
REVIEW OF 642:621 MATHEMATICAL FINANCE I

Notes by Daniel Ocone

These notes outline the essential concepts from Math 621 needed for Math 622.
They are based on Shreve, Stochastic Calculus of for Finance II: Continuous-Time
Models.

I. Review of probability fundamentals.

A. Probability spaces, random variables. (Shreve, Chapter 1)

In this course, risk-neutral pricing theory is formulated in the language of measure-
theoretic probability. To the aspiring quant, measure-theoretic probability might at
first appear mysterious, overly abstract, and irrelevant to quantitative analysis. How-
ever, it provides a general and powerful way to express both the conceptual ideas and
the basic formulas of risk-neutral pricing, and it is the framework employed in the
research literature of mathematical finance. For this reason, you should aim to ac-
quire a confidant, intuitive understanding of measure-theoretic language and be able
to translate it into practical computational formulae. You do not need to learn ad-
vanced, measure-theoretic techniques or proofs.

The basis of measure-theoretic probability is the probability space. This is a triple
(Ω,F ,P), where Ω is a set called the outcome space, F is a collection of subsets
of Ω, and P is a measure that assigns to each A ∈ F a number P(A) in [0, 1]. It
provides a general template for probability modeling. Given a random phenomenon
to model, the elements of Ω represent all its possible outcomes; P(A), where A is a
subset of Ω, represents the probability of A, or, more precisely, the probability that the
outcome will belong to the set A; and F is the collection of subsets to which P assigns
probabilities. The elements of F are referred to as events. In order that (Ω,F ,P)
qualify as a probability space, F and P must satisfy a few basic conditions, called the
axioms of probability, which are consistent with intuitive notions of what probability
means and with logical coherence. These are: (i) F is σ-algebra, meaning it is a non-
empty collection that is closed under the set operations of taking complements and
of forming countable intersections or unions; (ii) P(Ω) = 1; and (iii) P is countably
additive, namely, if A1, A2, . . . is a sequence of disjoint events, then

P

(∞⋃
1

An

)
=

∞∑
1

P(An). (1)

The mysteries of σ-algebras will be discussed more below. For now think of F as the
class of subsets of Ω to which probabilities are assigned.
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A major difference between elementary and measure-theoretic probability is the
treatment of random variables. In elementary probability, a random variable is just a
representation of the numerical result of a trial with random outcome, and a random
variable is modeled by specifying its cumulative distribution function, probability
mass function, or density function, depending on the case. Probability spaces do
not enter the definition. In the measure-theoretic approach, the underlying model is
always a probability space (Ω,F ,P), and random variables are functions on Ω. The
idea is that (Ω,F ,P) models an experiment in which some ω is chosen at random,
and a random variable is a function X which assigns a numerical attribute X(ω) to
each outcome ω in Ω; the value of X is random because the result ω of the experiment
we are modeling is random.

However, X cannot be any old function. It must satisfy a criterion called measura-
bility. This is a consequence of the following condition that we impose on X. For any
open interval (a, b) we should be able to assign a probability to the event that X(ω)
falls in (a, b). This event is the following subset of Ω: X−1((a, b)) := {ω ; X(ω) ∈
(a, b)}. Thus the probability that X falls in (a, b) is

P
(
{ω ; X(ω) ∈ (a, b)}

)
.

But for this to have meaning we need that {ω ; X(ω) ∈ (a, b)} ∈ F , because, by
definition, probabilities are assigned to subsets in F only.

This leads to an important definition, which we state for a general σ-algebra, as
we need it more generally: The function X is said to be G-measurable if {ω ; X(ω) ∈
(a, b)} ∈ G for all real numbers a < b. In fact, one can show

X is G measurable if and only if {ω ; X(ω) < x} ∈ G for all x. (2)

(When this is true it follows that X−1(U) := {ω ; X(ω) ∈ U} belongs to G for any
Borel set U of the real line, an important fact to know, but not to prove. Borel sets
are defined later.)

Finally, we are lead to the definition of a random variable defined on a probability
space (Ω,F ,P): it is an F -measurable function on (Ω,F ,P). In practice, we do not
worry about measurability in this course, except when conditioning, and we will later
give explicit heuristic criteria to use and an intuitive interpretation that will be all
you need to know.

In elementary probability, we work with random variables by calculating with their
cumulative distribution functions or, if they are continuous, their probability density
functions. Recall that if X is a random variable, FX(t) denotes the probability that
X takes a value less than or equal to t. In the the measure-theory setting, this is

FX(t) := P
(
{ω; X(ω) ≤ t}

)
.
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Thus, the cumulative distribution function of X is determined by the probability mea-
sure P on the underlying probability space. This is very important, because by chang-
ing the underlying measure from P to some other measure P̃, we will change the
distribution of X. In fact, change-of-measure is a useful device in mathematical
finance.

Let A belong to F . The indicator function of A is the function on Ω,

1A(ω) =

{
1, if ω ∈ A;
0, if ω 6∈ A.

This is F -measurable and hence a random variable. Its value indicates whether or
not A has occurred. Indicator functions appear often in probability theory.

In the measure-theoretic framework, expectation is defined directly on the prob-
ability space by the formula

E[X] =
∫
Ω
X(ω) dP(ω), (3)

where the right-hand side is an integral with respect to the probability measure. This
integral is defined first by requiring that

∫
1A dP = P(A) for any indicator random

variable 1A, extending by linearity to sums of indicator random variables, and then
extending to general X using a limiting procedure; see Chapter 1 in Shreve’s text for
details. The definition is mostly of theoretic use; to actually compute E[X] when X
has a density fX , we use the formula,

E[X] =
∫ ∞
−∞

xfX(x) dx.

In the measure-theoretic framework, this is proved as a consequence of (3); in ele-
mentary probability it is a definition. Another consequence of (3) is that

E[g(X)] =
∫ ∞
−∞

g(x)fX(x) dx,

whenever the expectation is defined and fX is the density of X.

Example 1. Binomial tree model for an asset price. This is a discrete-time model in
which, if the price at time j−1 is S, then the price at time j will be either Su or Sd,
where 0 < d < u. We shall assume that 0 < d < 1 < u so that if the price goes from S
to Su it increases, and if it goes from S to Sd it decreases. Let T be the time horizon
of the model. Any price history can be represented as a vector ω = (ω1, . . . , ωT ) of
1’s and −1’s, where ωj = 1 indicates the stock price increases between times j − 1
and j and ωj = −1 indicates it decreases. The outcome space Ω is thus the set of
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all such vectors. For F we may simply take the collection of all subsets of Ω (this
includes the empty set).

There are a number of important random variables for the binomial tree model.
The most basic are X(t)(ω) = ωt, for 1 ≤ t ≤ T ; X(t)(ω) is just the tth coordinate of
the vector ω, and it tells us whether the price has moved up or down in the tth time
period. Another convenient sequence of random variables is the accumulated sum of
price movements, defined as B(t)(ω) =

∑t
1X(j)(ω) =

∑t
1 ωj; for each t, this repre-

sents the difference between the number of positive and negative price movements in
ω = (ω1, . . . , ωT ) up to time t. It is not hard to show (exercise) that the number of
positive price movements up to time t is (1/2)[B(t)(ω)+t] and the number of negative
price movements is (1/2)[t − B(t)(ω)]. If S0 denotes the price of the asset at time
t=0, its price at time t, when ω = (ω1, . . . , ωT ) is the history of price movements, is

S(t)(ω) = S0 · u[B(t)(ω)+t]/2 · d[t−B(t)(ω)]/2, (4)

Because the price increases by the multiplicative factor u each time it increases, and
otherwise decreases by the multiplicative factor d. Now in probability theory, once
we get going with a model, it is traditional to drop the explicit dependence on ω from
the notation. Thus, we would usually write the last equation as

S(t) = S0 · u[B(t)+t]/2 · d[t−B(t)]/2. (5)

This is cleaner looking and easier to read, but remember that random variables are
always functions on the underlying probability space!

