynamics in-
cluding rigorous computer-assisted proofs, see &é@®.14, 4, 5.

1. Introduction

1.1. Preliminaries. We begin with a suitable definition of a dynamical sys-
tem. Let(X, d) be a compact metric spacé with metricd.
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DEFINITION 1.1. Let T denote eitheiZ or R and T+ denote eitheiZt =
{0,1,2,...} or RT = [0,00). A dynamical systenon X is a continuous map
¢ : Tt x X — X that satisfies the following two properties:

() »(0,z) =z,
(i) o(t,o(s,x)) = p(t +s,z), Vs, teTT.
We adopt the additional property that for> 0,
(i) ¢(t, X) = X and consequently

p(—t,x) ={y € X | p(t,y) =2} # 2.

The last condition implies that extends to a (possibly) multivalued map (for
t <0)onall of T x X. Inthis case, a complete orbit gfthroughz is a function
vz : T — X satisfyingy,(0) = x and,(t+s) = ¢(s,7,(t)) forall¢,s € T. Ifin
the above definitio extends to a single-valued, continuous magonX, theny
is either an iteration of a homeomorphism or is a flow. In the case of discrete time
dynamical systems it is often useful to writein terms of its generator and define
f =(1,-). Thenp(n,-) = f(-) forn € Z*, wheref" is then-th composition
of f.

An important question in the understanding of dynamical systems is how
o(t,x) evolves ag — oo for all z € X. Answering this question begins with
the fundamental notions of invariant and isolated invariant sets.

DEFINITION 1.2. A subsetS C X is called aninvariant setif ¢(¢,S) = S,
forall t € T*. A compact subséY C X is called anisolating neighborhoodf

Inv(N, ) C int(N)

wherelnv (N, ¢) denotes the maximal invariant set undercontained inN. An
invariant setS is calledisolatedif S = Inv(XV, ¢) for some isolating neighborhood
N.

Natural invariant sets to study for long-term behavior aredHanmit andw-
limit setsw(U) = Niso cl(@([t,00] NT,U)) anda(U) = Neso cl(p((—oo, —t] N
T,U)), and a first step toward characterizing the dynamics of a system in terms of
transient and nontransient behavior is the development of Morse decompositions
by Conley R], which in their simplest form are described as follows.

A set A is called anattractor if there exists an open neighborhodd > A
such thato(U) = A. An attractor is an isolated invariant set. The associeted
repeller A* is defined asA* = {z : w(x) N A = @}, which is also an isolated
invariant set. One can show thatlif* = X\A, thenA* = «(U*). The pair
(A, A*) is called arattractor-repeller pairand yields the following decomposition
for X:

X=AUA"UC(A"A),

whereC(A*,A) C {xr € X : w(z) C A, a(x) C A*}. The notions of attractor
and repeller can also be used for invariant subSets X'. The restrictionp|s is a
dynamical system of. By letting S play the role ofX in the above definitions,
we obtain the notion of an attractor-repeller pair decomposition for any isolated
invariant setS. Attractor-repeller pair decompositions are the coarsest decomposi-
tions of X; note that( X, @) and (@, X) are trivial attractor-repeller pairs. Morse
decompositions are refinements/generalizations of attractor-repeller pair decompo-
sitions and are defined as follows.
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DeFINITION 1.3. AMorse decompositionf X is a finite collection of isolated
invariant sets (Morse sets}, - - - , S,, with a partial ordering> on the index set
{1,--- ,n} such that for every: € X\ U; S; and every complete orbit, through
x there exist indices > j so that

w(ye) CS; and a(ye) C Si.

Notice that, since is single-valued for positive timg then the requirement
involving thew-limit set can be rephrased agx) C S;. The above definition
is symmetric with respect to positive and negative time and corresponds with the
discrete version given in Section 3.

By decomposing Morse sets into attractor-repeller pairs, Morse decomposi-
tions can be refined. While many systems have a finest Morse decomposition,
there are systems which have (countably) infinitely many attractor-repeller pairs
and hence no finest Morse decomposition. The process of extracting all attractor-
repeller pairs leads to the chain recurrent set introduced by Cazjley [

DEFINITION 1.4. Thechain recurrentsetR (X ) for X is characterized by

R(X) = [)(4; U 4]),

J
where the intersection is taken over all possible attractor-repeller pairsifor

The chain recurrent sé¢(X) is an invariant set forp which represents the
smallest set outside of which the dynamics is gradient-like as stated in Conley’s
Fundamental Decomposition Theorem below. Thain componentf R(X)
are the equivalence classes of the relation- y which is defined as follows:

z,y € R(X) are equivalent if for all attractor-repeller pa{td;, A7) eitherz and
y are both in4; or both inA%. The chain recurrent set has only countably many
recurrent component®; (X '), which are not necessarily isolated invariant sets.

THEOREM 1.5 (Conley’s Fundamental Decomposition Theor@ni[j). Let
v : TT x X — X be a dynamical system on a compact metric spEceThen
there are at most countably many chain componéfis},c; of R(X) and there
exists a continuous functidr : X — [0, 1] such that
(@) if x ¢ R(X), thenV (z) > V(p(t,z)),t >0, and
(b) for eachi € J there exists; € [0, 1] such thatR; C V~1(a;).
Moreover,V can be chosen such that # o forall 4,5 € J.

The functionV is called aLyapunov functionfor ¢. Note that all Morse
decompositions can be built by grouping chain recurrent components and their
connecting orbits, and hence corresponding Lyapunov functions can be constructed
which are constant on the Morse sets.

1.2. Outline of the main ideas and results.An important goal of this paper
is to present a method for constructing approximations of the chain recurrent set
of a dynamical system and its associated Lyapunov function. The standard way
of defining the chain recurrent set is to consider ¢kghain recurrent set which
consists of all points: for which there exists am-chain fromz back to itself.
While allowing for ane-error in the dynamical system is a natural approximation
to the chain recurrent set, this approach is not computable in many circumstances,
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and we will proceed by a different path. For a general reference on chain recurrence
see P] or [13], and for an example wherechains have been used successfully in
certain situations se®]and the references therein.

The first step in our approach is to define a spatial discretization of the metric
spaceX. In Sections 2 and 3, we introduce the notion of a grid frdH which
divides the space into finitely many compact sets. We denote the set of these grid
elements by;. The diameter of the largest element of the grid controls the fineness
of the approximation. After discretization, we define a multivalued map on the grid
which mimics the dynamics ab. To be more precise we define maps G =G
which ‘converge’ in the proper sensegas the grid size goes to zero, as explained
in Sections 3 and 5.

A multivalued mapF can be thought of as a discrete dynamical system and as
a directed graph. In the latter case the grid elements act as vertices of the graph
and two vertices are connected via an eddg ihaps from one vertex to the other.

In Section 3 we define fofF the dynamical notions of attractors, repellers, and
recurrent sets and put these in the context of graph theory. The purpose of these
formulations is to demonstrate that the objects we wish to study are computable by
standard graph theoretic algorithms, which are often very efficient3.f. [

As we will see in Section 5, an appropriately defined sequence of multivalued
maps and their associated recurrent sets will converge to the chain recurrent set
of ¢, providing a new definition of the chain recurrent set — (a similar result can
be found in the work of Osipenkd.f]). Furthermore the spatial realization of a
recurrent set fotF approximates the chain recurrent set ggrand graph theory
provides a linear-time algorithm for determining the recurrent set of a graph, see
[3]. Hence these approximations are computable. In Section 7 we show that the
spatial realizations of components of the recurrent sef @&re isolating blocks
for ¢. Indeed, this occurs for the spatial realizations of many invariant se&s of
Moreover, in Section 7 we prove that under certain conditions invariant sets in the
graph converge to isolated invariant sets ¢or In particular Morse sets and the
recurrent set have this property.

Section 6 investigates another important tool in dynamical systems theory, Lya-
punov functions. For multivalued mag@Fsone can easily construct (e.g. via graph
theory) a function on the vertices of the graph which is constant on the compo-
nents of the recurrent set and decreases strictly off of the recurrent set, i.e. for each
the vertex that does not lie in the recurrent set, the function attains strictly smaller
values on all vertices in the image undgér We would like to use such Lyapunov
functions forF to approximate a Lyapunov function fgr. As the grid size goes
to zero, Lyapunov functions constructed in an arbitrary manner will not generally
converge to a Lyapunov function fgr. However, we will describe a method for
constructing Lyapunov functions fof that have the property that for a family of
grids with the grid size going to zero, these discrete Lyapunov functions converge
along a subsequence to a continuous Lyapunov functiop.for

In the Sections 2 through 6, for sake of simplicity, the theory is explained for
discrete time dynamical systems, i.e(n,-) = f", wheref : X — X isa
surjective map. We utilize a particular multivalued m&pn this case. In Section
7 we formulate general conditions that a multivalued map must satisfy in order for
the theory to hold.
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2. Grids and multivalued maps

The first step in developing a computational foundation for Conley’s theory
is the construction of a combinatorial representation of the dynamical system of
interest. This requires a finite description of both the metric spa@nd the dy-
namical systenp. In this sectiony will be a discrete dynamical system generated
by a surjective mag : X — X. For the definition of grid and the combinatori-
alization of f only local compactness of is needed. Therefore, in this section
we assume thaX is locally compact and separable. We begin with the following
discretization due to MrozeKl.[L].

DeFINITION 2.1. A grid on X is a collectionG of nonempty compact subsets
of X with the following properties:
() X = UgegG
(i) G =cl(int(G)) forall G € G
(i) Gnint(H) =oforall G # H € G.
(iv) If K C X iscompact, thedG € G | GN K # &} is afinite set.

Observe that ifX is compact, the@ is finite. Thediameterof a grid is defined
by
diam(G) := sup{diam(G) | G € G}.
Therealization map| - | is a mapping from subsets gfto subsets ofX, and is
defined ag.A| := UacaA C X. On compact spaces the existence of grids of
arbitrarily small size easily follows from compactness. From this the same can be
achieved in the locally compact case.

THEOREM2.2. For any locally compact, separable metric spa€eande > 0,
there exists a gri@ with diam(G) < e.

PrROOF The construction involves a simple induction argument. For simplic-
ity first assume thak is compact. By compactness we can choose a finite sub-
coverU = {U; |i=1,...,n} from the sef{ B.(x) | x € X} with U; = B(x;)
for somez; € X. LetV? := {V ) :=cl(U;) | i =1,...,n}. SetGy := V. In
general define, recursively,

VE = {VE = AV NGy =+ 1,n )

for k = 1,..,n — 1, with G}, := V= After n — 1 steps we letlg :=
{Gi]i=1,...,n}. Clearly condition (i) of Definition 2.1 is satisfied. The fact
thatcl(int(V,%)) = V,? can be used to justify condition (ii). Condition (jii) follows
from the fact that foi > 1
int(G;) = int(V; 2\ Gi_1)
= {z|ze int (V%) \ Gi—1}.
Clearlydiam G = e.

As for the case thak is locally compact and separable we argue as follows.
Since the spac« is locally compact and separable, there exists a sequence of
open relatively compact set§, C X such thatl(U,,) C U,,4; foralln > 0, and
X = UpU,. Now defineX,, := cl(X,\X,,—1), forn > 1, and Xy = Uy. For
eachX, the above proof provides a finite grig}, with diam G,, = €. Therefore,

G = UG, is then a grid forX with diam G = e. ]
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For a fixed grid we can define various combinatorial descriptions of thefmap
The combinatorialization of given below is natural and best suited for explaining
the theory in this paper. We will consider other combinatorial representations of
dynamical systems in Section 6.

