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Abstract

We investigate the problem of monotonicity reconstruc-
tion, as defined in [3], in a parallel setting. We have
oracle access to a nonnegative real-valued function f
defined on domain [n]? = {1,...,n}%. We would like to
closely approximate f by a monotone function g. This
should be done by a procedure (a filter) that given as
input a point = € [n]¢ outputs the value of g(z), and
runs in time that is highly sublinear in n. The proce-
dure can (indeed must) be randomized, but we require
that all of the randomness be specified in advance by
a single short random seed. We construct such an im-
plementation where the the time and space per query is
(logn)®™M) and the size of the seed is polynomial in logn
and d. Furthermore the distance of the approximating
function g from f is at most a constant multiple of the
minimum distance of any monotone function from f.

This implementation allows for parallelization: one
can initialize many copies of the filter with the same
short random seed, and they can autonomously handle
queries, while producing outputs that are consistent
with the same approximating function g.
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1 Introduction

1.1 Online property reconstruction The process
of assembling large data sets is prone to varied sources
of error, such as measurement error, replication error,
and communication noise. Error correction techniques
(i.e. coding) can be used to reduce or eliminate the
affects of some sources of error, but often some residual
errors may be unavoidable. Despite the presence of such
inherent error, the data set may still be very useful.

One problem in using such a data set is that even
small amounts of error can significantly change the
behavior of algorithms that act on the data. For
example, if we do a binary search on an array that
is supposed to be sorted, a few erroneous entries may
lead to behavior that deviates significantly from the
“correct” behavior.

This is an example of a more general situation. We
have a data set that ideally should have some specified
structural property, i.e., a list of numbers that should be
sorted, a set of points that should be in convex position,
or a graph that should be a tree. Algorithms that run on
the data set may rely on this property. A small amount
of error may destroy the property, and result in the
algorithm producing wildly unexpected results, or even
crashing. In these situations, a small amount of error
may be tolerable but only if the structural property is
maintained.

These considerations motivated the formulation of
the online property reconstruction model, which was
introduced in [3]. We are given a data set, which we
think of as a function f defined on some domain T.
Ideally, f should have a specified structural property
P, but this property may not hold due to unavoidable
errors. We wish to construct online a new data set g
such that (1) ¢ has property P and (2) d(g, f) is small,
where d(g, f) is the fraction of values x € I' for which
9(@) # f(@).

How small should d(g, f) be in condition (2)? De-
fine e = €¢(P) to be the minimum of d(h, f) over all
h that satisfy P. Of course, € is a lower bound on the



deviation of g from f. The error blow-up of g is the
ratio d(g, f)/es. This error blow-up can be viewed as
the price that is paid in order to restore the property
P, and we want this to be a not too large constant.

An offline reconstruction algorithm explicitly out-
puts such a g on input f. In the context of large data
sets, the explicit construction of g from f requires a con-
siderable amount of computational overhead (at least
linear in the size of the data set). For this reason, [3]
considered online reconstruction algorithms. Such an
algorithm, called a filter, gets as input z1,zo,... of el-
ements of I" presented one at a time and must output
the sequence of values g(z1),g(z2),... where g(x;) is
produced in response to x;, before knowing x;y;. The
filter can access the function f via an oracle which given
y € I answers f(y). The aim is to design a filter which,
given any permutation of I, outputs a function g satis-
fying (1) and (2) above and furthermore produces each
successive g(x;) quickly, i.e., in time much smaller than
o(Ir).

In [3], a filter for the monotonicity property was
given. In this setting, the domain I is the set [n]? =
{(1,---,73d) : jJi € [n]}, where [n] denotes the set
{1,2,...,n}. [n]? is considered to be partially ordered
under the component-wise (product) order. A function
f defined on I' is monotone if x < y implies f(z) <
f(y). The filter they constructed satisfies condition
(1), has error blow-up that is bounded above by 20(4)
(independent of n), and answers each successive query
in time (logn)?(®.

1.2 Parallel property reconstruction The filter
for monotonicity proposed in [3] has the following
general structure. For each successive query x;, the
filter performs a randomized algorithm to compute
g(x;). This algorithm accesses f, and also needs to
access the answers g(z;) for i < j to the queries asked
previously. In particular, the function g produced may
depend on both the order of the queries as well as the
random bits used by the algorithm.

This general structure for filters has two potential
drawbacks: (1) It requires the storage of all previous
queries and answers, thus incurring possibly significant
space overhead for the algorithm, (2) It does not support
a parallel implementation in which multiple copies of
the filter, having read-only access to f are able to
handle queries independently while maintaining mutual
consistency.

In this paper, we propose the following strengthened
requirements for a filter. A parallel filter for reconstruct-
ing property P is an algorithm A that has oracle access
to a function f on domain I' (the “data set”) and to
an auxiliary random string p (the “random seed”), and

takes as input z € I'. For fixed f and p, A runs deter-
ministically on input x to product an output Ay ,(x).
We want A to satisfy the following properties:

1. For each f, with high probability (with respect to
the choice of p), the function Ay , should satisfy P.

2. For each f, with high probability (with respect
to the choice of p), the function Ay, should be
“suitably close” to f.

