SEQUENTIAL TANGENTS

SAM COSKEY

In the article, Tangent Sequences, World Records, 7, and the Meaning of Life:
Some Applications of Number Theory to Calculus [2], Ira Rosenholtz wishes to
understand the convergence of series of the form
i tan(n)

n=1 nb
for small natural numbers, b. Unfortunately, this question is a very difficult ques-
tion to answer, because the tangent function is not bounded for values near /2.
Rosenholtz immediately simplifies his exploration.
If a series converges, then the sequence composed of the terms of the series must
. tan(n) .
approach zero. In our case, lim, .. =~ must equal to zero. The remainder
of Rosenholtz’s analysis attempts to determine whether this limit equals zero for
b=1, 8, and 2.

Continued fractions. It is immediately clear that Hafl‘#ﬂ < ooforalln,0<n<
oo. This is because tan(n) is only infinite at odd multiples of 7/2, and there can be
no integer n that is an odd multiple of 7/2. However, in this study it is very useful
to know which values of n are nearest to an odd multiple of 7 /2, and therefore will
cause |tan(n)| to be very large.

Suppose that n is near to the mth multiple of 7/2. Then n/m =~ w/2. The
closer n/m is to /2, the closer n is to a multiple of /2, the closer | tan(n)| is to
0o. Thus we would like to find fractions, n/m, that very closely approximate /2.
Such fractions are called convergents, and can be represented in continued fraction
form.

A continued fraction is defined by a sequence of integers, {a,}. The a, should
be positive, except that ag must be negative if the value of the continued fraction
is negative. The value of a continued fraction should be computed as shown:

1
(1) ao + N
a; + ———
as + oo
For example, the infinite continued fraction defined by {1}5° is equal to the golden
ratio, Y5+l

VVhen2 {a,} is a finite sequence, this continued fraction is equal to a rational
number, p/q. When {a,} is an infinite sequence, this continued fraction converges
to an irrational number, called o. More specifically, each continued fraction repre-
sented by {a,}% is equal to a rational number, py/qx, and the {py/qx} converge to
a as k — oo. The pg/qx’s are called the convergents of a.
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Conversely, and most helpfully, every rational number p/q can be represented by
a finite continued fraction, and every irrational number « can be represented by a
unique infinite continued fraction. Conveniently, there is an algorithm to compute
the continued fraction for a given rational number. One defines a new sequence,
{rn}, mutually recursively with {a,} thus:

o =«
@ n =]
Tn4+1 =

n — Qn
But we are interested in the convergents of «, which can also be found recursively
in the following way:

Po = ag g =1
(3) p1 = apay +1 q1 = ay
Pk = QkPr—1 + Pk—2 Qk = Qkqr—1 + Gk—2

The equations (3) are simple to prove inductively. It is difficult, however, to prove
that the sequence defined by equations (2) converge to a.. The proof relies on the
equations (3), and can be found in [1].

It is important to note two things. First, from the above formulas, it is clear that
the sequences {p;} and {qi } are increasing. Second, a given convergent, p/q, to a is
the best rational approximation to o among all possible fractions with denominator
less than or equal to ¢. In upcoming sections, Rosenholtz sets n/m equal to the
{pr/qc} of w/2. Thus, when n = pi, and m = ¢ is odd, |tan(n)| is large. To
calculate a,, for large values of n, we need to know many digits of the irrational «
already. Fortunately, billions of digits of 7/2 are known!

Convergence for b = 1. Rosenholtz begins with the case for % That is, we
want to know if this sequence approaches 0 as n — 0. The most interesting thing,
and perhaps the best selling point of this paper, is that the outcome is not obvious
(at least not until one looks at the structure of this document).

In fact, Rosenholtz finds that % does not converge at all. T will explain his
proof in detail.

The proof that lim,, .~ does not exist comes in two parts. First, he shows
that if the limit were to exist, it must be zero. Second, he shows that the limit
cannot be zero. The first statement he proves in two ways; I will discuss the method
that does not involve drawing a complicated picture.

For the first step, it is enough to find a subsequence, {ny}, for which lim,, ., % =
0. In choosing this sequence, we would like for |tan(ny)| to be small, perhaps
bounded by a constant, K, so that

|tan(ng)| = K

4 —<— =0
(4) e

tan(n)
n

To find such a sequence we ask the question, for what values n is |tan(n)| small?
Well, tan(z) = 0 for = mk. Unfortunately, numbers of the form 7k are not inte-
gers, but we can still find a sequence of numbers that are near enough to multiples
of m. Rather arbitrarily, the author chooses the greatest integer function, that is,
ng = [rk]. Thus, each n is no more than 1 away from a multiple of 7.
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Now, the tangent function is one-to-one on intervals that stay away from odd
multiples of 7/2. If n, € [vk — 1,7k + 1], then

tan(ny) € [tan(mk — 1), tan(7k + 1)]
= [tan(—1),tan(1)]
= [—tan(1),tan(1)]

Therefore, |tan(ng)| < tan(1), and so we set K = tan(1) in (4).

