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Ef cient Morse Decompositions of Vector Fields

Catagory: Research

Abstract —

Vector eld analysis plays a crucial role in many engineering applications, such as weather prediction, tsunami and hurricane study,
and airplane and automotive design. Existing vector eld analysis techniques focus on individual trajectories such as xed points,
periodic orbits and separatrices which are sensitive to noise and errors introduced by simulation and interpolation. This can make
such vector eld analysis unsuitable for rigorous interpretations. In this paper, we advocate the use of Morse decompositions, which
are robust with respect to perturbations, to encode the topological structures of the vector eld in the form of a directed graph, called
a Morse decompsotion connection graph (MCG). While an MCG exists for every vector eld, it need not be unique. We develop the
idea of a t map, which decouples the MCG construction process and the con gur ation of the underlying mesh. This, in general,

results in ner MCGs than mesh-dependent approaches.

To compute MCGs effectively, we present an adaptive approach in constructing better approximations of the images of triangles in
the meshes used for simulation. These techniques result in fast and ef cient MCG construction. We demonstrate the ef cacy of our
technique on various examples in planar elds and on surfaces including engine simulation data.

Index Terms—Vector eld topology, Morse decomposition, multi-valued map, connection graph
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1 INTRODUCTION

Detectingpatternsof uid ow, i.e., feature-gtraction,is animpor
tant topic in vector eld visualizationwith mary applications[17].
Extractingandvisualizingvector eld topologyhasimportantappli-
cationsin ComputationaFluid Dynamics(CFD)[13], weathepredic-
tion, tsunamiandhurricanestudy andairplanedesign. In particular
X ed points, recirculationzonesor periodicorbits canbe both desir
able[2] or undesirablg12] in enginesimulation,dependingon their
location.

Pastwork, suchas the extraction of the vector eld topological
skeleton [7, 8] and Entity ConnectionGraph (ECG) [2], which is a
supersebf thetopologicalskeletonwith periodicorbits beingconsid-
ered,de nesvector eld topologyas x ed points,periodicorbitsand
the separatricegonnectingthem. However, analysisand visualiza-
tion of vector eld topologybasedon individual trajectoriescanraise
guestionswith respecto interpretation. The discretenatureof uid
o w dataposessereral challenges Firstly, datasamplesaregiven at
discretelocations,e.g.,only at cell verticesor cell centers. Interpo-
lation schemesre thenusedin orderto reconstructhe vector eld
atlocationsbetweerthe given samples Also, the given datasamples
themselesarenumericalapproximationse.g.,approximatesolutions
to a setof partial differentialequations.Thirdly, the given o w data
areoftenonly alinearapproximatiorof the underlyingdynamics.Fi-
nally, thevisualizationalgorithmsthemseles,e.g.,streamlinantegra-
tors, have a certainamountof inherenterrorassociateavith them. In
short,how canwe be surethatwhatwe seeis authentiovhenextract-
ing andvisualizingthe topologicalskeletonof ow eld? Couldthe
errorinherentto multiple numericalapproximationgroducemislead-
ing information? Figuresl and 2 provide examplesin which proper
interpretationcanbe dif cult whenperforminganalysisbasedon in-
dividualtrajectories.

In Figurel, anumberof vector elds have similarappearancegsop)
despitehaving ratherdifferentvector eld topologies(bottom). How
canwe besurethereis no periodicorbit, or only oneperiodicorbit in
the o w? Figure?2 (left) shavs anexamplein which oneof the sepa-
ratricesstartingfrom the saddlein the bottomof the o w connectgo
oneof thesourcesn theupperright cornerof the o w. Dueto thenu-
mericalerrorsof the streamlineintegrator the separatrixcanconnect
to eithersource.Figure2 (right) shovs a eld containingonesaddle
andtwo centerlike x ed points. A small perturbationcan resultin
the incorrectextractionof these x ed points. If they are detectedas
highly curledfoci, the separatricestartingfrom the centersaddleare
supposedo reachthemin acertainamountof time (or distance) How-
ever, thismaynothapperdueto thelimit of the maximumdistanceof
tracingallowed.

In orderto addresgheseimportantchallengesye presenta novel,
robustalgorithmfor therepresentatiorextractionandvisualizationof
o w topology In particular we incorporatesundamentaldeasfrom
dynamicakystemsthenotionof Morsedecompositionf3, 11], which
canberepresentetly anagyclic directedgraph,giventhe spatialdis-
cretizationof the phasespacga polygonaldomain). The nodesn the
graph,referredto as Morse sets containall the recurrentdynamics
of thevector eld. The edgesndicatehow the o w movesfrom one
polygonto thenext. This graphwhich encodesheglobaldynamicss
calledtheMorsedecompositiowonnectiorgraph(MCG). An MCG is
stablewith respecto perturbationyhich malkesit possibleto provide
rigorousinterpretationof its meanings.In contrast,trajectory-based
topologyrepresentationarenot.

Chenet al [2] constructMorse decompositiondasedon the be-
haviors of the vector eld alongedgesof the triangles. Becausehe
triangulationis notadaptedo thevector eld, this canresultin coarse
Morse sets(Figure 3, top). In this paperwe exploit a temporaldis-
cretization,which we refer to asa t-map, by integrating the vector
eld for a nite amountof time, thoughwe allow this time to be
spatially dependent. This resultsin ner MCGs (Figure 3, bottom)
from which we canextractadditionalinformationaboutthe topologi-
cal structureof the dynamicsof the o w.