3. For each x, Ay , on x can be computed very quickly.
4. p should be “much smaller” than |T'|.

A parallel filter can be used, trivially, as an online
filter. In addition, such a filter affords an obvious
parallel implementation: generate one random seed, and
give the same random seed to each of the copies of
the filter. Since Ay, is deterministic all of the parallel
copies will behave identically.

For a parallel filter, there are three parameters of
interest: the error blow-up, the time per query and
the number of random bits needed for p, that is, to
initialize the filter. The memory used by a parallel
filter is bounded by the sum of the length of p and the
maximum time of a single query. By keeping these both
small (e.g., much smaller than |I'|) we obtain an online
filter which uses little auxiliary space.

Having formulated the notion of a parallel filter,
one natural question that arises is: Is there a parallel
filter for monotonicity (or even one that uses sublinear
space overall) with performance comparable to that of
the online filter given in [3]?

1.3 Our results In this paper, we construct a paral-
lel filter for monotonicity for functions defined on [n]?
with the following performance:

e The time per query is (logn)?(®.

e The error blow-up is 20(d2), independent of n.

e The number of random bits needed to initialize the
filter is (dlogn)°™).

Comparing our filter to the online filter for mono-
tonicity of [3], we see that our filter achieves parallelism
while having query time and error blow-up that are sim-
ilar to (but not quite as good) as those obtained by [3].
We have not tried to optimize the exact constants for
error blow-up and the exponents in running time.



1.4 Related Work The idea of reconstruction is
connected to the issue of distance of an object to a
given property. There has been a large amount of work
done on property testing [10,14], which deals with this
distance parameter. The problem of monotonicity in the
context of property testing has been studied in [5,6,9].
Many testers have been given for a wide variety of
combinatorial, algebraic, and geometric problems [7,
8,13, 14]. More closely related to reconstruction is
the notion of tolerant property testing [12] which deals
with actually estimating the distance in sublinear time.
Sublinear algorithms for determining the distance of
a function to monotonicity have been given in [2,12].
The tester in [12] uses a data structure of intervals,
something that we also use (although the data structure
that we use is completely different).

1.5 Preliminaries As stated in the introduction, we
consider data sets as functions defined on a fixed finite
domain I". A property P is a set of functions defined on
I'. The distance between two functions f and g, denoted
d(f,qg) is the fraction of x € I' for which f(z) # g(z).
For a function f and a property P, the distance of f to
P, ef = e¢(P) is the minimum of d(f, h) for h € P.

For a positive integer m, [m] denotes the set
{1,2,...,m}. Throughout this paper, I' = [n]? =
{(x1,...,2q) : Vi € [d],z; € [n]} for some integers n
and d. We fix n and d, and assume, without (much)
loss of generality that n = 2 where k is a positive inte-
ger. I' is partially ordered with respect to the product
relation: = < y if and only if z; < y; for all ¢ € [d].

We consider functions mapping I' to the nonnega-
tive reals (for simplicity of presentation). Such a func-
tion f is monotone if f(x) < f(y) whenever = < y.

Elements of I" are called points. Points are generally
denoted by lower case letters, sets of points are denoted
by upper case letters and sets of sets of points by
caligraphic letters.

As defined in the introduction, a parallel filter
uses randomness only in the choice of the string p
that initializes the filter. All probability statements
are made with respect to the choice of this string
p. In general, when we say that an event occurs
with low probability we mean that its probability is
1/|[0|*M) | ie. superpolynomially small in |T'|. Similarly,
a high probability event is one having probability 1 —

(1/[T]=0)).

2 A high level view of the filter

Given a function f on [n]9, we say that a subset S C [n]?
is f-admissible if the restriction of f to S is monotone.

The first component of the filter is a subroutine, Sift
which takes as input a point x € [n]¢ and returns accept

or reject. With high probability it satisfies the following
properties -

S1 : The set of accepted points is f-admissible.

S2 : The set of rejected points has size at most
C1(d)eyn? where C1(d) is independent of n. (In
our algorithm C; (d) = 2004

S3 : Sift runs in time (logn)°(@.

The second part of the filter is a function Build that
takes as input a point * € [n]? and (using the suboutine
Sift) returns a set Rep(x) of representative points for x.
This subroutine satisfies -

B1 : Every point in Rep(z) is less than or equal to z.
B2 : Every point in Rep(z) is accepted by Sift.

B3 : For all z,y with « < y, for each z € Rep(x) there
is a point 2z’ € Rep(y) such that z < 2’.

B4 : With high probability, the number of points x
for which © ¢ Rep(x) is at most Cy(d) times the
number of points rejected by Sift, where Ca(d) is
independent of n. (In our algorithm, Ca(d) =
20((12)')

o).

B5 : Build runs in time (logn)

Our filter is then defined from Build as follows:

Given z, g(z) = max{f(z) : z € Rep(x)}. If
Rep(x) is empty, then g(x) = 0.

Let us see that properties [S1]-[S3] and [B1]-[B5]
ensure that the filter has the required properties.

To see that g is monotone, let * < y. By the
definition of g, g(z) = f(z) for some z € Rep(x).
By property [B3], there is a z’ € Rep(y) such that
z < 2. By [B2], both z and 2’ are accepted by Sift
so by [S1], f(z) < f(2'). By the definition of g(y) we
have g(y) = f(z'), so g(y) = f(z') = f(2) = g(z) as
required.