So far, we have shown that if a limit of the tangent sequence exists, it must
be zero. The second step is to show that the limit cannot be zero. Similarly, it is
enough to find a subsequence, {ny}, for which | tan(ng)|/ny stays away from 0. This
time we ask the question, for what values n is |tan(n)| large? Well, tan(x) = oo
for x = kn/2, k odd. Again, there are no integers of this form. But we already
know from the last section a sequence of numbers for which |tan(n)| is large! If
{pr/qr} are the convergents of 7/2, then we know that | tan(py)| is large whenever
qi is odd.

At this point, it is necessary to know that ¢ is odd quite often. The following
fact is relevant. For the convergents py/qx of a,

(5) Prdk+1 — Pes1qr = (—1)"

This is very easy to prove inductively, and I will skip it. In either case, this fact
implies that one of prgr+1 and pr41qx is odd, for any k. If it is the former, then
Qk+1 is odd. If it is the later, then ¢ is odd. Therefore, at least half of the gj are
odd.

We now let {n} equal the infinite subset of {px} for which g is odd, and g > 2.
Let {my} be these {qr}. Thus, we have a sequence of infinitely many integers for
which |tan(n)| is pretty large. The next few steps may seem a little bit odd, but
when put together they will show that the Ltan(uel
number greater than zero.

First, we use another nice fact about the convergents of continued fractions.
Suppose {pk/qr} are the convergents of a. Then, |pr/qr — a| < 1/qi. Again,
I will refer the reader to [1] for the proof. Applying this to our case, we have
Ing/my —m/2| < 1/m3. Multiplying both sides by my, yields that

are bounded below by some

(6) \nkfmmr/2| <1/mk

But since we made sure that my > 2, we have 1/my < 1/2 < w/4. Therefore,
|ng — mypm/2| < /4. In other words,

(7) ny, differs from an odd multiple of 7/2 by less than 7/4.

Next, we will use the mean value theorem! The MVT states that if f(x) is differen-
tiable on [a,b] (more than needed), and ¢ € (a,b), then

f®) = fla) = (b= a)f'(c)
In this case, we will apply the MVT to the function cot(n), on the interval I =
[ng, mem/2). By (7), ng stays near mym/2, and so ny, stays away from multiples of
7 in I. Thus, cot(z) is differentiable on I. Note also that since cot(mym/2), for odd

m, is equal to zero. We can thus write cot(ny) as cot(ny) — cot(mym/2). Plugging
this all into the MVT yields

cot(ng) — cot(mym/2) = cot(ng) = (ng — mpm/2)(— csc?(c))
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Taking the reciprocal of several sides of this equation results in
1
(ng — mgm/2)(— csc?(c))
Now, there are a couple of estimates to be made. First, by (7), we know that

ny stays away from multiples of m on I. Therefore, we can bound the cosecant
function:

(9) |ese(ng)| < M on I.

(8) tan(ng) =

Also, ny/my, is equal to some py/qy, which is a convergent of the continued fraction
for 7/2. Therefore, since the {ny/my} converge to a number (o = 7/2), they must
be bounded. Let’s say

n
+l<a

(10)

my,

Now we have all that we needed. Combining (6), (8), (9), and (10), we can say:

|tan(ng)| > _
1/mk x M?
| tan(ng)| < 1
ng T ng/mg X M?
1
A x M?
(11) > 0

In summary, Rosenholtz has found two subsequences of {n}—one for which tan(n)/n —
0, and another for which |tan(n)|/n is bounded away from 0. Therefore, the se-
quence tan(n)/n does not converge to a limit.

Convergence for b = 8. Rosenholtz contrasts the results of the last section with
the case for mz# He finds that in this case, the sequence converges to 0. To prove
this, the author shows that for large n, |tan(n)/n®| is bounded by an expression
whose terms go to zero.

We wish to show that tan(n)/n® — 0. So, for each n we let m be the integer
such that |n — mn/2| < w/4. That is, m is the multiple of 7/2 that n is closest
to. As before, when m is even, n is near a multiple of 7, and stays away from odd
multiples of 7/2. Let {n;} be those n for which the corresponding m is even. We
know that | tan(n;)| stays away from the tangent’s bad points, and so is bounded.

Thus | tan(n;)| < M, and so 122Gl o M —o.

nS 3
On the other hand, if m is ocjld, we V\Zﬂl need to use the mean value theorem
as before. Before we do this, however, we must to provide the three inequalities,
(13)—(15). For the first, we begin with the following theorem by M. Hata:

1
(12) 1S > 0, such that s > S = |r/s— 7| > S0

Now, we rearrange (12) by setting r = 2n, and s = m.
1
Ir/s —nl =12/m)n -7 > —555
1
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Note have now assumed that n is sufficiently large. This does not affect the power of
our proof, because finitely many terms in a sequence do not affect its convergence.
Now we move on to our second inequality. We know from (7) that for m odd, n
stays near mn /2, and away from multiples of w. Let ng be those n for which the
corresponding my, is odd. Then, for some ¢ € (ng, mgm/2),
1

(14) |ese(e)| = (o) >1

While I (following Rosenholtz) have written ¢ as a single scalar variable, it should
be noted that ¢ will of course be different for each k.