Thisapproaclyieldsthefollowing advantagesFirst, ratherthanex-
tractingdiscrete singularstreamline-basesegmentationof the o w,
this approachdetectgegionsof segmentedo w thatarelessmislead-
ing with respecto their interpretation. Secondmorerigorousstate-
mentsaboutthedynamicsof theunderlying o w canbemadebecause
Morsedecompositioraccountgor the numericalerrorinherentin the
vector eld data[11]. In otherwords,awell de ned error, e> 0, can
be boundedandincludedinto the mapof the o w domain. We point
outthataddressinguchuncertaintyin visualizationwasidenti ed as
oneof themostimportantfuture challengesy Johnsor{9].

Thekey challengeswith this approacharechoosinganappropriate
spatialdiscretizatiorof the o w andconstructingagoodmulti-valued
map,whichis thediscreteouterapproximatiorof at map,fromwhich
we extracttheMorsesets—tve topicsaddresseih thispaper Thework
presentedhereyieldsthefollowing bene tsandcontributions:

A soundtheoreticaframenork basedn Morsedecompositions
from which more certainandrigorousstatementgan be made
with respecto theextractionof o w topology

A meansto get ner Morse decomposition®f a given vector

eld usingtheideaof at map.

A heuristicimplementationon the ef cient constructionof the

multi-valuedmapsandconsequenne Morsedecompositions.
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Fig. 1. Noise and piecewise linear representations of vector elds can
cause dif culties when extracting the nodes in vector eld topology, such
as xed points and periodic orbits. The three elds look alike (top), yet
their vector eld topologies are very different (bottom). (a) a center; (b)
a repelling focus; (c) a x ed point and a periodic orbit. We make use of
the periodic orbit extraction algorithm of Chen et al. [2] to detect periodic
orbits in the example elds shown in this paper.

(a) (b)

Fig. 2. Noise, piecewise linear approximation and discretization can
cause dif culties when extracting the connections between nodes in a
vector eld topology, such as separatrices. In (a), it is not clear which
of the three xed points in the top is connected to the bottom saddle.
In (b), it is dif cult to determine whether the saddle is connected to the
x ed points even after a long integration.

The applicationof the proposedopologicalanalysistechnique
to both analyticalplanardataandapplication-orientediatasets
includingenginesimulationdatafrom CFD on 3D surfaces.

Therestof this paperis organizedasfollows. Section2 provides
a brief review of relatedwork on vector eld topology Section3 in-
troduceghe Morsedecompositionsandmulti-valuedmaps.Section4
describesan algorithmto computethe multi-valuedmaps. Section5
presentghe algorithmfor MCG construction. Section6 shaws the
utility of our approachto the enginesimulationdatafollowed by a
summaryanddiscussiorof possiblefuturework in Section?.

2 RELATED WORK

HelmanandHesselinkintroducedthe visualizationcommunityto the
notionof o w topologyin 1989[7] and1991[8], respectiely. Their
analysisincluded the detection, classi cation, and visualization of
x ed pointsin planar ows. They appliedtheir algorithmsto both
steady-statandunsteadyo w. They representetime asa third spa-
tial dimensionfor the caseof time-dependenplanar o w.

Extraction of Fixed Points: Most x ed point detectionalgo-
rithms arebasedon piecevise linear or bilinearapproximation.Tric-
ocheet al. [25] and Polthierand Prew [16] give efcient methods
to locate x edpointsin avector eld. Thesemethodslo notproperly

Fig. 3. A comparison of the obtained Morse sets of gas engine simu-
lation data with the geometry-based map (top) and a multi-valued map
with d; = 0:5 (bottom), respectively, where d; is the spatial discretiza-
tion of the trajectory integral. The colored regions indicate the Morse
sets. The triangles in the same Morse set are displayed in the same
color. The gray shaded regions indicate the gradient-like ow. Observe
that using the t map results in smaller isolated regions in which we can
further extract and identify topological structures of the o w.

etal. [18, 20] choosea polynomialapproximationin areaswith non-
linear behaior andapply a suitablevisualization—streamlineseeded
atthe x edpointswith additionalannotations.

Extraction of Periodic Orbits: WischgollandScheuermanf28]
presentan algorithm for detectingperiodic orbits in planar o ws,
which are of interestbecausehey may indicate regions of recircu-
lating ow. It is basedon monitoringstreamlinesasthey enter exit,
andre-entercellsof thevector eld domain.We urgethereadetto use
cautionwhen interpretingthe visualizationresults. This is because
a spatialdimensioninherentto the applieddomainhasbeenleft out
of the analysis.Wischgolland Scheuerman{9] extendtheir previ-
ouswork [28] of detectingperiodic orbits to 3D vector elds. The
algorithmis basedn preventingin nite cycling duringstreamlingn-
tegration. This approachhasalso beenextendedto time-dependent
o ws by Wischgolletal. [30]. At eachtime step,periodicorbits are
extracted. Afterward, a time-dependentorrespondencbetweenin-
dividual streamliness computed. Theiselet al. [23] presentan al-
ternative approachto computeperiodic orbits. A 2D vector eld is
transformednto a 3D vector eld, which canbe doneby representing
time asa third spatialdimension. Thenstreamsudcesare seededn
the 3D domain. Finally, periodic orbits are detectedby intersecting
streamsudces. The differenceto previous work [28] is thatthis ap-
proachavoidsmesh-basedependeng e.g.,examiningandtestingin-
dividualmeshpolygons.Chenetal. [2] proposeanovel periodicorbit
extractionalogrithmbasedn Morsedecompositionwhich candetect

represeniocaltopologyif nonlineatbehaior is presentScheuermann periodicorbitsthatdo notconnectwith ary x edpointsef ciently .
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SeelLarameeetal. for acompleteoverview of topology-based w
visualizationresearcH13]. In general,previous topology extraction
techniquesely onlinearalgebran orderto detectopologicalfeatures
of vector elds without regardto the numericaluncertaintydescribed
in theintroduction.