Define δS(t) = S(t+ 1)− S(t) and δB(t) = B(t+ 1)−B(t), which represent the
incremental changes of S and B over time interval t; observe that δB(t) = X(t+1).
The student should check that

δS(t) =

[
−1 +

u+ d

2

]
S(t) +

u− d

2
S(t)δB(t), 0 ≤ t ≤ T − 1. (6)

This equation is an equivalent way of stating the model for S(t); it has a unique
solution, which is the series of random variables defined in (4). In fact, it is a better
way to state the model, because it is a dynamical systems model, showing how the
price evolves from each time step to the next.

So far we have not specified any probability measure to put on (Ω,F). This is a
problem of modeling. Your choice depends on how you think the economy behaves.
One simple choice is to assume that X(1), . . . , X(T ) are independent and that p =
P(X(t) = 1) does not change with t. Then the probability of seeing outcome ω =
(ω1, . . . , ωT ) is

P({ω}) = p[B(T )(ω)+T ]/2(1− p)[T−B(T )(ω)]/2.
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because 1 appears in the vector ω [B(T )(ω) + T ]/2 times, each time with probability
p, and −1 occurs [T −B(T )(ω)]/2 times, each time with probability 1− p. It follows
then by the additivity property (1), that for any subset A of Ω,

P(A) =
∑
ω∈A

P({ω}) =
∑
ω∈A

p(1/2)[B(T )(ω)+T ](1− p)(1/2)[T−B(T )(ω)]. �

This probability measure turns out to be useful for derivative pricing in the binomial
model.

Example 2. A probability space formulation of the Black-Scholes price model. In a
way, the Black-Scholes model generalizes Example 1 to continuous time. The outcome
space of Ω will consist of all continuous functions ω on the interval [0, T ], with ω(0) =
0. On this outcome space, define the process, W (t)(ω) = ω(t); the W process will
play the role that the B process of the previous example played. W should be thought
of as the random “noise” causing the asset price to fluctuate around its mean rate of
growth. Choose the probability measure P so that W is a Brownian motion process.
We will not specify how to do this; just accept that it can be done. For the moment
we also defer the subtle issue of defining F .

The price of the asset at any time 0 ≤ t ≤ T , in terms of its price S0 at time t=0
and the “noise” input W , is defined to be

S(t) = S0 exp{σW + (α− 1

2
σ2)t}, (7)

where α and σ are parameters of the model. Of course, this satisfies the stochastic
differential equation

dS(t) = αS(t) dt+ σS(t) dW (t), (8)

There is a close connection between this example and the last. Equations (7) and
(8) are the continuous-time versions of (5) and (6), respectively. In particular (7)
is a dynamical systems model for the asset price, showing how it changes over an
infinitesimal interval of time. �

Remark: In both these examples, the probability spaces are defined very con-
cretely. Usually this is not the case. Instead, a model is defined by specifying stochas-
tic processes on a probability space which is not explicitly constructed, only assumed
to exist. For instance, the Black-Scholes model is constructed using a Brownian mo-
tion defined on an unspecified probability space. The exact probability space used is
typically not important, but must be there in the background in order that we may
use the measure-theoretic framework.

Discussion. Why do we introduce all these airy abstractions of measure theory,
since we revert to the formulas of elementary probability to do calculations anyway?
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They are essential to a deep and practical understanding of pricing theory for three
reasons:

(1) a proper theory of convergence of sequences of random variables;

(2) a coherent and general theory of conditioning on partial information;

(3) the change of measure technique.

We will not say much about (1), except that convergence is central to probability
theory in general and to defining stochastic integrals in particular.

As for (2), the concept of a σ-algebra is crucial to modeling partial information,
and the treatment of random variables as functions on a probability space is essential
for defining conditional expectation very generally.

Point (3) is important to pricing theory. The measure-theoretic framework allows
one to consider the same outcome space and same random variables under different
probability measures. Recall that if P and P̂ are two probability measures on (Ω,F),
we say that P and P̂ are equivalent (written P ∼ P̂) when

P(A) = 0 if and only if P̂(A) = 0;

this is the same as saying P(A) > 0 if and only if P̂(A) > 0. Now suppose that
(Ω,F ,P) models a market evolving over time. This model admits arbitrage (in brief,
P admits arbitrage) if there is a self-financing investment strategy that, starting with
0 dollars, yields a payoff X satisfying P(X ≥ 0) = 1 (it never produces a loss) and
P(X > 0) > 0 (with positive probability it produces a strict gain). Clearly, if P
admits arbitrage, then so does P̂ for every P̂ equivalent to P. Conversely, if one can
find a P̂ equivalent to P that does not admit arbitrage, then neither does P. This
is important because you and I may have very different ideas of which probability
measure accurately describes the market. But if our personal choices are equivalent
measures, meaning we agree what events occur with positive probability, then we can
agree on no-arbitrage prices. If they are not equivalent one of us may perceive an
arbitrage opportunity where the other does not, and only time will tell who was right.

The first fundamental theorem of asset pricing, to be reviewed later in the lecture,
gives a condition on P, called risk-neutrality, implying no arbitrage, for a class of
market models based on stochastic integrals. Therefore, if for a given price model we
can find an equivalent risk-neutral probability measure, we can price derivatives by
the principle of no arbitrage.

B. σ-algebras, measurability, partial information. (Shreve, Chapter 2)

B.1 Definition and examples of σ-algebras.
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Recall that a collection F of subsets of Ω is a σ-algebra if (i) Ω ∈ F ; (ii) whenever
A ∈ F , so also is Ac = Ω − A; (iii) whenever A1, A2, . . . are in F , so also are ∪∞1 An

and ∩∞1 An. This concept requires some time to get used to. One may ask why it’s
important. For example, why not always assign a probability to every subset of Ω
and forget about σ-algebras? The answer is that when Ω is uncountable infinite, as
even in the simple case when Ω is the interval [0, 1], it may not be possible to assign
a probability to every subset and satisfy the countable additivity assumption (1) at
the same time. Therefore, it is necessary to impose restrictions on the class of subsets
of Ω to which probabilities are assigned. However, we want this class of subsets to at
least have the properties (i)—(iv) listed above, for otherwise it would be difficult to
do even elementary calculations.

A second reason, and the more important one for this course, is that σ-algebras
are the natural framework for modeling partial information and defining conditional
expectation. This will be explained in the next section.

The following basic facts about σ-algebras are important to know.

(a) The family of all subsets (including the empty set) of a set is a σ-algebra.
When the outcome space Ω of a probability space model is finite or countable, we
usually take F to be this family (see Example 1.)

(b) If C is any family of subsets of some set Ω, there exists a σ-algebra, denoted
σ(C), satisfying (i) C ⊂ σ(C); (ii) if G is any σ-algebra containing C, then σ(C) ⊂ G.
We call σ(C) the σ-algebra generated by C. It is the smallest σ-algebra containing C.

Here are some often used examples of σ-algebras defined by the procedure of (b):

(i) Let C = {A1, A2, . . .} be a disjoint partition of a set Ω; this means the Ai’s are
disjoint and ∪∞1 An = Ω. Then σ(C) is the collection of all finite or countable unions
of subsets in C plus the empty set. For example, Ai ∈ σ(C), for any i Ai ∪Aj ∈ σ(C)
for any i and j, etc. But no element of σ(C), except the empty set, is a proper subset
of any of the Ai’s.

The simplest example occurs when C = {A,Ac} is a partition of Ω into two sets.
In this case, σ(C) = {∅, A,Ac,Ω}.

(ii) Let U the family of all open subintervals of the real line R. The σ-algebra
σ(U) is called the Borel σ-algebra of R.

(iii) (In this example, we do not invoke (b) directly.) Let X be a random variable
on (Ω,F ,P). Let σ(X) be the family of all subsets of the form {ω;X(ω) ∈ V },
where V is a Borel subset of R. This family is in fact a σ-algebra, and it is called
the σ-algebra generated by X; it is the family of all events defined only in terms of
the value of X. Since X is a random variable, σ(X) will be contained in F , but in
general it will not be all of F .

