MATH 350-02 Solutions to problems from Chapter 6

#1 The four given vectors form an orthogonal set of nonzero vectors. Therefore this
set is linearly independent and, hence, is a basis for R*. Then if v = (5,3,7,1),v; =
(1,1,1,1),v3 = (1,1,1,-3),v3 = (1,-2,1,0),v4 = (1,0, —1,0) we have
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4v1 + v + v3 — vy4.

Section 6.1, #5: Let © = (x1,22) and y = (y1,¥y2). Then < z,y >= 2191 +i21y2 — 12271 +
22972 and so < z,x >= ||z1||? + 2||z2||>. Properties (a), (b), (c) of the definition follow
from properties of matrix multiplication and property (d) follows since ||x1||?, ||z2||* > 0..

Also < (1—4,2430),(2 44,3 — 2i) >= (1 —d)(2 — i) + (1 — )(3 + 20) — i(2 + 30)(2 —
i) + 2(2 + 30)(3 + 2i) = 6 + 214

Section 6.1 #8a: < (1,1),(1,1) >= 0 so condition (d) of the definition does not hold.

Section 6.1 #8b: Let I = I, denote the 2 by 2 identity matrix. Then < 21,1 >=
tr(2I + 1) = tr(3I) = 6 and < I,I >= tr(2I) = 4. Thus < 2,1 ># 2 < I,I >, so
condition (b) does not hold. For that matter, (a) and (d) don’t hold either.

Section 6.1 #9a: Let 8 = {uq,...,ux}. Since (3 is a basis, we may write z = Zle apuy for
some scalars a, ...,a;. Then < z, 2 >=<Y!_| apuy,x >= Zle ar < ug,r >= 0. Hence
(by condition (d) in the definition) x = 0.

Section 6.1 #9b: Let w = x — y. Then for any z € 3 we have < w,z >=< z,2 > — <
y,z >= 0. Thus by part (a), w =0 and so x = y.

Section 6.2, #2a: Let the given vectors be vy, vo, v3. Thus v1 = (1,0,1),v3 = (0,1,1),v3 =
(1,3,3). Then {wq,ws,ws} is an orthogonal basis where
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Setting u; = lell for each i gives an orthonormal basis § = {u1,us,us} where
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Finally, if x = (1,1, 2) the Fourier coefficients of x with respect to 3 are < x,u; >=
x,uz>—\/_ < z,ugz >=0.

Section 6.2, #2f: Let the given vectors be vy,v9,v3. Thus vy = (1,-2,-1,3),v9 =
(3,6,3, —1), v3 = (1,4,2,8). Then {wy,ws, w3} is an orthogonal basis where
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Setting u; = lell for each i gives an orthonormal basis {u1, us, us} where
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Finally, if z = (—1,2,1, 1) the Fourier coefficients of x with respect to 3 are < x,u; >=

—V15 _ 210 _ 2430
5 < T,U2 >= T, < T,uz >= “F—.

Section 6.3 #2a: y = (1,—2,4).
Section 6.3 #2b: y = (1, —2).
Section 6.3 #3a: Let T*(x) = (r,s). Then

<T(1,0),z >=<(2,1),(3,5) >=11 =

< (1,0),T*(:IJ) >=< (1,0), (7“, S) >=r

and
<T(0,1),2 >=< (1,-3),(3,5) >=—12 =

<(0,1), T*(x) >= s.
Therefore T*(x) = (11, —12).
Section 6.3 #3b: Let T*(x) = (r,s). Then

<T(1,0),2 >=< (2,1 —4),(3—i,1+2i) >=23+i)+ (1 —i)(1 — 2i) =5 — i

< (1,0),T*(5L‘) >=< (1,0), (7”, 8) >=r

and
<T(0,1),x >=< (4,0),(3—4,14+2i) >=i(3+1i) = -1+ 3

< (0,1),T*(x) >=5.
Therefore T * () = (5 + i, —1 — 3i).



