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Abstract

We study the integrability properties of nonlinearly perturbed Fuler
equations (linear ordinary differential equations with one regular singular
point in the complex plane plus a nonlinear perturbation) near the singular
point. We allow for first integrals with essential singularities and give suf-
ficient conditions for the nonintegrability of the equations in the complex
domain. We extend normal form theorems for singular equations and argue
that equivalence to normal forms captures the spirit of the poly-Painlevé
test and is a powerful tool for a rigorous approach to nonintegrability.

AMS classification scheme numbers: 34A20, 34C20, 58F36



1 Introduction

1.1 The Poly-Painlevé Test

The poly-Painlevé test for integrability that was proposed by Martin Kruskal
[1],[2] is a generalization of the Painlevé test, in the sense that movable
branch points for the solutions are allowed, as long as the branching of the
solutions is not “too rich”.

More precisely, consider a first order ODE in the complex plane

du
dz
where f is analytic in a domain D, x D, C C2. The solutions u(z) might be
multi-valued, and yet there might exist an analytic first integral in D, X D,:
a non-constant function F'(u,z) such that F'(u(z),z) is constant for all the
branches u of u in D,.
Let us fix some solution u and a point x € D, and consider the set

= f(u,ac)

Suz = {u(z) ; u € u}

If, on the other hand, the set Sy ; is dense in some open set Dc D, (in which
case we say that the solution u has bad branching) then any continuous
function F' which is constant on the trajectories must be constant on D,
and the equation has no continuous first integrals on D x Dj.

This idea is illustrated in [2], [3] on Abel’s equation % =u?+z , which
is shown to be nonintegrable. The calculations use repeated integration on
Riemann surfaces and are quite involved.

1.2 Motivation and Other Results in the Literature

Perhaps the simplest example of deducing nonintegrability (i.e. non-existence
of holomorphic first integrals) using the poly-Painlevé test is provided by
the following equation

zu' = pu+ h(z,u) (1)

where h(z,u) is holomorphic at 2 = v = 0, having a zero of order 2 at u = 0
(i.e. h(z,u) = u?hy(z,u) with h; holomorphic at (z,u) = (0,0)) and y is a
complex parameter.

In order to study the multi-valuedness of the solutions, the poly-Painlevé
test designed by Martin Kruskal uses of a technique close to the a-method:



introducing a small parameter in the equation, calculating the series solu-
tions and studying the multi-valuedness of its terms. This amounts to the
study of the equation in a certain region of the phase space.

In our example (1), we choose to study the equation for small values of
u. So we set up the equation in a regularly perturbed form by introducing
a small parameter € via the substitution u = eU. The equation becomes

zU" = pU + O(e) (2)
and the solutions U can be found as perturbation series in e:
U=U+eU + Uy + ... (3)

The nonintegrability test is very easy to perform in this example because
of the following features: the reduced equation (i.e. the equation with e = 0)
has only one singular point (2 = 0); the multi-valuedness of Uy can be readily
found and the nonintegrability (or integrability, depending on the value of
1) can be easily established.

Indeed, the test proceeds as follows.

First, the perturbation series for the solutions U is calculated. We solve
(2) with any initial condition U = k at & = zy. The point zj is arbitrary
(except 0 and 00). Say, £y = 1. In terms of the initial dependent variable u,
it means that we are considering the one-parameter family of solutions with
initial condition u(1) = ek. But (if £ # 0), the constant k£ can be absorbed
in €, hence we may take k = 1.

(At this point we should discuss the significance of the “artificially”
introduced parameter €: in fact, in our example € is an initial condition and
the expansion (3) is an expansion in the initial data.

Martin Kruskal observed that the parameter € which is introduced for the
poly-Painlevé test is internal, meaning that the equations (2) corresponding
to different values of € # 0 are equivalent. However, the reduced equation
is not equivalent to the others; it is normally chosen to be “simpler” than
the original, at least with respect to finding the multi-valuedness of the
solutions.)

The reduced equation has the solution Uy = z* hence U = U(x;e) =
2+ O(€). The solutions are multivalued (if 4 is not an integer). The power
series in € converges for |e| small enough, and = belonging to a closed path ~y
starting and ending at 1, encircling the origin (as will be shown in Lemma
1).

Assume there is a single-valued function F' constant on the solutions
of (1): F(z,eU(x;€)) = const. Hence, if U%(z;€e) denotes some analytic



continuation of U(z;€) (on a closed path) we must have
F(z,eU(z;€)) = F(z,eU"(z;¢)) (4)
or, using the (convergent) e-expansion,
F(z,eUy(z) + €Uy (z) + ...) = F(z,eU§(z) + UM (z) +...)  (5)

Suppose we keep only the first term in the series above and discard the
rest; we get
F(z,eUy(x)) = F(z,eUs*(x)) (6)

or, more precisely, )
F(IL‘, 6]7”) — F(:L‘, €$ue2nnzu)

for all integers n.

If p is an irrational number, the set {e2"™#;n € Z} is dense in the unit
circle. Therefore, F' cannot depend on the second variable. But then F' must
be constant, so the reduced equation has no single-valued first integrals.
When the poly-Painlevé test is done in practice, one immediately concludes
that the original equation (2) has no first integrals as well. This last step is
intuitively appealing, but the question is: is it always correct?

To formulate more precisely the question, let us consider (4) for a fixed
value of z, say x = 1 (for other values of z we may simply rescale €) and
denote ¢(e) = eU%(1;€) where the analytic continuation is considered along
a closed path encircling the origin once, counterclockwise. So ¢ is holomor-
phic in a neighborhood of the origin and ¢(e) = ee?™* + O(€?). With this
notation equality (4) can be written as

F(l,e) = F(1,¢(e))

which can be iterated and gives

F(l,¢) = F(1,4(c)) = F(L, (¢ 0 §)(€)) = ... = F(1,4” (¢))

where _
¢°" (€) = (¢ o ... 0 P)(€) = €™ 4+ O(€?)

Therefore, F(1,-) must have the same values on all the iterates ¢°" ()
of ¢(€). While the iterates ee?™™* of the linear part of ¢ have values dense
on a closed curve (a circle) it is not clear that the same will be true for the
iterates of ¢(€). We can not directly infer nonintegrability of the original
equation based on the same property of its linear approximation, and the
a-method needs more justification.



There are, in the literature, several (less general than the poly-Painlevé
test) approaches to the study of nonintegrability in the complex plane.

