
Rutgers 642:613 - Fall 2003

Instructor: Eduardo D. Sontag

Text: Keener & Sneyd, Mathematical Physiology

http:/ /www.math.rutgers.edu/ ~sontag/613.h tml

warning: this is a draft of notes {to be contin uously revised!
tentative plan for �rst few weeks:

� basic bio chemical (including enzymatic) reactions
(inhibition, cooperativit y, Mic haelis-Men ten; e.g.'s such as glycolysis;

math: time-scale separation (singular perturbations), phase planes,

bifurcations, and oscillations - basis for everything else in the course)

� movement of chemicals inside and in/out of cells
(plain and facilitated di�usion, carrier-mediated transp ort,

mo dels of the membrane including the role of ion pumps,

an application of the study of cell volume)

� Ho dgkin-Huxley mo del for neurons
(excitabilit y, oscillations; FitzHugh-Nagumo, . . . )

� calcium dynamics

Chapter 1 - Reactions

use capital letters A; B ; : : : for names of chemical substances
(large molecules such as proteins, or ions, etc)
& corresp. lower-case a; b; : : : = concentrations
e.g. reaction: one unit of C pro duced from one A & one B :

A + B
k

� ! C

typical mo deling assumption is (ide al) mass action :
formation rate of C / (concen tration A )(concen tration B ):

_c = dc=dt = k ab

and so A and B are being used-up at the same rate:

_a = _b = � k ab

collision theory; constan t depends on energy needed to bind
(press to snap lego pieces), geometry of particles, etc
limitations: low numb ers : e.g. 2-100 molecules in a cell
 probabilistic mo dels
satur ations: other chemicals needed but in short supply

rev ersible bimolecular reaction:

A + B
k+

� !
 �
k �

C _c = k+ ab � k � c (= � _a = � _b)

so at steady state, and using a + c � const � a0, will have:

c =
k+

k �
ab = a0

b

K eq + b

�
K eq =

k �

k+
equilibrium const

�

(e.g. giv en c(0) = 0 and a(0) = a0; and if also giv en
b(0) � b + c, then may solve (quadratic) for steady state)

enzymes: catalysts (proteins usually) facilitate reactions
(\substrate in to pro duct"); not changed themselv es
e.g. put stress to help break a bond, or bring things together
Mic haelis-Men ten, 1913: basic mechanism two-step:

S + E
k1� !

 �
k � 1

C
k2� ! P + E (C = \complex")

(ignoring rev erse reaction { remo val of P , or small rate)



full mo del of S + E
k1� !

 �
k � 1

C
k2� ! P + E is:

_s = k � 1c � k1se
_e = (k � 1 + k2)c � k1se
_c = k1se � (k � 1 + k2)c
_p = k2c

note _e + _c � 0; so c + e � e0 total enzyme (b ound or not)
also, p can be at �rst ignored (just in tegrate), so two ode's

quasi-ste ady-state appr oximation is easier to deal with
and explains observ ed \saturation" behavior
(6= appro x than original MM work, who assumed _s = 0)

time-sc ale separ ation is key to appro ximation
{ analyze separately what happ ens \slo wly" vs \quic kly"

next we'll spend some time with this,
since similar argumen ts will occur over and over

�rst, simple linear example to understand the poin t;

_x = y
_y = (1=" )( x � y )

where " � 0, with x (0) = A , y (0) = B
the solution (thanks to Maple) is giv en by x (t ) =

1=2
�

A +
p

1 + 4 "A + 2 B "
�

e( � 1+
p

1+4 "
2" ) t 1

p
1 + 4 "

� 1=2
�

A �
p

1 + 4 "A + 2 B "
�

e( � 1�
p

1+4 "
2" ) t 1

p
1 + 4 "

(y ( t ) in next slide); so using expansions:

� 1 +
p

1 + 4 "

2"
= 1 � " + O(" 2)

� 1 �
p

1 + 4 "

2"
= � " � 1 � 1 + " + O(" 2)

have for t \not small" e( � 1+
p

1+4 "
2" ) t � et , e( � 1�

p
1+4 "

2" ) t � 0
 x ( t ) � Ae t

similarly , y ( t ) =
1

2"

