
Ensuring Stability of State-dependent Riccati Equation

Controllers Via Satis�cing

J. Willard Curtis Randal W. Beard

Department of Electrical and Computer Engineering

Brigham Young University

Provo, UT, 84602

fwilly, beardg@ee.byu.edu

Abstract

Controls based on solutions to the state-dependent

Riccati equation (SDRE) have been shown to o�er
high performance, but they su�er from unproven sta-

bility properties. This paper combines SDRE with

satis�cing, a novel clf-based approach which analyti-
cally guarantees stability. Essentially, the SDRE con-

troller is projected point-wise onto the satis�cing set.
It is shown that this projection onto a stabilizing set

in the control space can be solved analytically, and an

example demonstrates the performance of the result-
ing SDRE-satis�cing controllers.

1 Introduction

Linear quadratic regulator theory has been success-
fully applied to a variety of applications in the past

decades, but it is practically restricted to linear or lin-

earized systems, and this limits its usefulness. The
State-dependent Riccati equation (SDRE) approach,

�rst implemented by Cloutier in [2] utilizes a Riccati
equation similar to the one solved in LQR, except that

it is solved continuously and uses matrices that are de-

rived from a factorization of a nonlinear system. Un-
fortunately, this state-dependent Riccati equation ap-

proach doesn't guarantee closed-loop stability (see [3]

for a thorough treatment of controllability and stabil-
ity issues).

Satis�cing, on the other hand, is a recently intro-

duced [5, 6] parameterization of smooth Lyapunov-
based control laws which are guaranteed to asymptot-

ically stabilize the closed-loop system. The satis�cing

technique is based on control Lyapunov functions [7, 8]
(clfs), and can be understood as a generalization of

Sontag's Formula [9] and Freeman and Kokotovic's

min-norm approach [10].

Satis�cing is based on a point-wise cost/bene�t

comparison [12] where bene�ts are de�ned in terms of

the clf, and costs re
ect a penalty on the control e�ort
and the state. It was shown in [6] that clf-based satis-

�cing can be modi�ed to parameterize a large class of
inverse-optimal [10, 14] controllers which always pos-

sess desirable gain margins.

The power of satis�cing is that it provides the de-
signer maximal 
exibility in choosing a particular sat-

is�cing controller, while guaranteeing that any valid

choice is stabilizing (or inverse-optimal). In this pa-
per, the demonstrated performance of the SDRE ap-

proach is combined with the analytical properties of

satis�cing to produce a method of generating high-
performance, inverse-optimal Lyapunov-based control

laws.

2 State-dependent Riccati Equation

Control

Consider the following a�ne nonlinear system with
multiple inputs and a disturbance, i.e.,

_x = f(x) + g(x)u; (1)

where x 2 Rn , u 2 Rm and f(0) = 0. We will assume

throughout the paper that f and g are locally Lips-
chitz functions, and the goal will be to regulate the

state x to the origin.

Motivated by the e�cacy of the linear quadratic
regulation results from linear optimal control theory,

a factorization of system (1) was introduced ([2]) such



that it appears linear at any �xed state:

f(x)
4
= A(x)x (2)

g(x)
4
= B(x): (3)

Viewed in this manner, control gains at any state x

can be computed using standard linear optimal control

theory, by solving the algebraic Riccati equation:

A
T
P + PA+Q� PBR

�1
B
T
P = 0; (4)

point-wise at every state, where R
T (x) = R(x) > 0

penalizes control e�ort, Q(x) = Q
T (x) > 0 penalizes

the state, and P (x) is the positive-de�nite symmet-
ric solution of (4). If (A;Q) is observable and (A;B)

controllable at every state, then this Riccati equation

has a unique positive de�nite solution P (x) and the
control gains become u = �K(x)x = �BT (x)P (x)x.

In general, the SDRE technique requires that (4) be

solved at every state, whereas in the linear case it must

only be solved once. Another di�erence is that in the
linear case, a solution of (4) guarantees a stabilizing

(and optimal) control law, whereas in the nonlinear

case the asymptotic stability of the closed-loop sys-
tem has not been proven. It should be noted, though,

that extensive simulations (see [16] for a hardware ex-
periment) support the idea that SDRE controls will

indeed stabilize a large class of nonlinear systems.

3 Satis�cing

Clf-based satis�cing is a complete parameterization
of asymptotically stabilizing control laws (with cer-

tain regularity requirements) given a valid clf for the

closed loop system. It was shown in [6] that the satis-
�cing parameterization is easily modi�ed to generate

inverse-optimal controllers.

In particular, a C
1 function V (x) : Rn ! R is said

to be a control Lyapunov function (clf) for system (1)
if V (x) is positive de�nite, radially unbounded, and if

inf
u
V
T

x
(f + gu) < 0;

for all x 6= 0.

Clfs can be constructed by the technique of inte-

grator backstepping, if the system dynamics have a

cascade structure, but �nding clfs for more general
nonlinear systems is an open problem.

De�nition 3.1 The Satis�cing Set, denoted S(x) is

a state-dependent control value set containing all the

points in Rm which satisfy:

S(x)
4
=

�
u 2 Rm : � V

T

x (f + gu) >
1

b
(l + u

T
Ru)

�
;

(5)

for some positive value of b and the state-dependent

functions l(x) > 0 and R(x) = R
T (x) > 0 are design

parameters.

De�nition 3.2 A satis�cing control, k : Rn ! R
m ,

is a function with k(0) = 0 that is locally Lipschitz on

R
n nf0g and such that k(x) 2 S(x) for all non-zero x.