One of the earliest relies on the a-method: a small parameter « is in-
troduced in the equation (internal parameter), or is identified among the
parameters of the equation (external parameter); it is assumed that there
are first integrals expressed as power series in « (the Poincaré series). The
terms of the series are calculated order by order. If one of them is not
single-valued, then the sum of the series cannot be single-valued, hence non-
integrability follows.

A more modern approach is Ziglin’s theorem [4]. The technique consists
of linearizing a system of differential equations around particular solutions
(forming linear manifolds). The linearized equation is then studied. If its
monodromy group is too large (i.e. the branches of solutions have too many
values) then the linearized equation has no meromorphic first integrals. It is
then shown that this implies that the original system has no meromorphic
first integrals.

Ziglin’s approach appears to be a particular instance of the poly-Painlevé
test. Indeed, on one hand, Ziglin’s theorem applies only to Hamiltonian
systems. On the other hand, it can be viewed as a zero order poly-Painlevé
test: we may introduce a small parameter in the equations in such a way,
that the reduced equation is the linearized part (see [5] for an example).
The linearized system is then studied: it may or may not turn out to be
integrable. In the latter case, both tests yield nonintegrability. In the first
case, Ziglin’s theorem can infer nothing about the integrability properties
of the original system, while in the poly-Painlevé test one would proceed to
the study of the higher order terms of the solutions, which might display
bad branching (hence, nonintegrability may be found).

Other variations on Ziglin’s approach are based on the assumption that
the first integrals must be regular near the linear manifold (see for example
[6]) or algebraic (as in some results of Yoshida—see [3] and the references
therein).

A common feature of all these nonintegrability tests is the presence of
supplementary assumptions (playing an important role in the proofs) on the
first integrals (regularity, meromorphicity or algebraic character). But these
are somewhat artificial: in fact, a first integral with essential singularities
(like, say the integral F(z,u) = zexp(u~') for the equation du/dz = u?/z)
is, for most purposes, just as good as a meromorphic one—it implies that
the trajectories are confined to a lower dimensional manifold.

On the other hand, in many cases meromorphicity is a quite strong condi-
tion: it implies that the reduced equation must have a rational (in u or/and



in z) first integral; analyticity, as an assumption, implies the existence of
a polynomial integral. To illustrate this, consider the example of equation
(1). Suppose that there is a first integral F' which is regular at v = 0. We
may then expand in power series:

F(z,u(z)) = F(z,eUy(x) + €Uy (x) + ...) =
F(x,0) + Fu(x,0) (U () + €U (z) +..) +

%Fuu(ac,o) (Us(@) + 201 (@) +..) " + .. =

F(z,0) + €Fy(z,0)Up(z) + € (Fu(x,O)Ul (z) + %Fuu(x,o)Uo(x)2> 4

and if F' is constant on the solutions, it follows that F'(z,0) = const and
that 0F F(z,0)U} is a first integral for the reduced equation (where & is the
smallest number such that 0¥F(z,0) # 0). Similarly, if we only require
meromorphicity of F', we get that a first integral of the reduced equation
must have the form f(z)UF where k is an integer.

We thus find that for the equation (1) to have a first integral which is
meromorphic at © = 0 it is necessary that p be rational.

The same holds, of course, for the equation zu' = pu. However, this
equation is in fact integrable for almost all the values of y, namely for any p
not real: there is a single-valued first integral which has essential singularity
at © = 0. Indeed, uz™* is constant on the solutions, and so is Inu — pInz.
The multi-valuedness of the last expression is Inu — plnz 4 2nmi — 2mpumi
where n, m are arbitrary integers. If i is not real, let F be a doubly periodic
function, with periods 27i and 2umi. Then the function F(z,u) = F(lnu —
plnz) is a single-valued first integral of the equation. Clearly, F(x,-) has
essential singularity at u = 0 (accumulation of poles), for all z for which the

function is defined ).
(1) There is more than one definition for an “essential singularity”

for functions of several complex variables. We will not deal with

the subtle aspects of this issue, but merely prove “non-meromorphicity”.
2

Setting h(z,u) = u” in equation (1) (with x4 not real) we get another
example of integrable equations with singular first integrals. Indeed, the
general solution is u = —u/(1 4+ cz™") (and there is one particular solution
u = 0). A single-valued first integral can be obtained as in the case h =
0. Namely, from ¢ = —(uu~! + 1)z# we find that the function F(z,u) =
F(ln(pu ' 4+ 1) + plnz) is a single valued first integral if F is a doubly
periodic function, of periods 27i and 27miu. As before, F'(z,-) has essential
singularity at v = 0.



We have thus found in the first order, non-linearly perturbed Euler equa-
tions (1) a class of examples on which the first integrals must be thought
of as typically not meromorphic, and not algebraic. The question is then to
find a rigorous method, or argument, for proving nonintegrability (if that
is the case). The present paper aims at answering this question on a (more
general) class of equations.

1.3 Description of the Main Results

The present work is a study of the integrability properties, in the complex
domain, of a class of differential equations: the nonlinearly perturbed Euler
equation

2"u™ + cp 12" W+ L+ cu = bz, u, L uY) (7)

where ¢; € C, h is a holomorphic function of n + 1 variables in a neighbor-
hood of the origin in C™*! and has a zero of order 2 at
(u, ', ...,u» D) = (0,0,...,0), and more generally, for systems

zu'(x) = Mu(z) + a(z,u) wu(x),a(r,u) € C", x € C (8)

where a = (a1, ...,a,), with a;(z, u) holomorphic for z in an annulus centered
at 0, and u small, and having a zero of order 2 at v = 0; M is a constant
matrix. (The substitution (x%)ju = ujy1,7 = 0,...,n — 1 transforms the
equation (7) into a system of the type (8) where a,, = h(z,u1,u2/z,...) so a
might be singular at z = 0.)

In order to perform the poly-Painlevé test in the region where the vector
u is small, and z is of order 1, one can proceed as in the one-dimensional

case: the substitution v = €U in (8) yields
U (z) = MU (z) + ¢ ‘a(z,eU) , where e ta(z,eU) = O(e) (e = 0) (9)

The reduced (e = 0) equation (which is also the linearized equation)
is studied in Section 2.1. We considered the question of existence of first
integrals which are holomorhic functions of n + 1 variables on a domain
zreD, CC, ue D, CC" where D, contains a loop surrounding the point
x = 0 (i.e. sufficiently general to permit analytic continuation of solutions
arround the branch point). Sufficient conditions for nonintegrability (within
this class) are found. Also, when first integrals do exist, they are shown not
to be meromorphic near the variety v = 0 (in generic cases).

The main issue is to prove that nonintegrability of the reduced equation
implies nonintegrability of the original equation.



