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Chapter 4, Ho dgin-Huxley , etc

http:/ /www.math.rutgers.edu/ ~sontag/613.h tml

Excitabilit y

neurons, muscle cells, others, use poten tials as signals

excitable cells: if an applied curren t exceeds a thr eshold
then there is a large excursion \ action potential "
respond fully or not at all: \analog/digital conversion"

digital information is more robust to noise

Ho dgkin-Huxley (+Katz) 1952 (Nob el 1963 for HH)
�rst (still?) most succesful quan titativ e mo del in physiology
work ed with gian t axon of squid - voltage clamp technique
gave rise to huge mathematical industry
especially FitzHugh-Nagumo simpli�ed mo dels

http://www.math.rutgers.edu/cour ses/338/ho dhuxPrg/h tml/hh-applet.h tml

and, when in terconnecting, in 2-d: excitable media:
waves app ear because of delay and refractory behavior

Ho dgkin-Huxley Mo del

V = Vi � Ve, I out ward curren t, recall C dV
dt = � I total

ignoring pumps and non-gated channels (fast time scale)
imp ortan t curren ts: K , N a; lump rest as L (\leak age")
assume linear I-V curv es, so

C
dV

dt
= � gN a(V � VN a) � gK (V � VK ) � gL (V � VL )

(\+ I applied " if external curren t applied, but we'll assume
a \delta function" resulting in perturbation in V (0))

assume Nernst VS's constant : changes � tot concentrations

if also all conductances gS's constan t: where

lim
t !1

V (t ) = Veq :=
gN aVN a + gK VK + gL VL

gN aVN a + gK VK + gL
resting poten tial

with fast time constan t � 1 msec

and indeed this happ ens for smal l V (0) (recall applet)
but not true for large V (0): conjecture: gS = gS(V )

voltage-gated channels

change in membrane poten tial towards depolarization
triggers opening of ion gates

e.g. if gN a � gK and � gL then we have
C _V � � gN a(V � VN a) so V ! VN a � Veq

turns out that Na-gated channels have two typ es of gates:
activ ation and inactiv ation (but K channels only activ ation)
http://jimsw an.com/237/c hannels/c hannel graphics.h tm



K + voltage-gated channel
from Nature 419, 35-42 (05 Septem ber 2002), \The voltage-
gated potassium channels and their relativ es" by Gary Yellen

purple sphere: K + ion
green spheres: water molecules of hydration
red spheres: backb one oxygens of selectivit y �lter
orange spheres indicate side chain oxygen atoms

Voltage-clamp exp erimen ts

H&H exp erimen tal technique: force �xed voltage di�erence
across membrane (thread conductor in to axon, eliminating
spatial voltage gradien t ) only curren t across membrane)

now measure curren t that must be supplied in order to keep
this voltage constan t - must matc h the membrane curren t

�gure shows how curren t changes ( I ( t ))
when V changed from resting ( � � 70mV)
to a larger value; time scale 1ms;
horiz 0:5mA =cm2; from original HH

plot curren t against voltage, th us �nding conductance. . .

but complication: don't want total: need gS for each
channel separately { see book for details on how it was done

exp erimen tal gK (V )( t ) ; gN a(V )( t ), for di�eren t clamp ed V 's
and with solid curv es as per mo del to be giv en

another data poin t to help mo deling

they also plotted gK (V )( t ) for a V = V (t ) consisting of a
step-up and then a step-do wn:



mo del for gK

from now on, let v := V � Veq

how to mo del gK (v)( t ) and gN a(v)( t )?

for any �xed v, they look � exp onential approac h to a value,
so one would guess _g = � ( 
 v � g), i.e. g( t ) ! 
 v as t ! 1 ,
where � > 0 determines speed of convergence

but this ) slop e 6= 0 at t = 0, contrary to observations of
zero slop e and subsequent infection poin t before saturating

this suggests a power gk of such a g
for K, picked k = 4

Na more complicated: exp erimen ts suggest two channels,
one that opens �rst and one that closes

for these, start with linear ode's; then use k = 1 and k = 3 http://jimsw an.com/237/c hannels/c hannel graphics.h tm

Equations:

C _v = � gK (t )( v � vK ) � gN a( t )( v � vN a) � �gL (v � vL )
� m (v) _m = m 1 (v) � m

� n (v) _n = n 1 (v) � n
� h (v) _h = h1 (v) � h
gK (t ) = �gK n (t )4

gN a( t ) = �gN a m (t )3 h( t )

where functions of v as follo ws: write
1

� m (v)
(m 1 (v) � m ) = � m (v)(1 � m ) � � m (v)m

and same for n; h ; then:
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�gK = 36, �gN a = 120, �gL = 0:3
vN a = 115 vK = � 12, vL = 10:6

how did they come up with the num bers?
for any �xed v0, n ( t ) = n 1 (v0) exp ( � t=� n (v0)),
so �nd n 1 (v0) and � (v0) by �t to exp erimen tal data
next plot n 1 (v) vs v & �t by a \simple" function

similarly for m; h (assuming one acts before other, so can
separate e�ects of each)



conductances time constan ts

extr emely imp ortant : � m � � n and � � h

in tuitiv e analysis of mo del

C _v = � gK (t )( v � vK )| {z }
< 0

� gN a( t )( v � vN a) � �gL (v � vL )| {z }
> 0

pro vided v < min f vL ; vN ag (since vN a> 0, vL > 0, vK < 0)

if perturbation v0 = v(0+ ) � 0:
since (see plots) m 1 (0) � 0 (and �gL , � v 's not large enough),