To get an upper bound on the number of points
for which g(x) # f(z), note that z € Rep(x) implies
g(x) = f(x) and so by [B4], the number of points
with g(z) # f(x) is at most Cy(d) times the number
of points rejected by Sift which, by [S2] is at most
Ca(d)Ch (d)e yn? as required.

Finally, the desired bound on the running time of
the filter follows from [B5] and [S3].

3 The one-dimensional case

In this section, we describe our parallel monotonicity
filter for the case d = 1.



3.1 The DAG D(k) of intervals For x,y € [n] we
define the interval [z, y] to be the set {z € [n] 1z < 2 <
y}. If I is an interval we write min(I) for its smallest
element and max(I) for its largest element; min(I) and
max([) are the endpoints of I and I — {min(I), max(I)}
is the interior of I. If min(I) = 1, we say [ is left
extreme and if max(I) = n we say I is right extreme.

Our filter makes use of a special set of intervals,
which we now define. For integers ¢« > 1 and j > 0, we
define the interval

F=[27" 41, +2)27

The set {I] : 1 < i < k,0 < j < 525 — 2} is
denoted Z = Z(k). The set Z; = Z;(k), called the ith
level, is the set of intervals {I] |j > 0}. The ith level
contains 5 — 1 intervals each of size 2°.

An interval I7 is said to be even if j is even and odd
if j is odd. Notice that the set of even intervals at level ¢
comprise the natural partition of [1,7] into 3; intervals
of size 2°, while the odd intervals at level i partition the
interval [2°71,n — 2°71] into 2 — 1 intervals of size 2.

We define a DAG D = D(k) with vertex set Z, with
an edge from interval I to interval J if J C I and they
belong to adjacent levels. The DAG D(k) has k levels
and 21 — k — 2 vertices (2¥717% — 1 at level i). The
interval I? = [1,n] is the unique interval of in-degree 0
and is called the root of D, and the intervals in level 1
(those having size 2) have out-degree 0 and are called
leaves.

Figure 1 shows the the DAG D(3) (with edges
pointing downwards). Note that for r < s the sub-DAG
consisting of the first r levels of D(s) is isomorphic to
D(r).

Figure 1: The DAG D(3)

Suppose I and J are intervals and there is an edge
from I to J. We say that I is the parent of J and J
is a child of I. We must have |I| = 2|J|. Furthermore,
parent-child relationships fall into three categories:

e min(/) = min(J). Here we say that J is the left
child of I and I is the right parent of J.

e max(/) = max(J). Here we say that J is the right
child of I and I is the left parent of J.

e min(J) = min(I) + |J|/2 and max(J) = max(l) —
|J|/2. Here we say that J is the central child of T
and I is the central parent of J.

Every interval at level ¢ > 2 has exactly 3 children,
one left child, one central child and one right child.

Every non-root interval I has either one or two
parents. If I is an odd interval, then it has one parent,
and that parent is a central parent. If I is an even
interval and neither left-extreme nor right-extreme then
it has one left parent and one right parent. If I is left-
extreme it has only a right parent, and if it is right-
extreme it has only a left parent.

We now give some definitions that will be heavily
used in the following sections. Let I be an interval and
x be a point.

e Non-left parent of I: We say that interval J is
a non-left parent of I if it is either a right parent
or a central parent of I. We observe that if I is
right-extreme, then it has no non-left parent, but
otherwise I has a unique non-left parent, which we
denote by nonleftpar(I).

Non-left path of I: We define the non-left path
of I, path(I), to be the sequence I = I, Is,..., I
where for 1 < j < t, I;41 = nonleftpar(l;) and I
is right-extreme.

Non-left ancestor of I: We say that J is a non-
left ancestor of I if J € path(I).

I is to the left of x:We say that interval I is to
the left of point z if y <z for all y € I.

I is left-maximal for x: We say that I is left-
mazximal for x if I is left of x and x belongs to the
interior of every non-left ancestor of I. For each x
there are at most two intervals at each level that
are left maximal for z. The intervals that are left-
maximal for n are precisely those that are right-
extreme.

upper(I): For I of size at least 4, we define upper(I)
to be the subinterval of I consisting of the greatest
|7]/4 points of I. Note that if I is a non-left parent
of an interval J, then every point in J is less than
every point in upper(I).

Some useful properties of Z are stated below.

I1: Every interval in Z; has size 2°.

I2: Every node of D has at most two ancestors at each
level; in particular each point of [n] belongs to at most
two intervals at each level. It follows that every node
has O(logn) ancestors.



I3: If I; N I, 75 ¢ and |Il| < |Ig| then I C I.

I4: For any two points x < y. there is an interval of 7
containing both of size at most 4|[x, y]|.

I5: If A is a containment-free subset of Z (i.e., no
member of A contains another), then each point x
belongs to at most 2 intervals of A.

Properties [I1], [I2] and [I3] are obvious. For
property [I4], let ¢ be the integer such that 2! < |[z,y]| <
21 and let j be the largest integer such that j2!™! <
. then I}, = [j2*1, (j 4 2)2"+!] contains = and y and
has length 2172 < 4][z, y]|.

For property [I5], note that [I3] and A being
containment-free, imply that all sets in A4 that contain
x must have the same size; hence there are at most 2 of
them.