We need to specify the class of regularity for the first integrals considered
for equations (8). We are not assuming that the integrals are meromorphic
near v = 0 (and thus, do not necessarily have power series in €). Instead,
we deal with a more general class of functions:

Requirement R: We require that the integrals F' = F(x,u) be holomor-
phic on a domain of the form D, x D, where 0 € 0D, and D, C C is
such that in any neighborhood of z = 0 there is a closed loop around the
origin, contained in D,. (For example, functions F' holomorphic on an open
set of the form C"*!\ V, where V is a holomorphic variety consisting of
singularities of F' satisfy the requirement.)

In Section 2.2 it is shown that, for almost all matrices M, equation (8)
is holomorphically equivalent to its linear part (10), on a certain domain in
the phase space. This type of result is usually referred to, in the literature,
as “equivalence to a normal form” [7].

There are exceptional cases when the result of Section 2.2 does not hold
and the following subsections are devoted to the study of the integrability
properties in such cases. To this end, the multi-valuedness of solutions is
studied.

In order to find the values of solutions on closed paths surrounding the
origin, we first show, in section 2.3, that the solutions are defined on such
paths. Then, in section 2.4, the form of the solutions after analytic contin-
uation is given.

Section 2.6 gives sufficient conditions for the multi-valuedness of the
solutions of (9) to form a set holomorphically equivalent to the one corre-
sponding to the reduced equation (10). As a consequence, whenever the
reduced equation is not integrable (and the sufficiency conditions fulfilled)
in the class of first integrals specified above , so is the original equation, in
the class of first integrals satisfying Requirement R.

There are still cases when the results of neither Section 2.2 nor Section
2.6 do apply. Section 2.6.3 deals with them in the one-dimensional case.
Further investigation is needed for higher dimensions.

2 Main Results

Consider the equation (8). We will assume in what follows that the charac-
teristic exponents of its linear part, i.e. the eigenvalues p1, ..., 4, of M, are
distinct.

We may therefore assume that the matrix M is diagonal:

M = diag{p1, ..., in }-



2.1 Integrability Properties of the Reduced Equation
We will first study the reduced equation

zU'(z) = MU(z) (10)

We will distinguish several cases.
Remark 1 If at least one of the characteristic exponents i is not real, then
the equation (10) has n independent single-valued first integrals.

Proof

A fundamental system of solutions is u; = c;z*/,j5 = 1,...,n. Hence
cj =ujz M, j =1,...,n are (typically multi-valued) first integrals. We will
use them to produce single-valued ones.

Suppose that p; is not real. Then the following functions are indepen-
dent, single-valued first integrals: for each j = 1,...,n, if p; is not real,
consider the function Fj(z,u) = Fj(Inu; — pjlnz) (where F; is a doubly
periodic function, of periods 2mi and 2mip;), and if p; is real, the function
Fj(z,u) = Fj(p1 Inuj — pjlnwug) (where F; is a doubly periodic function, of
periods 2mipy and 2mipg). |

The integrals that we found are, clearly, not meromorphic (near u = 0).
The next proposition shows that this is the case for any single-valued first
integrals.

Proposition 1 Consider the equation (10). Assume that the numbers
1,1, ..., b are linearly independent over Z.

Denote by pi1, ..., jiq the real characteristic exponents, and pig41, ..., jin the
non-real ones.

If the numbers Spig+1, ..., Stn are linearly independent over Z, then there
is no single-valued first integral meromorphic on a domain D = D, x D,
with 0 € D,,.

Proof

Step I: we first show (as we stated in the introduction) that the exis-
tence of a meromorphic local first integral implies the existence of a rational
homogeneous one.

Suppose that the equation (10) admits a single-valued first integral
F(z,u), meromorphic on D. Then F is a function of the n constants of
integration ¢ = ugx #*:

F(z,u) = ®(urz ", ..., upx Hm) (11)

10



Fix = # 0 for which the function F(z,-) is defined (as a meromorphic
function on D,). Then (11) clearly implies that ® is meromorphic on a
neighborhood B of the origin.

Denote

Aj =€ (12)

Since F' is single-valued, ® must satisfy
(I)(Cla"-acn) = (I)(Al_lcla"w)‘;lcn) (13)

for all ¢ in a suitable neighborhood of the origin.

We introduce a small parameter « in the problem by the substitution
U = oaV. Then V satisfies the same differential equation as U and there
is a meromorphic first integral, namely F'(z,aV) = ®(aCy,...,aC),) where
Cy = Vyx™#. Since ® is meromorphic, there are two functions f, g, analytic
near 0, such that ® = f/g. By expanding in Taylor series and collecting the
terms in « we get

"P.(Ch,...,Cp
B(aCh, .., aC,) = 110C1 2 0Cn) _ Yorory @ B (G-, On)
9(aCt,....;aCp) Y55 @®Qs(Chy ..., Cy)

where P,, Qs are polynomials (homogeneous of degrees r and s respectively)

and by assumption P, Qs, Z 0. By expanding further as a (convergent)
power series in «, we get

P, (Cy,...,Cp)
Qs (Ch, ..., Cp)

Introducing (14) in the equation ® = const it is easy to see that P, /Qs, is
a first integral.

So we may assume that the function @ is rational.

Step II: we show that the relation (13) implies that ® does not depend
O Cyi1, -y Cn-

We may assume that |A;| > 1 for all j. Indeed, we can substitute ¢; = d;
if [Aj] > 1 and ¢; = d;l if |A;| < 1 and the function @, in the new variables
(dy,...,dy), is also rational.

Since the numbers 1, pu1, ..., g are real, and non-resonant, there exists a
sequence {ns}sen of natural numbers such that (cf. (12))

o(aly,...,aC,) = a’0™% < + O(a)) (= 0) (14)

lim \;™ =1, j=1,...q (15)

S§— 00

Iterating (13) we get
D(ciy.e,cn) = BN "1, A, 0e) , forall s (16)

11



Denote ® = P/Q, where P, () are polynomials.

Also denote by ¢ = (¢, ¢") the splitting of the vector ¢ = (cy, ..., ¢, ) with
d = (c1,...,¢q) and " = (cgt1, .., 6n).

Several cases are possible.

Case (i): Q(c’,0) # 0. Then, by taking the limit s — oo in (16) we get
(by (15) and since |A;| > 1 for j =¢+1,...,n)

o, ") =a(d,0)

so ® does not depend on c”.

Case (ii): Q(c¢/,0) =0, P(c',0) # 0. In this case replacing ® by &~ we
get the same conclusion as above.