DeFINITION 2.3. Theminimal multivalued mapassociated tgf on the grid
G is defined byFg(G) :={H € G | HN f(G) # o}.

If the underlying grid is clear from context, then we simply wiffe To em-
phasize the fact thaf is multivalued, that is each element@fis sent to a set of
elements oG, we write ¥ : G = G. For two multivalued map§, 7' : G =,
the mapF’ is said toenclosethe mapF if 7(G) C F'(G) for everyG € G. The
inverse of a given multivalued map is defined by

FHG):={HeG|GeF(H)}.

From the definition ofF ! it follows that enclosure carries over to inverses, i.e. if
F' enclosesF, then(F')~! enclosesF 1.

The following property is important in the process of going from the combi-
natorial information contained iff to the topological properties gf, and is an
essential requirement for multivalued maps in the context of combinatorializing
dynamical systems.

DEFINITION 2.4. A multivalued magF : G = G is anouter approximationof
f:X—>XIf
f(G) Cint(|F(G)])
for everyG € G.

Szymczak 14] was the first to identify and make explicit use of this essential
concept which is used in Sections 4 through 7 to assoéiatgth the dynamics of
f. The following propositions emphasize the importance of the minimal multival-
ued map.

PROPOSITION2.5. If F : G =G is the minimal multivalued map associated
to f, thenF is an outer approximation of.

PROOF Lety € f(G). Theny € H for finitely many H € G all of which are
by definition inF(G). If y ¢ int(|F(G)|), then there exists a sequenge— y
which can be chosen to lie in a single grid elem&nt¢ F(G). However, in this
casey € cl(H,) = H, so thatH, € F(G), which is a contradiction. [

Observe that determining the minimal multivalued map associated to g map
requires complete knowledge of the imagefobn grid elements. The following
corollary guarantees that the result is true even if one needs to enlarge the images
of F, for example to take into account numerical errors.

COROLLARY 2.6. If 7 : G =G encloses the minimal multivalued map asso-
ciated tof, thenF is an outer approximation of.

A similar proof results in the following proposition used in the theory devel-
oped in the subsequent sections.

PROPOSITION2.7. If F : G = G encloses the minimal multivalued map asso-
ciated tof, thenf~1(G) c int(|F~1(G)]|) for anyG € G,



AN ALGORITHMIC APPROACH TO CHAIN RECURRENCE 7

The minimal multivalued map is a natural setting in which to design algorithms
to approximate the discrete dynamics of a map, and general computer software has
been developed for this purpose, cf. GAIQ p]. To obtain rigorous information
from these algorithms, one must take into account numerical errors. Thus, a useful
extension of Definition 2.3 is to allow for an error in the imafyg~). This leads
to the following definition of a multivalued map.

EXAMPLE 2.8. Lete > 0
F(G):={H | B(f(G))n H # 0}.

Note thatF, enclosesF, the minimal multivalued map fof. In practice there are
always approximation errors in computing the imagé¢ aincef can be evaluated

at only finitely many points, as well as round-off error. If these errors can be
bounded by > 0, this example shows that they can be included in the multivalued
map in order to get rigorous statements about the dynamics of the original system.

In Section 4 we will describe other extensions and more general multivalued
maps. In the next section we give a detailed account of the properties of mul-
tivalued maps and their interpretation as both discrete dynamical systems and as
directed graphs.

3. Directed graphs and discrete dynamics

Grids and multivalued maps introduced in the previous section provide a
framework in which to pass from topology to combinatorics and back. In the Sec-
tions 3 through 5 we will assume that the metric sp&cs compact, and therefore
G is a finite set. It is often useful to tred : G =G as a dynamical system
defined on a finite set. However, from the point of view of developing efficient
algorithms, it is advantageous to simultaneously consfdeiG = G as a directed
graph whose vertices are the grid elements with an edged o if H € F(G).

Thus, throughout this section we will alternate between concepts from dynamics
and graph theory. The notatigh will be used for both a multivalued map and a
directed graph. We begin with some graph theoretic definitions.

DEFINITION 3.1. A directed graphF is closedif F(G) # @ and F~1(G) #
@ for every vertexG € G.

As a multivalued map the closedness property implies that the space of vertices
G gets mapped onto itself by both andF~!. This property is closely related to
surjectivity assumption in the definition of a dynamical system given by Definition
1.1. Unless specified otherwigeis always assumed to be closed.

PROPOSITION3.2. Let f : X — X be surjective. IfF : G = G encloses the
minimal multivalued map associated fothenF is closed.

PROOF Sincef : X — X foreveryG € G, f(G) C X, and henceF(G)|N
X # @. The assumption that is surjective implies that for angg € G, there
existsH € G such thatf(H) N G # 9. Hencel F~1(G)|N X # 2. =

A complete orbit ofF through G is sequenceg = {Gi } ., satisfyingG =
Go and G411 € F(Gyg) for everyk € Z. Observe that complete orbits &F :
G = G are equivalent to bi-infinite paths in the digragh We say that a path in
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F is nontrivial if it has at least one edge. frward orbit {G | £ > 0} and
backward orbit{G}, | k < 0} are denoted byg and, respectively.

As was indicated in the introduction, the concepts of invariant sets and
attractor-repeller pairs are essential for understanding the structure of dynamical
systems. In the context of a multivalued map G = G on a finite set the follow-
ing definitions are appropriate.

DEFINITION 3.3. A subsetS C ¢ is aninvariant setfor F if S ¢ F(S), and
S c FYS).

By symmetrysS is an invariant set fof if and only if S is an invariant set for
F~L. The following proposition follows immediately from this definition and gives
various characterizations of invariant set which are useful in different contexts.

ProPOSITION3.4. Let F : G =G be closed, then the following statements
are equivalent:

(a) Sis an invariant set fotF;
(b) Fsis closed and thu§ = N,z F"(S);
(c) for all G € S there exists a complete orbjt; C S.

By restrictingF to an invariant sef, which we denote byFs, one obtains a
closed graph again on which the theory can be applied.

PrROOF We start by showing that (a) implies (b). K(G) = @ for some
G € S, thenG ¢ F~1(S). Similarly, if 7=1(G) = @ for someG € S, then
G ¢ F(S). Both statements contradict assumption (a).

We now show that (b) implies (¢). F6¥ € S we construct a complete orbit
by induction. Let, := G. SinceFgs is closed, we can choogg € F(G)NS and
G_1 € F~Y(G)NS. Having determined:y, if £ > 0, chooseG 1 € F(Gr)NS
and ifk < 0, choosel._1 € F~1(Gy) N S. In either case the choice can be made
sinceFgs is closed.

Finally to show that (c) implies (a) we argue as follows. For &hy e S
there exists & € F~1(G1) N'S. MoreoverF(G) C F(S) forall G € S so that
G1 € F(S), which proves thas ¢ F(S). The property forF~! follows from
symmetry. [

From Proposition 3.4(c) it is easily seen thatSifand S’ are invariant sets
underF, thenS U &' is also an invariant set undgf. Themaximal invariant set
inU C G is denoted byinv (i) = N,z F*(U). Fork <1 let

)= | 7).
k<n<l
We writeT% (/) = T'%°°(/) as thek-forward image ofi/, and similarlyl™* (1) =
I'—°* as thek-backwardimage ofi/. Moreover,I'({) denotes the complete
image of!/.

DeFINITION 3.5. For a given sel/ C G define thev-limit and a-limit setsof
U by

wi)=(Th@w) and o) =(I"W).
k>0 k<0
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PROPOSITION3.6. Let F : G =G be closed and/ C G with F(U) C U.
Thenlnv(U) = wU) # @ with F(wld)) = w(U). Similarly, if 7~1(U) c U,
thenInv(U) = a(U) # @ with F~(a(U)) = al1).

PROOFE We begin by showing thdiv (/) # @. SinceF is closed, for any
G € U there exists a forward orbitég C U. Sinceld is finite, there exisk; > kg >
0 such thaty,, = Gy,. Letyy = {Hp},c, C U be the orbithy, = Gy, for
k =0, ..., k1 — ko extended periodically with peridey — k. By Proposition 3.4(c),
vm IS invariant, hencénv(U) # @.

Now consider any complete orbil; C U. It is easily checked thais C
w(U). Thus,Inv(U) = w(lU). But F(w(U)) = w(U) hencew(lf) is an attractorm

DEFINITION 3.7. LetF : G = G be closed. A subset C G is anattractor for
F if F(A) = A. Thedual repeller.4* of an attractor.A4 is the maximal attractor
for 7! contained inG \ A, and (A, A*) is called anattractor-repeller pair In
general arepelleris an invariant set3 that satisfiesF—!(B) = B and thus is an
attractor for 71

The following proposition justifies this definition of an attractor-repeller pair
for a closed graph.

PROPOSITION3.8. LetF : G = G be closed, and IgtA4, A*) be an attractor-
repeller pair inG. Then the following statements are true.

(a) A and.A* are invariant sets forF.
(b) If v is a complete orbit throughiy € A, thenyg C A.
(c) If v¢ is a complete orbit througl’ € A*, theny, C A*.
(d) (A*, A) is an attractor-repeller pair forF 1.
(e) Let~yq be a complete orbit througt € G \ (AU .A*). Then
() vgnNA=g;
(i) 74 NnA* = g;
(i) w(G) c Aanda(G) C A%
(iv) G # Gy forall k # 0.
That is,vq is a connecting orbit frord* to A.

PROOF. To show that is invariant it is sufficient to show that ¢ F~1(A).
So assume that there existsc A such that ¢ F~1(A). ThenF(G)NA = @.
HoweverF(G) # @ sinceF is closed, and hencg(A) ¢ A, a contradiction. A
similar argument applies td*. Statement (b) follows from the fact th&t(A) =
A, and (c) follows fromF—1(A*) = A*.

Supposé/ is an attractor ing \ A* that contains4d. Let H € U \ A. By
Proposition 3.4, there exists a backward orgit C . Sinceg is finite, there
existsk,l > Osuchthatd _,_;, = H_. If H_;, wereinA, then by (b) alsdd € A
contrary to our assumption, thitg_, ¢ (AUA*). ThereforeB = a(H_j,)UA* C
G\ Ais an attractor forr—! sinceF~1(B) = F~ 1 (a(H_;)) U F1(A*) = B.
MoreoverB # A* sinceH_; € Bbut H_; ¢ A*, which contradicts the fact that
A* is the dual repeller ofd. Hence A is the maximal attractor i \ .A* which
proves (d).

In statement (e), (i) follows from (b), and (ii) follows from (c). Also (e(iii))
follows from (d) sincev(G) is an attractor by Proposition 3.6 andG) N A* = @
sinceF~1(A*) = A* andG ¢ A*. A similar argument shows(G) C A*.
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Finally if G = G}, for somek > 0, thenG C w(G) which contradicts (e(iii)),
and a similar argument holds fér< 0. [

Refining the notion of an attractor-repeller pair leads to the following defini-
tion.

DEFINITION 3.9. Let F : G =G be closed. AMorse decompositionf G is a
finite collection of invariant set§, - - - , S,, for which there exists a strict partial
ordering > on the index sefl,--- ,n} that satisfies the following property. If
i # j and there exists a complete orit7} }, ., such that for somé < &’

GresS, and Gy € Sj
theni = j. The setsS; are calledMorse sets

Off of the Morse setsS; the multivalued magF has a gradient-like structure.
To make this precise we introduce the notion of a Lyapunov function on a directed
graph.