�
� 1=2

�
A +

p
1 + 4 "A + 2 B "

�
e( � 1+

p
1+4 "

2" ) t 1
p

1 + 4 "

+1 =2
�

A +
p

1 + 4 "A + 2 B "
�

e( � 1+
p

1+4 "
2" ) t

+1 =2
�

A �
p

1 + 4 "A + 2 B "
�

e( � 1�
p

1+4 "
2" ) t 1

p
1 + 4 "

+1 =2
�

A �
p

1 + 4 "A + 2 B "
�

e( � 1�
p

1+4 "
2" ) t

�

drop last two terms (dominated by �rst two for t large)  
�
A +

p
1 + 4 "A + 2 B "

�
e( � 1+

p
1+4 "

2" ) t

2
p

1 + 4 "

� 1 +
p

1 + 4 "

2"

last is � 1, and so y(t ) � Ae t , same as x (t )

(large t ; this cannot be true for t � 0, since y (0) = B !)
easier way to see:

equations are

_x = y
_y = (1=" )( x � y )

where " � 0, with x (0) = A , y (0) = B

now, as " � 0, second ODE is \fast" compared to �rst,
so view x (t ) � a as constan t there: _y = (1=" )( a � y )

th us y ( t ) ! a very fast , i.e. y ( t ) � x ( t )
(\ y ( t ) trac ks x ( t )")

from the poin t of view of x , time is passing slowly ,
and all it sees is y ( t ) � x ( t )
so x 's eqn is _x = x , whic h has solution x (0) et = Ae t

and so, y ( t ) � x ( t ) � Ae t

(singular perturb ation theory studies this rigorously)



but need to be careful !

_x = y
_y = (1=" )( x � y )

said: \second equation fast compared to �rst,
so assume x (t ) is constan t in second equation"
but what if y lar ge?

e.g. if y (0) = B = " � 1 � 1, then _x (0) = y (0) = B is large,
so x changes fast too; in fact, X ( t ) 6� Ae t , but �

A +
p

1 + 4 �A + 2 B �

2
p

1 + 4 �
et �

A +
p

1 + 4 �A + 2

2
p

1 + 4 �
et � (A +1) et

e.g.: " = 0:01, B = 100, A = 1, solution (to two decimals)

is X (t ) = 1:97e0:99t � 0:97e� 100:99t vs X (t ) = e0:99t

) need to consider orders of everything app earing in eqs
. . . also, magnitudes depend on units. . . \nondimensionalize"

back to S + E
k1� !

 �
k � 1

C
k2� ! P + E (e = e0 � c & ignore p):

_s = k � 1c � k1s(e0 � c)
_c = k1s(e0 � c) � (k � 1 + k2)c

enzymes typically at concentrations � substrates
so assume e(0) = e0 = " � 1, so also c = e0 � e is small

but everything else (substrate concentration, kinetic const)
is \ O(1)" (not to o small and not to o large)
(see book for more careful nondimensional analysis)

write x = c
" and express eqns in terms of s; x (instead of c)

so that everything but " is O(1) (t ypical " � 10� 7 to 10� 2)

_s = " [( k � 1 + k1s) x � k1s]
_x = k1s � (k1s + k � 1 + k2) x (use that _x = _c=" )

so to analyze what happ ens for t lar ge, let � = "t
(e.g. view in hours � instead of seconds t when " = 1=3600)

using ds
d� = 1

"
ds
dt and dx

d� = 1
"

dx
dt leads to eqs using � as time:

ds=d� = [( k � 1 + k1s)x � k1s]
" dx=d� = k1s � (k1s + k � 1 + k2)x

so setting " = 0 (think of second equation converging fast
to equilibrium, to o fast to be \noticed" in the time scale � ),
obtain algebraic equalit y k1s � (k1s + k2 + k � 1)x = 0, i.e.

x =
s

s + K m
; K m =

k� 1 + k2

k1

so (substitute and simplify) ds=d� = � k2s=(s + K m), so:

_s = "
�

ds

d�

�
= �

Vmax s

s + K m
(Vmax = k2 " )

and, since _p = k2c = k2"x = Vmax x ,

_p =
Vmax s

s + K m
Michaelis-Menten rate of pr oduct formation

)
1

_p
=

s + K m

Vmax s
=

1

Vmax
+

K m

Vmax
�

1

s
(linear 1= _p vs 1=s)

\Linew eaver-Burk plot" to estimate params (regression)

Vmax s

s + K m

slop e at s=0 is Vmax =K m, half of max rate reached at s= K m,
asymptotic value (max reaction rate) is Vmax
(note: orig. M&M deriv ( _s = 0) giv es k � 1=k1 instead of K m)

this was all obtained for slow time scale; instead,

_s = " [( k � 1 + k1s) x � k1s]
_x = k1s � (k1s + k � 1 + k2) x

for original time scale and t small, as " � 0, s( t ) � s(0)
for t \not large", so in this initial layer near time t = 0,
_x = k1s(0) � (k1s(0) + k2 + k � 1)x (linear ODE, can solve)



appro x. vs exact.
Schnell & Mendoza,
\Closed form solution
for time dependent en-
zyme kinetics,"
J Theor Biology 1997
(187):207-212.
(That pap er obtains a
solution for s( t ) using
\Lam bert W function"
(in verse of yey = x ;
separation of vars)
The same result can be
obtained by simply ask-
ing Maple to solve the
equation (!).)
Graph has time scaled
to (0; 1)

Mec hanisms for Enzyme Inhibition/Activ ation

cellular control built from feedforw ard and feedback loops

enzyme activ ation/inhibition mo dulates \gain" of pro cesses
[but also: irrev ersible inhibitors: poisons (e.g. nerv e gases)]

size of enzyme � size of substrate
one or more binding sites for ligands - \lo ck and key" �t

competitive inhibition: occupies & prev ent binding

alternativ e: bind at e�e ctor (\ regulatory " \ al losteric ") site
di�eren t from active site at whic h catalytic activit y occurs

changes shape of protein - al losteric inhibition or activation

Merriam-W ebster: allosteric: \all+steric"; steric: relating to or

involving the arrangemen t of atoms in space; =\solid" in Greek

(pic from Ric k Kahn, Emory U Bio chem BAHS 501, 2001) (pic from Ric k Kahn, Emory U Bio chem BAHS 501, 2001)



(pic from Ric k Kahn, Emory U Bio chem BAHS 501, 2001)

Conformation changes due to binding also imp ortant, e.g.:

Ca2+ binds (at two sites) to recoverin, inducing shape change
recoverin is a protein that acts as calcium sensor in retinal ro d cells;
it controls the lifetime of photo excited rho dopsin by inhibiting rho dopsin kinase http://www.bio chemj.org/

Allosteric Inhibition

(pic from Ric k Kahn, Emory U Bio chem BAHS 501, 2001)



Comp etitiv e Inhibition

S + E
k1� !

 �
k � 1

C1
k2� ! P + E I + E

k3� !
 �
k � 3

C2

C1 is complex as before; but catalytic reaction cannot
pro ceed if inhibitor I bound to activ e site (complex C2)

_s = k� 1c1 � k1se
_e = (k � 1 + k2)c1 + k � 3c2 � k1se � k3ie

_c1 = k1se � (k � 1 + k2)c1
_c2 = k3ie � k � 3c2
_i = k � 3c2 � k3ie
_p = k2c1

note c1 + c2 + e � e0 total enzyme (b ound or not)
and also i + c2 � const , so eliminate e; i

as earlier, �rst ignore _p, so three ode's
quasi-steady-state: do ci = "x i , � = "t , set " = 0 . . .  

S + E
k1� !

 �
k � 1

C1
k2� ! P + E I + E

k3� !
 �
k � 3

C2

c1 =
K i"s

K mi + K is + K mK i

�
K m =

k� 1 + k2

k1

�

c2 =
K m"i

K mi + K is + K mK i

�
K i =

k � 3

k3

�

so, using _p = k2c1, and again with Vmax = k2 "

_p =
Vmax s

s + K m(1 + i=K i)
compare: _p =

Vmax s

s + K m

so the rate of pro duction of pro duct _p(t )
is smaller than if there had been no inhibition,
giv en the same amoun t of substrate s( t )
(smaller for i � 1, k3� 1, k3� 1)

but for s � 1 still same _p = Vmax
(\so much s that i doesn't get chance to bind & blo ck")

Allosteric Inhibition

E
k1s
� !
 �
k � 1

E S
k2� ! P + E

k3i
?