Case (iii): Q(c/,0) = P(¢/,0) = 0. In order to find the limit in relation
(16) we write P(c/,c") = 3 Pr(c')(¢")X (where Px # 0 are polynomials
and K are multi-indices) and similarly for Q. Then

.
B ey, Aoy = K KT o A ey (4) e~
S QU et Ay ) (W) ()
(17)

Note that because the numbers Spugy1, ..., Spp are linearly independent

over Z we have

()R # ()2 if Ky # K (18)

We order the real numbers N = |(A")X|, Dy, = |(\")Y| which appear at
the numerator, respectively denominator, in (17) with non-zero coefficients.

By (18), there are only three possible cases:

Case (a): there is only one largest term, namely Dy, = |(\")*°|. Then
taking the limit s — oo in (16) we get

o, ") =0

Case (b): there is only one largest term, namely Nx, = |[(\")%X°|. Re-
placing ® by ® !, the same argument as above shows that the assumed first
integral must in fact be a constant.

Case (c): the largest ones are N, = |(\")5°| and Dg, = |(\")%X°|. Then
from (16) we get, in the limit s — oo,

hence ® does not depend on ¢”.

12



Step 11I: we show that @ is actually constant.
We use the fact that the set {(A\7,...,Ay) ; n € Z} is dense in the g-
dimensional torus. Iterating (16) we get

®(c1, ..., cq) = P11,y ..y ) for all a; with |a;| =1

so ® must be a constant.
|

Note Results similar to Proposition 1 above can be obtained even in
some cases when the numbers g1, ..., Sy, are linearly dependent over
Z. Consider for example the 2-dimensional case with complex-conjugate
characteristic exponents: p12 = o £ i (8 > 0). Two constants of motion
are ¢; = w1z * %% and ¢y = usz . Tt is more convenient to consider
the constants d; = cicy; = ujusz ™2 and dy = c3/c; = ug/u 2?8, If o is
rational, then there is a rational first integral (a power of dy). If, on the
other hand, « is not rational, then any rational first integral has the form
®(dy,d2) and the same reasoning as in Proposition 1 shows that ® must be
constant.

Remark 2 Assume that all the exponents i, ..., iy are real. Let q be the
number of irrational exponents linearly independent over Z. Then on any
domain D = D, x D, with D, containing a closed loop surrounding the
point x = 0 the equation (10) has exactly n — q independent holomorphic
first integrals.

Proof

Suppose that pi, ...,y are rational, jiny1,..., in4q are irrational, lin-
early independent over Z, and pn4g+1, ..., n are irrational, linearly depen-
dent over Z on the previous N + g exponents.

Suppose F(z,uq,...,u,) is a single-valued first integral. After analytic
continuation along a closed path around the origin z = 0, the solutions
uj = c;z* have the new values cj\;jz" (where \; = e?™). Therefore we
must have

F(z,uty ey tin) = F(z,\u, ooy Apti) = oo = Fz, Xug, ooy Nuy)

for all p integer. Since pin41,..., tN+¢ are independent over the integers, it
follows that the set {(A} 4, ..., AZ;V_i_q) : p € Z} is dense in the torus (S')4,
therefore F' cannot depend on uny1,...,un44. So there are at most n — ¢

independent first integrals.

13



But there are obviously n — ¢ of them: if p; = nj/m; with n;, m;
integers, then the integrals u;njac*”f, j = 1,..., N are single-valued and if

P “PN+q

Pjlj = p1pt1 + ... + PN1qltN+q, With p; integers, then u?juf 1...uN+q is a

single-valued first integral. |

2.2 Normal Form for the Flow

We now turn to the basic question, namely the significance of the inte-
grability properties of the reduced equation (10) for the original equation
(8).

From an intuitive point of view, since the reduced equation is obtained as
an asymptotic approximation of the original equation (in a certain region of
the phase space) we might expect that the two equations have, qualitatively,
the same behavior. Moreover, in the class of equations that we study, the
reduced equation is also the linear part of the original equation. The natural
question is then to see whether the two equations are equivalent. Theorem
1 addresses this question.

We do not expect the equivalence to hold in a region of the phase space
containing arbitrarily small values of z (because a(z,u) might be singular
at = 0, so nonlinear terms might not be negligible for 2 small).

We give the following definition, similar to the ones found in [7],[8]:
Definition 1 Let C > 0,v > 0. We say that {p1,..., un} is a collection of
type (C,v)1 if for all multi-indices K € N™ with |K| > 2, and dll | € Z,
s €{1,...,n} we have

K41 = ps| > C(K] + 1)
(where K - p = Kyp1 + ... + Kppp, |K| =K1+ ...+ Ky).

The set of multiplets (1, ..., ) forming collections of type (C,v); for
some C,v have full Lebesgue measure in C" [7].

Theorem 1 (Normal Form of Equations in an Annulus Surround-
ing a Singular Point)

Consider the equation (8) with a(xz,u) holomorphic for |u| < r', r" <
|z| < ™. Assume that the characteristic exponents {1, ..., un} form a col-
lection of type (C,v)1.

Then the equation is biholomorphically equivalent to its linear part in a
region |u| < p', p" <|z| < p" of the phase space.

14



The theorem is in the same spirit as the results known in the literature
as “reduction to normal forms” [8] (e.g. normal linear form, normal form of
an equation with periodic coefficients).

The proofs of these results (as well as of analogous ones for maps, and also
of KAM theorem) share common characteristics: the holomorphic sought-
for change of coordinates can be calculated as a formal series, term by term,
but its convergence might be very difficult to prove in some cases because of
the presence of small denominators. Instead, a sequence of approximations
based on a generalization of Newton’s method is a more efficient approach.

The proof of Theorem 1 resembles the proof of the analogous result for
systems with periodic coefficients. We give it in the Appendix.

The upshot is that, for almost all matrices M, the integrability of the
original equation (8) is equivalent to the integrability of the reduced equation
(10), in the domain of the (extended) phase space where the two equations
are holomorphically equivalent.

In particular, the number of single-valued first integrals of (8) on the
whole phase space (less the variety u = 0) is at most equal to the number
of first integrals of its linear part (some integrals of (8) might have branch
points outside the domain where the two equations are equivalent).

For example, if the characteristic exponents are linearly independent
over Z and form a collection of type (C,v);, then equation (8) has no first
integrals satisfying Requirement R of Section 1.2.

Also, under the conditions of the theorem, if the equation (8) does have
first integrals satisfying Requirement R (so necessarily the characteristic ex-
ponents are resonant, or one of them is not real), they will almost always
(cf. Proposition 1) be non-meromorphic near u = 0.