Thirdly, recall that the my, are chosen so that |ny — mgm/2| < w/4. We can see
from this requirement that the m must increasse with the n. Dividing both sides of
this equation by m yields the relationship |ny/my — /2] < w/4my — 0 as k — oo.
So, as k gets large, ny/my becomes close to 7/2 (as we should expect—this shows
that ng/my is a convergent of 7/2), which is greater than 1. Therefore,

(15) ni Z mi
Finally, we put (13), (14), and (15) together with (8) from the previous section.
1 1

|tan(ng)| = Ing, — mym/2] % | csc?(c)]
< 2ml9? x1
< 2n}%?
(16) - 0

In summary, Rosenholtz finds that for both even and odd natural numbers, {n},
the sequence with components taz# converges to 0. It is important to note that
Rosenholtz chose the value b = 8 because that is the closest approximation that

could be made in Hata’s result, (12).

Convergence for b = 2. The author has saved up the most difficult (and the most
fun) of the three cases for last. I will not explain the intermediate steps of proofs
in this section in as great detail as I did in the last two sections.

Without a more powerful version of Hata’s result from the previous section,
Rosenholtz knows of no way to prove that wﬂ# approaches 0. So, he uses the
previously introduced machinery to find numerical bounds for sequence at very
large n.

To simplify the question, we are asked to notice that if tan(n)/n? approaches

some number M > 0, then

tan(n) _ tan(n)

5 Xn— Mxn=o00

n n
Thus, if tan(n)/n? does not approach 0, then the tan(n)/n must be unbounded.
The unboundedness of a sequence can be characterized (somewhat loosely) by the
fact that such sequences must continue to produce very large values, even as n gets
very large. So, if tan(n)/n is unbounded, it must produce values that are larger
than all of the previous values an infinite number of times.
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Rosenholtz is thus looking for records. Suppose we have a sequence {ay}. He
defines ay, records to be those numbers K such that

(].7) V(k<K), ap < 4K

In words, if tan(n)/n has an infinite number of records, then it is unbounded. One
can imagine where these records might be found. We know that tan(n) is large for
n near mm /2, if m is odd. Thus, tan(n) is large if n/m is equal to some convergent
pr/qk of the continued fraction for 7/2, and m is odd.

Rosenholtz spends quite some time proving the rather obvious result that each
of the tan(n)/n records, {Kj}, is in fact equal to some pg. The proof is not
straightforward, but neither is it complex. The difficulty comes in showing that
when n/m is not a reduced fraction, then n is not a record.

Rather than use the mean value theorem, as in the above sections, the author
uses the Laurent expansion of the cotangent function. Why would the expansion
of the cotangent function help in estimating tangents? Well, suppose that m is
an odd number, and that it equals 2j + 1. Then the cot(n — mn/2) becomes
cot(n — /2 — 7j). But the cotangent function is 7 periodic, and j is an integer, so
this is exactly the same as cot(n — 7/2). Now,

cot(n —mn/2) = cot(n—m/2)
cos(n — m/2)
sin(n — /2

= —tan(n)

But we already know a lot about estimating |n—mm /2|, so writing out the series for
cot(n — mm/2) gives Rosenholtz quite a bit of information about tan(n), and even
tan(n)/n. He uses this tool to produce several key inequalities involving |tan(n)|.

Armed with the fact that tan(n)/n records are all py’s, Rosenholtz uses Math-
ematica to find all such records less than n = 10%:000:990 " The last record that he
found is on the order of 10690:000 He then uses the following relation to carry over
these results to bounding |tan(n)|/n?. Suppose that K} is a tan(n)/n record (recall
that records are values of n, not of a,). Then for all n with K, <n < Kp41,

|tar;(”)‘ < ltar}gf’“)l (because K} is the record)
E— |ta§£")‘ < ltar;g(’“)l (because n > Kj)

k

In this way, Rosenholtz is able to bound [tan(n)| by about 1.92 x 107576444 for all

n2
n € [5.37 x 10576450 1 1(8,000,000] " Thys, the best that Rosenholtz can say is that as

. t .
far as modern hardware is concerned, the a;‘ig") series stays very small for a very

long time.

Words € article. In all, I found this article fun to read, and I found the results
exciting. It is clear that the author also had fun writing it—he certainly seemed to
enjoy using Mathematica, and making large and small lettering with his typesetting
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program. It also must have brought him great joy to use the words “theorem” and
“proof” inside double quotes.

I have only a few minor difficulties with this paper. First, and most trivially,
there is an error in one of the theorems in the b = 2 section. The author wrote
mm when he intended to write mn /2. This author hopes that he is not held to the
same level of scrutiny.

Secondly, the author is often unclear in his use of subscripts. It is difficult for
the reader to distinguish those times when he is referring to specific elements of a
sequence, and those times when he is referring to general terms in a sequence. I
have attempted to clarify those circumstances in my analyses, above.
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