gK (t ) � �gK n 1 (0) 4 � �gN am 1 (0) 3h1 (0) � gN a( t ),
we have that _v < 0, so v( t ) stays < v0, and v(t ) ! 0

but if v0 � 1, so m 1 (v0) is large enough,
then, since m (t ) � m 1 (v0), n ( t ) � n 1 (0), h( t ) � h1 (0)
(m (t ) reacts fast to new v because � m � 0, but n; h slow):

gK (t ) � �gK n 1 (0) 4 � �gN am 1 (v0)3h1 (0) � gN a( t )
_v > 0, so stay > v0,  positiv e feedback e�ect v( t ) %

but, as v � 1, eventual ly ( � h ; � n large): h & n % :
inactivation of Na gate and activ ation of K gate
) �rst term dominates, so v( t ) ! 0 (resting poten tial)



refractory perio d

once that h( t ) � 0, even if 9 perturbation so that v %
slow � h means that the Na term still does not dominate

h needs enough time to catch up with v � 0 so as to %

so even a superthreshold impulse will not cause
a new action poten tial during that perio d

but after su�cien t time, pro vided that v was small for a
while (p erhaps not zero, but enough to mak e m increase to
a reasonable value), a new action poten tial can tak e place

in this manner, a constan t applied curren t may pro duce a
�ring train

frequency encoding of amplitude

higher applied voltage means �re earlier amplitude:
applet with duration=50
and curren t: 0.05 (3 spik es), 0.1 (4), 0.15 (5)

simulation with applet
stim ulus at t = 5 (to see better), duration 1, curren t=0.1

m trac ks v, and also moves faster in response to stim ulus

FitzHugh: fast time scale
look at what happ ens in smal l time intervals
so (since � m � � n and � � h ), assume n (t ) � n 0, h � h0:

C _v = � �gK n 4
0(v � vK ) � �gN am 3h0(v � vN a) � �gL (v � vL )

� m (v) _m = m 1 (v) � m

three equilibria:
vr : \resting"
vs: saddle
ve: \excited"
dashed _v = 0
dash-dot _m = 0
solid 2 solutions

start \righ t" side of separatrix:
t !1
� ! far away \excited" state



but h, n not really constan t. . .
supp ose that v reached ve fast
plot of h; n shows that h1 (ve) < h1 (vr ), n 1 (ve) > n 1 (vr )
so h & , n % , and m -nullcline moves e.g. 1 ! 2 ! 3 ! 4:

think of \stepping to next value": then system in fast scale
equilibrates, but started from ve, whic h (x -axis) moves  
{ contin ues until saddle-no de bifurcation, when only vr left.
jump to vr ; then h, n go back to original: 4 ! 3 ! 2 ! 1
and x coordinate (v) moves slowly back to 0

an alternativ e view - longer time scale

FitzHugh: h( t )+ n (t ) � 0:8 constan t during action poten tial
(see appro x symmetry of h; n in simulations)  eliminate h
also: � m � 1 so m (t ) � m 1 (v) (instan taneous trac king)

C _v= � �gK n 4(v� vK ) � �gN am 1 (v)3(0:08� n )( v� vN a) � �gL (v� vL )
� n (v) _n = n 1 (v) � n

dots _n =0, dashes _v=0

fast on horizon tal n =constan t
n \parameter" for v eqn

�xed n : v ! equil, fast

\step" n : v ! another equil

until at upp er side: moving - while under _n = 0
but at one poin t, horizon tal dynamics is so that only
equilibrium is on other side - go there fast (v ! 0 at end)

simpli�ed version

captures all characteristics, but far simpler ( " = 1=� n ):

_v = f (x; v)
_n = "g (x; y )

let x ( t ) = v( t=" ) and y(t ) = n (t=" ), so:

" _x = f (x; y )
_y = g(x; y )

(same system, same nullclines, etc, just faster)
may view " as singular perturbation parameter
system of this special form enough for our purp oses:

" _x = f (x ) � y + I graph of f of \cubic" shape
_y = x � y

increasing I (constan t, think as applied curren t):
go from stable but not excitable, to stable excitable,
to limit cycles app earing through a Hopf bifurcation,
and then back through Hopf to excitable and just stable

" _x = f (x ) � y + I
_y = x � y

Jacobian at steady state:� 1
" f 0 1

"
1 � 1

�
so det = 1

" (1 � f 0) > 0

(assume f 0 < 1 alw ays)
and tr = 1

" f 0 � 1 so (0 < " � 1):

�rst picture stable
then going through Hopf
(at f 0 � 0, �rst \elb ow" of cubic, =
local min of y = f (x ))

in to unstable spiral
and �nally back to stable
through another Hopf



excitable behavior
small perturbation: return to stable; but if large enough,
go fast to stable poin t and then follo w stable manifold

limit cycle

estimate of times
for excitable case, trip up on righ t branc h: assume is graph
of x = V+ (y ) (branc h of cub e ro ot, for example)
then dy

dt � G+ (y ) = V+ (y ) � y (since follo wing curv e)

so
R dy

G+ (y ) =
R

dt implies

� T =
Z y1

y0

dy

G(y )

where y0; y1 are upp er and lower poin ts
for perio dic orbit case: similar: just add also the trip back
down on the leftmost branc h; ignore (assuming " � 0) the
horizon tal trips, ) perio d is:

� T =
Z y1

y0

�
1

G+ (y )
�

1

G� (y )

�
dy

see book for many mo dels of other excitable neuron typ es!