(iv) Let {Xα;α ∈ A} be any family of random variables defined on a probability
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space (Ω,F ,P); here A stands for an arbitrary index set. Let C be the family of
all events U such that U ∈ σ(Xα) for some α ∈ A; so C consists of all events that
are defined by the value of Xα for some α ∈ A. Then σ(C) is called the σ-algebra
generated by {Xα;α ∈ A} and is often denoted σ ({Xα;α ∈ A}). Again, it is usually
a proper subset of F .

Examples 1 and 2, continued. For each integer time t, let F(t) = σ(B(1), . . . , B(t)),
or, equivalently, F(t) = σ(X(1), . . . , X(t)). This is the σ-algebra of all events defined
in terms of the history of the binomial tree price up to time t. Suppose that (x1, . . . , xt)
is a sequence of 1’s and −1’s. The set of all price histories whose up and down
movements up to time t are given by (x1, . . . , xt) is an event in F(t). It is the event,

A(x1,...,xt) =
{
ω = (ω1, . . . , ωT ); ω1 = x1, . . . , ωt = xt

}
.

Actually, such sets form a disjoint partition of Ω and F(t) is the σ-algebra generated
by this partition, as in (i) above.

Likewise, in Example 2, define FW (t) = σ (W (s), s ≤ t). This is the σ-algebra
generated by the history of the price model up to time t. In this example, an appro-
priate σ-algebra for the probability space is F = FW (T ).

B.2 Useful facts about measurability
Throughout, if X is a function on Ω and U is a subset of the real line, we use

{X ∈ U} to denote {ω; X(ω) ∈ U}.
Let G be a sub-σ-algebra of F in the probability space (Ω,F ,P). We say that X

is G-measurable if {X ∈ U} is in G for all Borel sets U .
A necessary and sufficient condition that X be G-measurable is that {X ≤ a} ∈ G

for all a.

The student should know and be able to use the following facts:

a) If A ∈ G, then 1A is G measurable.

b) Consider the simple σ-algebra H = {A,Ac, ∅,Ω}, where A ∈ F is a non-empty,
proper subset of Ω. (see (ii) above). Let X be H-measurable. Then X must take the
form

X(ω) = a1A(ω) + b1Ac(ω),

that is, it must take a constant value on A and a (possibly different) constant value on
Ac. To see this, let ω0 ∈ A and define a = X(ω0), and let ω1 ∈ Ac and b = X(ω1). The
subset {1}, consisting of the single number 1 is a Borel set and so {ω;X(ω) = 1} must
belong to H. And since ω0 ∈ {ω;X(ω) = 1}, it follows that either {ω;X(ω) = 1} = A
or {ω;X(ω) = 1} = Ω; in either case, X(ω) for all ω ∈ A. The same reasoning shows
that X(ω) = b for all ω ∈ Ac. Thus X = a1A + b1Ac , as claimed.
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c) Let Y be a random variable that is measurable with respect to σ (X1, . . . , XN).
Then one can write Y in the form Y = ψ(X1, . . . , XN) for some function ψ. Con-
versely, if Y = ψ(X1, . . . , XN), it is σ (X1, . . . , XN)-measurable.

d) Simple arithmetic operations and limiting operations performed on measurable
functions lead again to measurable functions.

B.3 Partial information.
Conditioning on partial information is crucial to math finance. Let C be a family

of events in a probability space modeling an experiment, and suppose the experiment
is run and results in some outcome ω, which we do not know. Let us say that we have
observed C if for each event A in C we know whether or not ω belongs to A. This is
equivalent to saying that for each A in C, we know the value of the indicator random
variable 1A(ω). So, although we may not know ω precisely, we have some idea of its
whereabouts.

The idea of observing a family of events is a model for partial information. Notice
that if we know 1A(ω), then we know also 1Ac(ω) = 1− 1A(ω). Likewise, if we know
for every n, whether ω ∈ An or not, we know whether or not ω is in ∪∞1 An or ∩∞1 An.
Therefore, it makes sense to suppose that partial information is obtained by observing
some σ-algebra of events. We always assume partial information is represented by a
σ-algebra.

The following is important and intuitive. Let X be a random variable. Observing
σ(X) is equivalent to knowing the value of X(ω). Likewise, observing σ(X(s), s ≤ t)
is equivalent to knowing the value of X(s)(ω) for all s ≤ t. More generally, if X is
G-measurable and if we have observed G, then we know the value of X(ω), but not
necessarily what ω is.

The partial information represented by a σ-algebra can be much more complex
than the partial information contained in a single random variable, or even a finite
set of random variables. This is a major reason for introducing σ-algebras.

B.4 Filtrations.
A filtration is a family {F(t); t ≥ 0} of σ-algebras indexed by t ≥ 0 that is

increasing, in the sense that F(s) ⊂ F(t) whenever 0 ≤ s ≤ t. In math finance, fil-
trations model market histories; for each t, F(t) represents the information contained
in the entire history of the market up to time t. When the market is modeled by
a stochastic process {X(t), t ≥ 0}, this past history at t is FX(t) = σ (X(s), s ≤ t):
{FX(t); t ≥ 0} is called the filtration generated by the process X. We have seen such
filtrations already for Examples 1 and 2.

C. Conditional expectation (Shreve, Chapter 2)
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In undergraduate probability, one defines the notion of the conditional expectation
of one random variable X given that another random variable Y equals y. If X and
Y have a joint density f(x, y), this is

E[h(X)|Y =y] =
∫ ∞
−∞

h(x)
f(x, y)

fY (y)
dx, if fY (y) > 0. (9)

(It is left undefined or set equal to an arbitrary constant if fY (y) = 0.)
This definition is not adequate for our purposes, because partial information can

come in much more complicated forms than observation of a single, or even several,
random variables. For example, in asset pricing, we would like to condition on observ-
ing the whole past history of the market. In general, we want to define the conditional
expectation of X given G, where G is a sub-σ-algebra of F , because σ-algebras are
the most general way we represent partial information.

The right approach is to define this conditional expectation as a random variable,
that is, as a funtion on Ω. (By way of contrast, E[X|Y = y] defines a function of y,
not a function on the probability space.) This random variable shall be denoted by
E[X | G]. (We should really write E[X | G](ω), to show its dependence on ω, but we
shall only do this when extra clarity is needed.) E[X | G] is defined by imposing two
simple conditions:

(1) E[X | G](ω) must be G-measurable.

(2) For every U ∈ G, E[1UX] = E [1UE[X | G]].

Where do these conditions come from? Intuitively, the value of E[X | G](ω)
should be determined from observing G. By the remarks in the previous section,
observation of G determines the value of any G-measurable random variable. This
is why condition (1) is required. Condition (2) is harder to explain, but, it says
roughly that E[X | G] is obtained by averaging over the “smallest” sets in G, and it
determines what E[X | G] must be. To understand the essential point, consider the
simple σ-algebra G = {A,Ac, ∅,Ω} generated by the event A, where 0 < P(A) < 1.
By condition (1) and the remarks in B.2 (b) above, E[X | G] = a1A + b1Ac for some
constants a and b. Now apply condition (2) with U = A. Since 1A1A = 1A and
1A1Ac = 0,

E[1AX] = E [1AE[X | G]] = E [a1A1A + b1A1c
A]

= aE[1A] = aP(A).

It follows that a =
E[1AX]

P(A)
, which is an average of X over the set A. Similarly,

b =
E[1AcX]

P(Ac)
. The nice thing about conditions (1) and (2) is that they generalize the

notion of conditional expectation far beyond this simple example.
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Theorem 1 If E[|X|] < ∞ then there is a unique (up to modification on sets of
probability zero) random variable E[X | C] satisfying conditions (1) and (2).

This theorem says that the concept of conditional expectation is well-defined, but
it does not tell us how to compute the conditional expectation explicitly. For this we
usually revert to the formulas of elementary probability theory. You should know the
following cases:

• G = {A,Ac, ∅,Ω}. This was treated above.