A natural question that arises here is whether there are cases (when the
(C,v); condition is not fulfilled) when the system and its linear part are not
equivalent. This may indeed happen in the case of normal linear form at
a regular point ([7], Ch.4, 1.3). This fact strongly suggests that the same
could be true in our case.

2.3 Analytic Continuation of Solutions

The next question is to find the integrability properties of (8) when the
condition (C,v); does not hold. To this end, we study the multi-valuedness
of the solutions. Since they could be branched at the origin, we study their
analytic continuations for paths, in the z-plane, encircling the point z = 0.
But we first have to show that the solutions are defined on such paths.
The following lemma shows that the solutions of the equation (8) can be
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analytically continued on paths winding a finite number of times around the
origin in the complex z-plane.

Lemma 1 Consider the equation (8) with a(z,u) holomorphic in a neigh-
borhood of the set

Dy = {(z,u) € Cx C"; p" <] < p", |ul < pp}

0 < p" < p").
Let R be a relatively compact subdomain of the universal covering of
C \ {0} (i.e. the Riemann surface of the logarithm) that lies above the
annulus p”" < |z| < p"" in C.
Then the solution u of the equation corresponding to the initial condition
u(wo) = ug, where (xg,ug) belongs to the set

D, = {(ac,u) ECxC"; pl< |z| < ", lu| < p'}
is holomorphic on R provided that the number p' is small enough.

For our purposes we only need to consider two-sheeted coverings R.

Proof

We will rewrite (8) as an integral equation and use a fixed point theorem
to show that the equation has a solution.

The linear part of the equation has the solutions Ug(z) = cxat*r, k =
1,...,n (¢, are arbitrary constants). In vector notation, U(z) = Uy(z)c,
where Uy = diag(z#1, ...,z#) and ¢ = (cy,...,c,)" is the general solution of
(10). Using the variation of constants (i.e. writing u(x) = Uy(z)c(z)), the
solutions u of (8) will satisfy the system

w(z) = Up(w)e + Us(x) / ) et u()dt = Nw) (@) (19)

zo

We will need the following estimate for the function a = (a1, ...,a,)".

We assumed that ai(z,u) have a zero of order 2 at u = 0, i.e. ar can be

written as
n

ag(z,u) = Z U UGk (2, 0) (20)
Jil=1
with @y, holomorphic near D,,. Let M be an upper bound for a;; (k,j,1 =
1,...,n) on D,, and M' be an upper bound for ds11ak; (s, k,j5,0l =1,...,n).
Let p' < pj. Consider the Banach space B of the n-tuples of analytic
functions u = (uq, ..., uy) on (the piece of a Riemann surface) R, continuous
on R, with the sup norm:

| w[|= max sup |ug(z)]
k TER
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Then a, (a1, .., anji) = aj; € B.
Let N = (Ny, ..., N,)T be the operator defined by (19). Then

x
Ni(u)(z) = ztkcy + xH* / t= 1Mk gy (t, u(t))dt (21)
zo

Clearly, if u € B then also N(u) € B.

Let B, be the ball of radius p’ in the Banach space B.

We first show that if p’ is small enough, and for small initial conditions
up, we have N(B,) C B,.

Indeed, let (u1,...,up) € B,y. Let I' be an upper bound for the functions
|zt |, |z=1=#%|, k =1,...,n on R. Let L be an upper bound for the lengths

of paths on R (up to homotopic equivalence).
Then

cf.(20)
INk(w)(@)] <Tleg| +LT? suplag(z,u)] < Tlel +LT?n*Mp”?

For ¢j and p’ small enough (depending only on p”, p" n) we have
N (w)(@)] < .

The constants c¢; are related to the initial conditions ug by a linear
invertible transformation:

ug = Up(z0)C (22)

We conclude that for ug and p' small, the operator N maps the ball B_p/
into itself.
Also, N is a contraction. Indeed,

| Nii(v) (2) — Ni(w)(z)| < LT? M"

where
M" = max {|ak($,v($)) —ap(z,w(z))| ; =z € ﬁ}

Using the Taylor expansion with integral remainder and the relation (20)

lag (z,v) — ag(z,w)| <

1 n
|/0 Z(U] - wj)aj+1ak(x7w07"'7wj717wj + (v] - ’LUj)t,’Uj+1,...,’Un) dt| <
max |v; — w; max max |O;ar(z,v)| <
j:l,...,n| J ]| j=2,m+1  (2,0)€D, | J k( ) )| >~

max [v; — w;|(2nM|v] + n* M'|v|*) < max|v; — w;|(2nMp’ +n*M'(p)?)
J J
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Applying the above inequality to estimate |ag(z,v(z)) — ag(z, w(z))| we
get

| Nip(v) (2) = Ny (w) ()| < LT? (2nMp' +n” M'(p')?) max max |v;(z) — w; ()]
J  zeR
which shows that N is a contraction for p’ small.
Therefore the operator N has a fixed point in B_p and the lemma is
proved. 1

2.4 The Monodromy Map

We now study the multi-valuedness of the solutions.

Let R, D, be as in Lemma 1 and let (zg,u0) € D,. Denote by u(z; o, uo)
the solution of the equation (8) with the initial condition ug at z = .
Consider a path v in R, starting and ending above zy, whose projection on
the complex plane encircles the origin once, counterclockwise. After analytic
continuation along -, the solution has a new value, u™ (zo; zo, up). The map
®,, given by

®y, (ug) = u™ (z0; 0, u0) (23)

is the monodromy map at zg on the annulus covered by R, and is defined
for ug € C™ | Jug| < p'.
Lemma 2 Let (z,u) € Dy, u = (U1, ..., Up).

The monodromy map has the form

D (ury ., un) = (Pa1 (U, oy Up)y ooy Py (U, oy up))
where ®; ; are holomorphic in a neighborhood of u =0 and
Py i(Ury .oy n) = Njuj + Ougyy)  (u —0)

Proof

Note first that the solutions with initial conditions in D, depend holo-
morphically on the constants ¢y, ...,c, (since they are holomorphic in the
initial value of u (for u small), and the constants ¢y, ..., ¢, are related to the
initial conditions by a linear relation (22)).

From relations (19),(20) we see that

ug(z) = ezt +ag(z) , k=1,...,n (24)

where g (x) is holomorphic in ¢y, ..., ¢, for ¢; small and x € R, and 4y (z) =
O(cjer) (¢ —0).
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After analytic continuation on a closed path - in the z-plane the wuy
become
uf (z) = ez + 0 (z) , k=1,..,n (25)

where @; (z) = O(cjq) (¢ — 0).

