Calculus — Math 152 (Sections 21,22,23)
Exam 2 - Solutionsto White exam
Version: December 2, 2009

1. A block of metal is heated t800° F and placed in a container of liquid é@° F. Lety(¢) denote the
temperature of the block of metal at time

(a) Assuming that Newton’s Law of cooling applies to thisiation, write a differential equation
for y(¢). ldentify the unspecified constant in the equation.

Solution:
y = —k(y — 60).
The unspecified constahtis the cooling constant.
(b) After one minute has elapsed, the block of metal &0at F. Use this information to determine
the unspecified constant in the equation. (Since you doné laacalculator, you should leave

your answer as an expression which may involve sum, differgproduct, quotient, exponenti-
ation and logarithms and no variables.)

Solution: The general solution to the above equation is given by:

y =60+ Cekt,

Here C is another constant that depends on the initial conditidie. are given that
y(0) = 300, and substituting into the equation above gi$e8 = 60+ C, soC' = 240.
Thus:

y = 60 + 240e~*¢.

We are also given that when= 1 (in minutes) thery = 200. Therefore

200 = 60 + 240e~*.

Solving fork gives:
ek = 240/140 and sok = In(240/140).

2. (a) Find all points of intersection of the curves= 2 + (sin(6))? andr = 2 + (cos(f))? that have
positivey coordinate. Express your answersrettangular coordinate. (Your answers should
not contain any trig functions or inverse trig functions lirem.)

Solution: Notice that the- values in both curves are always positive, so at any point of
intersection the- values on the two curves must be the same.

Thus at a point of intersection we ha®et (sin(6))? = 2 + (cos(f))? sosin(6)? =
cos(6)?. Sincecos(#)? = 1 — sin(#)? we conclude tha?sin()? = 1 andsin(§)? =
cos(6)? =1/2.

Therefore at a point of intersection we have:

5
=24+1/2 = —.
r +1/ 5

Also:

sin(f) = 1/4/(2) orsin(9) = —1/1/(2)

and



cos(f) = 1/4/(2) orcos(0) = —1//(2).

The rectangular coordinates of the points of intersecteretihe form(r sin(#), r cos())

and so they must be:

(i%, i%).

The problem asks only for points with positigecoordinate so the desired points of

intersection are:

(2%/5, 2%) and(%if, —2—\5/5).

(b) Write a definite integral representing the area of thaomedying in the first quadrant that is
bounded by theg-axis, the liner = y and the curve: = 2 + (sin(#))2. (You are not asked to
evaluate the integral.)

Solution: Sweeping out counterclockwise, the region starts &t y which is the angle
6 = m/4 and ends at thg axis, which is the anglé = = /2. (Draw a picture!) Using
the formula for the area in polar coordinates we get

w/2 w/2
/ r2df = / (2 + sin(#)?)%d6.
w/4 w/4

3. (10 points) Let T3(x) be the Taylor polynomial of degree 2 for the functigr= /= ata = 4.

(@) FindTy(x).

Solution:
y(z) = «!/? y(4) =
() =1/22"Y2 4/ (4)=1/4
y'(z) = —1/4x73/2 4"(4) = —1/32
So,
1 1,
Ts(x) 2+4x 6496

(b) Find an upper bound on the error if we UEg4.5) to approximate/4.5. (Your answer should
be an expression involving sum, difference, product andigats of rational numbers but should
not involve exponentiating to fractional powers.)

Solution: The error bound says thaf(4.5) — Ty (4.5)] < KU=4" _ sty WhereK

is an upper bound ojy”'(x)| for x € [4,4.5]. So we need to determine such an upper
bound. We calculatéy” (z)| = 3/8z~°/2. By inspection|y”(x)| is a decreasing
function of =, therefore forz € [4,4.5], the largest it can be ig/(4)] = 3/28.
Overall, the upper bound on error is:

3
23(31)28

_ 912

4. For each improper integral below, determine whether rilveoges or diverges (and explain your an-
swer). Evaluate those that converge.

€)) f1°° xfﬁ; (Hint: partial fractions)



Solution:
1 B 1

r+4z2 (1 +4da)x
We look for constantsl and B so that

1 A +B Az + B(1 + 4x)
(1+44x)z T 1t 4x  (I+da)x
This leads td = B + z(A + 4B) which impliesB = 1 andA = —4. So our integral
is equal to:
/°° dz 4dx ) R dg 4dx
— - = lim — -
1 ¢ 144z R—oo J1 x 1+4x

= Rlim In(z) — In(1 + 4x)2=F
= Rlim In(R) — In(1 +4R) — (In(1) — In(5))
= g () b))

) +1n(5))

= lim In(

1
= In(5) — In(4).

(b) fO :c+4:c2
Solution: We can reuse the work from the previous part:

1d_:n_ 4dx . Uda 4dx

o * l+4z  R-0Jp x 1

= limoln( x) — In(1 + 42)|3=
In(5

)—( () In(4R + 1))

As R goes to 0, this blows up tso, so the integral diverges.
5. Consider the equation given parametricallydiy) = v/t + 1 + t andy(t) = 1+ 1/t for ¢t > 0.

(@) Show that the point§l + v/2,2) and(5, 4/3) lie on this curve.
Solution: Whent = 1 we have(z(t) = (1/(2) +1,2) and whent = 3 we have
(z(t),y(t)) = (5,4/3).
(b) Write down an integral that represents the length of tleeatong the curve given by the above
equations between the poir{ts+ v/2, 2) and(5, 4/3). (You need not evaluate the integral.)