We introduce another important definition.

o O-dense : If S is a subset of [n] and 6 € [0,1], we
say that S is #-dense in I if |[SNI| > 0|I|. For
S C [n], define Ag(S) to be the union of all I € T
that are f-dense.

LEMMA 3.1. For any subset S, Ag(S) < 2S].

Proof. [of Lemma 3.1] Let J be the subset of all I € T
for which S is 6-dense in I. Let A be the set of maximal
members of J. Then

Un=1UnsXinsgYisni

IeJg IcA IcA IcA

Since A is a containment-free subcollection of Z,
by property [I5], each element of S belongs to at most
2 members of A. The final sum is at most 2|S|, giving
the upper bound of 2|S| on |, 1]- O

3.2 The random seed Our random seed will be
interpreted as an n-ary string, i.e. a sequence se-
lected independently from the set [n]. In the one-
dimensional case, the seed is viewed as a pair of se-
quences (s(1),...,s(t)) and (r(1),...,7(t)) of length
t = clog®n elements of [n]. Thus we use 2tlog®n bits
of randomness.

Using these strings, we define for each interval I
the sequences s mod I and r mod I in I?, respec-
tively to be (s(1) mod I,...,s(t) mod I) and (r(1)
mod I,...,7(t) mod I).

3.3 The subroutine Sift in one dimension The
subroutine Sift takes as input a point x and outputs
accept or reject in such a way that the set of accepted
points is f-admissible. Anticipating what we need

in the multidimensional case, we will define Sift in
greater generality than we need for the one-dimensional
case. We assume that the set of points is initially
partitioned into sets FEligible and Ineligible points.
This partitioning is provided by a subroutine which, on
input x, tests whether x € Eligible. We will show that
Sift satisfy the following conditions:

S1’: Only eligible points are accepted and, with high
probability, the set of accepted points is f-
admissible.

S2’: The set of rejected points has size at most
Ci(egn + |Ineligible|) for some constant C.

S3’: Sift runs in time (logn)°MT, where T is an upper
bound on the time to test membership in Eligible.

When we wuse this subroutine for the one-
dimensional filter we’ll take FEligible = [n] and
Ineligible = () , but for the higher dimensional filter,
we’ll need the more general version.

Let us define a wiolation to be a pair (z,y) such
that * < y and f(x) > f(y), or x € Ineligible or
y € Ineligible. We also say = is a violation with y
(and vice versa).

DEFINITION 3.1. For a point x and A C [n], define
violations(z, A) to be the fraction of points in A that
are in violation with x.

For pn > 0, we say that x is p-sound if x € Eligible
and for all I € T such that x € I, violations(z,I) < p.
Otherwise we say that x is p-unsound.

The following lemma is similar to a result from [3].

LEMMA 3.2.
FEligible.

1. Fvery p-sound point belongs to

2. For pn < 1/8, the set of p-sound points is f-
admissible.

3. For u <1/2, the number of p-unsound points is at
most 2u~ (e gn + |Ineligiblel).

Proof. The first part is immediate from the definition
of p-sound.

For the second part, it suffices to show that for each
violation (z,y) (x < y) at least one of z and y is 1/8-
unsound. This is immediate if either x or y belongs
to Ineligible, so assume that x,y € FEligible. Since
f(z) > f(y), for each z € [z,y] at least one of (z,z)
and (y,z) is a violation. Thus violations(z, [z,y]) +
violiations(y, [x,y]) > 1. By property [I4], there is an
interval I € 7 of size at most 4|[z, y]| that contains [z, y],



so violations(x, I) + violations(y,I) > 1/4, and so one
of them is at least 1/8.

For the third part, by definition of ef, there is a
subset S of size eyn such that [n] — S is f-admissible.
By Lemma 3.1, A,(S U Ineligible) has size at most
2u~Y(ggn + |Ineligible|), so it suffices to show that
every p-unsound point x belongs A, (S U Ineligible).
This is true for x € S U Ineligible since = belongs to an
interval I € 7 of size 2, and S U Ineligible is p-dense in
1. If x ¢ S U Ineligible, then the set of points violating
x is a subset of S U Ineligible. Since z is p-unsound
there is an interval I containing x that contains at
least p|I| points violating x. Therefore S U Ineligible
is p-dense in I and x € A, (S U Ineligible). a

We define a subroutine Violations which takes
as input a point z and interval I € Z and returns
an estimate of wviolations(z,I), which is obtained by
computing the fraction of points in the sample s mod I
(as described in Section 3.2) that are violations with z.
Clearly Violations runs in time (logn)®®. We say
that Violations fails for  and I if |Violations(z, I) —
violations(z, I)] > .01. We say that Violations fails if
it fails for some x, I where I € 7 and = € I, and we say
it succeeds otherwise.

The subroutine Sift works as follows. On input
x, sift rejects z if for some I € Z such that =z € I,
Violations(z, I) > .11, and accepts x otherwise. Since
there are O(logn) intervals of Z containing x, and the
sequence s of samples has length t = (logn)°®, we
conclude that the running time of Sift is (logn)°™).

We say that Sift succeeds provided that:

e Every .1-sound point is accepted
e Every 1/8-unsound point is rejected.

From Lemma 3.2, we deduce that if Sift succeeds,
then [S1],[S2],[S3] stated in Section 2 hold.