DEFINITION 3.10. A Lyapunov function for a Morse decomposition
{Si]i=1,..., I} of F: G=GisafunctionV : G — [0, 1] satisfying:
(@) if G,H € S;, thenV(G) =V (H),
(b) if H € F(G), thenV(G) > V(H),
(c) if H € F(G), andG and H do not belong to the same Morse set, then
V(G) > V(H).

Lyapunov functions for Morse decompositions/®fcan easily be constructed
using linear time graph algorithms, s&®.[In Section 6 we discuss the construc-
tion of Lyapunov functions which limit on a Lyapunov function for the underlying
dynamical system.

It is often useful to be able to partition a digraph using Lyapunov functions.
We will use the following notation:

Vo={GeG|a<V(G)}, V'={GegG|V(G)<b, V=V,nVt

The following proposition explains the relationship between Morse sets and
attractor-repeller pairs.

PropPosITION3.11. If S is a Morse set, then there exist attractor-repeller
pairs (A;, A7), i = 1,2 such that

S=ANA,.

PROOF LetV be a Lyapunov function for the Morse decomposition such that
V~(c) = 8. Then the sublevel sdt¢ satisfiesF(V¢) c V¢, and hencé/©
contains an attractor. Sinée= V ~1(¢) C V¢ we haveS C w(S) C w(V¢), and
consequenths C w(V¢). The same argument applies to the superlevel’'seind
thusS C a(V,). If we setAd; = w(V°) and A5 = a(V,), thenS C w(V°) = A,
andS C a(V,) = Aj. Consequentlys ¢ A; NA5 C VenV. =S, which proves
thatS = A; N A3, [

Using the above proposition we establish a fundamental relationship between
Morse decompositions of a graph and the set of attractor-repeller pairs.
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PROPOSITION3.12. Let F : G =G be closed, and le{S; | i =1,--- ,I} be
a Morse decomposition of. Then there exists a collection of attractor-repeller

pairs{(Aj,Aj-) lji=1,.. .,J} such that

I J
s ﬂ AjUAY).
i=1 j=1

Morse decompositions split the dynamics/into gradient-like dynamics off
of the Morse sets and ‘recurrent’ dynamics on the Morse sets. Next we introduce
the notion of recurrence faoF in order to describe the largest set on whighs
gradient-like.

DerINITION 3.13. Therecurrent setof a multivalued mag- : G =G is de-
fined as follows

R(F) :={G € G | there exists a nontrivial path frot to G} .

The following result relates the recurrent set of a graph to the set of attractor-
repeller pairs.

PrRoPOSITION3.14. Let F : G =G be closed. Let the set of all attractor-
repeller pairs inF be given by{ (A;, A%) | j =1,...,J}. Then,

J
= (A;UA4)
j=1

PROOF We begin by showing tha& (F) C ﬂjzl (Aj UAY). LetG € R(F)
and assume that there exists an attractor-repeller (pgir.A;) such thatG ¢
A; U A7, By Proposition 3.8(e(iv)), there is no nontrivial path fraéto G, a
contradiction.

Now assumér < ﬂjzl(Aj UA?) butis not recurrent. Thus for every complete
solutionq throughG, we haveGG # Gy, for all k£ > 0. Define

P :={H € G | there exists a nontrivial path frof to H } .

Clearly, F(P) c P andG ¢ P. By Proposition 3.6w(P) = A C P is an
attractor which does not conta{®. We will reach a contradiction 7 ¢ A*. If
G € A*, then there is a complete pathr C A* andH € 72; N A which would
imply thatA N A* # &. ThereforeG ¢ (AU .A*), a contradiction. ]

DEFINITION 3.15. Thecomponentf R(F) are the equivalence classes de-
fined by the relatiory ~ H if there exist nontrivial paths frort’ to H and from
HtodG.

Observe that components Bf(F) are the Morse sets of the finest Morse de-
composition. In the terminology of graph theory, the component® @f) are
precisely the (nontrivial) strongly connected componentg-afvhich contain at
least one edge. This characterization7ofF) implies that there exists a linear
time algorithm to construct a Lyapunov function. Sirgtes a finite set and we are
considering Lyapunov functions with imagesiawe can choos& : G — [0, 1]
with the following properties.
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PROPOSITION3.16. There exists a Lyapunov functién: G — [0, 1] such
that for anyc € R, V~1(c) is either a single component &(F), an element of
G \ R(F), or empty. Furthermore, in the latter two cases(V ), a(V;)) is an
attractor-repeller pair.

4. |solating neighborhoods

After discretizing bothf and X and studying the dynamics of the discrete
systemF, the next logical question is whether the characteristics of the discrete
dynamics, such as Morse sets, have bearing on the dynamits \ofe will see
in this section that most invariant sets for the discrete dynamics yield information
about isolation for the dynamics ¢f. Recall that a compact s& C X is an
isolating neighborhood ifnv (N, f) C int(N). A compact neighborhood that
satisfies the property:

(1) FTHN) AN N f(N) C int(N),

is clearly an isolating neighborhood. Such an isolating neighborhood is called an
isolating block The main result in this section is the relationship between Morse
sets forF and isolating blocks foy.

THEOREMA4.1. LetS be a Morse set fofF, an outer approximation of, then
its geometric realizatiorlV = |S| is an isolating block forf.

PROOF The invariant sef is a Morse set and therefore, by Proposition 3.11, it
is the intersection of a single attractdrand a single repelled’, i.e. S = ANA™.
Now N = |S| = | AN A*|, and by constructiotF (S) = F(AN A™) Cc F(A) =
A, andF~1(S) c A*. We obtain

f(N) = Ugesf(G) C Uges int(|F(G)|)
= int(|F(S)]) C int(].A]).
Similarly for the repeller we obtain

FTHN) = Ugesf H(G) C Uges int(|FH(G)])
= int(|]F1(S)|) C int(|.A™)).
Combining these two inclusions yields the following inclusion
FFUNYNNNF(N) < int(JA™]) N |ANA™| Nint(|.A])
C int(JANA%]) = int(N),

which proves thatV is an isolating block. L]

A important byproduct of the above theorem is that one can also find attractor-
repeller pairs forf via attractor-repeller pairs faF. See Proposition 5.5.

The fact that attractor-repeller pairs fércan be used to find attractor-repeller
pairs for f can be further generalized to Morse decompositions in the sense that a

Morse decomposition faF will provide isolating blocks for a Morse decomposi-
tion for f.

COROLLARY 4.2. Let {S;}, i € (Z,>), be a Morse decomposition foF.
Then, then collection of se{sS; }, with S; = Inv(|S;], f) form a Morse decompo-
sition for f.
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ExaMPLE 4.3. A simple counterexample shows that invariant Setisat are
not Morse sets do not yield isolating neighborhoods in general. Indeed, consider
the following example on the 2-dis€ = D?. Let f : D?> — D? be a rotation
over 90 degrees. Consider the concentric circles around the origin with-radii
1/N,2/N,...,1. This gives a gridg for D%. Let F be the minimal multivalued
map defined in Definition 2.3. One can now find various invariant sets which do
not yield isolating neighborhoods.

Morse sets are obvious candidates for finding isolating neighborhoods. How-
ever, there may be invariant sets which are not Morse sets but still yield isolating
neighborhoods. If a Morse set f@f is minimal (recurrent component), i.e. it does
not allow further attractor-repeller pair decompositions, then it may still have in-
variant subsets. Sometimes these sets provide additional isolating neighborhoods
and reveal additional information about the structure of the dynamigsatfthe
recurrent components. In order to achieve this we introduce the notion of isolated
invariant sets relative to a Morse set.

An invariant setS is isolated with respect to a Morse sét if

mv({G eS8 |GNIS|£0}) =S

Note that one choice &¥’ is the whole gridj. This notion of isolation combined
with the outer approximation property also leads to isolating blocks, and this fact
was first recognized by Szymczak ih4]. We can now extend Theorem 4.1 as
follows.

THEOREMA4.4. LetS be an isolated invariant set with respect to a Morse set
S’. Then|S| is an isolating block forf.

PROOF By assumptionV’ = |S’| is an isolating block. Then for the isolated
invariant setS C &', setN = |S|. The condition thafV is also an isolating block
is equivalent to saying that boundary points leAvenmediately in either forward
or backward time, i.e. far € N, f(z) € N or f~*(z) ¢ N. The boundary ofV
splits into two partsPpN = M,; U My, whereM,,; € ON’ and M, C int N'.

If z € M4, then sinceV’ is an isolating block eithef (x) or f~!(x) is notin N,

and therefore not iv. What remains to be shown is that the same holds for points
in M. Suppose not, thefi(z), f~'(z) € N. There exist grid elements* ¢ S
such thatf~!(z) € G~ and f(z) € G*. The invariance ofS now implies that
there exist orbitsyéi C S. Sincexr € M;,; andS is isolated inS’, we can choose

H e 8'\S which containse.

Using the fact thatF is an outer approximation now implies thitz) €
f(H) C int|F(H)|, and consequently(H) N GT # @ so thatGt € F(H).

In same way one proves th@t™ ¢ F~1(H). We can now construct the following
complete orbit

- U{HYUA, C 8
which does not lie irS, implying thatS is not isolated with respect t§', a con-
tradiction. L]

The theoretical framework outlined in the Sections 2-4 extends the ideas in-
troduced in 14]. Using implementations o™ with rectangular grids by soft-
ware packages such as GAI®, [7], one can produce isolating blocks (or more
generally index pairs), index filtrations, and rigorous computer-assisted proofs of
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specific dynamics, such as periodic or connecting orbits, in both finite and infinite-
dimensional maps, c.f14, 4, 3.

5. Chain recurrence

In this section we continue our exposition for the case of a discrete dynamical
system generated by a surjective nfapX — X on a compact metric space, and
for any gridG the multivalued map= will be the minimal multivalued map as in
Definition 2.3. In Section 7 we will state conditions which guarantee the results of
this section hold for more general dynamical systems and multivalued maps.

DEFINITION 5.1. Let {G,},en be any sequence of grids for which
diam(G,) — 0 asn — oo. Thechain recurrent setfor f is defined by
R(X, f) := Mn|R(Fg,,)|.

Obviously, the first order of business is to prove tR4tX, f) is well-defined.
We begin with a lemma which relates the multivalued maps on grids of different
diameters using only the continuity ¢f

LEMMA 5.2. Let G be a grid with diametediam(G). Then there exists a
0 = 0(diam(G)) > 0 such that ifH is a grid withdiam(H) < ¢, thenFy(H) C
Fg(G) forall G € Gand all H € H withG N H # &. Moreover, ifH € R(Fx)
andG N H # @, thenG € R(Fg). Hence|R(Fx)| C |R(Fg).

PrROOF SinceG has only finitely many elements, Proposition 2.5 implies that
there exists > 0 such thatB.(f(G)) C int(|Fg(G)|) for all G € G. Sincef is
uniformly continuous onX, there exist > 0 such thatdiam(G) < p implies
diam(f(G)) < €¢/2. Choosed > 0 such thaty < min{p,e/2}. LetH be any
grid with diam(H) < J. LetG € GandH € H with GNH # @. Then
f(H) C Bs(f(G)) sincediam(H) < p. Also, |Fy(H)| C Bc(f(G)) since
diam(H) < €/2. Thereford Fy (H)| C int(|Fg(G)|).