3 BACKGROUND

In this section,we presenta compactsummaryof the dynamicalsys-
temstheoryuponwhich our work is built.

3.1 Morse Decompositions

We areinterestedn describingthe topologicalstructuresof the ow
generatedby avector eld x= f(x) de ned onatriangularsurfaceX.
However, the informationwe are given consistsof a nite setof

vectors
)

obtainedeitherby a large numericalsimulationor from experimental
data. This meanghat at bestwe canassumehatwe have a uniform
boundon the errorsof the obsenedvector eld versusthetruevector
eld, thatis for eachv;,

iif(v) )

In addition, sincewe are only given the data (Eqg.1) we extend fq
to avector eld on X by somemeansof interpolation(typically lin-
ear interpolation). Assumingthat f is well approximatedby fgq it
is reasonabldéo assumethat the boundsof (Eq.2) are global, thatis
JEe)  fa(®j eforallx2 X.

The easiestway to encodethe aforementionednformation is to
considera family of vector elds F de ned onthe surfaceX andpa-
rameterizecby someabstractparameterspacel.. We assumethat
for eachl 2 L, the vector eld x = F(x;/) givesriseto a ow
ji iR X! X

In this settingwe assumehatthereexistsparametevalues! o;/ 1 2
L suchthat f(x) = F(x;/ o) and f4(X) = F(x;/ 1). Bifurcationtheory
tells usthatevenif 1o [4, the orbits,i.e. x ed points, periodic
orbits,separatricesyf j |, andj |, neednotagree.Theimplicationis
thatcomputingsuchorbits for thevector eld fq doesnotimply that
theseorbitsexist for thetruevector eld f (Figurel (c)).

This leadsusto wealenthetopologicalstructuresvhich we useto
classify the dynamics. A Morse decompositiorof X for a ow j
is a nite collection of disjoint compactinvariantsets,called Morse

sets[11]
M(X:j ) =tM (P jp2(P; 1)9;

where , isastrictpartialorderontheindexing setP | , suchthatfor
everyx2 Xn[ pop M; (p) thereexistindicesp g suchthat

M; (p):

It is easyto checkthatary structureghatareassociateavith recurrent
dynamicsof j ; , i.e. x ed points, periodicorbits, chaoticdynamics,
mustlie in the Morse sets. The dynamicsoutsidethe Morse setsis
gradient-lile. Morse decomposition®of invariant setsalways exist,
thoughthey maybetrivial, i.e. consistingof asingleMorsesetX.

Obsere thatsinceP ; is a strictly partially orderedseta Morse
decompositiorcanbe represente@s an agyclic directedgraph. The
nodesof the graphcorrespondo the Morse setsandthe edgesof the
grapharethe minimal orderrelationswhich throughtransitvity gen-
erate ;. This graphis calledthe Morse decompositiorconnection
graphanddenotedby MCG,; .

f fg(v) j vi avertex of Xg

fa(v)ii e

w(x) M;(q) and a(x)

3.2 Computing Morse Decompositions

We now turnto the questionof how to computeMCGs. The rst step
is to move from the continuoustime of a o w to discretetime of a
map. This leadsto thefollowing de nition.

De nition 3.1 Lett : X! (0;¥) be a continuousmap. A t-time
discretizationof the ow j isamapf; : X! X de nedby

fe(x) = j (t(3):%):

time
Vector fieldV Multivalued Map| °3

Triangulated | Computation
Suiface X

Srongly (bnnec—Morsesaé Morse Decomposition| Mog
ted Gomponent [y vy |Connection Graph >
Extracting Constructing

Fig. 4. The pipeline of computing the Morse decomposition of a vector
eld. The input is a vector eld V de ned on a triangle mesh X. The
output is the Morse decomposition of the vector eld represented as the
Morse decomposition connection graph (MCG).
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Fig. 5. This gure illustrates an example of a multi-valued map (left)
and the derived MCG (right). The ow is de ned in the shaded region
only. The edges in the multi-valued map demonstrate the mapping rela-
tions of the polygons. The multi-valued map forms a directed graph (not
shown in this gure), which we use to compute the Morse decomposi-
tion and construct the MCG (right).

Kalies,Mischaikow, andMrozek(work in progresshave proventhatS
is anisolatedinvariantsetfor j if andonly if Sis anisolatedinvariant
setfor at -timediscretizationf; . Thus, nding Morsedecompositions
for the owj isequialentto nding Morsedecompositionsor f;.

ThefactthatX is atriangulatedsurfaceprovidesuswith anappro-
priatediscretizatiorin spaceLet X bethetriangulationof X. We will
approximatef; usingacombinatorialmulti-valuedmapF : X I x ,
thatis a mapsuchthatfor eachtriangleT 2 X , its imageis a setof
triangles,i.e. F (T) X . Fromthe point of view of computationit
is usefulto view F asa directedgraph,we denotethe equivalentdi-
rectedgraphby DG;. The verticesof DG; arethe trianglesandthe
edgesindicatethe imagesof the triangles. Notice while DG; is not
the sameasthe Morse decompositionsgespitethe fact that both are
directedgraphs(Figure5). In fact, Morse decompositioris derived
from DG;.