COROLLARY 3.1. If Sift succeeds then:

1. The set of points accepted by Sift is f-admissible.

2. The number of points rejected by Sift is at most
20(eyn + |Ineligible|).

Finally, we observe that the probability that Sift
fails is very small.

LEMMA 3.3. The probability that Sift fails s
(nlogn)2=¥")  where t is the length of the random
sequence s.

Note that for the given choice of ¢, this is n=«(1).

This is proven using a straightforward Chernoff
bound argument (proof in full version).

3.4 The procedure Build: 1-dimensional case
We now turn to the description of the procedure Build
(for the 1-dimensional case). We will use the procedure
Sift with the trivial subroutine Fligible that accepts
every point.

Recall that Build is supposed to take as input a
point z and return a set Rep(z) consisting of (some)
eligible points less than or equal to x. The main in-
gredients are a pair of procedures Sample and Re fine.
Each takes as input an interval I and returns a small
subset of points of I.

Sample(I) is defined as follows. Consider ¢, as
defined in Section 3.2. If |I| < t, Sample(I) = 1. If
|[I| > t, Sample(I) is the set of points in the sequence r
mod I = (r(1) mod I,...,r(t) mod I), as described
in Section 3.2.

Before defining Refine, we need a few definitions.
For a set S, let Sift(S) denote the set of points of S
accepted by Sift.

Now we define Refine. On input I, determine
Sample(J) for each J € path(I). If Sift(Sample(J))N
upper(J) # 0 for all J € path(I) then Refine(I) =
Sift(Sample(I)). Otherwise, Refine(I) = @. An
easy reverse induction on the level of J shows
that if Refine(I) is nonempty then Refine(J) =
Sift(Sample(J)) for all non-left ancestors J of I, and
hence Refine(J) N upper(J) # 0 for all non-left ances-
tors of I.

Finally we define the procedure Build. On input
x, the output Rep(x) is defined to be the union over
all intervals I that are left-maximal with respect to
xz, of Refine(I). (For the sake of definition and
implementation, we can redefine Re fine(I) to simply be
the largest point in the present Refine(I). We describe
Refine(I) as a set (1) to make the proof of [B3] more
convenient, (2) to prepare for the extension to the multi-
dimensional case where Refine(I) can not be taken to
be a single point.

We now verify properties [B1]-[B5] of Section 2.
Properties [B1] and [B2], that all points in Rep(x) are
less than or equal to x, and that each point in Rep(x)
is accepted by Sift, are immediate from the definition of
Rep(x).

To prove [B3], let z, y be arbitrary points in [n] with
x <y and let z € Rep(z). We must show that there is
a 2z’ € Rep(y) with z < 2’. Since z € Rep(x), there is
an interval I that is left-maximal for = such that z €
Refine(I). If I is left-maximal for y then we take 2z’ =
z. Otherwise, let J be the largest interval in path(I)
that is to the left of y ; by definition J is left maximal
for y. Since Refine(I) # 0, Refine(J) Nupper(J) # 0
so we can select 2’ € Refine(J)Nupper(J). Since J is a
non-left ancestor of I, every point in [ is less than every



point in upper(J) (this follows by an easy induction on
[J]), so z < 2.

Next we prove [B4], bounding the number of points
for which « ¢ Rep(z). We say that Sample fails for
interval I if at least half the points of upper(I) are
accepted by Sift, but no points in Sample(I) Nupper(I)
are accepted by Sift. We say that Sample fails if
Sample fails for some interval I of size at least 4, and
Sample succeeds if it succeeds for all intervals I of size
at least 4, that is, if for each such interval I, if at
least |I|/8 points of upper(I) are accepted by Sift, then
Sample(I) Nupper(I) # 0.

ProprosiTION 3.1. Sample succeeds with high probabil-
ty.

The proof is given in the full version of the paper.

By Proposition 3.1, Sample succeeds with high
probability. Assuming that Sample succeeds, we prove
an upper bound on the number of points x for which
x & Rep(x). For each = € [2,n], the interval [z —1, ] is
left-maximal for z. If ¢ Rep(x) then « ¢ Refine([x —
1,z]). Therefore either Sift rejects = or there is a non-
left ancestor J of [x — 1, z] such that Sift(Sample(J))N
upper(J) = (). Since Sample succeeds, fewer than half
the points in upper(J) are accepted by Sift, which means
at least 1/8 of the points of J are rejected by Sift.
Letting Reject be the set of points rejected by Sift,
then the set of points for which = ¢ Rep(x) is a subset
of Ay/g(Reject). By Lemma 3.1, the number of such
points is at most 16| Reject|.

The running time of Build is bounded as follows.
For any z, there are at most 2logn intervals (at most 2
on each level) that are left-maximal with respect to z.
For each such I, we compute Refine(I) which involves
computing Sample(J) for each of the at most log n non-
left ancestors J of I and calling Sift for each of the
points in Sample(J). Thus the running time of Build
is essentially the cost of O((logn)®) calls to Sift, so the
overall cost is (logn)?M). (No attempt has been made
to optimize the exponent of logn in this description.)

This completes the description and proof of correct-
ness for the filter in the 1-dimensional case.