If H € R(Fy), then there existé > 0 such thatd € FF,(H). Note that
|75 (H)| C int(|FE(G)|) for all k > 0. Indeed, sincéFy (H)| C int(|Fg(G))),
for any elementk’ € F(H) we haveK N int(G') # @ for someG’ € F(G)
which implies thai 7 (K)| C int(|Fg(G")|) C int(|FZ(G)]); hencel FZ(H)| C
int(|]73(G)|). Repeating this argument givé&}, (H)| C int(|F5(G)|) for all
k > 0. Now, we haveH C int(|F5(G)|). SinceG N H # @, we conclude
thatG C FE(G), i.e.G € R(Fg). "

LEMMA 5.3. The setn,|R(Fg, )| is independent of the particular sequence
{Gn }nen With diam(G,,) — 0. Hence,R(X, f) is well-defined.

PROOF Supposg; is a fixed grid andH,, },cn is a sequence of grids with
diam(H,,) — 0 asn — oo. We first show than,,|R(F,, )| C |R(Fg)|. Choose
n > 0 so thatdiam(H,) < J where§ > 0 is associated t¢/ by Lemmab.2.
Lety € Ny|R(Fn, )| Then there existél € H,, suchthaty € H € R(Fx,,).
ChooseG € G so thaty € G. By Lemmab.2, we haveG € R(Fg), and hence
y € [R(Fg)l.

Finally, suppose {G,}men and {H,},eny are two sequences with
diam(G,,) — 0 anddiam(H,) — 0 asm,n — oo. Above we showed that
M| R(Fn,)| C |R(Fg,,)| for eachm > 0. Hencen, |R(Fx,,)| € Nm|R(Fg,,)|-




AN ALGORITHMIC APPROACH TO CHAIN RECURRENCE 15

Interchanging the roles @&f,, andH,, givesn,,|R(Fx,,)| = Nm|R(Fg,,)|- Hence
R(X, f) is well-defined. ]

Now we establish a basic lemma relating the orbits through peinisder f
to the orbits of grid element& > x underF. Here we will denote byy’;”l the
orbit segmenty([k, ] N'T,x) for 0 < k < [ < co. While the proof of this lemma
is a direct consequence of uniform continuity, we provide a proof here because it
is used extensively in the sequel. We denotehby, B) the Hausdorff distance
between the setd and B.

PrOPOSITIONS.4. Lete > 0,n > 0, andz € X. Then there exists & > 0
such that for any grid7 with diam(G) < ¢, we have F"(G)| C B.(f"(G)) for
all G € G. Moreover, ifz € G and0 < k < I < oo, thenh(7&!, T*{(G)]) — 0
asdiam(G) — 0.

PROOF. Letdy = ¢/2. Since " !(G) is compact and is uniformly con-
tinuous, there exist§; > 0 such thatf(B;s, (f*Y(G))) C Bs,(f™*(G)). Fur-
thermore, for each < i < n there exists); > 0 such thatf(Bs, (f"(G))) C
B(giil/g(fniiJrl(G)). Letd = minogignfl 51/2 If dlam(g) < 4, then]}'(G)\ -
Bs,_,(f(@)). ForanyH € F(G), we havef(H) C Bj;, ,»(f*(G)). Hence
|F2(G)| C Bs,_,(f*(G)). Repeating this argument for each< n, we obtain
F(G)| € By, (G) = Be(f"(G)).

By uniform continuity off, choose,. > 0 such thatf™(Bs, (z)) C B(f"(x))
forall £ < n < [. Then fordiam(G) < min{d,d,.} we have|F"(G)| C
B(f™"(G)) C Bac(f™(x)) for all k < n < [. The convergence of orbit segments
in the Hausdorff metric now follows. [

One of the fundamental ideas in the proof of the decomposition theorem in Sec-
tion 6 is the relationship between the chain recurrent set and attractor-repeller pairs
in X, which we now prove. This also establishes that our definition of the chain
recurrent set yields the same set as the standard definition. First we need a propo-
sition that relates attractor-repeller pairs for the multivalued thajp attractor-
repeller pairs forf.

PrROPOSITIONS.5. (i) For every attractor-repeller paif.A, A*) for F, there
exists a unique attractor-repeller pafid, A*) for f such thatd C |.A| and A* C
|A*].

(i) Let (A, A*) be an attractor-repeller pair forf. For every0 < e <
dist(A, A*)/2, there exist$ > 0 such that ifG is a grid withdiam(G) < ¢, then
there exists a unique attractor-repeller pdid, .4*) for F with the property that
A C |A| C B(A) and A* C |A*| C B.(A*). Any other attractor-repeller pair
(B, B*) for F has the property that eithgi3| or |B*| has nonempty intersection
with both B.(A) and B.(A*).

PROOF (i) SinceF(A) = A, we havef(].4|) C int(|.A]) so that|.4| is an attract-
ing neighborhood. Thed = w(|.A|) C |A| is the maximal attractor ifA4|, and
A* = Inv(cl(X \ |A])) C [Inv(G \ A)| = |A*|. Moreover, any other attractor
A C | Al is not maximal, and hencd* N |A| # @ so thatA* ¢ |.A*|, which
implies unigueness.
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(i) By the definition of attractor, there exists a neighborhdod: B, (A) of A with
the property thay (V') C V. Similarly, there exists a neighborhodt C B.(A*)
of A* such thatf ~}(V*) c V*. Sincedist(4, A*) > 2¢, we haveV N V* = 2.

By definition of an attractor-repeller pair and compactness, there éXists)
such thatfV(z) € V forallz € X \ f~1(V*). SinceV is open, Proposition
5.4 providess > 0 such that ifdiam(G) < 4, then|FV(G)| c V for anyG C
X\ f~Y(Vv*). Also, we can choosé < h(V, f(V)).

For any setS C X we definecov(S) = {G € G : SNG # o}. Let
C = cov(f(V)). Sincef(V) c Vandd < h(V, f(V)), we haveF(C) C C.
Now let A = w(C) and.A* its dual repeller. Sincel C C, we have|A| C B.(A).
Moreover, sincef(A) = A, we havecov(A) C F(cov(A)), and henceov(A) C
FF(cov(A)) for all k > 0. Thuscov(A) C w(cov(A)) C w(C) = A so that
AC A

Suppos& is an element which does not inters¢ct' (V*). Then by the above
construction,F¥*1(G) c C so thatA* does not contaid’. Thus|A*| c V* C
B.(A*). Moreover,A* C f~1(A*) implies thatcov(A*) C F~1(cov(4*)), and
hencecov(A*) C F~(cov(A*)) for all k > 0. Thuscov(4*) C a(cov(A*)) C
a(G\ C) = A* so thatA* C |A*|.

Suppos€ B, B*) is any other attractor-repeller pair f8t. By Proposition 3.8,
all recurrent elements @ are in eitherA or A* and likewise in eithei3 or B*.
Therefore we must show that eith&ior 5* contains recurrent elements from both
A and.A* which will imply that either3 or B* intersects the-neighborhoods of
both A and A*.

First suppose thalNB # @ andB ¢ A. ThenB contains a recurrent element
of A, since otherwise it would not be invariant, and likewfseontains a recurrent
element fromA* sinceB ¢ A. Conversely, if8 C Aor AN B = @, then by
invariance 5* contains a recurrent elementdfsinceA ¢ B. In the first casé3*
contains all ofA*, and in the latter casB C A* but B # A*, and henc&3* also
contains a recurrent element 4f. [

THEOREM 5.6. The chain recurrent seR (X, f) is the intersection of all
attractor-repeller pairs of X, f).

PROOF. Let (A, A*) be an attractor-repeller pair fgf. Suppose{G,} is a
sequence of grids withiam(G,,) — 0 asn — oco. Lete > 0. By Proposition
5.5, there exist&v > 0 and an attractor-repeller pdid v, A},) for Fg, such that
|An U AN | € B(AU A*). By definition of attractor-repeller pajR (Fg, )| C
|An U Ay |, and thusR(X, f) = N,|R(Fg,)| C B(AU A*). Sincee > 0 was
arbitrary, R(X, f) C AU A* for every attractor-repeller pair; hen®& X, ) C
N(AU A%).

Letz € AU A* for all attractor-repeller pairs and I6tbe any grid. Suppose
x ¢ |R(F)|. ChooseG containingz, and letc = V(G) whereV is a Lyapunov
function ongG from Proposition 3.16. Then the sublevel and superlevellseend
V. contain an attractad and its dual repelled* respectively. Moreovetd and
A* do not containz. Therefore|.A| and|.A*| contain an attractod and its dual
repellerA* for whichz ¢ A U A*, which is a contradiction. Thus € |R(F)|.
Sinceg was an arbitrary gridy € R(X, f). [
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We now investigate how well grid recurrent sets approximate the chain re-
current set. From our definition, it is not a priori clear that grid recurrent sets
R(Fg, ) with diam(G,,) — 0 asn — oo cannot have elements which are uniformly
bounded away frorR (X, f) but nevertheless disappear in their intersection. Our
next lemma will show that this cannot happen.

LEMMA 5.7. If G, is any sequence of grids witham(G,) — 0 asn — oo,
thenh(|R(Fg, )|, R(X, f)) — 0 asn — .

PROOF. Note that sinceFg, is closed,R(Fg, ) is nonempty, and sincg is
surjective onX (compact),R(X, f) is also nonempty. Hence their Hausdorff dis-
tance is well-defined.

Since R(X,f) < |R(Fg,)l, we have h(|R(Fg,)|,R(X,[f)) =
maxye|r (7, ) dist(y, R(X, f)). Suppose that there exists > 0 such that
h(IR(Fg,)|, R(X, f)) > « for infinitely manyn > 0. Then one can choose a
sequence,, — x such thate,, € |R(Fg,)| anddist(z,, R(X, f)) > «. Thus
dist(z, R(X, f)) > «a, and hence: ¢ R(X, f).

Sincex ¢ R(X, f), there must exist» > 0 such thate ¢ |R(Fg,,)|. In the
fixed gridG,,, there must be an eleme@tcontainingz andz,, for infinitely many
n > 0. Sincex ¢ |R(Fg,,)|, alsoG ¢ R(Fg,,). There existsV > 0 large enough
so thatdiam(Gy) < § whered > 0 is associated t@,, by Lemma5.2. Since
zy € Hy € R(Fgy) andG N Hy # @, Lemmas.2 implies thatG € R(Fg,,).
which is a contradiction. Thus(|R(Fg, )|, R(X, f)) — 0 asn — oc. [

The above lemma shows that the chain recurrent set can be approximated arbitrarily
closely by grid recurrent sets by taking fine enough grids. For completeness we
show that this property holds for isolated invariant sets, which also yields a proof
that every isolating neighborhoadd contains an isolating block fdnv(N).

THEOREM 5.8. Let N be an isolating neighborhood and = Inv(V).
There exist$y > 0 such that ifG is a grid on X with diam(G) < ¢, then
S = Inv(cov(N)) is an isolated invariant set ig with .S = Inv(|S]|) C int(|S]).
Moreover, ifdiam(G,,) — 0 thenh(|S,|,S) — 0 asn — .