Using the holomorphic implicit function theorem in equations (24), (25),
we can solve for ¢ in terms of « for small enough c¢. We get

uf =uhj+ iy, j=1..n (26)

where ’EL; is holomorphic for small v and ’EL; = O(uguy). 1

2.5 The Local Form of the First Integrals

Since the solutions u depend holomorphically on the constants ¢ for small
c and = # 0 fixed, and satisfy (24), we can solve for ¢ in terms of u, for
¢ and u small, and obtain ¢, = c(x,u),k = 1,...,n. These are in fact n
independent first integrals. They are holomorphic in u and the coefficients
of the power series in u are holomorphic functions of z on R (so they may
be branched at z = 0).

2.6 Normal Form for the Monodromy Map
2.6.1 Some Classic Results

We will first reproduce some basic facts following [8].

The numbers Ay, ..., A, are called non-resonant if there are no integers
k1., kn such that k; >0, Yk > 2 and Aj = AP \En,

A collection of eigenvalues (A1, ..., Ap) belongs to the Poincaré domain if
the moduli of the eigenvalues are all smaller or all greater than 1.

The complement of the Poincaré domain is the Siegel domain.

Let C,v be positive constants. A collection of eigenvalues (Aq,..., A,) is
called collections of multiplicative type (C,v) if

N = A | > Oy + 4 )

forall j=1,....m, k; >0, Y k > 2.

The set of collections (A1, ..., A\,) which are not of multiplicative type
(C,v) for any C has measure 0 if v > (n —1)/2.

Poincaré’s Theorem If at a fized point the collection of the eigenvalues
of the linear part of a holomorphic diffeomorphism belongs to the Poincaré
domain, and they are non- resonant, then in a neighborhood of the fixed point
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the mapping can be reduced to its linear part by means of a biholomorphic
diffeomorphism.

Siegel’s Theorem If the collection of eigenvalues of the linear part of
a holomorphic diffeomorphism at a fixed point has multiplicative type (C,v)
for some C,v , then the diffeomorphism is biholomorphically equivalent to
its linear part at the fixed point.

2.6.2 Eigenvalues Belonging to the Poincaré Domain

Assume that at least one of the p is not real. The reduced equation (10)
is then integrable (cf. Remark 1). In some cases, this implies integrability
of the original equation in a region of the phase space.

Proposition 2 Consider the equation (8) with the characteristic exponents
W1y eees fhn, 1Ot all real.

Assume that Ay, ..., \, (where A\, = >k ) satisfy the hypothesis of
Poincaré’s theorem (i.e. Spr >0,k =1,...,n or Sux <0,k =1,....n).

Let R,D, be as in Lemma 1.

Then the equation (8) has n independent first integrals, holomorphic on
the (interior of the) domain D,\V, where V is the variety u = 0 in Cx C".

There are no first integrals meromorphic near V.

Note

The first integrals guaranteed by Proposition 2 above may not be single-
valued outside the domain D,,.

Proof

We study the multi-valuedness of the first integrals ¢, and show that we
can find uniformizing functions.

Let u be a solution starting at an initial point in the interior of D,. Then
u has the form (24) for some constants c;. After analytic continuation on a
closed path in the z-plane the functions uy have the form (25).

Since uT is again a solution of the equation, there are new constants c;“
such that

uf (z) =cfa" +af(z) , k=1,..,n (27)

where 4, (z) depend holomorphically on ¢ (near the origin) and @; (z) =
O(c;'cl"') (¢t = 0).

(In fact, c,f; is the value of the first integral ¢ after analytic continuation
in z around the origin.)

We consider the equations (25), (27) and solve for ¢, k = 1,..,n
in terms of ¢, k = 1,...,n: ¢f = felcr,ycn), k = 1,..,n where f =
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(f1,---, fn) is a biholomorphism in a neighborhood of the origin and
frctynen) = Aper + O(cja) , k=1,...,n (28)

(Note that the functions f; do not depend on z because ¢, and c,j are
independent of x.)

By the Poincaré theorem, there exists a biholomorphic change of coor-
dinates near the origin, ¢y = ¢x(dy,...,dy), k =1,...,n such that

fk © (¢1’ ) ¢n)(d1’ ...,dn) = ¢k()\1d1’ ) )\ndn)’ k = 1’ ""n

We look for n independent first integrals; they are functions of the con-
stants of integration ®(cy, ..., ¢, ). Since we are looking for single-valued first
integrals, we must have

or, equivalently,

(I)(Cla "'7cn) = (I)(fl(cla s Cn)a s fn(cla s Cn))

SO
Do (h1ys pn)(dry oy dn) = P (P ens $n) (Ardiy s Andl)

Therefore @4, ..., ®,, are independent first integrals for (8) if and only if
Dy 0 (P1yeees Pr)y ooy P 0 (@1, ..., p) are independent first integrals for (10).
Remark 1 and Proposition 1 conclude the proof. |

2.6.3 Eigenvalues of Absolute Value 1

Assume now that all the u; are real.

As in Proposition 2, one may use Siegel’s theorem (for each fixed z)
to find sufficient conditions for the monodromy map to be holomorphically
conjugate to its linear part (i.e. to the monodromy map of the linearized
equation).

However, the condition that the characteristic exponents p1, ..., uy, form a
collection of type (C,v); for some C,v > 0 is equivalent to the condition that
Al, -y Ay form a collection of multiplicative type (C,v) for some C,v > 0
necessary for Siegel’s Theorem.

Therefore the conditions for nonintegrability based on Siegel’s theorem
are equivalent to those assumed in Theorem 1.
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Stronger results may be obtained if one could use (stronger) sufficient
conditions for topological equivalence of maps. One such result is available
in the case n = 1.

Proposition 3 Consider the equation (1) with p irrational.

Let D, be such that Lemma 1 holds.

Then there are no first integrals, holomorphic on D,,.

Proof

Suppose there exists F', single-valued first integral, holomorphic on D,,.
Fix z € R such that F(z,-) is defined a.e. on |u| < p'.

Since F' is single-valued, F'(z,u(z)) must have the same value after the
analytic continuation of the solution u(z):

F(z,u) = F(z,®,(u)) (29)

for all v in the domain of F(z,-).

Since the monodromy map is holomorphic in a neighborhood of the ori-
gin, and satisfies ®,(u) = Au + O(u?) with A\ = exp(27ip), p irrational, by
Denjoy’s theorem [7] ®, is topologically conjugate to its linear part: there
exists a local homeomorphism ¢ such that ®;(¢(v)) = ¢(A\v).