The correctnotion of approximatioris given by the following de-
nition. Considerf; : X! X. The combinatorialmulti-valuedmap
F:x | xis anouterapproximationof f; if

fe(T) int(jF (T)j)
foreveryT 2 X wherejF (T)j = [ ror ()R

Obsene that the de nition of an outer approximationrequiresa
lower boundon the setof trianglesin F (T), but notanupperbound.
In generallargerimagesof F are easierto compute. For example,
onecanobtainan outerapproximationpy declaringF (T) = X for
all T 2 X . However, thelargertheimagethe poorerthe approxima-
tion of thedynamicalsystemof interest,f; .

Using this machinerywe candescribethe pipelinefor our method
for computingan MCG. First, we choosea t-map, f;. Secondwe
computea combinatorialmulti-valuedmapF which is an outerap-
proximationof f; to getDG; . Next, we extractthestronglyconnected
component®f DG; . It is shavn in [1] thatthe unionof thetriangles
in the strongly connecteccomponentdorm isolating neighborhoods
for Morsesets.Finally, we form anagyclic directedgraph,the MCG;
whoseverticesconsistof the stronglyconnectecomponent®f DG
andwhoseedgesnherit the pathorderingfrom DG; . Figure4 illus-
tratesthepipeline.

Figure 6 shavs an exampleMCG from an analyticalvector eld
generatedy Eq. 3.

V(xy) = (3

y
X+ ycogX)



(a)

(b) TheMCG (c) TheECG

Fig. 6. This gure illustrates the Morse decompostion of an analytical
vector eld de ned by Eq.3 over the region f(x;y)jmaxjxj;jyj) < 11pg
(a). There is one source in the region enclosed by ve periodic or-
bits [31]. The colored regions indicate the isolating neighborhood of the
extracted Morse sets. Different colored regions refer to different Morse
sets. The gray shaded region indicate the regions with gradient-like
ow. (b) shows the MCG derived from a multi-valued map of this eld
with d; = 40. The nodes of the MCGs are the isolating neighborhoods of
the Morse sets, which are triangulated regions. The green dots indicate
the source Morse sets, red dots refer to sink Morse sets and blue dots
represent saddle Morse sets. (c) shows the ECG of the vector eld.
The nodes of the ECG consists of the individual x ed points or periodic
orbits.

Thede nition of anouterapproximatiorandthefactthatthetrian-
glesin thestronglyconnectedomponentsf F formisolatingneigh-
borhooddor the Morsesetsdemonstratevhy the MCG remainscon-
stantundersmall perturbationof the vector eld. Sincef; is acon-
tinuousmap and eachtriangle T is compact,the image f;(T) is a
compactet.If F is anouterapproximationthenby de nition f;(T)
is containedn theinterior of the setjF (T)j. Thus,this propertywill
alsohold for ary sufciently small perturbationof f;, which means
that given a DG; for f; we have the sameDG; for ary sufciently
smallperturbatiorof f;. Of coursewe cango onestepfurtherandin-
sistthatan e-neighborhoof f; (T) becontainedn jF (T)j. We will
in generalgeta coarseiDG;, but theresultingMorsedecompositions
will bevalid for any vector eld whoset maplieswithin e of f;.

Among the modulaof the pipeline,computingstrongly connected
component®f a directedgraphcanbeimplementedisinga standard
graphalgorithm[4], andthe MCG constructioncanbe implemented
usingthe algorithm proposedn [10]. We will describehow to con-
structthe multi-valuedmapef ciently in Sectiord.

4 COMPUTING THE MULTI-VALUED MAP

We now describethe computationalmodel of our system. In this
model, the underlyingdomainis representedy a triangular mesh.
Vectorvaluesarede ned at the vertices,andinterpolationis usedto
obtainvaluesontheedgesandinsidethetriangles.For theplanarcase,
we usethe popularpieceviselinearinterpolationmethodof Tricochet
al. [25]. On curved surfaces,we borrow the interpolationschemeof
Zhanget al. [32] which guaranteesector eld continuity acrossthe
verticesandedgesof the mesh. Theseinterpolationschemesupport
efcient ow analysisoperation®n bothplanesandsurfaces.

A multi-valuedmapencodeshedynamicbehaior of avector eld.
Accuratelyconstructinghe combinatoriaimulti-valuedmap,i.e. adi-

:& D‘*

Fig. 7. This gure Iillustrates the difference between two MCGs that are
constructed either based on behaviors on the edges (left) or according
to a multi-valued map (right). Each node corresponds to a triangle of
the mesh. The left column shows the construction of DGy using the
geometry-based map. The right column shows the construction of DG
of a multi-valued map with t > 0. The red triangle T = Ty is the starting
triangle, the light brown curved closure is the real image of T, the blue
dash triangle is the approximation of the real image, the gray dash lines
show the mapping of the vertices of T.

rectedgraphDG;, of avector eld is crucialfor computingthe Morse
decompositiorof thevector eld.