PROOF Let V' = cov(N). Let0 < e < dist(S,0N)/2 andM = N \
B(5). If x € M, then there exists, > 0 such thatf™=(x) ¢ N since otherwise
() # w(x) C SN M, a contradiction. By continuity, there is. > 0 such that
f"(By,(x)) C N¢ SinceM is compacty > 0 can be chosen so that, < n
for everyz € M. By Proposition 5.4, there exists < ¢ < ¢/4 such that if
diam(G) < 4, then ifx € M andz € G we havedist(f™(x), |F"(G)]) < €/2
so thatG' ¢ Inv(N). Therefore|S| = |Inv(N)| C cl(B,4(S)). Lettinge — 0
yields the Hausdorff convergence|df,| to S. ]

COROLLARY 5.9. Let N be an isolating neighborhood with = Inv(N).
Then there exists a compact g&tC int(/N) which is an isolating block fos.

PROOF By Theorem 4.4B = |S| in Theorem 5.8 is an isolating block. =

6. Lyapunov functions and Conley’s Decomposition Theorem

In Section 3 we introduced discrete Lyapunov functions for a multivalued map
F on a gridG which are naturally obtained from standard graph-theoretic algo-
rithms. In Section 5 we showed that the chain recurrent set of a map can be
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approximated by recurrent sets of multivalued maps on grids. However, if we
consider sequence of gridk,, with diam(G,,) — 0 asn — oo, then an associ-
ated sequence of any such discrete Lyapunov functions need not have a limit. It is
natural to ask whether the discrete Lyapunov functiongaran be chosen to con-
verge to a Lyapunov function for the original dynamical system. In this section we
construct specific discrete Lyapunov functions that have continuous limits, which
provides an independent proof of Conley’'s Fundamental Decomposition Theorem.
We will carry out this construction for the example of the mulitivalued map defined
in Definition 2.3 in Section 2. Later we provide axioms under which this procedure
works for more general systems.

6.1. Discrete Lyapunov functions for attractor-repeller pairs. The con-
struction and convergence of discrete Lyapunov functions will be performed in
several stages. We begin by constructing discrete Lyapunov functions for attractor-
repeller pairs which incorporate the topologyXf(compact).

6.1.1. Distance potentialsLet A, B C X be compact subsets af where the
intersectiond N B need not be empty.

DEFINITION 6.1. Afunctionv 4 ) : X\(ANB) — [0, 1] is called adistance
potentialfor the pair(A, B) if :
(@) v(a,p) is locally Lipschitz continuous oX \ (A N B),
(b) V4 5)(0) = A\ B,
(©) viup(l) =B\ A
If An B = @, then a distance potential is defined on allof and hence

Lipschitz continuous ofX since the spacé is compact. Distance potentials can
easily be constructed as the following example showszForX \ (A N B) define:

d(z, A
2) vian)(?) = d(zx, A)( + dz:r, B)’

where the distance functiaf(-, -) is derived from the metric oX. It is obvious
thatifx € A\(AN B), orz € B\(AN B), thenv 4 p as defined in (2) is equal
to 0 or 1 respectively. As for the local Lipschitz continuity we have:

LEMMA 6.2. The functionv 4 p) defined in (2) is locally Lipschitz continuous
on X\(ANB). If AN B = &, thenv 4 g is globally Lipschitz with Lipschitz
constantLip,, < 1/d(A, B).

PROOF To establish Lipschitz continuity, let y € X\ (A N B), then

v () — v () = d(z, A) B d(y, A)
(4.5) (4.5 d(z,A) +d(z,B)  d(y, A)+ d(y, B)
d(xz,A)d(y, B) — d(y, A)d(x, B)

(d(x, 4) + d(z, B)) (d(y, 4) + d(y. B) )
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Using the inequalityi(z, A) < d(z,y) + d(y, A) for A, and the same foB, we
obtain

d(a,y)(d(y, A) + d(y, B))
(d(z, 4) + d(z, B)) (d(y, 4) + d(y. B))

d(z,y)
d(z,A) + d(z, B)

which proves local Lipschitz continuity.

As for the second part of the lemma we argue as follows. Sihead B are
compact sets in a compact metric space, wHen B = @, they are separated,
and thusd(A, B) > 0. Using the inequalityl(x, A) + d(z, B) > d(A,B) > 0
we obtain thatv 4 gy(z) — v(a,p)(v)| < d(x,y)/d(A, B), which proves global
Lipschitz continuity. [

IN

[V(a,B)(T) = via,B) (V)]

Other examples of distance potentials are found by slightly adjusting the ex-
ample given by (2):

(2) = d(z, A)"
VaB\E) = d(z, A"+ d(z, B)"’

This is one among many possibilities for constructing distance potentials. The
advantage of the above formula is that#or- 1 the associated Lyapunov functions
in the continuous limit may display more smoothness.

6.1.2. Discrete Lyapunov functions fof. Let P = (A, A*) be an attractor-
repeller pair for7, and letvip| be any distance potential for the pdP| =
(lA],].A*]). The setg.A| and|.A*| are not necessarily disjoint, but their interi-
ors are disjoint by construction. Therefore, the fact #ha{ may not be defined
in |A| N |.A*| when the intersection is nonempty, does not affect the following
definition.

Choose representativeg; € int(|G|) for all G € G, and define the following
function on the graplf:

n € N.

vp(G) = vip|(za).
For anyk > 0, let

Vp(G,k) = max Vp(H).
Hel* (G)

This function is almost a Lyapunov function for the attractor-repeller pair decom-
position as the following lemma shows.

LEMMA 6.3. LetH € I'"} (G) for somen > 1, then
Vp(H, k) <Vp(G, k) <Vp(G,k+1)forall k > 0.

PROOF. Clearly,I'* (H) c I'* (G), and the first inequality follows from the
definition ofv,. SinceH € F*(G) for somen > 0, T (H) c T**1(G) from
which the second inequality follows. L]

The above lemma shows that is a weak Lyapunov function in the sense that
it is not yet strictly decreasing off of the attractor-repeller pair. For this reason we
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introduce the function

) V(@) = 32 (G ).

k=0

It is immediately clear that the sum is convergent folak G andVp(G) € [0, 1]
forall G € G.

LEMMA 6.4. Forall H € F(G) it holds thatVp(G) > Vp(H) andVp(G) =
Vp(H) ifand only ifG,H € Aor G,H € A*. In addition Vp(A) = 0 and
Vp(A*) =1

PROOF The first statement of the lemma follows immediately from the defi-
nition of V» and Lemma 6.3. If botlis and H lie in either A or A*, then by the
definition ofvp it follows thatVp is equal to eithef or 1 respectively.

Suppose thall andG are not both contained in eithdror A*. The definition
of A and . A* then implies thatz ¢ A andH ¢ A*. We distinguish three cases.
The first case is when neithéf nor GG is contained in4 U A*. Suppose that
Vp(G) = Vp(H). Lemma 6.3 yields that},(H, k) < Vi(G, k) for all & > 0,
and thusv,(H,k) = Vp(G,k) forall k > 0. SinceG ¢ A* it follows that
Vh(G,k) — 0ask — oo. Indeedvy(G,k) = 0 for k > k, for somek, > 0.
From Lemma 6.3 we get

0 = Vp(G ki) > Vp(H, ki — 1)
(G — 1) > 0,
) =

which shows thav}, (G, k. — 1) = 0, and thereforer, (G, k) = 0 for all & > 0.
ConsequentlyVp(G) = Vp(H) = 0. However, sinces ¢ A, Vp(G) > 0, a
contradiction.

In the second case assume tiat .A*. Suppose again that- (G) = Vp(H).
Thenl = v, (G, k) = Vi (H, k) — 0 ask — oo sinceH ¢ A*, a contradiction.
Thereforel = Vp(G) > Vp(H).

Finally in the third case assume thét € 4. Again suppose thatp(G) =
Vp(H). Then0 = v (G, k) = v (H, k) for all k > 0. However,v,(G,0) > 0,

a contradiction. Therefor®, = Vp(H) < Vp(G). This completes the proof that
Vp is a (strong) Lyapunov function. [

6.1.3. Distance potentials and Lyapunov functions for Morse decompositions.
It is also possible to follow the philosophy of distance potentials directly on finer
Morse decompositions. This is not the approach we will take, so we only give a
rough idea how distance potentials generalize and how this leads to discrete Lya-
punov functions for Morse decompositions.

As an example, a distance potential on three get8,C' C X can be con-
structed by

v () = a d(x, AU B) d(xz,A)
ABOY ™ % d(x, AU B) + d(z, C) d(z, A) + d(z, BUC)
with o € (0,1). Here we assume the orderidg — B — A. Of course, the
properties of such a function can be put into a set of axioms as we did for distance

potentials for two sets. A discrete Lyapunov function can be constructed by the
previous procedure.

+(1-a)
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6.2. The limits of discrete Lyapunov functions for a single attractor-
repeller pair. We will now link the Lyapunov functions constructed above to
attractor-repeller pairs for the magp: X — X. The functionVp induces a
piecewise constant functidrp| on X as follows:

Vip|(z) = Vp(G), for x € |G|.

By constructionVip|(f(x)) < Vip|(z), which implies thatVjp, is a (discontinu-
ous) weak Lyapunov function. The next step is to consider any sequence of grids
{G,} with diam(G,) — 0 asn — oo, and obtain proper Lyapunov functions
for attractor-repeller pair6A, A*) for f. Associated with{G, } is a sequence of
multivalued mapg Fg, }. For a given attractor-repeller pait = (A, A*) for f
Proposition 5.5 implies that there exist attractor-repeller pRits= (A", A*")
for the graphsFg, whose realizations converge b= (A, A*) asn — co.

For the sequence of grids we have the distance potentjpls defined for
the attractor-repeller pairsd™, A*"). Since(|A"|,|A*"|) — (A, A*), and thus
A" N |A*"| = @ (using A N A* = o), for n sufficiently large, we conclude
vipn| — vpin C°(X), wherev p is defined as before with respectfto= (A, A*).

Before establishing the convergenceldb-| let us first consider Lyapunov
functions for attractor-repeller pairs for the magp X — X.

6.2.1. Continuous Lyapunov functionfefine the functions

vp(z, k) = maxvp(y), k > 0.
YeYE

LEMMA 6.5. The functionsr} (-, k) are continuous otX for all k. Moreover,
for eachk, vy (-, k) is nonincreasing along orbits,, and is nonincreasing ik,
lLe.vi(x, k) > vi((f(z), k), andvi(z, k) > vip(z, k + 1).

PROOFR Clearly,vi((f(z),k) = vi(z, k+1) < vi(z, k), sinceys+t c 4~

As for the continuity we argue as follows. Assume for the sake of simplicity
thatk = 0, and writevi () = vi(z,0). Indeed,vi(z, k) = vi(f*(z),0), so
continuity only needs to be established:at 0.

Forz € A* it holds thatvp(z) = 1, and thusv},(z) = 1. If for any sequence
{z;}, with limz; = € A*, then clearlylim v} (x;) = 1, proving continuity at
pointsz € A*. As for pointsz € A we argue as follows. For eaeh> 0 there
exists a neighborhootl, > A, with f(U.) C U, andh(U,, A) < ¢, and there
exists anV (e) > 0 such thatr; € U, for all i > N(¢). By the Lipschitz continuity
of vp this immediately implies then thaty,(z;) < Ce, proving thatvy(z;) — 0
ast — oo.