Relation (29) becomes

F(z, ¢(v)) = F(z,$(Iw)))

which can now be iterated

F(z,$(v)) = F(z,$(\))) = F(z,$(X°v))) = ... = F(z,$(\"0)))

for all n integer.
Since the set {\" ; n € Z} is dense on the unit circle, and F, ¢ are
continuous, it follows that

F(z,¢(v)) = F(z, p(av))

for all @ on the unit circle. So F(z,-) has the same value on a closed curve
in the complex u plane, hence cannot depend on w. It follows that F' must
be constant. ]

3 Conclusions

We considered the nonlinearly perturbed Euler equation (8) in the case when
the characteristic exponents p1, ..., pp, of the linear part are distinct and non-
resonant (i.e. if kipui + ... + kypn — pj € Z for any non-negative integers
kiy.ky with k1 + ...+ &k, >2and j € 1,...,n.)
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If the numbers p1, ..., u, form a collection of type (C,v); then the equa-
tion is holomorphically equivalent to its linear part for z in an annulus and
small. (The set of multiplets (y1, ..., 4 ) for which the (C,v);-type condition
fails for all C,v > 0 has measure zero in C".)

As a consequence, the integrability properties of equation (8) and of its
linear part are the same, on the above domain of the phase space, for almost
all matrices M. Furthermore:

(1) if in addition, all the exponents are real, equation (8) has no single-
valued first integrals.

(ii) if one of the exponents is not real, and a stronger non-resonance
conditions fulfilled, then any single-valued first integral of (8) (if there is
any) is not meromorphic near the variety v = 0.

If the condition (C,v); is not fulfilled, but Su; > 0,5 = 1,...,n, or
Sp; < 0,7 =1,...,n then the monodromy map is holomorphically conjugate
with its linear part; therefore all first integrals are not meromorphic near
u = 0.

The case n = 1 can be more completely analyzed: if the characteristic
exponent is irrational, then the equation is nonintegrable.

In the resonant case, the equivalence of the equation with its linear part
cannot be in general obtained, not even by formal power series changes of
coordinates. Instead, some terms of the nonlinear part are asymptotically
significant and should be kept when considering a normal form for the equa-
tion.

It would be interesting to see under which conditions topological equiv-
alence of the monodromy map with its linear part implies equivalence of the
integrability properties (since it apparently is a weaker condition than that
of holomorphic equivalence). For the case of regular vector fields (i.e. equa-
tions of the form v'(z) = Mw(z) + a(v, z), with a holomorphic at the origin)
we note, however, the following statement in [7] (Ch.5, 6.1): “A vector field
germ with non-resonant linear part in the complex plane is either analyti-
cally equivalent to its linear part [...], or is not even topologically equivalent
to it (V.A. Nayshul).”

4 Appendix

4.1 Statement of the Result

We consider the system

2v'(z) = Mv(z) +a(v,2) , veC", 2€C (30)
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We assume that:
(i) M is a constant n x n matrix, with the spectrum consisting of n
distinct eigenvalues piq, ..., fin;

(ii) @ = (a', ...,a™) with a/ holomorphic functions, defined on
I, ={(v,2) e C"x C; |[v| <7, 7" <|z| <"} (31)
(where r = (r/,r",r""), ' > 0,0 < " <" and |v] = max{|vi|, ..., |vn|})

and a is continuous on the closure II, of the domain;
(iii) @ has a zero of order 2 at v = 0:

' — Jj Kl _
a (v, z) = Z a2, j=1..n
K|>2,l€Z

(where K = (K1, ..., K,,) € N", |K| = K| + ... + Kp,, o5 = o' oEn);
(iv) we may also assume that M is diagonal (after a linear substitution).
The main result is the following:

Theorem 2 If the eigenvalues of M form a collection of type (C,v)1 then
the system (30) is holomorphically equivalent, in a domain 11, C II,., to its
linear part.

The following subsections of the Appendix contain the proof of Theorem
2. It follows the main steps of the proofs in [8], Sec.12 (for the analytic
reduction of analytic circle diffeomorphisms to rotations) and Sec.28 (for
the local normal form of mappings at a fixed point).

4.2 The Homological Equation

Consider the following equation for h:
Mh(y7 Z) + a’(yaz) - th(?/a Z) - Dyh(yaz)M?J =0 y Y, h(y7 Z) € c” (32)

where a, M satisfy the conditions (i),...,(iv).
The homological equation (32) has a formal power series solution

J
. _ | )
W)= Y Wy s where b= L
K|>20€Z P K 41— g

Notation: I = {(y,2) € C" x C; [y| <7'e”, "¢’ <|z| <7"e | C1I,

24



Lemma 3 The series (33) converges and there exists a constant o > 0
(depending only on C,v,n) such that

max |1/ (y, z)| < 6~ max [a? (y, 2)|

7,0 r
for every § € (0,1/2) and every r (r',r" > 0,r" > 0).
Proof Using Cauchy estimates for a’, and for (y, z) € 11, 5, we have

Moo= > Wy A < max|a(y,2)] Y. (K| +1) e UKD
|K|>2,1>0 1L |K|>2,1>0

From

Nn,p ::#{(Kla"'aKnal) ; Ky Z Oal Z 03 |K|+l:p} =

n +
:< np>gcnpn

and p"tve=0/2 < C16~("t) for p > 2 (where C) depends only on n + v,
and not on §) we have

Wy <20 e, Cr6~ ") max o (y, 2)|

T

Similar estimates hold for h? := | 2|K|>2,1<0 hi(ylszl|. |

4.3 Norms

We will use the following norm: for functions ¢ = (¢!, ..., ") holomor-
phic on II, and continuous on II, , with ¢(0, z) = 0 define

g1l = sup 12
T Yl

We denote by |.||;,s the corresponding norm on the domain IT, .
Let f be a scalar function, regular as above: f(y,z) = YK |>1,0ez fr iy
Remark 3

|fx,1

< LI B G for 1> 0
= WA TEEL M for 1 <0

Remark 4 There exists a positive constant «, depending only on m, such
that, for all 6 € (0,1/2) we have maxg— |f(y, z)| < r'o~ || ]|,
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The proof follows Remark 3 and estimates as in Lemma 3.

Remark 5 _ _
1B |rs < 0~%|]a ||

Remark 6 Let f be holomorphic on I1,, continuous on I, with f(0,z) = 0.
Then

max
HT,J

Yj

<L =e) HIfllr

The proof uses the Cauchy formula for (y, z) € II, 5.

