Rodica D. Costin

Research Statement

My research is focused on differential equations, with emphasis on the
study of singularities and asymptotic behavior of solutions, regularity,
normal forms, the study of non-integrable systems and connection to
chaos.

I am applying new methods—analysis of equations in Borel space
(after inverse Laplace transform) and a theory of generalized Borel
summation of general formal solutions (transseries).

These methods made possible to uncover, and fully describe, gen-
eral structures of singularities that solutions develop in the presence
of irregular singularities of equations. In a paper in Inventiones [1] we
show that the regular distribution of spontaneous singularities observed
in many concrete examples is in fact generic, and introduce practical
methods to predict the position and type of these singularities.

Generalizing Borel-Laplace methods to operator theory provided new
methods in partial differential equations.

Time-dependent Schrodinger equation

There is a vast amount of recent literature on ionization of atoms
in high amplitude fields, experimental as well as numerical and the-
oretical, based on approximate semiclassical analysis [2], but before
[3] there was no detailed rigorous mathematical study of the time-
behavior of systems with spatial structure under perturbations of ar-
bitrary strength.

In a series of papers [4], [5], [6], [7], which study models from simple,
to quite general, we rigorously solve classes of equations with time-
periodic potentials. Solutions of the time-dependent Schrodinger equa-
tion are shown to have representations as Borel-summed series of pow-
ers and small exponential terms in ¢t. The important question answered
using this structure was finding conditions for ionization, or show its
opposite, stabilization (conditions related to absence or presence of the

discrete spectrum in the Floquet theory).
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It turns out that the quantities calculated with the models compare
very well qualitatively with recent experimental results and with ap-
proximate calculations and revealed universal structures.

Important extensions are now in work, in particular to 3-dimensional
models with slower decaying, realistic potentials. In fact, core results
in this program already appear in [6]. Of high priority and interest are
Coulomb potentials, either parametrically perturbed or in interaction
with electromagnetic field.

Extensions to other partial differential equations The study
of Schrodinger’s equation revealed that fundamental features are en-
coded in the exponentially small terms of expansions of solutions for
large t. I have recently studied these terms in more general setting [8]
(and their implications to the regularity of solutions [9]). New, general
features were uncovered and I am interested in pursuing these ideas. In
particular I am applying them to problems in hydrodynamics (a paper
is now being prepared for publication); it is very exciting to see the
results produced by the new methods.

Nonintegrability and chaos

[ am also interested in understanding qualitative behavior of dynam-
ical systems from the point of view of integrability, or, moreover, its
absence, and its connection to chaos. These questions are fundamen-
tal in countless applications in physics, biology, engineering, and many
other fields. Important, deep results have been obtained along the
time. However, basic questions remain open, and there is no clear-cut,
widely agreed and general understanding of when a system should be
considered non-integrable, what practical testing methods can be used,
and how this property is related to chaos.

I was introduced to this problem area as a graduate student by my
advisor, Martin Kruskal. He noted that obstructions to integrability of
a differential equation are encoded in the multi-valuedness of solutions,
and proposed a practical methodology in testing for nonintegrability.

As part of my graduate research, and continuing throughout the
years, I have been interested in developing a rigorous and general frame-
work for Kruskal’s approach, and exploring its consequences. I have
found rigorous criteria for nonintegrability (in a very general sense) for
generic (non-resonant, non-quasiresonant) systems with a fixed point
and regular singularities [10], [11], [12], [13], [14].
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I have been also actively involved in research activities with under-
graduate students, part of the REU program at Rutgers, and this ac-
tivity is being finalized with a paper which already appeared [15], and
two papers in preparation [16],[17].
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