• G = σ(Y ). In this case we use E[Z | Y ] to denote E[Z | σ(Y )]. Since this is
σ(Y )-measurable, it follows from fact (c) in B.2 above that there is a function
ψ such that E[Z | σ(Y )] = ψ(Y ). When Z = h(X) and X and Y have a joint
density f , ψ(y) is precisely the function of y defined by the right-hand side of (9)
in the definition of E[h(X)|Y =y]. The following formula states this explicitly,
but for Z of the more general form h(X, Y ):

E[h(X, Y ) | Y ](ω) =

∞∫
−∞

h(x, Y (ω))
f(x, Y (ω))

fY (Y (ω))
dx. (10)

This formula shows that the measure-theoretic definition of conditional expec-
tation does indeed generalize the elementary definition.

• The following is a particularly important formula for us. Suppose that X is
independent of the σ-algebra G (this means every event in σ(X) is independent
of every event in G). Suppose that Y is G-measurable (and hence independent
of X). Then

E[h(X, Y ) | G] = E[h(X, Y ) | Y (ω)] = E[h(X, y)]
∣∣∣∣
y=Y (ω)

. (11)

(This right-hand-side means we evaluate the function y → E[h(X, y)] at y =
Y (ω).) This formula is stated and explained in Lemma 2.3.4 in Shreve. Mem-
orize it!

Two fundamental properties of conditional expectation, used over and over, are

If Z is G-measurable, E[ZX | G] = ZE[X | G]; (12)

(Tower property) If G ⊂ H, E
[
E[X | H]

∣∣∣∣ G] = E[X | G]. (13)

D. Martingales.

Let (Ω,F ,P) be a probability space and let {F(t); t ≥ 0} be a filtration in this
space. A stochastic process M = {M(t); t ≥ 0} defined on this probability space is
said to be a martingale with respect to {F(t); t ≥ 0} and P if
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(1) For every t ≥ 0, E[|M(t)|] <∞.

(2) For every t, M(t) is measurable with respect to F(t) and for all 0 ≤ s < t,

E[M(t) | F(s)] = M(s) (14)

Equation (14) is called the martingale property. Its validity depends on the filtration
{F(t); t ≥ 0} and the probability P. However, when the probability measure is fixed
and not subject to change, we shall just say that M is a martingale with respect to
{F(t); t ≥ 0} or an {F(t); t ≥ 0}-martingale.

Observe that if M is a martingale, it is constant in expectation: E[M(t)] =
E[M(0)] for all t ≥ 0.

Suppose that M represents your fortune at time t in an ongoing game of chance.
If s is the current time and t > s a future time, (14) says that your expected fortune
at time t, conditioned on everything that has happened up to time s, is just what
you presently have, M(s). Thus, the game is fair, at least as measured by expected
value.

The basic examples for us of martingales are Brownian motion and stochastic
integrals with respect to Brownian motion. Let W be a Brownian motion and let
{F(t); t ≥ 0} be a filtration for W ; see Shreve, page 51 for the definition. Then if
t > s, we know W (t)−W (s) is independent of F(s) and has zero mean.
Thus E[W (t) | F(s)]−W (s) = E[W (t)−W (s) | F(s)] = E[W (t)−W (s)] = 0, and
the martingale property follows immediately.

Consider a game in which you are allowed to place adapted bets on the increments
of a {F(t); t ≥ 0}-martingale M . This means that if you place a bet of α at time s
and hold it until time t, you will earn the amount α(M(t)−M(s)). To say the bet is
adapted means that if α is bet at time s, it must be F(s) measurable; this is a way of
saying you are not able to look into the future when deciding how much to bet. The
expected gain of this bet is E[α(M(t)−M(s)) | F(s)] = αE[M(t)−M(s) | F(s)] = 0.
Thus, the game is fair no matter how you bet. This observation leads to an important
heuristic principle; let X(t) be the gain at t from betting on the increments of a
martingale using adapted bets, or let X(t) be a limit of such gains for a sequence
of betting schemes. Then X is also a martingale with respect to {F(t); t ≥ 0}. Of
course, to make this into a theorem requires a more precise formulation and further
technical conditions. Stochastic integrals with respect to a Brownian motion provide
one example of such a precise formulation. Shreve shows how to define the stochastic
integral ∫ t

0
α(s) dW (s), t ≤ T

for a process α(s) satisfying: (i) α(s) is F(s)-measurable for all s; and (ii)E[
∫ T
0 α2(s) ds] <

∞. It is very useful for intuition to think of α(·) as a betting strategy and to think

12



of the stochastic integral as the earnings gained by using α(·) to bet on the incre-
ments of W ; formally, α(s) dW (s) is the gain from betting α(s) on the increment
dW (s) = W (s + ds) − W (s) and the stochastic integral just adds these gains up.
A main result of stochastic integration theory, one we use over and over, is that if
E[
∫ T
0 α2(s) ds] <∞, the process

∫ t
0 α(s) dW (s) is a martingale up to time T .

Example 3: A martingale in the model of Example 1. In the binomial tree model, let
p = 1−d

u−d
. Recall that p is the probability that the asset price increases by a factor of u

as opposed to decreasing by a factor of d, where 0 < d < 1 < u. We claim that then,
{S(t); 0 ≤ t ≤ T} is a martingale with respect to F(t) = σ(X(1), . . . , X(t)). To see
this, we will use equation (6), the identity B(t + 1)− B(t) = X(t + 1), and the fact
that under the measure P defined for Example 1, X(1), . . . , X(T )) are independent
and identically distributed with P(X = 1) = p, P(X =−1) = 1−p. It follows that
X(t + 1) is independent of F(t) and hence that E[X(t+1)|F(t)] = E[X(t+1)] =
p− (1− p) = 2p− 1 = 2(1−d)/(u−d)− 1. Hence, by conditioning both sides of (6)
on F(t), and using property (12) of conditional expectation,

E
[
S(t+1)− S(t) | F(t)

]
= S(t)E

[
− 1 +

u+ d

2
+
u− d

2
X(t+1)| F(t)

]
= S(t)[−1 +

u+ d

2
+
u− d

2
(2p− 1)] = 0. �

Example 4. A martingale in the model of Example 2. Consider Example 2. The price
of the asset at time t, discounted by its growth rate α, is

e−αtS(t) = S0 exp{σW (t)− (1/2)σ2t}.

Itô’s rule shows this to be a martingale. With f(t, x) = S0e
−(σ2/2)teσx, Itô implies

that

d[e−αtS(t)] = df(t,W (t)) = [ft + (1/2)fxx](W (t)) dt+ fX(t,W (t)) dW (t)

= σe−αtS(t) dB(t).

It follows that e−αtS(t) = S0 +
∫ t
0 σe

−αsS(s) dW (s), which is a martingale.

E. Brownian motion, stochastic integration, Itô’s rule.

This section outlines the bare essentials of what you need to know about Brownian
motion and stochastic integrals.

A standard Brownian motion W = {W (t); t ≥ 0} is a stochastic processes (de-
fined on a probability space (Ω,F ,P), of course) satisfying: (i) W (0) = 0; (ii)
the increments of W are independent—that is, for any 0 < t1 < t2 < · · · < tn,
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W (t1),W (t2)−W (t1), . . . ,W (tn)−W (tn−1) are independent; (iii) for any 0 ≤ s < t,
W (t)−W (s) is normally distributed with mean 0 and variance t−s; (iv) for each ω
the sample path, t→ W (t)(ω), is continuous in t.

A direct consequence of condition (iii) in the definition of Brownian motion is that
E[(W (t)−W (s))2] = t−s. This is related to the central fact about Brownian motion:
its quadratic variation up to time T equals T itself. This means the following; for
each n, suppose Π(n) is a partition t

(n)
0 < t

(n)
1 < · · · < t(n)

m = t of [0, T ], and suppose

limn→∞maxj[t
(n)
j − t

(n)
j ] = 0. Then

∑
j

[
W (t

(n)
j )−W (t

(n)
j−1)

]2
converges in probability to T as n→∞. (15)

There is an informal way to think about these statements. Let dt represent an “in-
finitesimal” change in t, and let dW (t) = [W (t+dt) −W (t)] be the corresponding
increment in dt. We know E[(dW (t))2] = dt, but equation (15) says in addition that
if we “add” up the values (dW (t))2 for t ranging from 0 to T we get the deterministic
value T . This suggests we can think of (dW (t))2 informally as being equal to dt. This
idea leads non-rigorously to Itô’s rule and stochastic calculus.