Forx € X\(A U A%) it holds thatvp(fi(z)) — 0 asi — oo. Let Bs(x)
be a closed neighborhood of then there exists & > 0, and aniy(x) such that
vp(fi(z')) attains its maximum foi € [0,iq(x)], for all 2/ € Bs(x). This can
be seen as follows. Sé{z, A) = d; > 0, andd(z, A*) = dz > 0, then for all
z’ € Bs(z) it holds that

vp(z') >m >0

provided that < %min (d1,d2). Let N O A be an isolating attracting set fa¥.
By choosingh (N, A) sufficiently small we obtain that

vp|ny < m.
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Clearly, there exists aiy(z) such thaty = £ (z) C int(N). The mapf™ is
uniformly continuous, thus there exists &> 0 such thatf‘ (z') € B.(y) for all
2’ € By, (). By choosingd = min (d, d1/2,d2/2) we derive thav p(Bs(z)) >
vp(Be(y)). Consequentlyyp(f‘(z')) attains its maximum foi € [0, io(z)] for
all 2’ € Bs(x).

Definez(i, z) = vp(fi(x)), which is continuous im, and for eact > 0 there
exists &, > 0 suchd(z,z") < o implies that|z(i, z) — z(i, 2")| < e uniformly in
i € [0,i9(N)]. Thus,

—e+z(i,z) < z(i,2') < z(i,z) + e

We havevy(z) = z(i1,z) andvp(z') = z(ia, z), i1,i2 € [0,io(NN)]. Using the
above inequalities we derive that

vp(z) = z(i1,x)
< z(iy, o) + e < z(iz, 7)) + ¢
= vp(a) +e
Similarly vi(2') < vp(z) + e so thatlvy(z) — vi(2))] < e. [

For the mapf the following function
© Vp(z) =) 27" vp(a. k),
k=0

is a Lyapunov for the attractor-repeller pair= (A, A*), as was proved by several
authors in the case of homeomorphisms, 2fg, 13.

6.2.2. Limits of discrete Lyapunov functionket x € G,, and introduce the
functions

Vipn(z,k) = max  vipn(y), k> 0.
P yeltk @)

The next lemma links the functions (piecewise constap;)‘ (z, k) to continuous
functionsvy (z, k).

LEMMA 6.6. For eachk > 0, ande > 0 there exists amV (¢, k) such that
Vipn (2, k) — vp(z, k)| <€, forn > N(e k),
uniformly inz € X.

PrRoOOF. Choose compact neighborhoolls;, > A, and U;k o> A*, with
h(A,U.}) < €/6Lipy andh(A*, ;k) < €/6Lipy such that, in addition,

0< vp(fi(z)) <e/6, forallz € Uy, and

1-¢€/6< vp(fi(z)) <1, forallzeUf,

forall0 <i < k. DefineDy, = cl(X\(Uer U U})). From the proof of Lemma

6.5 we obtain a constaat > k such thatvp(fi(x)) attains its maximum ir on
the on the intervalk, k], for all z € D, ;. Consequently, for € D, we have
that

vp(z, k) = max vp(y).
YEYL "
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Moreover choosér,, > x and define
Wiz, k) = max Vv .
@ k) = e,y VP W)

By Proposition 5.4 we have thdt"*-(G.,)] — 44" in the Hausdorff metric, as

n — oo. Sincevp is Lipschitz continuous it follows thav p(z) — vp(z')| <
Cd(z,2"). By choosing. = €/3Lipy it then holds thatvp(xz) — vp(2')| < €/3,
for all z, 2/, for whichd(z, z') < é.. Consequently, there exists &f (e, k) such
that h(|T%F (G,,)|, va*) < 6. for all n > N'(e, k). As a direct consequence it
holds that|W (z, k) — vp(x, k)| < €/3 for eachz € D.j. By construction, the
same estimate holds for € U, U U7;. and thusW (z, k) — vi(z, k)| < €/3,
forn > N'(e, k), and for allz € X.

From Proposition 5.5 it follows thgtd™| N |A*"| = @, provided thatn is
sufficiently large. Therefore, for sufficiently large the distance potentiah is
a Lipschitz continuous function oN. LetG,, € A*", then by definitioT% (G,,)N
A" £ @, As a consequencerm‘(x, k) = 1for x € |A*"|, and similarly
Ik (G,) N A" C A impliesvi,, (z, k) = 0 for z € |A"].

Consider the complemept” = G,\ (A" U A*"), and sefy™ = |V"|. From
continuity it now follows that for each, there exists &,,, such thatf*» (z) € |.A"|,
forall x € Y™. This implies that (fok < k,,)

Vipn| (2, k) = . Vipn|(Y);
forall z € X. Fork > k, it holds thatvr;)n|(x,k) is equal to eithep or 1. Let
x € Gy, With G,, € Y™ (and thuse € Y"), and define the function

Wiz, k) = ma, A .
) = e,y P

Sincevipn| — vpin C°(X), asn — oo it follows that for each > 0, there exists

a N’ (e, k) such that thatW (z, k) — v|*7,n|(x,k:)| < €/3, uniformly inz € X,
provided thath > N” (e, k) > 0.

If n is chosen large enough thén ;, C Y™. This we can include into the
choice of N” (¢, k). Consequentlyh (D, 1, Y™) < €/6Lipy, which yields that

(W (z, k) — W(z, k)| < ¢/3,

forn > N"(e, k) > 0, uniformly inz € X. Indeed, sincé (A, U. i) < €/6Lipy
andh(A*,U?,) < €/6Lipy, we can compare the functionp.| outsideA and
A*. Using the Lipschitz continuity it then follows that pn (z) — vipn (y)] < 2-
Lipyd(z,y) < €/3 forany pairz,y € U\ A. The same holds far,y € Ugjk\A*.

The estimate ofil” andW now follows. From the inequality
[Vipw (2, k) = V(@ k)| <

|V|*P”\(x7 k) - W(ZC,]@” + |/V[7(l', k) - W(:L’,k)| + |W(J},]€) - V}($7k)|
We deduce that |v|*79n‘(:n, k) — vp(z,k)] < € for al n >

max(N'(e, k), N"(e,k)) = N(e, k), uniformly in z € X, which proves the
lemma. [
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By Lemma 6.6 it follows that for each> 0 andk > 0 there exists aV (¢, k)
such that|v: Vipn| (a:,k) — vp(z, k)| < ¢ forn > N(e k), uniformly inz € X.
ChooseM (¢) such thaty > ., 27%7! < ¢, for M > M(e). DefineN*(e) =
maxj<pr(e) V(e k), then|v|73n (1:, k) —v*(z, k)| <e foralln > N*(¢), and for
all £ < M (e). Consequently,

M (e)

‘Zlevmnxk Zle k)

<Z2—k1 (1 —€)e <e,

for all n > N*(e), uniformly in z € X. The same bound can be achieved

for k ranging fromM(e) + 1 to oo due to the choice of\/(e). Therefore,
S 27kt Vipn (@, k) — — Y027 (2, k) = Vp(z) uniformly inz € X
asn — 00. Finally, we need to Ilnkfrm‘(x, k) to vy, (Gp, k). A straightforward
comparison shows that

[Vipn) (k) = Vi (G, k)] < eLipy.

Consequently,
K K
> 275 i (k) = D 275 Ve (G, )
k=0 k=0
K
<Y 27" leLipy < eLipy,
k=0

forall K > 0, and thugVjpn|(z) — Vp(z)| < €(2 + Lipy), which concludes our
construction. The result can be summarized as follows.

THEOREM 6.7. Given an attractor-repeller pairP = (A, A*) and a se-
quence of grids{G,,}. Then there exists a sequence of attractor-repeller pairs
"= (A", A*"), with h(]P"|,P) — 0, asn — oo, and associated piecewise
constant Lyapunov function$p~|, coming from the (discrete) Lyapunov functions
Vpn, such thatVpn| converges uniformly om € X to the (continuous) Lyapunov

functionVp, asn — oo defined by (4).

REMARK 6.8. In Equations (3) and (4) we defined the discrete and continuous
Lyapunov functions are defined via sequence of weights that guarantee conver-
gence of the series. There is of course freedom in choosing these weights as long
as they satisfy the appropriate convergence criteria. In some instances in may be
preferable to choose different weight factors.

6.3. Lyapunov functions for Morse decompositions and the chain-
recurrent set. The final step in this section is to apply this result to a proper
Lyapunov function for the mag with respect to Morse decompositions and the
chain-recurrent seR (X, f). From Theorem 5.6 we have that the chain recurrent
set of f is given byR(X, f) = (;en(Ai, A7), where{(A;, A}) }ien is the collec-
tion of all attractor-repeller pairs fdrX, f).
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As before we denote the attractor-repeller pairgpy= (A4;, A}). For example

the function
z)=2) 37'Vp(x)
=1

whereVp, are the Lyapunov functions defined in (4) for the attractor-repeller pairs
P, = (A;, A7), is a proper Lyapunov function farX, f) with values in|0, 1].

A Lyapunov function as above can be defined in many different ways. First by
choosing the ordering of the attractor repeller-pairs, and second by a variation in
the weight factors. This leads to uncountably many different Lyapunov functions
for the chain-recurrent set. In choosing the weights, the ordering of the attractor-
repeller pairs can also be arranged, simply by re-ordering the weight factors. This
yields the following definition for a class of Lyapunov functions fotX, f).

DEFINITION 6.9. Leta = {a;}°, be a sequence of weight factors, with
Yo a; =1, then

o0
= Z a;Vp, (:E)
i=1

is called anLyapunov function of type a

It is immediately clear from this definition th&t, is a function that maps onto
[0, 1]. If all weight factors are positive theW, is a strong Lyapunov function due
to the fact thal/p, are Lyapunov functions.

6.3.1. Lyapunov functions for Morse decompositiods Morse decomposi-
tion M can be found as a finite intersection of attractor-repeller pairs Me—=
M1 (4, U A7 ). By choosing weights}, with Y-, 3. = 1, the function

®) Z BiVp,, (

becomes a Lyapunov function fad. We should point out that, is a special
case of a Lyapunov function of tyeby setting

0 = 4 B 1=,
’ 0, i # i
From Theorem 6.7 we obtain attractor-repeller pghitg | — P;, and piecewise
constant Lyapunov functiorigp. | — Vp, . To be more precise, for eaeh> 0
'k

there exists &V (e, i), such thatVipn | (z) — Vp, ()| < e. For the grapt#g, we
'k
define the Lyapunov functions

¢
= ZﬁkVP{L G
h=1

and the associated piecewise constant functighér) = Vi, (G,) forallz € G,,.

By settingL(e) = max;<i<¢ N (€, i) we obtain thatVy; (z) — Vas(z)| < e for

all n > L(e), which yields a convergence result for Lyapunov functions for Morse
decompositions.
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THEOREM 6.10. Given a Morse decompositial/ for (X, f) and sequence
of grids {G, }, with diam(G,,) — 0, asn — oo. Then for any Lyapunov
functionVy, for M defined in (5), there exists piecewise constant functigis
coming from Lyapunov functiongy, for the associated Morse decompositions

M = 0 (A% U A; ™) for Fg,, suchVyy — Vi, uniformly inz € X, as
n — o0.

6.3.2. Convergence to Lyapunov functions on the chain-recurrent Gat.
next step is to construct discrete Lyapunov functions that converge to a Lyapunov
function for the chain-recurrerR(X, f). This can be done by constructing se-
quences of Lyapunov functions for the Morse decompositiaiis= mf?:l(Ai U
AY). We start by approximatinya, for a given weight sequenee= {«;}. For the

Morse decomposition/;, we define3’ = «; /oy, whereo), = Zle o; < 1. Set
Vi, (z) = S8 85Vp,(x), then

k 00

Var(@) =Va@)| = D285 =)V (@) = Y aiVi(@)
=1 i=k+1

o0

_ ‘iai(;q)vﬂ(x)— > iV (@)

=1 i=k+1

1 k 9
< (;k—1>zai+ Z o5

i=1 i=k+1

< (1—-ok)+ Z Q.

i=k+1

Consequently, for each > 0, there exists a@(e) > 0 such that|/Vy, () —
Va(z)| < eforall k£ > K (e), uniformly inz € X. From the previous we have that
for Morse decompositions it holds thaty; (z) — Vi, ()| < eforn > L(e, My).
Now for eache > 0 there exists anV'(e) = L(e/3, M (/3)) such that for all
k > K(e/3) andn > N'(e) it holds that

Vit (2) = Va(@)| < |Vig, () = Vi, (2)] +
[Van, (2) = Var, (2)] + [Vag, () — Va(2)]
< |Vap, (z) — Vi, ()] + 2¢/3.

