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Theorems? They’re statements which have been proven to be true by means of logic. Everything a

theorem asserts is true because we have logically proven it to be so. Unfortunately our focus isn’t

on proving theorems; instead we’re concerned with learning how to use them to solve problems.

Example 1 (Intermediate value theorem for finding zeros of functions). Let f(x) be a continuous

function defined on a closed interval [a, b]. If f(a) and f(b) have opposite signs, then there is some

c ∈ (a, b) for which f(c) = 0.

This particular theorem tells us that f(c) = 0 for some a < c < b whenever these conditions

hold:

1) f is continuous over [a, b];

2) We’re working over a closed interval [a, b];

3) f has opposite signs at its endpoints, ie. f(a) and f(b) have opposite signs.

We can put this to use immediately:

Example 2. Let h(t) = t3et − 2. Show that h(t) = 0 for some t ∈ [0, 1].

Solution (detailed): There are a number of ways to show that h(t) = 0 for some t ∈ [0, 1]. Here are

a few:

We could try to manually solve for t in h(t) = t3et − 2 = 0 and pick out an answer which

satisfies 0 < t < 1; after a couple of steps of algebra though we run into a hopeless situation. How

do we solve for t3et = 2? Hopeless!

We could also answer the question by showing that the graph of h(t) = t3et − 2 crosses the

t-axis in between t = 0 and t = 1. The problem with this approach is that our class avoids the use

of calculators. Besides, how would we be able to use this approach if we didn’t have a graphing

calculator on an exam?

Another strategy: apply the intermediate value theorem. It’s a theorem we know that says

things about zeros of functions. Let’s check to see that the theorem actually applies to our situation

here, ie. let’s check that h(t) = t3et − 2 satisfies ALL the conditions of the IVT over [0, 1].

1) h(t) = t3et−2 is continuous because I’m multiplying and adding continuous functions t3, et, 2

together to get h(t), and I haven’t introduced any trouble-spots, ie. no division by zero, no

jump discontinuities, etc.

2) The closed interval we’re working over is [0, 1].

3) All that remains to be checked is that h(0) and h(1) have opposite signs:

h(0) = 03e0 − 2 = −2 < 0 while h(1) = 13e1 − 2 = e− 2 > 0.
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Thus our h(t) = t3et − 2 over [0, 1] satisfies all the conditions of the IVT which means

h(t) = t3et − 2 over [0, 1] is an example of the type of situation the intermediate value theorem

discusses. The intermediate value theorem says that for these types of situations there will always

be a 0 < c < 1 satisfying h(c) = c3ec − 2 = 0. Therefore by the intermediate value theorem we

are done: somewhere over [0, 1] our function h(t) = t3et − 2 equals 0, and this is true because the

intermediate value theorem, correctly applied to our situation, says so. �

When you work through this example, everything might make sense except for the last few

lines. How did we get the answer that we wanted just from checking the conditions of the IVT?

It’s because whenever the conditions of the intermediate value theorem hold, the

conclusion/assertion of the theorem applies too. It’s that easy.

This might seem too good to be true, that we’re getting something for nothing by using a

theorem, but that’s the point of having theorems—a lot of heavy lifting was done by mathematicians

before us to make sure the theorem’s true so that we can use it over and over again whenever the

theorem applies.

The strategy on how to use a theorem should now be clear: 1) given a problem, think about

which theorems might apply to help you get the answer you want; 2) verify that the conditions of

your theorem hold in your problem and 3) conclude by invoking said theorem to your problem.
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Example 3. Let f(x) = 2x − 3x. Show that f(x) = 0 for some x-value.

Solution: So far we only know a handful of calculus theorems. The only reasonable theorem we

know of that may help us here is again the intermediate value theorem for finding zeros of functions.

To apply the intermediate value theorem here, we need to verify the conditions of the theorem for

our f(x).

First f(x) = 2x − 3x is continuous—it’s the difference of two functions 2x and 3x both of

which are continuous everywhere.

Now comes the tricky part: which closed interval should we work over? The intermediate

value theorem requires that we work over a closed interval, but our problem here hasn’t specified

one for us; it’s up to us to figure one out. But we can’t choose any old closed interval [a, b]; we

need to make sure that the closed interval we work with ends up helping us out: we must be able

to verify condition 3) of the intermediate value theorem with this closed interval too.

After I think about it for a couple of moments, I know what closed interval to choose: [−1, 1].