4.4 The Remainder

Given the equation (30) we change the dependent variable v to the new
variable y using the substitution v = y + h(y, z), where h is the solution of
the homological equation (32). The equation for y is

2y (2) = My(z) + R(y, 2) (34)

where R(y,z) = (I + Dyh)! [a(y + h(y, 2), 2) — a(y, 2)]

Lemma 4 Let « be as in Lemma 3 and Remarks 4,5.

There exists a constant K > 2 such that for all B > 2a+2,6 € (0, 1)
and r: if ||al|, < 67, then the matriz I + Dyh(y, z) is invertible for (y,z) €
I1, 5 and the following estimates hold:

max__||Dyh(y,2)[| < Csd and  max_||(I+ Dyh(y,2))”" || < Cs
(y,Z)eH,-,g (y,z)GHr,g

where the constants C5,Cy do not depend on r or §.
Proof Using Remarks 6 and 5

max || D,h(y, 2)|] < (1 — e™/2)71y/ndf =222 < 2614 /ns2" = C4d

7,8
For K > 2 be large enough, and § € (0, ') we have

max |[Dyh(y, 2)]| < Cik ' = C3 < 1 (35)
11

r,0

The lemma holds with C3 = (1 — C§)~%. |1
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Lemma 5 Assume 0 > 0 is such that the map (y,2z) — (y + h(y, 2),2) is
well defined on Il 5, and its image J is relatively compact in 1I,. Then
lla(y + h(y, 2),2) — a(y, 2)|l,5 < n(l — e™?) =16~ |al[?

The proof uses Remarks 5 and 6.

Lemma 6 Let K be the constant in Lemma 4 and 8 > 2a + 2.

There exists a constant Ko > K with the following property: assuming
that § € (O,ICal) and r are such that the image of the domain II,; under
the map (y + h(y, 2), z) is relatively compact in T, we have: if ||a||, < 6%,
then

IRlrs < 6172 |alf?

Proof Combining the results of Lemma 4 and Lemma 5
IRIlrs < Can(l—e*) 16 lallf = C5(L —e®) 1o *jallf < 671> |fall?

where the last inequality holds for § small enough. |

4.5 The Iteration

We construct a sequence of holomorphic substitutions v = y + hg(y, 2)
which take equations of form (30) (with the nonlinear term aj instead of
a, defined on II,,) into equations of the same form, but with the nonlinear
terms a1 closer to 0 than ay, and defined on smaller domains IT,., , C II;, .

We first choose the numbers rg = (r(,7q,70 ), 00, N. Using them as
starting points,we define inductively, for £ > 0 the sequences:

n.—oy,

0, m
ka Thy1 =Tk €

Opy1 = 52/2 ) 7";9-;-1 = Tl{;e_dka T';cl+1 = Tllcle
We then construct a sequence of functions as follows. We start with the
system (30) satisfying (i) to (iv). Suppose I, C II,. Let ap = a. We solve
the homological equation (32) and we get the solution h = hy. After the
substitution v = y + ho(y, z) the system for y is (34); it has the form (30)
where the nonlinearity is now the remainder R. Set a; = R, defined on
IT,,, and solve the homological equation (with a; in place of a) to get the
solution hq, and so on.
Fix r¢ so that II,, C II,. Let 0 < 6y < ICal. Then

3/2

- _ (3/2)" B
T;chl — T‘(l)e (Go+01+...40r) — ’I"(l)e (60405 “+... 49, ) = ’f'6€ Ay (60)

and similarly for ri/, 7" .
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The sequence Ay, of continuous functions on [0, ICy ! converges uniformly
to a continuous function A. Clearly, A(0) = 0 and for §y > 0, A(dp) > 0.
We choose dy small enough so that p” < p", where

11 A(dp) " m — . —A(dp)

rh < Tge =p , p =rye <ry

We also choose 4y sufficiently small, so that the following condition holds:
eC1a() < %, where (Y is the constant of Lemma 4.

We impose a new restriction to r{ (besides r{ < r). The function a(y, z)
has a zero of order 2 at y = 0 and is continuous on II,. Therefore, there
exists a constant C, such that |a(y,z)| < Culy|? on IL,. So ||a|lr, < Carf.
Therefore, for r{y small we will have ||al|,, < &} .

Denote rhe~2%) = 4. Fix > 2a + 2.

We finally choose N > 3 so that if the image of II under the map

Vi(y, 2) = (y + hi(y, 2), 2) (36)

is relatively compact in II,,, and if |ag|lr, < 6f then [|api1|lre,, < 0p:;:
for ||ag|;, < 6N < (5,’5 we have, by Lemma 6,

Nansillress < 05 72 anll2, < oV 172 < of,

where the last inequality holds provided that 3N/2 < 2N — 1 — 2a. So we
must have N > max{(,2 + 4a}.

4.6 Convergence of the Iteration

Remark 7 1) The image of Il under the map V}, given by (36) is rela-
tively compact in 1y, ; agy1 is holomorphic on I, , continuous on I1
2) The map Vi, is a biholomorphism of 11 onto its image.

Tk41°
Tk+1

Proof 1) The proof is by induction on k.

2) The map (y + hy, z) is one-to-one. Indeed, if y; + hi(y1,2) = y2 +
hi(y2, z) for some points (y1, 2), (y2,2) € Iy, ,, then by (35) ly2 — y1| =
|hi(y1,2) — hi(y2, 2)| < Cslys —y1| with C5 < 1. |

We may therefore consider the mapping Hy = (y + ho) o (y + h1) o ... 0
(y + hi), which is a biholomophism of II,,  , into IL,.

Since ||ag]|r, < (5,’5, we may apply Lemma 4 and get ||Dyhy|| < Cid) on

II It follows that the derivative of Hj satisfies the estimates

Thk+1-"

max || Dy Hy|| < (14 Cydp)(1 4+ Cudy)...(1 + Cydy,) < e“1200) (37)

Tk+1
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The sequence Hy(y,z) is Cauchy in the norm ||.||, on the domain II,,.

Indeed, by Remark 5 and (37)

[1Hk = Higallp < e“ 0502 Jags ., < e30600
and the series 255_;10‘ converges. Using Remark 4, Hj converges to an
analytic function H.

The limit H is one-to-one. The proof is the same as of Remark 6, since
C1A (%) 1
max ||DyHy, —1I|| < (14 Cydo)(1+Cs61)...(1+Cudy) =1 < e -1< 3

Tk41

Finally, the substitution v = H (y, z) reduces the system (30) to its linear
part because ay — 0 (since ||ag||, < 7).
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