The remaining term can be estimated as follows. Recall #gt(z) =

ot Zleai‘/rpln‘(x), where the attractor-repeller pairs are chosen such that
P — P forall ¢, asn — oo. Fix k,n > N, then

N
1 1
Vit (@) = Vi (@) < |— = —| 3 aiVipp(a)
In Ok
k n
1 1
+ ;k ‘ Z Q; + 7 . Q;
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Consequently, by choosing > N’(e) large enough, it holds that the latter can
be estimated by /3. By setting N(e¢) = max(N’(e), N”(¢)) we obtain that
\Vip, (x) — Va(x)| < eforalln > N(e), uniformly inz € X.

We have constructed discrete Lyapunov functidfjs for Morse decomposi-
tions M,, for which the piecewise constant realizatidng converge to/a. The
final step is to find a sequence of Lyapunov functions for the chain-recurrent sets
R(Fg, ). Define the function

. 1 Pn
Val(z) = o > aiVipn (x)
™ i=1

o 1
= Vi (@) + — Y aiVipy(2),
Pn Pn >n
wherep, = Y, a;, andp,, is the total number of attractor-repeller pairs for each
n. By definitiono,, < ‘;—n < 1, ando,, — 1 asn — oo. Therefore,

n n On\ — 1
Vi) = Vi, @) < (1= 72) Dot (1 —0w) <.

providedn is large enough. These arguments prove the following theorem.

THEOREM6.11. Let {G,,} be any sequence of grids witham(G,,) — 0, as
n — oo, and let the function$V’} andV; be as introduced above. Then

Vit — Va uniformly inz € X
asn — oQ.

In the above considerations we choasas a fixed ‘index’. We can also allow
sequences,, with the property thak,, — a uniformly asn — oo. The statement
of Theorem 6.11 then becom&g. — V, uniformly inz € X asn — oo.

6.3.3. Conley’'s Fundamental Decomposition Theorefie above construc-
tions provide discrete Lyapunov functions f&(G,,) which converge to a Lya-
punov function forR (X, f). The properties of these Lyapunov functions are sum-
marized in Theorem 6.13 below, which establishes Conley’s Fundamental Decom-
position Theorem.

The following definition is equivalent to the one given in the introduction.

DEFINITION 6.12. The chain componentf R(X, f) are the equivalence
classes of the relation ~ y if for everye > 0 there exists a grij with diam(G) <
e containing element&’, H such thatr € G, y € H, andG ~ H in R(G).

THEOREM 6.13 (Conley’'s Fundamental Decomposition TheoreiBt f

X — X be a continuous map on a compact metric space. Then there are at
most countably many chain componefif8'};c; of R(X, f) and there exists a
continuous functioV : X — [0, 1] such that

(1) ifx ¢ R(X, f), thenV(z) > V(f(x)), and ‘

(2) for eachi € J there exists; € [0,1] such thatR! C V~1(0;).
Moreover, ifG,, is a sequence of grids wittiam(G,,) — 0 asn — oo, then there
exist Lyapunov functiong” for the multivalued map og,, which are constant on
grid elements such that™ — V asn — oo uniformly onX.
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6.4. Explicit constructions for the chain-recurrent set. In the previous sub-
section we established the convergence of Lyapunov functions for Morse decom-
positions and for the chain recurrent set. In particular, Theorem 6.11 states that
any given Lyapunov functiov; can be approximated by piecewise constant ap-
proximationsV,* which come from discrete Lyapunov functio®§ on the grid
Gn-

In this subsection we would like to address this convergence from a construc-
tive point of view, i.e. given the Lyapunov functionq’ for R(Fg, ), under what
conditions do they do they converge to a Lyapunov functiofd0X,, f)? We will
outline a constructive way to answer this question and thus provide an algorithm
for constructing approximations for Lyapunov functions {X, f).

Let G,, be a sequence of grids withiam(G,,) — 0 asn — oo. Propo-
sition 5.5 establishes the following one-to-one correspondence between certain
attractor-repeller pairs fof and attractor-repeller pairs fof. LetP. = {P =
(A, A*) | dist(A, A*) > ¢} be the set of all attractor-repeller pairs fofor which
the attractor and repeller are separated by a distance atc|emstl for 7 define
II. = {P = (A, A%) |w(]A|]) = Aand(A, A*) € P.}. SinceP. is a finite set,
Proposition 5.5 implies that there exigts > 0 such that for any:. > N, there
is a one-to-one correspondence betwPerandII for F,,. Moreover, given any
0 < p < ¢/2,the numberV can be chosen such thatP|, P) < p for correspond-
ing pairs. Applying Theorem 6.7 to the elementdQf we obtain the convergence
of corresponding Lyapunov functions.

Thus, we will impose an ordering on attractor-repeller pairs by the distance
between the attractor and repeller. In particular, the orde{iRg?_, (where
p could beoco) of all attractor-repeller pairs isdmissibleif dist(A4;, AY) >
dist(A;41, A7) forall < > 0 with a similar definition for attractor-repeller pairs
for 7. The above ideas lead to the following theorem.

THEOREM 6.14. Let {G,,} be a sequence of grids withiam(G,,)) — 0 as
n — oo, and let{P"}/, be admissible labelings of the attractor-repeller pairs
for Fg,, for eachn. Given a (positive) sequenee= {«;} with >, «; = 1, there
exist piecewise constant Lyapunov functidffs coming from discrete Lyapunov
functions forFg, such that for every > 0 there existsN (¢) and (continuous)

Lyapunov function¥;, for f with
‘Van(x) - Van (m)’ <e€

uniformly for allz € X and alln > N(¢). Moreover, the piecewise constant
functionsV;* are weak Lyapunov functions fgr i.e. V;'(f(x)) < V3'(x) for all
z € Xandalln > 0.

ProoOF We will consider three separate cases. First we will assume that
d = oo anddist(A;, A}) > dist(A;41, A7, ) for all i > 0 in which casea, = a
is constant. The case where some pairs have the same distance between attractor
and repeller requires a possible rearrangemerd fufr eachn and is a techni-
cal modification of the argument below. Finally, the third case of finitely many
attractor-repeller pairs is addressed.

Case 1:Assume there are infinitely many attractor-repeller pairs and the distances
between attractors and repellers are all distinct.
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Let ¢ > 0. Choose L(e) such that}>7*; ja; < /4. Let ¢ =
dist(Aze), A*L(G)) ThenP. = {P,..., Py} Definer; = (dist(A;, A7) —
dist(Ai41, A74))/2 fori = 1,...,L(e) andr = min;<;< () - Choosep <
min{e, ¢/2,r/2}.

Now let{P; }\, (wherep,, < oo) be an ordering of the set of attractor-repeller
pairs of 7, satisfying the conditiorlist (|.4;], |.A7]) > dist(|.Aiy1], |A7|) for all
i > 0. ChooseN > 0 such that for alh > N each attractor-repeller palt; € P,
has a unique corresponding attractor-repeller giirfor which h(|Q7|, P;) < p
by Proposition 5.5. Observe that sindeC |A?| C B,(A) andA* C |A"| C
B,(A*), we havedist(A;, A7) — 2p < dist(|.A7[, |A;™]) < dist(A;, AF) so that

dist(JAT], A" > dist(A;, A7) — 2r
> dist(Aips, Afy) > dist(|AZ ], AT )

by the choices of; and p. Therefore{Q!} respects the ordering by distance
between the attractor and repeller so t@4t= P} forall i = 1,..., L(e), which
also impliesp,, > L(e).
Furthermore, ifQ™ is any attractor-repeller pair for whichist(|.A"|, A*"|) >
c — 2p, then the corresponding attractor-repeller pairfdrom part (i) of Propo-
sition 5.5 satisfieslist(A, A*) > ¢ and henc&™ = P;* for somel < i < L(e).
Thereforedist(|.A?|, |.A"|) < c for all attractor-repeller pair®* with i > L(e).
Using the same notation as in the previous subsection, define

L(e)

r) = aVp(x) 2 @) = aiVn (@)
i—1 i=1

and
1 Pn L(E
=— D aiVipy (@) vat Z aiVipp)(
Pn i3 p" i=1

We estimateVa(z) — V3! (x)| by

Va(z) = Vi (z)| < [Valz) = Va9 (@) + Ve (z) — V2 1 ()]
V2 (@) — V2 ()]
< €/d4€/4+2¢/4 <e.

The first and third terms are estimated by

Va(z) = Va@) < Y iV (2) <e/4
i=L(e)+1
and
1 Pn
Va9 () — v - Z a;Vipn| <2 Z a; < 2¢/4

P, L(e)+ i=L(e)+1

sincep, > 1 —¢/4 > 1/2 for e < 2. To estimate the middle term we apply
Theorem 6.7 to choos¥ large enough so that/p, (z) — Vipn (z)| < €/8 uniformly
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inzforalll <i < L(e)andl — 1/p, < ¢/8. Then,

L(e)
€ n,L(e 1
VAV a) — v ) < Vi, = —=Vipy|
i=1 n
L(e)

L(e)
1
ZOJZ"Vpi — V|7>Zn|| + <1 — p) Zai < 6/4.

i=1 i=1

IN

This completes Case 1.

Case 2. Assume that there are infinitely many attractor-repeller pairs and
dist(A;, A7) = dist(A;41, A7 ;) for some values of <i < oc.

Note that for any given value afist(A4;, AY) there are only finitely many
attractor-repeller pairs which attain this distance. The argument proceeds as in
Case 1 with the following modifications.

Choose L(e) as in Case 1 with the additional constraint that
dist(Aze), Az(e)) > dist(AL )41, AE(E)H). The distances associated to
the attractor-repeller pair@; respect the gaps in distances associatefd tout it
need not happen th@! = P! forall 1 < i < L(e). However, as se] = {Q!'}
so that any attractor-repeller p&y* for whichdist(|.A"|, A*"|) > ¢ — 2p satisfies
Q" = P for somel < i < L(e).

In terms of Lyapunov functions, for eaech> N there is a rearrangemeat
of asuch that the same estimates hold|#gy, (x) — V7' (x)| as for|Va(z) — V3 (z)|
in Case 1.

Case 3: Assume there are finitely many attractor-repeller pairs with admissible
ordering{ P, }_,.

Lete > 0. Let{P'} be an admissible ordering of the attractor-repeller pairs
for 7,,. Choosep < min{e, dist(4,, Ay)/2}. By Proposition 5.5 there exisfg >
0 such that for alln > N, eachP; has a unique corresponding attractor-repeller
pair Q7 such that(|Q?|, P;) < p. Moreover, given any attractor-repeller palf
the maximal attractap(|.4"]) in |A™| must beA; for somel < j < p. Therefore,
by Proposition 5.5Q" = Q7 or either|.A"| intersectsB, (A7) or |A*"| intersects
B,(A;), which impliesdist(|.A"|, | A*"|) < p. Therefore we can conclude that

. n “n dist(A4;, AY) for1 <i<p

(6) mam&AAZDH{O fori > »
asn — oo uniformly ini.