With this interval I should be able to verify the remaining conditions of the intermediate value

theorem.

Since [−1, 1] is closed, I only need to verify the last condition, that f(x) has opposite signs

at the endpoints. Indeed

f(−1) = 2−1 − 3−1 =
1

2
− 1

3
> 0 while f(1) = 21 − 31 = 2− 3 < 0.

Thus over [−1, 1] our function f(x) = 2x−3x satisfies the conditions of the intermediate value

theorem. Therefore the intermediate value theorem tells us that there exists some −1 < c < 1 for

which f(c) = 2c − 3c = 0. Thus we have shown that f(x) = 0 for some x-value, namely the x = c

described by the intermediate value theorem.

Note 1: The intermediate value theorem doesn’t tell us exactly which x-value to use; it only

guarantees that such an x = c exists!

Note 2: We didn’t have to use the intermediate value theorem to solve this problem. You might’ve

noticed early on that x = 0 does the trick: f(0) = 20 − 30 = 1 − 1 = 0. In any case I wanted to

illustrate the use of the theorem here. Note incidentally that x = 0 lives in the closed interval I

worked with in the solution, ie. 0 ∈ [−1, 1]. This is precisely the x = c that the intermediate value

theorem was talking about! �

I chose Example 3 to illustrate something about the use of theorems: sometimes it’s not

so straightforward to check the conditions of a theorem. For instance compare Example 2 and

Example 3. In Example 2, it was a straight-shot to show that the intermediate value theorem

applies; all the conditions held after direct computations. In Example 3, we needed to think about

the situation a little bit more to choose the correct interval [−1, 1] for the theorem to apply, and

therein lies my point: sometimes, and in fact often times, we’ll have to think and get creative to

make sure theorems apply.
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Example 4. Determine limx→0 x
4 sin

(
1
x2

)
.

Solution: We can’t use the substitution/plug-in method here because x4 sin
(

1
x2

)
isn’t continuous

at x = 0; if we tried to plug in x = 0 into x4 sin
(

1
x2

)
anyway we would get something that doesn’t

make any sense: 0 sin
(
1
0

)
. Fortunately we’ve worked out enough problems so far in class to have

a sense that for this type of limit, limx→0 x
4 sin

(
1
x2

)
, we might do well to apply the squeeze theorem.

Squeeze theorem: Let f(x) be a function, and suppose there are functions u(x) and `(x) satisfying

the following properties:

1) `(x) ≤ f(x) ≤ u(x)

2) Both lim
x→c

u(x), lim
x→c

`(x) exist, and they equal each other lim
x→c

u(x) = lim
x→c

`(x).

Then lim
x→c

f(x) exists too, and lim
x→c

f(x) equals lim
x→c

u(x) = lim
x→c

`(x).

The conditions of the squeeze theorem have been spelled out for us; all we need to do is verify

them for f(x) = x4 sin
(

1
x2

)
to compute the limit.

The not-so-straightforward part of this problem is to find upper and lower functions u(x),

`(x) that satisfy conditions 1) and 2) of the squeeze theorem. I’m going to take u(x) = x4 and

`(x) = −x4.
Here’s why this choice of u(x) and `(x) satisfies condition 1): in general, we have −1 ≤ sin t ≤

1 for all t. Therefore

−1 ≤ sin t ≤ 1 =⇒ −1 ≤ sin

(
1

x2

)
≤ 1

where I’ve basically substituted t = 1
x2 into sin. Since x4 is always positive and multiplying

inequalities by positive numbers don’t change inequalities, we get

−1 ≤ sin

(
1

x2

)
≤ 1 =⇒ −x4 ≤ x4 sin

(
1

x2

)
≤ x4.

This establishes condition 1), that `(x) ≤ f(x) ≤ u(x).

As for condition 2): since u(x) = x4 and `(x) = −x4 are continuous (they’re polynomials),

we have

lim
x→0

u(x) = lim
x→0

x4 = 04 = 0 = −04 = lim
x→0
−x4 = lim

x→0
`(x).

Therefore condition 2) of the squeeze theorem also holds for our choice of u(x) and `(x).

Put everything together now: since all the conditions of the squeeze theorem hold for our

u(x), f(x) and `(x), we may conclude that limx→0 f(x) exists too, and it equals limx→0 u(x) =

limx→0 `(x) = 0. Thus limx→0 x
4 sin

(
1
x2

)
= 0 by the squeeze theorem. �
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