It is simple to verify that a Brownian motion W is a martingale, and also that
W 2(t)− t is a martingale. The converse is true: Levy’s characterization of Brownian
motion says that a process W with continuous paths for which W (0) = 0 and both
W and W 2(t)− t are martingales, must be a Brownian motion.

A filtration {F(t); t ≥ 0} is a called filtration for the Brownian motion W if: (i)
W (t) is measurable w.r.t. F(t) for each t; (ii) for any 0 ≤ s < t, W (t) − W (s) is
independent of F(s). If W is a Brownian motion, the filtration it generates by the
definition FW (t) = σ(W (s), s ≤ t) is a filtration for W . But often we need to work
with filtrations for W which are strictly larger, in order to model other sources in the
flow of historical information. If {F(t); t ≥ 0} is a filtration for the Brownian motion
W , then W is a martingale with respect to this filtration.

The following fact is used over and over again. Let {F(t); t ≥ 0} be a filtration
for the Brownian motion W . For any fixed s, the process {W (s+t)−W (s); t ≥ 0} is
a Brownian motion independent of F(s).

A stochastic process X = {X(t); t ≥ 0} is said to be adapted to a filtration
{F(t); t ≥ 0} if X(t) is F(t)-measurable for all t. Recall that this implies that for
each t, if we have observed F(t) then we know the value of X(t)(ω). Adaptedness is
an important concept in finance. Typically, F(t) represents the history of the market
up to time t. A portfolio process Π = {π(t); t ≥ 0} is a process representing the
ongoing investment choices made by an investor. We assume that investors cannot
look into the future (the world would be far different if they could!) Their choice of
portfolio at time t can only depend on the information available to them, namely,
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the market history F(t). Mathematically, this means that portfolio processes must
be adapted to the market history filtration.

Let W be a Brownian motion and let {F(t); t ≥ 0} be a filtration for W . When
α is adapted to this filtration and

E[
∫ T

0
α2(s) ds] <∞, (16)

we can define the stochastic integral process,∫ t

0
α(s) dW (s), 0 ≤ t ≤ T.

This integral has the following properties.

(a) It is has continuous paths.

(b) It is a mean-zero martingale with respect to {F(t); t ≥ 0}.

(c) The quadratic variation of this process on [0, t] is
∫ t

0
α2(s) ds.

(d) E

[(∫ t

0
α(s) dw(s)

)2
]

= E
[∫ t

0
α2(s) ds

]
.

The stochastic integral is defined first on simple process, that is, adapted processes
of the form

α(t) =
n∑

j=1

αj1[tj−1,tj)(t),

where t0 < t1 < · · · < tn = T is a partition of [0, t], and, for each j, αj is Ftj−1
-

measurable. For such a process (here t ∧ s = min{t, s})∫ t

0
α(s) dW (s) =

n∑
j=1

αj [W (t ∧ tj)−W (t ∧ tj−1)] .

As we discussed above, this should be interpreted as the total amount earned up to
time t by betting α(tj) = αtj at time tj−1 on the increment [W (t ∧ tj)−W (t ∧ tj−1)].

The definition in the general case is carried out by approximating a general
adapted process satisfying (16) by simple processes. The integral in this case can
be thought of as the total amount earned up to time t by betting α(t) on each in-
finitesimal increment dW (t).

(In the interests of full disclosure, it is necessary to also assume what is called a
joint-measurability condition on α. This is a technical detail we do not need to worry
about.)
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Let Y (t) = Y0 +
∫ t

0
β(s) ds+

∫ t

0
α(s) dW (s), where β is integrable and adapted

to {F(t); t ≥ 0}. Such a process is called an Itô process. It is common to express
the definition of an Itô process using differential notation. For example, dY (t) =
β(t) dt+α(t) dW (t), Y (0) = Y0. Next, let f(t, x) be a function which is at least once
continuously differentiable in t and twice continuously differentiable in x. Then Itô’s
rule says that

f(t, Y (t)) = f(0, Y0) +
∫ t

0

[
ft(s, Y (s)) +

1

2
α2(s)fxx(s, Y (s))

]
ds+

∫ t

0
fx(s, Y (s)) dY (s)

= f(0, Y0) +
∫ t

0

[
ft(s, Y (s)) + fx(s, Y (s))β(s) +

1

2
α2(s)fxx(s, Y (s))

]
ds

+
∫ t

0
fx(s, Y (s))α(s) dW (s).) (17)

This is often also expressed in differential notation:

d[f(t, Y (t))] =
[
ft(t, Y (t)) +

1

2
α2(t)fxx(t, Y (t))

]
dt+ fx(t, Y (t)) dY (t).

Itô’s rule is informally derived by applying Taylor’s expansion to order 2 and replacing
(dW (t))2 by dt, as discussed above, and replacing dW (t) dt and (dt)2 by 0.

There is a technical detail to stating Itô’s formula that is glossed over in Shreve’s
text. By the theory developed so far, the last integral in (17) is defined for t ≤ T only

if
∫ T

0
[fx(s, Y (s))α(s)]2 ds <∞. To have to verify this whenever Itô’s rule is applied

would be tedious. Fortunately, stochastic integrals can be generalized to a larger class
of integrands that includes that of (17) in all cases. In fact,

∫ T
0 γ(s) dW (s) can be

defined for any adapted process γ satisfying only

P

(∫ T

0
γ2(s) ds <∞

)
= 1. (18)

F. Markov processes.

Let X be a stochastic process. Let {F(t); t ≥ 0} be a filtration to which X is
adapted. We say that X is a Markov process with respect to {F(t); t ≥ 0} if for any
0 ≤ s ≤ t and any Borel function h for which E[|h(X(t))|] <∞,

E [h(X(t)) | F(s)] = E [h(X(t)) | X(s)] . (19)

The same definition applies to vector-valued processes X(t) = (X1(t), . . . , Xd(t)). In
this context the right hand side of (19) must be interpreted as E [h(X(t)) | X1(s), . . . , Xd(s)].
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One can check that (19) is true by showing that

E [h(X(t)) | F(s)] = ψ(s,X(s)) (20)

for some function ψ(s, x). Indeed, suppose this is true. Since X is adapted to
{F(t); t ≥ 0} by assumption, σ(X(s)) ⊂ F(s) and the tower property of conditional
expectation implies

E [H(X(T )) | X(s)] = E [H(X(T )) | σ(X(s))] = E
[
E[H(X(T )) | F(s)] | σ(X(s))

]
= E

[
ψ(s,X(s)) | σ(X(s))

]
= ψ(s,X(s)) = E [h(X(t)) | F(s)]

The Markov property (19) then follows.

Markovian models are very useful in finance. Derivative prices in the risk-neutral
theory are expressed as conditional expectations of the form, E[H(Y (T )) | F(t)]. To
compute this in general we have to know the distribution of Y (T ) based on the whole
past history F(t), and there is no simple, general approach to deduce such a po-
tentially complicated conditional distribution. However suppose that Y is a Markov
process; then the price reduces to the conditional expectation E[H(Y (T )) | Y (t)],
and this we know how to compute, for example from formula (10), if we know
the joint density of (Y (t), Y (T )). More generally, suppose that Y (t) is one com-
ponent of a vector-valued Markov process—in other words, there is a Markov pro-
cess X(t) = (Y (t), X2(t), . . . , Xd(t)). Then E[H(Y (T )) | F(t)] = E[H(Y (T ) |
Y (t), X2(t), . . . , Xd(t)], and again this can be computed from knowing the joint den-
sity of X(t) and X(T ). The great simplification afforded by the Markov property is
a major impetus for developing Markov models in finance.