In this case we need to adjust our definition of the Lyapunov functions to obtain
convergence. First we consider the sequemg&ven bya; = D;a; > 0 where
D; = di/Zﬁ’:ldjaj andd; = dist(4;, A7) for 1 < i < panda; = 0 for
i > p (the number of attractor-repeller pairs ffy. Likewise the (nonnegative)
sequences,, are defined byv,; = D}a,,; whereD}' = 47'/> ", §%a; and
op = dist(].A7], | AM"|) for 1 < i < p, anda,; = 0 for i > p,. Note that
> Qi =) ;a,; = 1foreachn > 0. The functionsi; and V7" are now defined
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by
00 p
Va(e) =) aiVp(z) = Vi(2) = )_aiVp,()
=1

and
p"

p
V(@) = niVipn (@) VP (z) = @nVipr (@).
=1 =

By Theorem 6.7 and6), we havel;"”(x) — V() uniformly asn — oo (up
to possible rearrangement if some of the distances between attractor and repeller
are equal for pairs fof). Also since the convergence () is uniform ini, we
have V3! (x) — V;"(z) — 0 asn — oo uniformly in z. Therefore, we have
V3! (z) — Va(x) asn — oo uniformly in z. This completes the proof of CasesB.

REMARK 6.15. Theorem 6.14 shows that discrete, weak Lyapunov functions
can be constructed which approximate some continuous Lyapunov function arbi-
trarily closely. For a fixed grid the approximation is based only on information
obtained from the multivalued map without any a priori information about the true
dynamics of the system, and hence this construction can be implemented computa-
tionally. However, as the grid size changes, the "limiting” Lyapunov function can
also change due to possible rearrangement of the order of attractor-repeller pairs.
It may appear from the proof of Theorem 6.14 that the construction requires a pri-
ori knowledge about whether the number of attractor-repeller paifsofinite or
infinite. In fact, if the distances between attractor and repeller are included in the
weights which determine the Lyapunov functions as in the finite case, convergence
is also obtained in the infinite case. The development of efficient algorithms for
computing approximate Lyapunov functions is the subject of ongoing research and
will be addressed in a future work.

7. Generalizations

For the sake of clarity, the theory presented in the previous sections was re-
stricted to compact metric spaces. However, for a wide variety of applications
the dynamical systems of interest are generated by differential equations or maps
defined orR™. In this section we extend the theory to this more general setting.

7.1. Locally compact spacesThroughout this subsectioX denotes a lo-
cally compact, separable metric space, gnid a continuous map oX. From
Theorem 2.2 we obtain the existence of a gfitvith diam(G) = e. For a finite
subsefy C G, the objective is to define an appropriate multivalued map dhat
has the right properties with respect to the underlying dynamigsarf the com-
pact region)|. The most significant change is that we now allow the empty set to
be in the range of the multivalued mapon ).

From an algorithmic point of view, empty images in the multivalued map pose
no additional complications. The graph-theoretic algorithms to compute, for exam-
ple, the recurrent sé®(F) do not change; any invariant sets resulting from such
computations will naturally lie in the maximal closed subgraph, i.e. the maximal
invariant set ofy. The only difficulty is a technical issue arising from the possi-
bility that the maximal invariant set of the topological mAmould intersect the
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boundary of| Y|, and we now present the appropriate modifications of the theory
to address this issue.

DEFINITION 7.1. A multivalued mapF : Y == ) is anouter approximation
on |Y| of f if the following conditions are satisfied:

@) f(G)N Y| C intyy(|F(G)|), forall G € Y,
(b) f7HG) N Y| C intpy (|FHG)]|), forall G € V.

Since we are reducing our calculations to a subséf @fe need to understand
when isolation in the reduced combinatorial syst€iy leads to isolation forf :
X — X.

DEFINITION 7.2. Aninvariant setS isisolated inY if S = Inv({G € Y | GN
S| # 2}).

PROPOSITION7.3. LetF : Y =2 ) be an outer approximation gg/| of f. Let
S be anisolated invariant set Y. If {G € G | GN|S| # @} C Y thenN = |S|
is an isolating block folnv(N, f).

PROOF We start by proving thalV. = |S| is an isolating block. For this we
adjust the proof of Theorem 4.4, arguing by contradiction. Assume there exists
a pointz € dN such thatf(z) € N andf~!(x) N N # 0. There exist grid
elementsG* € S such thatf ~!(z) N G~ #  andf(z) € G*. The invariance of
S now implies that there exist complete orbits= C S. By assumptionHd € )
whenever: € H € G. Moreover, since is isolated in), there existdd € Y\ S
such thatc € H.

Using the fact thatF is an outer approximation now implies thitz) <
f(H) N |Y| C intjy |[F(H)|, and consequentYG | f(H) N [Y| NG # @} C
F(H). This then implies thatG* € F(H). In same way one proves that
G~ € F~1(H). We can now construct the following complete orbit

1G- ULH} Ung €,

which does not lie ir5, implying thatS is not isolated ir}y, a contradiction. m

EXAMPLE 7.4. Letf : R™ — R™ be a continuous map. The following
collectiong is a grid forR™;
ji € Z} .

=1

LetY be a compact neighborhoodRi”, and sefy = {G € G | GNY # o}.
DefineF : Y=Y by F(G) := {H €Y | Hn f(G) # @}. The multivalued
mapF is an outer approximation of onR™. To see why this is the case, define
T:Y323GbyT(G) :={H G| Hn f(G) # @}. By Proposition 2.5 for each

G € G, f(G) C int(|7(G)]). Sinceint|y(|F(G)|) = int(|7(G)]) N[V, then
Definition 7.1(a) is satisfied. A similar argument shows that Definition 7.1(b) is
also satisfied.
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7.2. Convergence.For clarity of presentation, the main results of Sections 5
and 6 on the convergence of the grid recurrent set to the chain recurrent set and the
convergence of Lyapunov functions were developed for the minimal combinatorial
multivalued map associated to a topological map. Here we briefly state a conver-
gence criterion for other outer approximations of maps which guarantees that these
results still hold. Note that the results of Sections 4 and 7.1 do not involve con-
vergence and hence already apply to any outer approximation. For simplicity we
assume thak is a compact metric space with: X — X.

DEFINITION 7.5. Given a sequence of outer approximatiofis: G, = G,, of
f, with diam(G,,) — 0 asn — oo. The familyF, is convergent onX if for any
e > 0 there exists a, > 0, such that

|Fa(Gn)l € Be(£(Gn)),
for all n > n., and for allG,, € G,,.

In Sections 5 and 6 the main property of the minimal multivalued map on which
the proofs rested was the convergence of combinatorial orbits to topological orbits
as stated in Proposition 5.4. It is clear that this property holds for a convergent
family of multivalued maps as well, hence we state the following lemma whose
proof is a straightforward modification of the proof of Proposition 5.4.

LEMMA 7.6. Given a convergent sequence of outer approximatidns:
Gn =G, onX, foranye > 0 andk > 1, there exists am. (k) > 0 such that

[FR(Gn)| C Be(f*(Gn)),
for all n > ne(k), and for allG,, € G,.

The convergence of recurrent sets and Lyapunov functions for these maps fol-
lows. The most important example of a convergent family of maps is the case
where the minimal multivalued map is outer-approximated by a computed map
which includes discretization and/or round-off errors. Such maps are convergent
as long as the errors can be made arbitrarily small with the diameter of the grid.

7.3. Flows. So far we have considered primarily discrete dynamical systems
arising from the iteration of a continuous map. There are two different approaches
one could take to generalize the above results for continuous systems or flows.
First, one could consider the tini¢:map of the flow for fixed” > 0, which can be
approximated by numerical quadrature routines resulting in an outer approximation
of the true timef” map. In the case that the discretization error goes to zero on a
family of grids so that Definition 7.5 is satisfied, the previous results imply that the
grid recurrent sets converge to the chain recurrent set of thefimeyp, which is
equal to the chain recurrent set of the flow. Moreover the combinatorial Lyapunov
functions described above converge to a true Lyapunov function for theTime-
map, which is not necessarily a Lyapunov function for the flow. However, Lemma
7.7 below provides a method for approximating a true Lyapunov function for the
flow.

In [1], another approach is proposed in which the flow is approximated di-
rectly using the vector field. A multivalued map on a polygonal decomposition of
a compact region of phase space is generated from a triangulation.
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7.3.1. Lyapunov functionsRecall our discussion in Section 6 and consider
Lyapunov functions for a single attractor-repeller pair. [t be a sequence
of attractor-repeller pairs faf,, approaching an attractor-repeller pair From
the construction in Section 6 we obtain a Lyapunov funclian given by equa-
tion (3). The piecewise constant extension is giverify.(x). By Lemma 7.6,
Vipn|(z) converges uniformly for € X to some Lyapunov functiobp(z).

In order to also get results for continuous time dynamical systems we can adopt
the philosophy of deriving Lyapunov functions from the time-1 dynamics. Let
¢:Rx X — X be aflow. Letv}(-, k) be pre-Lyapunov functions for the map
f = ¢(1,-) as introduced in Section 6. Then to obtain a Lyapunov functiorpfor
we have the following lemma.

LEMMA 7.7. The function
1
(7) Veo(a) = 2log2 | 2 'Vi((t,a))ds
0

is a Lyapunov function for the continuous time system where V5 =
S 027 v (2, m), andvi (z,m) = maxge(o,1] Ve (@(0, ), m), m > 0.

PROOF. The functionVp,(z) = log2 [;° 27" sup, ¢ (Vp(go(t +, 33))> dtis

a continuous Lyapunov function far, cf. [13]. This function can be rewritten as
follows, using the continuity properties of, as derived in the previous section.

Ve (z)

log2/ 27t sup(vP(cp(t + T, x)))dt
0 720

= log?2 2t t+0+k, dt
og /O i sup (v )

— g2 [ 2 Mlo(t+0 dt
o8 [ 27 max sup (vi(r (et +.2)))

= log?2 27t S(o(t+0 dt
og /O erg[gﬁ](\'p(w( + ,x))>

= log2mi::0{/ol Q*t*merél[%ﬁxv}(go(t+m+9,az))>dt}

1 00
— -t —m *
= logQ/O 2 mzz()erél[%’)i] (2 Vp(<p(t—|—m+9,w))>dt

= log2 12*t§: max (27"vp(fM(p(t+0,2))))dt
0 m=

0 6€[0,1]

1 oo
= log2/ 2t Z 27"V ((t, ), m)dt
0 m=0

1
= 210g2/ 27 (p(t, x))dt,
0

which proves the lemma. [
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Finally, to define a piecewise constant analogue that approxiiatesne can
numerically approximate(t¢;, z¢,, ) at discrete timegy, = 0 < t; < ¢; = 1 and

use these points to approximate , as follows. Computerl’*pn|(<p(t,~,xgn), k)

as defined in subsection 6.2.2 and approximgigzc,, , k) by V‘*;n'(xgn, k) =
maxo<i<i Vrpn|(<p(ti,l'gn),k). Then lettingl — oo asn — oo, the analogue
of Lemma 6.6 holds and the discretization error in both the approximation of

¢(ti, xq, ) and the integral definingp,, will tend uniformly to zero as well, yield-
ing convergence td’p,,.
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