4 A filter for multidimensional data
4.1 Boxes and lines For z,y € [n]%, [x,y] denotes
the set {z : 2 < z < y}. This set is a product
of (1-dimensional) intervals [x1,y1] X - -+ X [24,yq] and
is called a bor. For a box B = [z,y], we write
B =By X - Bg where B, = [z,,y,] is the interval
obtained by projecting B onto the rth coordinate axis.
A box B is degenerate in direction r if |B,| = 1,
non-degenerate in direction r if |B,| > 1, and spanning

in direction r if B, = [1,n].

An r-line is a box that is spanning in dimension r
and degenerate in every other dimension. The r-lines
partition [n]? into n9! sets, each of size n. We say
that « <, y if x,y lie in the same r-line and x < y. The
r-line passing through z is denoted by z(").

There is a natural bijection between an r-line L and
the set [n] given by © € L < z,. For j € [n] we write
jr for the corresponding point on L, and for S C [n] we
write Sp for the corresponding subset of L. Define 7,
to be the set of Iy, for I € Z, T = Z(k) was defined in
Subsection 3.1.

4.2 The random seed The random seed (which
consists of independent uniformly random elements
selected from [n]) is divided into 2d sequences
sty 8% rt .. rd each of length t(d) = cdlog®n (for
some constant c).

4.3 The function Sift, multi-dimensional case
Define, for j € [d] a subroutine Linesift; as follows:
On input z, Linesift; runs the one-dimensional Sift on
& with respect to the j-line 2, using the random
sample s/. As with Sift, Linesift; requires an auxiliary
procedure Eligible;, which we assume does not use the
random sample s7.

For each j-line L, the analysis of the one-
dimensional Sift applies to Linesift;. For each line L,
one defines the notion of p-soundness of a point € L
with respect to the line L in the obvious way. We say
that Linesift; succeeds for a j-line L if -

e Every point that is .1-sound point with respect to
L is accepted

e Every point that is 1/8-unsound with respect to L
is rejected.

We say that Linesift; succeeds if it succeeds on
every j-line. By Lemma 3.3, the probability that
Linesift; fails for a particular j-line is bounded above by
nlogn2=b)  Therefore the probability that Linesift;
fails on some j-line is bounded above by nlog n2~2®).
For the selected t this is n <),

This holds for any choice of the auxiliary procedure
Eligible;, provided that Eligible; does not depend on
the random string s/.

Next we define Sift; for 0 < 57 < d. Sifty accepts
every input point z. For 0 < j < d, Sift; is obtained by
running Linesift;, taking Eligible; to be Sift;_;.

Finally, Sift is defined to be Sifty.

Let Accepted; (resp., Rejected;) be the set of
points accepted (resp., rejected) by Sift;. Let C; be
the partition of [n]? into n?~7 classes, where points



are assigned to classes according to their last d — j
coordinates. Two points z,y in the same j-line with
x <; y is a j-violation if f(z) > f(y) or one of them is
in Ineligible; = Rejected;_.

LEMMA 4.1. Assume that Linesifty,

Linesifty all succeed.
For each j € {0,...,d},

Linesifts, ...,

1. For each C € Cj, the set C N Accepted; is f-
admissible.

2. |Rejected;| < (207+1 —20)/(19)e sn?,

3. Let T; be the running time of Sift;.
(logn)©W),

Then T; <

The proof is given in the full version of the paper.

COROLLARY 4.1. With high probability :

1. The function [ restricted to the set of points ac-
cepted by Sift is monotone.

2. The number of points rejected by Sift is at most
204t e pn.

4.4 The DAG A4(k) Before describing the function
Build, we need some additional definitions.

We consider the set B = B(k)q to be the set of of all
boxes of the form B = By x - - - Bq where each B; € Z(k)
(the set of intervals defined for the one-dimensional
case). For each r € [d], we define an equivalence relation
on B: for B,C € B, B ~, C'if B = Cj forall j # r. For
each r-equivalence class C, the mapping taking B € C
to By is a bijection between C and Z(k).

We define a dag A = A%(k) on vertex set B as
follows: (B,C) is in A if and only if for some r € [d]
B ~, C and (B,,C,) € D, where D is the DAG defined
for the one-dimensional case. In this case we say that
B is an r-parent of C. We adapt the terminology from
the one-dimensional case, If B is an r-parent of C' we
say that C' is the (left,right,central) r-child of B if C.,
is the (left,right,central) child of B,., and we say that B
is the (left,right,central,non-left) r-parent of C' if B, is
the (left,right,central,non-left) parent of C,.

For a point & and box B we say that B is to the
left of x if for each j € [d], B; is to the left of z;. We
say that B is left-maximal for z if for each j € [d], B;
is left-maximal for x;.

We say that a a box C'is a non-left ancestor of B
if for all j € [d], C; is a non-left ancestor of B; with
respect to the one-dimensional dag D. Intuitively, a
non-left ancestor of B is obtained by repeatedly taking
a non-left parent along some direction. The number of
non-left ancestors of B is (logn)°(@, since any interval
in Z has at most O(logn) non-left ancestors.

4.5 The function Build : multi-dimensional
case We now turn to the description of the procedure
Build. We will make use of the multi-dimensional
version of Sift.

Recall that Build takes as input a point x and
returns a set Rep(x) of points. Similar to the one-
dimensional case, Build will use a pair of procedures
Sample and Refine, which take as input a box B € B
and returns a small subset of points of B. The procedure
Re fine only returns points that are accepted by Sift.