Example 5. The Black-Scholes price process of Example 2 is a Markov process. This
is easy to derive from the following identity, which follows directly from the definition
of S(t) in equation (7): if s < t

S(t) = S(s) exp{σ(B(t)−B(s)) + [α− σ2/2](t− s)}.

Recall that B is a Brownian motion. Let {F(t); t ≥ 0} be a filtration for B. Since
a Brownian motion has independent increments and the only randomness in S(s)
is contributed by B(s), S(s) and B(t) − B(s) are independent. Thus, using the
conditional expectation formula of (11),

E
[
h(S(t)) | F(s)

]
= E

[
h
(
S(s)eσ(B(t)−B(s))+[α−σ2/2](t−s)

)
| F(s)

]
= E

[
h
(
xeσ(B(t)−B(s))+[α−σ2/2](t−s)

) ]∣∣∣∣∣
x=S(s)
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This is a function of S(s) alone, which according to (20) shows that the price process
S is Markovian.

For later application to the Black-Scholes formula, observe that since B(t)−B(s)
is normal with mean 0 and variance t−s, the conditional expectation in the previous
formula is

E
[
h(S(t)) | S(s)=x

]
=
∫ ∞
∞

h
(
xeσy+[α−σ2/2](t−s)

)
e−y2/2(t−s) dy√

2π(t− s)
(21)

The following result is also important to know. Let β(t, x) and γ(t, x) be contin-
uous and continuously differentiable in x and suppose that βx(t, x) and γx(t, x) are
uniformly bounded. Let W be a Brownian motion and let {F(t); t ≥ 0} be a filtration
for W . Then the stochastic differential equation,

dX(t) = β(t,X(t)) dt+ γ(t,X(t)) dW (t), X(0) = X0,

where W is a Brownian motion, has a unique solution which is a Markov process.
The basic reason for the Markov property is that for any t > s ≥ 0, X(t) can be
written as a function of X(s) and the process W (s+τ) −W (s), 0 ≤ τ ≤ t−s, but
{W (s+ τ) − W (s); τ ≥ 0} is independent of F(s), so all the information in F(s)
relevant to computing conditional expectations is contained in the value of X(s).
More general stochastic differential equations for asset prices than the Black-Scholes
equation are used in math finance for local volatility models.

G. Change of measure and expectations.

One advantage of always working with an underlying probability space is the ease
of applying the technique of changing probability measure.

Let (Ω,F ,P) be a probability space. Let Z be a non-negative random variable
such that EP[Z] = 1. For every event A in F , define

P̂(A) = EP[1AZ] =
∫
Ω
1A(ω)Z(ω) dP(ω). (22)

Then P̂ is a measure, and, since P̂(Ω) = EP[1ΩZ] = EP[Z] = 1, it is a probability
measure.

When P̂ and P are related as in (22), we often use
dP̂

dP
to denote Z. Given two

probability measure P and Q it is useful to know when
dQ

dP
exists, meaning we can

write Q(A) = EP[1A
dQ

dP
]. We say that Q is absolutely continuous with respect to P
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if Q(A) = 0 whenever P(A) = 0, and in this case we write Q � P. The Radon-

Nikodym theorem says that Q � P is a necessary and sufficient condition for
dQ

dP
to

exist.
Two probability measure Q and P are said to be equivalent if Q � P and

P � Q; this means that the class of events with positive probability is the same
for both measures. The idea of equivalence is conceptually important to derivative
pricing. The idea is that you and I might model the stochastic behavior of the market
using different probability measures. But if our measures are equivalent, we should
agree on the price of any derivative that can be replicated by the underlyings. Also,
if my model does not admit arbitrage, neither will yours and vice-versa. So, from
the point of view of pricing, modeling only makes a difference up to equivalence of
probability measures. Put another way, if you assign a positive probability to events
which I think cannot happen, we will likely come up with different prices.

Let
dP̂

dP
= Z. It is important to be be able to express expectations with respect to

P̂ in terms of expectations with respect to P and vice-versa. By definition, E
P̂
[1A] =

P̂(A), so another way to write (20) is E
P̂
[1A] = EP[1AZ]. Therefore if X is a simple

random variable of the form X =
∑n

1 ci1Ai
,

E
P̂
[X] =

n∑
1

ciEP̂
[1A] =

n∑
1

ciEP[1AZ] = EP[XZ].

This generalizes, leading to a formula expressing expectation with respect to P̂ in
terms of expectation with respect to P: if EP[|XZ|] <∞, then

E
P̂
[X] = EP[XZ]. (23)

We can go in the reverse direction if P(Z > 0) = 1. Then Z−1 is defined on a set
of P probability 1, and

EP[X] = EP[(XZ−1)Z] = E
P̂
[XZ−1]. (24)

Example 6; baby version of Girsanov’s theorem.
Let X be a random variable. We shall write X ∼ n(µ, σ2) to indicate that

X is a normal random variable with mean µ and variance σ2; hence its density is

fX(x) =
1√
2πσ

e−(x−µ)2/2σ2

. We shall denote the standard normal cumulative distri-

bution function by N :

N(x) =
∫ x

∞

e−z2/2

√
2π

dz.

For the following example we need to know the following basic fact:
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• X ∼ n(µ, σ2) if and only if its moment generating function isMX(λ) = E[eλX ] = eµλ+σ2λ2/2,
−∞ < λ <∞.

Theorem 2 Let X be a random variable on (Ω,F ,P) and assume X ∼ n(0, τ).
Define

P̂(A) = e−τa2/2EP

[
1Ae

aX
]
.

Then P̂ is a probability measure and, as a random variable on (Ω,F , P̂), X is normal
with mean τa and variance τ .

This theorem is, in a sense, a baby version of Girsanov’s theorem. To prove it,
notice that P̂(A) = EP[1AZ] where

Z =
eaX

eτa2/2
.

If X ∼ N(0, τ), EP[eaX ] = eτa2/2, hence EP[Z] = 1, and so P̂ is a probability measure.
The moment generating function of X, as a random variable on (Ω,F , P̂), is,

using formula (21) for expressing expectation under a change of measure,

E
P̂

[
eλX

]
= e−τa2/2EP

[
eλXeaX

]
= e−τa2/2eτ(a+λ)2/2.

The last step just uses fact (i) above and the assumption that X ∼ n(0, τ), as a
random variable on (Ω,F ,P). By simplifying the last expression:

E
P̂

[
eλX

]
= eτaλ+τλ2/2.

But this is precisely the moment generating function of a normal random variable
with mean τa and variance τ . �

The following consequence of Theorem 2 is used in deriving option pricing formulas
for the standard Black-Scholes model.

Corollary 1 Let X ∼ n(0, τ) on (Ω,F ,P). Then

EP[eaX1{X≥b}] = eτa2/2N
(
aτ − b√

τ

)
(25)

To prove this, observe that, using the notation of Theorem 2 and its proof,

EP[eaX1{X≥b}] = eτa2/2E
P̂
[1{X≥b}].
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But since X ∼ n(τa, τ) as a random variable on (Ω,F , P̂),

eτa2/2E
P̂
[1{X≥b}] = eτa2/2

∫ ∞
b

e−(x−τa)2/2τ

√
2πτ

dx.

Make the change of variable z = −(x− τa)/
√
τ in the integral. Then you get,

EP[eaX1{X≥b}] = eτa2/2
∫ (τa−b)/

√
τ

−∞

e−z2/2

√
2π

dz = eτa2/2N
(
τa− b√

τ

)
. �

G. Girsanov’s theorem.

Girsanov’s theorem is a change of measure technique for Brownian motion.
Let W be a Brownian motion on (Ω,F ,P) and let {F(t); t ≥ 0} be a filtration

for W . Let θ(·) be a stochastic process adapted to {F(t); t ≥ 0}, and set

Ŵ (t) =
∫ t

0
θ(s) ds+W (t), t ≥ 0.