Chenetal. [2] describeanapproacho computethe DG; of agiven
vector eld V by consideringthe o w behaior acrossthe edgesof
eachtriangleandaddthe directededgesto andfrom neighboringtri-
anglesaccordingly(Figure 7, left). We referto this approachasthe
geometry-basedhap,which differsfrom amulti-valuedmapbasedn
agivent map. In the remainderof this paper we will referto the
directedgraphobtainedusingthis methodasDGg.

DGg oftenresultsin a rathercoarseouterapproximatiorof the un-
derlyingdynamics,i.e., Morse setsthat containmultiple x ed points
andperiodicorbitsor no structuresatall. For instancethe Morsesets
extractedusingDGq of thegasenginesimulationdatasetareshavn in
Figure3. Thecoloredregionsindicatetheisolatingneighborhoodsf
the Morsesets. Differentcolor regionsindicatedifferentMorse sets.
Thegrayshadedegionsindicatetheregionsof gradient-lile o w. We
obsenre thatwith thegeometry-basethethod( rst row) therearetwo
Morse setsin the cylinder and intake port of the enginecovering a
large portion of the surfacegeometry This makessubsequeranaly-
sis, suchasECG computatior{2], moredif cult andcomputationally
expensve.

In orderto obtain ner Morsesets we male useof theideaof multi-
valuedmapsintroducedin Section3.2to computethe directededges
of theDG; . A three-steproceduref thisideais describedsfollows
(Figure7?, right).

First,tracefrom randomsample®f eachtriangleT of thesurface
X with t time.

Secondreconstructhe adwectedtrianglel 1 basedon the new
positionsof thesampled. T will intersectwith a setof triangles
T; of thesurfaceX.

Third, addthedirectededgesrom thenodeof T to the nodesof
T, in thedirectedgraphDG; .

To implementthe ideaof a multi-valuedmap, we extendthe time
discretizatiort into aspatialdiscretizatiord; . Thatis, for eachsample
of thetriangleT in X, wekeeptrackof theintegrallengthof thesample
following the o w until the integral lengthis largerthand;. Dueto
the continuity of the vector elds in 2D planesandon 3D surfaces
discussedn this paper usingthe constantd; to performthetracingis
equivalentto acontinuoug insidethevector eld.

4.1 t Map Guided Outer Approximation

Themostdif cult stepof thethreestepprocedurds how to compute
theapproximateadwectedtriangle,l T, of atriangleT X andobtain
thedirectededgesassociateavith thenoderepresenting in theDG;
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Fig. 8. This gure demonstrates a case of a distorted image of a triangle
T consisting of vi, v» and vz using a large d;. The red closed curve
represents a periodic orbit. The colored dash lines in the left gure
show the trajectories of the two vertices. The light brown curved closure
in the right gure shows the real image | 1 of the original triangle T,
while the dash triangle Tis the approximate image.

efciently. From Section3.2, it meango computethe outerapproxi-
mationof | t underX. We now describesereralmethodgo solve this
problem.

The rst approachs to samplea numberof pointsinsideatriangle
T andkeeptrack of their imagesunderthe o w after a distanced; .
The setof the trianglescontainingthe endingpositionsof thesesam-
plesform anapproximatiorof the adwectedtrianglel 7. However, it
is dif cult to determinghenumberandlocationof the samplesieces-
saryfor eachtriangleto obtainanaccurateapproximatiorof theimage
of thetrianglewith respecto the o w. Andit is rathercomputationally
expensve.

The secondmethodis derivedin Section3.2. We approximatehe
corvex hull of theimagel Tt throughreconstructingan adwectedtri-
angle T usingthe threeadvectedverticesof the original triangle T.
More speci cally, we tracethe threeverticesvy;vo; vz of T with d;
distanceandobtainv{; v3;v3. Then,we computethe approximated t
by connecting/;v3; V3 sequentiallyto form T2 TOwill intersectwith
asetof trianglesT;, whichis the outerapproximatiorof | 7. Figure7
(right) illustratesthis approachThe blue dashtriangleis the approxi-
matecorvex hull T¢ while thelight brown curvedclosureis theactual
adwectedtrianglel 1. Althoughthis methodcanavoid placingdense
samplesnsideatriangle,it poseschallengesFirst, theapproximation
usingthe corvex hull mayleadto smallerimagethandesired.For in-
stance,in Figure7 (right), | 1 intersectswith triangle Ty; Ts; Tg, but
TOdoesnot. Second,jt may fail to producean outer approximation
whenusingalarget underahighly curled eld. In Figure8, thever
tices(vi, vo andvs) of atrianglehave beenadwectedaccordingto the
underlying o w whoseimagesare 9, V3 andV3, respectiely. Using
the corvex hull, we will obtaina triangle T° (the black dashtriangle)
while therealimageshouldbethelight brown curvedclosurel 1. In
this case the approacHeadsto anincorrectapproximation. Adding
more sampleson the boundaryedgesmay solve thesetwo problems,
but will alsoincreasehe computationatime. Furthermoreywhenap-
plied to surfacevector elds, this methodrequiresgeodesianapsto
gettheclosureof T9 which canbe computationallyexpensve.