For a segment S of size at least 4, define upper(S)
to be the set consisting of the largest |.S|/4 points in S.

Sample(B) is defined as follows. Remember ¢ =
cdlog? n, for sufficiently large constant ¢. If [B| < t,
Sample(B) = B. If |B| > t, Sample(B) is defined
to be the product set Sample(B) = H?:l Sample;(B)
where Sample;(B) is the set of points of the form 7 (7)
mod B; where r/ ranges over points in the sequence
rl,...,rt. We also define the set Lines(B) consisting
of all lines L (in one of the d coordinate directions) such
that |[L N B| >4 and L N Sample(B) # (.

Next we define Refine. On input B, the algorithm
considers all non-left ancestors C' of B in decreasing
order of size. For each such C, the algorithm con-
structs Refine(C) C Sample(C), and a set of lines
BadLines(C) C Lines(C).

Refine(C) is defined to be the set of = €
Sample(C) that are (i) accepted by Sift, and (ii) not
contained in any line L that is in BadLines(P) for some
non-left parent P of C.

BadLines(C') is the set of those lines L € Lines(C)
of size at least 4 such that upper(LNC)N Refine(C) is
empty. Note that BadLines(C) contains BadLines(P),
for any non-left parent of C. Let us again explain
how Refine(B) is determined. Let C be the largest
non-left ancestor of B. The set Refine(C) can be
easily constructed by running Sift on every point in
Sample(C). This is used to determine BadLines(C).
Now consider the child C’ of C which is a non-left
ancestor of B. We throw away any point of Sample(C")
that lies in a line of BadLines(C) or is rejected by Sift.
After finding BadLines(C’), we move to the relevant
child of C” and so on until we reach B.

We can now define the procedure Build. On input
x, the output Rep(z) is defined to be the union of
Refine(B) over all boxes that are left-maximal for x.

We now verify properties [B1]-[B5] of Section 2.
Properties [B1] and [B2], that all points in Rep(x) are
less than or equal to x, and that each point in Rep(x)
is accepted by Sift, are immediate from the definition of
Rep(x).

To prove [B3], let z, y be arbitrary points in [n] with
x <y and let z € Rep(z). We must show that there is



a z' € Rep(y) with z < z’. Since z € Rep(x), there is
an interval I that is left-maximal for z such that z €
Refine(I). If I is left-maximal for y then we take 2z’ =
z. Otherwise, let J be the largest interval in path(I)
that is to the left of y ; by definition J is left maximal
for y. Since Refine(I) # 0, Refine(J) Nupper(J) # 0
so we can select 2z’ € Refine(J)Nupper(J). Since J is a
non-left ancestor of I, every point in [ is less than every
point in upper(J) (this follows by an easy induction on
[J]), s0 z < 2'.

To prove [B3], let x,y be arbitrary points in [n]
with © < y and let z € Rep(xz). We must show that
there is a 2’ € Rep(y) with z < 2’. Tt suffices to consider
the case that x and y differ only in one coordinate, say
coordinate j, since the general case will then follow by
an easy induction on the number of coordinates in which
x and y differ.

Since z € Rep(x), there is a box B with 2z €
Refine(B), such that B is a left-maximal for z. Define
the box C' such that C; = B; for ¢ # j and Cj is equal
to the largest non-left ancestor of B; that is left of y;.
It follows that C' is left-maximal for y.

Let L be the j-line through z. We claim that
upper(LNC) N Refine(C) # 0; if so we can select 2’ to
be any element of upper(LNC) N Refined(C) and then
z < 2/ and 2/ € Rep(y). Suppose for contradiction,
upper(L N C) N Refine(C) = B, then by definition L
belongs to BadLines(C). A simple induction shows
that for every j-descendant C’ of C, LNRefine(C’) = 0,
but this contradicts that z € B (since B is descendant
of C).

Finally we come to the proof of [B4]. This is the
hardest part and we break it into a separate subsection.
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4.6 Proof that Build satisfies [B4] We want to
get an upper bound on the number of points x for
which = ¢ Rep(x) that holds with high probability. We
assume throughout this analysis that the random strings
s', ..., 5% used for Sift are fixed in such a way that Sift
succeeds (in the sense defined earlier.)

Let A(z) be the box [z1 — 1,21] X [z2 — 1, 23] X
<o lzg — 1,24].  A(z) is left-maximal for x and so
Refine(A(z)) € Rep(zr). So it suffices to prove an
upper bound on the number of z for which = ¢
Refine(A(x)).

For each box C, we define Lines'(C), Refine'(C)
and BadLines'(C') in a way that parallels Lines(C'),
Refine(C) and BadLines(C'), the key difference being
that we look over all points in C' not just those in
Sample(C). Lines’(C) is the set of all lines L such
that |[L N C| > 4. Refine'(C) is defined to be the set
of x € C that are (i) accepted by Sift, and (ii) not
contained in any line L that is in BadLines'(P) for

some non-left parent P of C. BadLines'(C) is the set
of those lines L € Lines'(C) of size at least 4 such that
|LN(C — Refine'(C))| > |LNC|/8.

Observe that, with the random strings s',...,s
being fixed, the functions Refine’, Lines’ and
BadLines'(P) are deterministic.