Girsanov’s theorem tells us how to define a new probability measure P̂ such that Ŵ
is a Brownian motion on (Ω,F , P̂), at least up to some fixed time.

Define,

Z(t) = exp{−
∫ t

0
θ(s) dW (s)− 1

2

∫ t

0
θ2(s) ds}.

(Assume enough regularity on θ so that all integrals in this expression are defined.)

Theorem 3 Assume that EP

[ ∫ T

0
θ2(s)Z2(s) ds

]
<∞. Then Z(t), 0 ≤ t ≤ T is a

martingale with respect to {F(t); t ≥ 0} and P, and so EP[Z(T )] = EP[Z(0)] = 1.
If P̂ is the probability measure, P̂(A) = EP[1AZ(T )], then Ŵ (t), 0 ≤ t ≤ T is a
Brownian motion (up to time T) as a stochastic process on (Ω,F , P̂), and {F(t); t ≥
0} is a filtration for Ŵ .

Girsanov’s theorem is used to find risk-neutral measures for Black-Scholes price
models and is used to do explicit computations of expectations.

Example 7. Girsanov’s theorem and the Black-Scholes formula. Let r be a constant—
when we come to pricing r will denote the risk free interest rate. We shall rewrite the
Black-Scholes models defined in Example 2. As usual (Ω,F ,P) denotes the underlying
probability space. Thus,

dS(t) = S(t) [α dt+ σ dW (t)] .

21



By Girsanov’s theorem, if

dP̃

dP
= exp{

∫ T

0
((r−α)/σ) dt− 1

2

∫ T

0
((r−α)/σ)2 dt} = e((r−α)/σ)W (T )− 1

2
((r−α)/σ)2T ,

then W̃ (t) = (α−r)
σ
t + W (t), 0 ≤ t ≤ T , is a Brownian motion on (Ω,F , P̃). By an

easy computation, on this probability space,

dS(t) = S(t)
[
r dt+ σ dW̃ (t)

]
. (26)

We will see later that this is the risk-neutral model for the Black-Scholes price process.

II. Risk-neutral pricing.

A. Market models.

A model for a market with one riskless asset and n risky assets will consist of the
following:

(a) A probability space (Ω,F ,P) modeling future states of the economy, together
with a filtration {F(t)}; for each t, F(t) represents the information available to
all investors at time t.

(b) A non-negative process R(·) = {R(t)} that is adapted to {F(t); t ≥ 0}; R(t)
models the risk-free interest rate (compounded continuously) at time t. The
discount process associated to R(·) is D(t) = exp{−

∫ t
0 R(s) ds}.

(c) Stochastic processes {S1(t)}, {S2(t)}, . . . , {Sn(t)}, each of which is adapted to
{F(t); t ≥ 0}; Si(t) represents the price of risky asset i at time t.

We shall say that the model is a generalized Black-Scholes model if there are d
independent Brownian motions W1, . . . ,Wd defined on (Ω,F ,P) such that

(i) {F(t); t ≥ 0} is a filtration for each Wi;

(ii) There are adapted processes αi(·) and σij(·) such that for each i, Si satisfies the
stochastic differential equation,

dSi(t) = αi(t)Si(t) dt+ Si(t)
d∑

j=1

σij(t) dWj(t) (27)

This is the type of model introduced in Chapter 5 of Shreve and the one that we will
study until we introduce jump processes.
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We shall use the phrase standard Black-Scholes model to describe the special case
in which: (i) there is only one risky asset S; (ii) α, σ, and R(t) = r are constants;
and (iii),

dS(t) = αS(t) dt+ σS(t) dW (t) (28)

B. Risk-neutral models.

Consider a market model as defined in the previous section. We say that the
model is risk-neutral, and that P is a risk-neutral measure, if for each risky asset i,
1 ≤ i ≤ n,

{D(t)Si(t); t ≥ 0} is a martingale with respect to {F(t); t ≥ 0} and P. (29)

When the model is risk-neutral, we shall use P̃ to denote the risk-neutral measure
and Ẽ to denote expectation with respect to P̃.

Example 8: Black-Scholes continued. The Black-Scholes price process on the prob-
ability space (Ω,F , P̃) constructed in Example 7 is risk-neutral, if the interest rate
process is the constant r. In this case D(t) = e−rt and so the discounted asset price
is e−rtS(t). Now, S satisfies the equation (26), where W̃ is a Brownian motion. So it
follows directly from Example 4 in section I.D, with r in place of α and W̃ in place
of W , that e−rtS(t) is a martingale.

Example 9. The risk-neutral form of the generalized Black-Scholes model. If model
(33) admits a risk-neutral measure, P̃, then it has the following standard form, which
you should know automatically:

dSi(t) = R(t)Si(t) dt+ Si(t)
d∑

j=1

σij(t) dW̃j(t), 1 ≤ i ≤ m, (30)

where W̃j, 1 ≤ j ≤ d are independent Brownian motions under P̃.

The motivation for introducing risk-neutral models is the following heuristic prin-
ciple. Suppose we have a price model set up on (Ω,F ,P); if there is a measure P̃
which is equivalent to P such that the model is risk-neutral on (Ω,F ,P), then the
original model, the risk-neutral model, and any model equivalent to these, will not
admit arbitrage. Here is the idea. We have already discussed in these notes, but
it bears repeating. An arbitrage exists if there is some admissible trading strategy
which produces no loss with probability one and a positive gain with some positive
probability. Admissible strategies are those which are adapted to the filtration mod-
eling the information available to the investor. Now, the discounted gain M(t) of
any such trading strategy is essentially the yield obtained by betting on the incre-
ments of the discounted asset prices of the model. As explained above in section D,
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if the discounted asset are martingales under P̃, so also is M(t). In particular, if
M(0) = 0, then Ẽ[M(t)] = 0 for any t ≥ 0. This means that M cannot represent
an arbitrage. For it it did, then at some time t we must have P̃(M(t) ≥ 0) = 1
and P̃(M(t) > 0) > 0; but this would imply that Ẽ[M(t)] > 0, which contradicts
Ẽ[M(t)] = 0. Now, if Q is any probability measure equivalent to P̃, for example the
original P, an arbitrage under Q would be an arbitrage under P̃ since an event has
positive probability under Q if and only if it has positive probability under P̃. Thus
no model with a measure equivalent to P̃ admits arbitrage if P̃ is risk-neutral.

To turn this heuristic argument into a precise theorem requires a more precise
formulation and technical conditions. These are provided by Shreve in Chapter 5 for
the generalized Black-Scholes price model defined above in (33). The final result is
stated as the First Fundamental Theorem of Asset Pricing on page 231.

Consider the generalized Black-Scholes model and let P denote its underlying
probability measure. Shreve also gives conditions under which, using Girsanov’s the-
orem, one can show that there is a measure P̃ such that P̃ ∼ P and for which the
model is risk neutral. He also proves the Second Fundamental Theorem of Asset
Pricing: if the market is complete, that is, if it is possible to hedge every contingent
claim (derivative security) based on the information in the filtration {F(t); , t ≥ 0},
then the risk-neutral measure is unique. Moreover, he gives sufficient conditions for
completeness for the generalized Black-Scholes model.

Example 7 shows that the Black-Scholes model admits a risk-neutral measure. In
fact it is unique.