6

k � 3 k3i
?

6

k � 3

E I
k1s
� !
 �
k � 1

E I S

E I denotes complex of enzyme and inhibitor, etc

shorthand: \ E I
k1s
� !
 �
k � 1

E I S" really means E I + S
k1� !

 �
k � 1

E I S, etc

assuming binding of S or I to E indep endent
but pro duct can only be formed (& released) if I not there

Homework (#2, p.30): do q-s-s appro x to obtain a form ula:

_p =
Vmax

1 + i=K i
�

s2 + as + b

s2 + cx + d
(for some a = a( i ) ; : : :)

so max rate (large s) goes & , compared w/comp etitiv e inh
in tuition: i can bind, so max throughput a�ected

Cooperativit y

if multiple binding sites in enzyme, and
binding additional substrate molecules help ed by previous
(classical example: oxygen/hemoglobin)

S + E
k1� !

 �
k � 1

C1
k2� ! P + E S + C1

k3� !
 �
k � 3

C2
k4� ! P + C1

(so pro duct can be formed from either site)

_s = k � 1c1 � k1se + k� 3c2 � k3sc1
_e = (k � 1 + k2)c1 � k1se

_c1 = k1se � (k � 1 + k2)c1 + (k4 + k � 3)c2 � k3sc1
_c2 = k3sc1 � (k4 + k � 3)c2
_p = k2c1 + k4c2

note c1 + c2 + e � e0 total enzyme (b ound or not)
as earlier, �rst ignore _p, so three ode's
quasi-steady-state: do ci = "x i , � = "t , set " = 0 . . .  



S + E
k1� !

 �
k � 1

C1
k2� ! P + E S + C1

k3� !
 �
k � 3

C2
k4� ! P + C1

c1 =
K 2"s

K 1K 2 + K 2s + s2

�
K 1 =

k� 1 + k2

k1

�

c2 =
"s 2

K 1K 2 + K 2s + s2

�
K 2 =

k4 + k � 3

k3

�

) _p = k2c1 + k4c2 =
(k2K 2 + k4s) "s

K 1K 2 + K 2s + s2

e.g.: indep endent iden tical binding: k1=2 k3,k � 3=2 k � 1,k4=2 k2

(t wo sites, so double probab of binding/un binding S or P )

_p = 2
k2"s

K + s

�
K =

k� 1 + k2

k3

�
twice, as exp ected

more in teresting: if K 2� 1 and 1� K 1 (e.g. k3� 1, k1� 1)

_p =
Vmax s2

K 2
m + s2

�
K m =

p
K 1K 2 ; Vmax = k4"

�

more generally:

_p =
Vmax sn

K n
m + sn n = \ Hil l coe�cient "

n may be fractional (di�eren t limits; non-indep endence, etc)
exp erimen tal determination of Vmax ; n; K m: observ e that

n ln s = n ln K m + ln
�

_p

Vmax � _p

�

so plot ln
�

_p
Vmax � _p

�
vs ln s, look at slop e & in tersects

note graph of f (s) = Vmax sn

K n
m+ sn = graph when n =1, after

change of vars s 7! sn (con tract if s � 0, expand if s � 0),
so max at Vmax , half-max at K m; for n > 1: f 0(0) = 0 so
\sigmoidal" { e.g. compare n = 1; 3:

exp erimen tal example of co-
operativit y; �ts to various
Hill curv es that arise due to
allosteric a�ects (whic h change
cooperativit y)

from Ian J. MacRae et al., \In-
duction of Positiv e Cooperativ-
it y by Amino Acid Replace-
ments within the C-terminal
Domain of Penicillium chryso-
genum ATP Sulfurylase," J.
Biol. Chem., Vol. 275, 36303-
36310, 2000

(in tracellular reaction in the in-

corp oration of inorganic sulfate

in to organic molecules by sulfate

assimilating organisms; the al-

losteric e�ector is \P APS")