4.2 An Adaptive Approach for Computing the Outer Ap-
proximation

In this sectionwe describea methodthatcanobtainenoughinforma-
tion abouttheimagel T throughthetracingof verticeswithouthaving
to computethe corvex hull. We startthe discussiorof our approach
using the following obsenrations. First, we tracethe threevertices
Vv1;Vp; v3 of atriangleT underthevector eld V. After d; distancewe
obtainthe threeadectedverticesfalling in threetrianglesTi, ; Ti,; Ti,,
respectiely. They form anapproximationof theimagel 1 of T. If

271

Fig. 9. This gure shows the idea of backward and forward tracing with
d;. The rst row shows the tracing of three vertices of the original trian-
gle T follow the vector eld V and ending at a triangle T% The second
row shows that the three advected vertices fall in triangles T;,, Ti, and
Ti;, respectively. The approximate advected triangle is the dash blue
triangle. The outer approximation of the image of T is the set of the
shaded triangles. The third row shows the tracing of three vertices of a
shaded triangle following the vector eld V. The advected vertices fall
in T, which will return the directed edges from T to all shaded triangles
according to our approach. The solid black lines in the gure of the rst
and the second row indicate the direction of the forward mapping, while
the dash ones in the gure of the third row represent the direction of the
backward mapping.

V is corvergent, T, ; Ti,; Ti, eitherarethe sametriangle (Figure9, the

rst row) or sharecommonedges.Thereforethey area goodapprox-
imationof | T (Figure9, T%n the gure of the rst row). Butif V is
divergent,the setof Tj,; Tj,; Ti, maynotgive rise of a continoussetof
trianglesof | 1 (Figure9, secondow). Secondijf we reversethevec-
tor eld V andobtain V, thenthecorvergent o w becomeslivergent
andvice versa. Therefore,in Figure9, if we tracethe verticesinside
the approximateclosure(the shadedrianglesin the secondrow) of
theimagel T of T following V, they will graduallyreachT aftera
distanced; .

Theseobsenationsmotivateusto introducethe backwardmapping
asthe complementof forward mappingwhen computingthe image
of a triangle. Our approachthen can be describedas follows. We

rst traceeachvertex v of atriangle T backwardwith d;, if it fallsin
triangle T, we addthe edgesfrom T; to the trianglesof the one-ring
neighborsof v in the directedgraphDG;. Secondly we traceeach
vertex v of T following the o w and nd thetriangIeTiocontainingthe
adwectedvertex of v. Then,we addthe edgesfrom thetrianglesof the
one-ringneighborof v to Tio. If theadwectedvertex is onanedge we
addedgesfrom (backward) or to (forward) the two trianglessharing
thisedge.If theadwectedvertex endsatavertex v° we addedgesrom
\(Backv\ard) or to (forward) the trianglesof the one-ringneighborsof

Although this approachtendsto work well for o ws when little
stretchings introducedjt mayhave dif culty whenlargestretchings
presentForinstanceconsidera o w containinganattractingperiodic
orbit. A trianglein this o w maybemappedo anarraw tubein thetri-
anglestrip containingthe periodicorbit. Figure10 (left) demonstrates
this with an example. In Figure 10 (left) the forward mappingwill
mapatriangleT to | T containedby a trianglestrip Sy. According
to theaforementionegrocedurethe backwardtracingwill startfrom
theverticesof Sr. Obsenre thatno advectedverticeswill fall in T due



Fig. 10. This gure illustrates the stretching of a triangle T (left) and the
notion of adaptive sampling on an edge E(v1vp) (right). T is the original
triangle. The image of edge viv; is vgvg . The dash lines show the
mapping of the samples to the points on the image.

to the divergenceof the reversed o w. Therefore,we canobtain at
mostthreeedgesstartingfrom T andwill missotheredges.This will
resultin discontinuousMorsesets.Thereasoris we cannot compute
ary sampleinside the adwectedtriangle| 1 (the tubein Figure 10,
left) usingvertex-basecadwectionin this case But we alsonoticethat
in thesevery distortedcasesthe adwectedtriangle! T will eitherin-
tersectwith the inner edgesof thetrianglestrip St or situateinsidea
particulartriangle (Figure9, the rst row). For thelattercasethefor-
wardmapwill computethedirectededgescompletely For theformer
casejf we cansampletheintersection®f | T andtheinneredgesof
Sr, then,we cancomputethe missingedgesby calculatingthe back-
ward mapfrom the intersections We thusintroducethe algorithmof
adaptve samplingalonganedgeto calculatesuchintersections.

Algorithm 1: Adaptive samplingon an edge
Routine: adpatve_edgesampling{i, Vo, Ty, original _T,
neighborT,V, X, d;, L)
Input: two verticesv, andvyp, triangleT;, original _T
andneighborT, vector eld V, surfaceX, recursionlevel L,
auserspeci edintegral distanced;
Output: edgesn DG;
Local variables: trianglet,, stacks
Begin
L L+1;
if (L > maximumrecursionevel jj
jivi  v2jj, < minimumdistance)
vi v T T
new_edgefriginal T, T1); new_edgefieighborT, Ty);
returnvy, T,
T1 traceyq, di);
T, tracefo, d);
if( Ty ==T, jj shareedge(, T2) )
vi v T T
new_edgefriginal T, T1); new_edgefieighborT,T1);
returnvy, Tq;
else
push§; vz);
V2 o (Vitvp)=2;
call adpatve_edgesampling(s, Vo, Ty, original _T,
neighborT, V, X, d, L);
if (56 NULL)
Vo S
call adpatve_edgesampling(x, v», T1, original _T,
neighborT, V, X, d, L);
End