C. Risk-neutral pricing

Start with a market model as defined in section II.A, with probability measure P.
Consider a derivative security with payoff V (T ) written on the risky assets. Let V (t)
denote the price at which this claim is traded at any time before t. We shall derive a
formula for the price using the principle of no arbitrage. The basic assumption is that
there exists a risk-neutral measure P̃ such that P̃ ∼ P. As we saw, this assumption
implies that the underlying asset prices afford no arbitrage assumption. Assume also
that there is a replicating portfolio, that is, the market is complete. This means there
is a way to invest in the underlying assets so that the value of the portfolio at the time
of expiry is the derivative payoff V (T ). Let X(t) denote the value of this replicating
portfolio for earlier times t; X(t) is the amount of money we need to invest in order to
replicate the payoff. There will be an arbitrage opportunity unless V (t) = X(t). For
example if V (t) > X(t), we can short the derivative. This will give us V (t) and we
can invest X(t) of this according to the replicating strategy to meet our obligations
and invest the remainder V (t) = X(t) at the risk free rate. We will end up at time t
with the profit (V (t)−X(t))D(t)/D(T ) and no loss. Now, by the heuristic principle
that gains of trading on a martingale constitute a martingale D(t)V (t) = D(t)X(t)
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must be a martingale under the risk-neutral measure,. Therefore

V (t) = D−1(t)Ẽ[D(T )V (T ) | F(t)] (31)

This is the risk-neutral pricing formula.
This formula provides one possible price for the derivative that does not allow

arbitrage. In Chapter 5, Shreve shows by a hedging argument that, for a complete
market for the generalized Black-Scholes model, there is a unique risk-neutral measure
and a unique no-arbitrage price.

(An alternative argument which does not involve hedging is to think of the deriva-
tive as another asset being added to the market. Then D(t)V (t) must also be a mar-
tingale under the risk-neutral measure to avoid arbitrage. This argument does not
invoke a replicating portfolio, but in the absence of such a portfolio, it is not clear
what the price of a derivative should be from the point of view of the seller, because
he or she will not be able to hedge it perfectly.)

In summary, we have arrived at a procedure for pricing derivatives. Begin with
a market model. This should be constructed to capture the statistical properties of
the actual underlying assets. Then look for a risk-neutral equivalent measure. If
the market model is complete (basically, if the derivative payoffs depend only on the
underlying asset values), then formula (31) provides the no-arbitrage price for any
contingent claim.

To see how Girsanov’s theorem is used to define an equivalent risk-neutral model,
consider the following one-dimensional set up. We are given a probability space
(Ω,F ,P) and a Brownian motion W defined on this probability space. We let
{F(t); t ≥ 0} denote the filtration generated by this Brownian motion; from the
heuristic point of view, W will be the input responsible for all the randomness in the
model. We are given also a risk-free rate process r(t), t ≥ 0, which may be random,
but must be adapted to the filtration {F(t); t ≥ 0}. The associated discount process
is D(t) = exp{−

∫ t
0 r(s) ds}. Define a price process model by the usual equation,

dS(t) = α(t)S(t) dt+ σ(t)S(t) dW (t),

where α and σ are also process adapted to {F(t); t ≥ 0}.
The discounted price process is D(t)S(t), and an application of Itô’s rule gives

d[D(t)S(t)] = (α(t)− r(t))[D(t)S(t)] dt+ σ(t)[D(t)S(t)] dW (t).

Unless α(t) = r(t) for all t, D(t)S(t) is not a martingale, because the coefficient of dt
is then not identically zero. Thus, the model we have set up is not risk-neutral.
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Now suppose we define W̃ (t) = W (t) +
∫ t
0 θ(s) ds, for some process θ to be deter-

mined. Then W (t) = W̃ (t)−
∫ t
0 θ(s) ds, hence dW (t) = dW̃ (t)−θ(t) dt, and therefore,

by substitution into the equation above,

d[D(t)S(t)] = (α(t)− r(t)− θ(t)σ(t))[D(t)S(t)] dt+ σ(t)[D(t)S(t)] dW̃ (t).

Now choose θ so that the coeffiecient of the first term is identically zero. By some
algebra, this is done by setting

θ(t) =
α(t)− r(t)

σ(t)
. (32)

Assume this makes sense (that is σ(t)(ω) 6= 0 for all t ≥ 0 and all ω. Then

d[D(t)S(t)] = σ(t)[D(t)S(t)]dW̃ (t).

But while there is now no dt term, W̃ is not a Brownian motion, as a process on the
original probability space. Here is where Girsanov’s Theorem comes to the rescue. It
says that if we define

P̃(A) = EP

[
1A exp{−

∫ T

0
θ(s) dW (s)−

∫ T

0
θ2(s) ds}

]
(33)

and if

EP

[
exp{−

∫ T

0
θ(s) dW (s)−

∫ T

0
θ2(s) ds}

]
= 1 (34)

then W̃ (t), 0 ≤ t ≤ T is a Brownian motion if P̃ is used as the underlying measure
rather than P. And then, on the probability space (Ω,F , P̃), D(t)S(t) is a martingale
and P̃ defines a risk neutral measure up to time T . Then we can use (19) as the basis
for no-arbitrage pricing of derivatives written on S and expiring by time T .

Of course one needs to verify condition (34). This is not an issue we worry much
about in Math Finance I, except to note that one simple condition for it to hold,
which you will see in Shreve, is that θ, as defined in (32), satisfies

|θ(t)(ω)| ≤ K for all ω and for all t ≤ T ,

where K is some constant.

D. The Black-Scholes formula

As an example of risk-neutral pricing we derive the Black-Scholes formula for the
price of a call option. This is the formula one derives by applying the risk-neutral
pricing paradigm to the standard Black-Scholes price model. As in Example 7, let r
be the constant, risk-free interest rate, so that D(t) = e−rt. As usual {F(t); t ≥ 0}
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is the filtration for W . Then, the risk-neutral version of the Black-Scholes model is
that derived in Example 7 (see Example 8), and

S(t) = S(0) exp{σW̃ (t) + (r − 1

2
σ2)t}. (35)

The notation Ẽ shall denote expectation with respect to the risk-neutral measure P̃.
Let c(t) denote the price of a European call with payoff (S(T )−K)+ at expiry T .

The risk-neutral pricing formula (31) says that

V (t) = e−r(T−t)Ẽ
[
(S(T )−K)+ | F(t)

]
(36)

This is a conditional expectation precisely of the type we saw in equation (21). We
need only replace α in this formula by r, t by T and s by t, and set h(y) = (y −
K)+. Rewriting the formula as an expectation shows that the option price is V (t) =
c(t, S(t)), where

c(t, x) = e−r(T−t)Ẽ
[
(S(T )−K)+ | S(t)

]
= e−r(T−t)E

[
(xeσY +[r−σ2](T−t) −K)+

]
, (37)

and Y is a normal random variable with mean 0 and variance T−t.
Let b = σ−1[ln

(
K
x

)
−(r−σ2/2)(T − t)]. Then xeσY (t)+(r−σ2/2)(T−t) ≥ K if and only

if Y ≥ b, and hence(
xeσY +(r−σ2/2)(T−t) −K

)+

=
(
xeσY +(r−σ2/2)(T−t) −K

)
1{Y≥b}

Plug this into (37) and arrange terms: the result, after some minor simplifications
and cancellations, is

c(t, x) = e−(σ2/2)(T−t)Ẽ
[
xeσY 1{Y≥b}

]
− e−r(T−t)KẼ

[
1{Y≥b}

]
.

Since the density of Y is e−y2/(2(T−t))√
2π(T−t)

,

Ẽ
[
1{Y≥b}

]
=
∫ ∞

b

e−x2/2(T−t)√
2π(T − t)

dx =
∫ −b/

√
T−t

−∞

e−z2/2

√
2π

dz = N(−b/
√
T − t).

Here N is the standard normal cumulative distribution function, and the second
equality is derived by the substitution z = −x/

√
T − t.

As for the other term, we showed how to calculate Ẽ[eσY 1{Y≥b}] in Corollary 1,
equation (25). In this case, τ in that formula equals T − t. Hence,

Ẽ
[
xeσY 1{Y≥b}

]
= xe(σ

2/2)(T−t)N

(
σ(T−t)− b√

T − t

)
.

27



Notice that these formulas depend on time only through the parameter τ = T − t.
In the notation of Shreve,

σ(T−t)− b√
T − t

=
ln( x

K
) + (r + σ2/2)(T − t)

σ
√
T − t

= d+(T − t, x)

− b√
T − t

=
ln( x

K
) + (r − σ2/2)(T − t)

σ
√
T − t

= d−(T − t, x).

Thus c(t, x) = xN(d+(T − t, x))−Ke−r(T−t)N(d−(T − t, x)).
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