(= 3'-phosphoadenosine-5'-phosphosulfate)

velocit y curv es of C509S vs (a) MgA TP and (b) MoO 2
4

E.g. of oscillations: glycolysis

adenosine tri phosphate (A TP) = \energy currency" of cell
obtained by phosphorylation (adding phosphate group HPO 2�

4 )
to adenosine bi phosphate (ADP) or mono phosphate (AMP) (+2)

energy stored in the covalent bonds between phosphates:
natural repulsion of negativ es needs to be overcome
{think of compressing a spring and \clic king" it on position{
hydrolysis : energy released: water cleaves bond ATP ! ADP

glycolysis : pro cess whereb y metab olic energy (A TP)
is pro duced via conversion of glucose (G) to pyruv ate (PYR)

pro cessentails multiple reactions, each of whic h is catalyzed
by its own enzyme: \the glycolytic path way"



(h ttp://bill.srnr.arizona.edu/NLBc hemd/NLBc hemdOv erview.h tml)

glucose ! two GAP molecules; net gain of two ATP's

Oscillations

damp ed oscillations in glycolysis rep orted by Duysens and
Amesz [1957]

sustaine d oscillations:

http://bill.srnr.arizona.edu/class es/496y/Glycolysis/Glycol03.gif

Wh y?

physiological signi�cance unclear; suggested possibilities:

� circadian rh ythms

� facilitate alternation between bio chemical path ways

� increase e�ciency of glycolysis itself

� driv e pulsatile secretion of insulin in pancreas

� cause arrh ythmia in cardiac cells

Golb eter: alternatively, glycolytic oscil lations may be an
epiphenomenon, a necessary consequence of the regulatory
pr operties of PFK and without functional signi�c ance

negativ e feedback for regulation may pro duce oscillations -
shower temp erature control example; also:
curren t work in control theory: \Bo de in tegral form ula"

simpli�ed mo del (Sel'k ov 68; mo d: Goldb eter & Lefev er 72)
step: phosphofructokinase (PFK) catalyzes conversion of
fructose-6-phosphate (F6P) to fructose-1, 6-diphosphate (FDP)

will assume that PFK (enzyme) works as catalyst when in
\activ e" form PFK � (b ound with 
 molecules of ADP)

(in fact: there is allosteric inhibition of PFK by A T P, whic h is in turn

remo ved by AMP , but since 2ADP $ ATP+AMP , and AMP remo ves

the ATP from the PFK allosteric site, same e�ect)


 AD P + P F K � !
 � P F K �

AT P + P F K � � !
 � C

k2� ! AD P + P F K �

and also constan t supply
� 1� ! ATP and remo val of ADP

conservation of total enzyme " � 1, nondimensionalize, etc

(in book, E=PFK, ES

2=PFK � , S1=A TP , S2=ADP , S1ES


2=C)



for (nondimensionalized) ATP and ADP concentrations, resp.:

_� 1 = � � f ( � 1; � 2) (0 � � � 1)
_� 2 = �f ( � 1; � 2) � � � 2

where

f ( � 1; � 2) =
� 1� 


2
� 1� 


2 + � 

2 + 1

see separ ate �le: �nd nullclines and steady state
linearize at steady-state; char eqn = � 2 � H + positiv e
so stable if H < 0, unstable if H > 0
at H = 0 have imaginary ro ots; with a little more work:
supercritical Hopf bifurcation (small perio dic orbit)

H (0) � � ( 
 � 1) > 0 pro vided 
 > 1 & H (1) = � � < 0

so 9 switc h (p erio dic orbit for parameters < bifurcation)
( � small if e.g. k2 large, so lots of ADP pro duced, or � 1 small
(little ATP pro duced) { \p ositiv e feedback" e�ect larger

Goldb eter-Lefev er mo del: better agreemen t
with exp erimen ts: two bifurcation poin ts.
See Golb eter's book for many examples!)

Suggested problems:

� page 30, problem 1

� page 30, problem 2

� page 31, problem 4, parts (a) and (b)

� page 31, problem 5

� page 31, problem 7

� a bit harder(?): page 32, problem 10; also page 31,
problem 6