Solution: By part (a), the value aofin the parametric curve ranges fram= 1tot = 3.
Using the formula for length of a parametric curve we get:

t=3

V(@ ()2 + (y 2dt_/t 3\/ t+1)"Y2/2 +1)2 + (—1/2)2dt.

t=1
(c) Determine the equation of the line tangent to the cuntbepoint(5,4/3)

Solution: Using the point-slope form of the line, the equationyis 4/3 = m(z — 5)
wherem is the slope of the line. The slope is equalggj: y'(t)/2'(t) at the given
point. From part (a), the value @fat this point ist = 3. Calculatingy’(3) = —1/9
andz’(3) =1+ 1/4 = 5/4 so the slope is-4/45 and the equation of the line is:

4

y—4/3 = —E(x —5).

i ; i i i _ (3=2?)(1+y?)
6. (12 points) The slope field for the differential equatloj% = 0 over the ranger,y €
[—3, 3] is shown below.
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By looking at the original differential equation we can detae thex values of the two critical
points exactly. At the critical poinfZ = 0 and so(3 — 22)(1 + y?) = 0. Sincel +y? > 0 we
must have3 — z2 = 0. Therefore the: values of the critical points ar¢3 and—+/3.

(b) Give an explicit formula of the forp = f () for the solution to the above differential equation.

Solution Using separation of variables, we rewrite the differentigliation as:

Integrating both sides gives:

arctan(y) = [fracl103z — 2®/3 + C,

whereC' is an arbitrary constant. Thus:
1
y = tan(l—o(?)x —23/3) + ).
We can determin€’ from the fact thay/(0) = 1:

1 =y(0) = tan(C),
S0 we may tak€' = arctan(l) = 7 /4.
Hence

y= tan(l—lo(?.x —2%/3) + 7/4).

7. (12 points)

(a) Express the repeating decinfia$8383838 as a fraction.

Solution: We can write this as a geometric seriés; > ;.38 x (.01)" and using the
formula for geometric series (which is valid here sin¢d | < 1) we get

38 38 38
1—.01 .99 99

(b) Exactly evaluate the su o2, 1/(n? — 1). (Hint: Even though this is not an integral, the
technique of partial fractions may help.)

Solution: Note that the denominater® — 1 factors agn + 1)(n — 1) and so we look
for A andB so that

1 A B An+1)+B(n—1)
n2—1_n—1+n+1_ n?—1 )
Equating the numerators = A(n + 1) + B(n — 1) which impliesA — B = 1 and
A+ B=0andsoA =1/2andB = —1/2.
So we want to evaluate:

1 1
Z2(n—1) C2(n+1)

n=3

Writing out the first few terms:



1 1 11 11 1 1
(Z—g)-k(é—l—o)-l-(g—ﬁ)-#(m—ﬁ)-i-""

we see this is a telecoping sum and that if we sum from= 3 ton = T we get

1 1 1 1
116 ar AT

Taking the limit asl” goes toco we get% + % = %

8. (15 points) For each of the following series, determine whether it idient, conditionally conver-
gent or absolutely convergent.

In each case, justify your answer by clearly stating thestaseéd and how the test was applied.

@ Yol s
Solution: This series converges but does not converge absolutelycenverges con-
ditionally.
Leta, = (—1)"/vn? +n.
To see that the series converges we use the alternatingesigrnthe terms alternate in
sign, and sequendga,, |} is decreasing and converges to 0, so the alternating sign tes
implies that the series converges.
To see that the series does not converge absolutely, wentitecbmparison test. We
compared > | |a,| to Y02, 1/n. Now the ratio of|a,|/(1/n) = n/Vn?+n =
1/4/1 4+ 1/n which has limit 1 as: goes toco. Since) 7, % diverges (by the inte-
gral test or thep-test withp = 1), the limit comparison test implies that |a,| also
diverges.

(b) >0, (=1)"(1 —1/n)"
This sequence diverges by the divergence test.aket (—1)"(1 — 1/n)"™. We will
show thata,, does not converge to 0, and so the divergence test impliesutinedoes
not converge. To show that, does not converge to 0, we show thiat,, . |a,| iS
equal tol/e. To do this we show that théitn In |a,,| = —1. We have:

In|a,] = In(1-1/n)"

= nln(1—1/n).

In(1 —1/n)
1/n

As n — oo both numerator and denominator tend to 0. So we use L'Hdpitale to
say that the limit of the ratio is the limit of the ratio of theri/atives:

g 2O =1/m) L (/n?)(A/(1—1/n)

n—o0 l/n n—o0 —1/n2
= lim —-1/(1-1/n) = —1.
n—oo

To summarize, we havém,, .. In|a,| = —1, and thereforéim |a,,| = e~!. Thus the
sequencga,, } bdoes not converge to 0, and so the se}igs | a, diverges.

o (=1"
© Lo wiwr



As discussed in class, this sum should have started-at2 since atn = 1 the first
term is not defined.

Starting at» = 2 the sum converges absolutely. lgt= (—1)"/(n(Inn)?). We must
show thaty">°, |c,| converges. Define the functighby f(z) = 1/z(In(z))?. Then
len| = f(n). Sincef is a positive decreasing function efwe can use the integral test:
Consider the integraf;® dz/(xIn(z)?) = limg—o [, dz/(zIn(x)?). Using the
substitutionu = In(x) this can be integrated to get

oo

lim dz/(zln(x)?) = lim —1/In(z)[*=H

R—oo Jo R—o0

= lim 1/In(2) — 1/In(R) = 1/ In(2).

Since the integral converges we conclude g, | converges and sp’ ¢,, converges
absolutely.