Theideaof adaptve samplingon edgess explainedasfollows. We
rst tracefrom thetwo verticesof anedgeE(vy;Vv,) (Figurel0, right).
If the two trianglesT; and T, containingthe two advectedvertices
arethe sametriangleor they sharea commonedge thenwe neednot
proces< further If they arenot, it meanghatwe needto placemore
sampleson E. We computemore samplesuntil we geta connected
triangle strip containingthe imageof E. The reasoningbehindthis
methodis basednthefactthattheresultof acontinuousobjectunder

a continuousmapshouldbe continuous.More speci cally, theimage
of anedge(vyvz in Figure 10, right) underthe t map, a continuous
map,shouldbe a continuouscurve (v‘fvg in Figure10, right) whichis
containedby a connectedrianglestrip. We usea binary searchalong
theedgeto computetheintersection We computemoresamplesf the
two trianglesTy, T, containingthetwo advectedverticesv?, V3 donot
shareacommonedgeandT; 6 T,. Figure10 (right) demonstratethe
ideaof this algorithm. After combiningthis algorithmwith the previ-
ousapproachye cancomputea moreaccurateanulti-valuedmapfor
agiven ow. We wish to point out thatdueto a discreterepresenta-
tion, thereis no guarante@f nding acontinuousmapundera highly
divergent o w with alarged;, eventhoughwe sampledenselyalong
theedgesHowever, we have not experiencedwith thisissue.

Figure1lindicatesthe differencein the MCGs obtainedusingthe
geometry-basexhap[2] andthemethodbasednat map.Bothmeth-
ods producecombinatorialmulitvaluedmapsthat are outer approxi-
mationsandhenceproducevalid MorsedecompositionstHowever, as
is indicatedin Figure 7, the t -map approachleadsto a combinator
ial multivaluedmapF with smallerimagesandhencea ner Morse
decompositionAn extremelyimportantpointthatcaneasilybe over
looked is the freedomof choicein the constructionof F . We have
chosenan approachthat is a compromisebetweenaccurag of im-
agesandspeedf computation For problemsin which computational
time is not a concernone canexpandon the adaptve samplingtech-
nigueandthe choiceof t (or d;) to re ne theimages.Alternatively,
if oneknows thatthe original vector eld containssigni cant errors,
thensincethe multi-valuedmapneedonly beanouterapproximation,
theseerrorscanbeincorporatednto the constructiorof theimagesof
F . Thus,evenin the presencef considerableoiseonecanguaran-
teethatthe resultingMCG is valid. Clearly, in this settingthis need
notbethecasefor ary particulartrajectorysuchasa periodicorbit or
evena x edpoint.

5 CONSTRUCTING AND VISUALIZING THE MCG

After obtainingthe MorsedecompostiomM(X;V) of avector eld V,
we computethe MCG of M(X;V) (Figure4). Ourimplementatiorof
Kalies andBan's algorithmfor MCG construction10] is a two step
process.In the rst step,we representhe isolatingneighborhoodf
eachMorsesetin M(X;V) asanodeny in DG; (or DG4 for geometry-
basedmapping).Then,we performa breadthrst search(BFS)start-
ing from eachof thecompactodeny, . For eachreachableodeny; ,
wherei 6 j, we addanedgefrom ny, to ny, in MCG. In the second
step,we minimizethe MCG by remaving all theredundanedges For
instancejf thereareedges; = (n1, n), & = (N2, n3) andes = (ny, n3g),
thenthe edgees is aredundanedge. We removeit from the MCG.

To visualizeMCG, we needto classifythe nodes. Souce Morse
sets R;, arenodesabsenbf incomingedgesn the MCG. SinkMorse
sets A, arenodeswith no outgoingedgesn the MCG. SaddleMorse
sets S, areneithersourceMorsesetsnorsink Morsesets.TheR;'sare
coloredgreen,the A;'s arecoloredred andthe §'s are coloredblue.
Accordingto the partial orderdeterminedby the edgesin MCG, we
lay out the nodessuchthatthe sourceMorse setsappearat the top of
graph,the sink Morse setsare placedat the bottom of the graphand
the saddleMorse setsare placedbetweenthe sourceand sink Morse
sets. Figure11 (a) and(b) displaythe MCGs of ananalyticalvector
eld. As aresult,topologicalanalysisand visualizationcan bene t
from bothgraphtheoryandtraditionalgeometricapproaches.

Obsene thatsomegraphicsapplicationsmay persuetheindividual
trajectory-basedector eld topologywithout being concernedvith
thefactthatthe obtainedECGsmay not bereliable,for instancethe
applicationsn texturesynthesis[26,27] and uid simulation[21]. As
anadditionalstepof our pipelineof vector eld analysisusingMorse
decompositionan ECG [2] canbe computedbasedon the obtained
MCG (Figurell(c) andFigurel2(c)).

6 RESULTS

In this sectionwe provide anumberof vector eld analysisesultsus-
ing the ef cient Morsedecompositiorframenork we introducedpre-
viously for both planar o w andsurface-based w. Thevector elds
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(a) TheMCG usingthe
geoméry basedmapping

(b) TheMCG using
at map

(c) TheECG

Fig. 11. This gure shows the Morse decompostions of an analytical
data set. (a) The Morse decomposition of the vector eld using the
geometry-based map. (b) The Morse decomposition of the vector eld
using a multi-valued map with d; = 0:8. The corresponding MCGs of the
Morse decompositions are shown under the ow images. The greed
dots indicate the source Morse sets, red dots refer to sink Morse sets
and blue dots represent saddle Morse sets. (c) is the ECG of the vector
eld. Inthe ECG, the greed dots indicate the source or repelling periodic
orbits, red dots refer to sink or attracting periodic orbits and blue dots
represent saddles. We can see how the Morse sets are re ned by using
the idea of t map.

we shaw hereareanexperimentalector eld createdusingthevector
eld designsystemintroducedn [2], andtwo enginesimulationdata
sets [14].