We say that Build succeeds if for all boxes B,
BadLines(B) C BadLines'(B).
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LEMMA 4.2. The probability that Build fails is at most
nC(@)9o—Q(t)

The proof is given in the full version of the paper.

ProproSITION 4.1. If Build succeeds then for each point
z, Refine'(A(x)) C Refine(A(x)).

Proof. Sample(A(z)) = A(x), and therefore y ¢
Refine(A(x)) means that y is rejected by Sift or y be-
longs to BadLines(P) for some non-left parent of A(x).
Since Build succeeds, BadLines(P) C BadLines'(P)
and so y € Refine'(A(x)). a

So now it remains to find an upper bound on the
size of Uz (A(x) — Refine(A(x)).

In Section 3.1, we defined Ay(S) to be the union
of all intervals I € Z for which |S N I|/|I|] > 6. We
adapt this definition to the multidimensional setting.
For j € [d], let A)(S) be the union over all j-lines L, of
the union of all I € Z(L), for which |SNI|/|I| > 6.

Let To(S) = U;erq A5(5), and TE(S) is defined by
T§(S) = To(S) and TF(S) = T(TGH(S)).

We will show:

LEMMA 4.3. |J, A(z) — Refine'(z) C T4(S) where S
is the set of points rejected by Sift and § = 2~ (4+2),

Assuming the lemma, we finish the proof of prop-
erty [B4]. By Lemma 3.1, A}(S) < (2/6)|S|, and there-
fore Tp(S) < (2d/0)|S|. Thus YI(S) < (2d/6)%|S]
which for the given value of 6 is 2°(¢") times the number
of points rejected by Sift.

So it remains to prove Lemma 4.3.

Proof of Lemma 4.3. We need some additional
definitions. A cylinder is a box that for each direction
J, is either degenerate or full. We say that C' is a J-
cylinder if J is the set of full directions.

For j € [d], an ([n] — {j})-cylinder is also called
a j-hyperplane. For r € [n] we write H;(r) for the j-
hyperplane consisting of all points = with z; = r.

Note that there is a natural bijection between a J-
cylinder C' and the set [n]!’l. Using this bijection, we
can define a family of boxes B(C') contained in C' and a
digraph A(C'). Thus each box B € B(C') has the form



By x --- x Bg where B; = C} is a singleton for j ¢ J
and B; € T for j € J. We write Cyl(B) for the unique
cylinder C' such that B € B(C), this is also the unique
smallest cylinder containing B. We call C the cylinder-
type of B. The dimensionality of a box B, dim(B) is
the number of non-degenerate directions.

We will now define a set BadBoxes of boxes. The
set BadBoxes is defined as follows. Consider boxes
in increasing order of dimensionality. In other words,
take boxes B and B’ such that Cyl(B) is a J-cylinder
and Cyl(B') is a J'-cylinder. 1If |J| < |J/|, then
B is considered before B’. For boxes of the same
dimensionality, we consider them in decreasing order of
size. Initially we consider 0-dimensional boxes (points)
and declare such a box to be bad if and only if the
point is rejected by Sift. For a box B of dimension
at least 1, we put B € BadBozes if (1) There is a
box B’ of the same cylinder type as B that contains
B and is in BadBoxes. (Note that B’ is considered
before B.) or (2) There is a non-degenerate direction j
of B such that for at least 1/29+2 of the values r € Bj,
H;(r)NB € BadBozes. (Note that each box H;(r)N B
has lower dimension than B and is considered before
B).

The lemma will follow from:

P1 For any full-dimensional box B € B, if x € B —
Refine'(B) there is a cylinder C containing 2 such
that that BN C € BadBoxes.

P2 UBGBadBomesB g Tg(S)

Proof of [P1] : We prove [P1] by reverse induction
on |B|. If B = [n]%, then 2 € B — Refine/(B) means
that x is rejected by Sift, in which case we take C' to be
the singleton cylinder {z}. By definition, {z} = BN C
belongs to BadBoxes.

Suppose |B| < n?. If z is rejected by Sift we again
take C' = {z}. Otherwise, since z € B — Refine'(B),
there is a parent P of B and line L € BadLines'(P)
with £ € PN L. Let j be the direction of L. Let
S = LN (P — Refined (P)). Since L € BadLines'(P),
|S| > |L N P|/8. By induction, for each y € S there is a
cylinder C(y) such that C(y)NP € BadBozes. Let J(y)
be the set of directions for which C(y) is non-degenerate.
If there exists a y € S such that j € J(y), then C(y)NB
is also in BadBozes and z € C(y) N B as required. So
assume j ¢ J(y) for all y € S. For J C [d] — {j}, let
S(J)={y e S:Jy) = J}. By a simple averaging
argument, there must be a J* C [d] — {j} such that
|S(J*)| > |S]/2¢71 > |L N P|/29F2. Extending C(y) in
direction j gives the same cylinder C for all y € S(J*).
We then have PN C € BadBoxes since for 1/29+2 of
r € P;, PNCnNH;(r) € BadBoxes. But then BNC

has the same cylinder type as P N C and so is also in
BadBozes. This completes the proof of [P1].

Proof of [P2] We claim that for all B €
BadBoxes, we have B C T)(S) where j = dim(B).
The proof is a straightforward induction on j = dim(B)
and is given in the full version of the paper.
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