6.1 An Experimental Field

Figure 11 shaws the Morse decompostiorof a designedvector eld.
Ten Morse setshave beenextractedusingd; = 0:8. The extraction
takes10:37 second®na3:6 GHz PCwith 3:0 GB RAM. Thetriangu-
lar meshconsistsof 6144triangles. Figure11 (a) shavs the MCG of
the eld usingthegeometry-baseshappingwhile (b) shavstheMCG
obtainedusingat map.Both of thesetwo MCGscanbeusedto com-
putetheECGof the o w (Figurel1,(c)). Comparedo thethree-layer
structureof theECG,anMCG is computationastableandhasa mul-
tiple layer structure,which providesmoreinformationthanthe ECG.
For instancethe MCG allows saddleto saddleconnectionsput an
ECG doesnot. Fromthe result,we obsenre thatthe geometry-based
mappingapproachs easyto compute,but tendsto resultin coarser
Morse sets,while the MCG derived from at map has ner Morse
sets.Furthermorejf computedcorrectly an ECG indicatesthe nest
MCG, whenthe vector eld hasa nite numberof x ed pointsand
periodicorbits, all of which have anisolating neighborhoodf their
own [2].

6.2 The Engine Simulation Data Sets

Thedatasetsve experimenton arethe extrapolatedoundaryvelocity
elds andareobtainedthroughsimulationof in-cylinder ow. What
engineersexpectto obsere is whetherthe o ws on the surfacefol-

low theideal patternsor not[14]. To investicatevector eld analysis
andvisualizationtechniqueganprovide thecritical insightthatwould

have beendif cult to obtainotherwise.

(a

(b)

S2

Al

(©

Fig. 12. This gure shows two viewpoints of the Morse decomposition
of gas engine simulation data using a multi-valued map with d; = 1 (a).
Note that the red region bounds the area of recirculating ow corre-
sponding to tumble motion—an ideal pattern of motion with good mixing
properties. (b) shows the MCG of the data. (c) displays its ECG.

The resultsare shavn in Figures3 (bottom), 12 and 13, respec-
tively. In Figure12, we obsene a Morse setthat hasbeenextracted
at the backof the in-cyclinder of the chamber It shows a recurrent
patterntherewhichindicateghe o w startingto approximateheideal
tumble motion. The Morse setsobtainedbasedon at map capture
moredesiredregionswith importantfeatureswhile the approachus-
ing thegeometry-basethapcouldgive rise of large Morsesetswhich
will bedif cult for engineerso identify thecrucialfeaturef the ow
with certainty

Figure 12 (a) shavs two viewpoints of the Morse decomposition
resultfrom the gasenginesimulationdatawith d; = 1. (b) shavsthe
MCG of the data,while (c) shawvs the ECG derived from the MCG.
The gasenginesurfacegeometryconsistsof 26298triangles. There
areatotal of 57 Morsesets. Thetotal time to performMorsedecom-
positionof this datais 22048 second®n a 3:6 GHz PCwith 3:0 GB
RAM. The numberof theedgesn DG; is 244497.Theresultshavn
in Figure 13 is from the dieselenginesimulationwith d; = 1. The
numberof trianglesof the dieselenginesurfacegeometryis 221574.
Thereare 162 Morse setsbeing extracted. The time for the Morse
decompositiorcomputationfor this datasetis 25267 seconds.The
numberof theedgedn theDG; is 1968629.



Fig. 13. A comparison of the obtained Morse sets of the diesel engine
simulation data set. The rst image shows the Morse sets obtained
using the geometry based mapping. The two images to the right show
the result using a multi-valued map with d; = 1 from two different view
points. Note how much more re ned the topological regions become.

7 CONCLUSION

In this paperwe have describedanef cient computationaframevork
for computingMorse decomposition®f vector elds. Our approach
malkesuseof a multi-valuedmap,anouterapproximatiorof at map,
which encodeshedynamicsof thevector eld. Comparedo individ-
ual trajectory-basedector eld analysis,Morse decompositiorand
the associatedCG accountdor the numericalerrorsinherentin the
vector eld data,which makesit moresuitablefor arigorousinterpre-
tation of vector eld topology In orderto computethe multi-valued
mapef ciently, we make useof theideaof backward mappingasthe
complementf forward mapping.andintroduceanadaptve sampling
alongthe edgesto accountfor the discontinuityproblemwhile com-
putingthe approximatémage.We shaw the utility of ourappraoctin
anumberof applicationsncludingananalyticaldatain 2D planeand
two enginesimulationdatasetson surfaces.

Therearea numberof future directions. First, the MCGs canbe
usedto guidethe pair wise cancellationbasedon Conley theory|2,
32]. Second,throughthe adaptve framevork of computingmulti-
valuedmapproposedn this paper a seriesof hierarchicaMCGscan
be computed. ThesehierarchicaMCGs canbe usedto guide vector
eld clusteringyvector eld compressiomndautomaticsimpli cation.
Finally, thereis a needto extendthe work to time-dependentector
elds for keepingtrackof thefeaturesof the o w andtheapplications
of 3D vector elds aswell.
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