Theorem 3.3 ([6]) If

1. V is a clf,

2. �: Rn ! R
m is locally Lipschitz on Rn n f0g and

satis�es k�(x)k < 1,

3. b: Rn ! R
+ is locally Lipschitz on R

n n f0g and

satis�es b(x) < b(x),

then

k(x) =

(
0; if x = 0

��1(x; b(x)) + �2(x; b(x))�(x); otherwise

(6)

is a satis�cing control, where

�1(x; b)
4
=

1

2
bR
�1
g
T
Vx

�2(x; b)
4
= R

�1=2

r
1

4
b2V T

x
gR�1gTVx � l � bV T

x
f;

and where b is de�ned as

b(x)
4
=

8<
:

l

�V T
x
f
; if V T

x g = 0

2V T
x
f+2
p

(V T
x
f)2+lV T

x
gR�1gTVx

V T
x
gR�1gTVx

; otherwise
:

Furthermore, k(x) asymptotically stabilizes the closed

loop system _x = f(x) + g(x)k(x).

The signi�cance of Theorem 3.3 is that asymptotic
stabilization has been reduced to choosing two smooth

selection functions b(x) > b(x) and �(x) : k�(x)k � 1.

4 Robust Satis�cing

Robustness to disturbances at the input can be
measured in many ways, but a straightforward ap-

proach is to quantify the amount of ampli�cation (and

diminution) a control signal can experience before re-
sulting in instability. Toward this end, we de�ne sta-

bility margins as follows.



De�nition 4.1 An asymptotically stabilizing control

law, u = q(x), has stability margins (m1;m2) where

�1 � m1 < m2 � 1, if for every � 2 (m1;m2), u =

(1 + �)q(x), also asymptotically stabilizes the system.

Such margins are important in any practical appli-
cation, and in [17, 20] it is shown that optimal control

laws have stability margins of (� 1
2
;1). In fact, one of

the primary motivations for considering inverse opti-
mal control laws [10, 21] is that they have these desir-

able stability margins. It is shown in [21, p.108] that

all clf-based control laws u = �k(x; Vx) satisfying:

� u is of the form �k(x; Vx) = � 1
2
R
�1(x)gTVx,

with R(x) = R
T (x) > 0,

� u has gain margins of (� 1
2
;1),

are optimal with respect to the meaningful cost func-

tion:

J(x) =

Z 1
0

l(x) + k
T
R(x)k;

with l(x)
4
= �V T

x
f +

1

2
g
T
Vxk:

This result was used in [6] to delineate a subset of

S called the robust satis�cing set.

De�nition 4.2 The robust satis�cing set, denoted

SR(x), is a state-dependent control value set de�ned

as

SR(x) =
�
k(x; b; �) 2 S(x) : �T gTVx = 0

	
De�nition 4.3 A robustly satis�cing control, kR, is
a function with k(0) = 0 that is locally Lipschitz on

R
n n f0g and such that k(x) 2 SR(x) for all non-zero

x.

Theorem 4.4 If kR(x) is a robustly satis�cing con-

trol then

� kR(x) has gain margins of [� 1
2
;1)

� kR(x) is inverse optimal.

5 Projection onto the Satis�cing Set

5.1 The Boundaries of S and SR

In order to project a control value onto S at some
�xed x it is necessary to know the boundary of S (de-

noted @S).

−5 −4 −3 −2 −1 0 1 2 3 4 5
−5

−4

−3

−2

−1

0

1

2

3

4

5
2−D Control Space

−gTV
x
 

Case where V
x
Tf = 2. 

This shaded
region contains all
control values that
render L

f+gu
V negative. 

Figure 1: The Satis�cing Set in a 2-D Control Space

The key to �nding @S is to recognize that as the
satis�cing parameter b approaches in�nity, the condi-

tion for membership in S becomes:

V
T

x
f + V

T

x
gu < 0:

The following theorem shows that @S is solely de-

pendent on the vector gTVx.

Theorem 5.1 An arbitrary control value u =
��gTVx + � (with �(x) orthogonal to g

T
Vx) is in S

if and only if

� >
V
T
x
f

V T
x
ggTVx

:

Proof:

V
T

x
f + V

T

x
gu < 0

() V
T

x
gu < �V T

x
f

() � �V
T

x
gg

T
Vx < �V T

x
f

() � >
V
T
x
f

V T
x
ggTVx

�

The constraint on � (the part of u that is parallel

to �gTVx) can be visualized geometrically as follows.

The satis�cing set is a region of the control space at
every �xed x that contains all control values which

render _V = V
T
x
f + V

T
x
gu negative, and it is an open



half space, bounded by a hyper-plane which lies per-

pendicular to the vector �gTVx.
The boundary of SR (@SR) can be found through a

similar analysis, only with the additionally constraint

that an arbitrary control value (uR) in SR must sat-
isfy: �uR 2 S, where � 2 [ 1

2
; 1).

Theorem 5.2 An arbitrary control value u =
��gTVx + � (with �(x) orthogonal to g

T
Vx) is in SR

if

� > max

�
0;

2V T
x f

V T
x ggTVx

�
:

Proof: First note that if �uT
R
g
T
Vx > 0 (or uR =

��gTVx + � with � > 0) then it automatically has

an in�nite gain increase margin since ��uT
R
g
T
Vx > 0

for any � � 1. Thus the requirement for an in�nite
gain increase margin for an arbitrary robust satis�cing

control reduces to � � 0. The requirement on uR for

a �fty percent gain reduction margin (assuming that
� � 0 is already satis�ed) can be found as follows:

V
T

x f +
1

2
V
T

x guR < 0

() V
T

x guR < �2V T

x f

() � �V
T

x gg
T
Vx < �2V T

x f

() � >
2V T

x f

V T
x ggTVx

Combining these requirements proves su�ciency.

�

Thus @SR can also be visualized (see Figure 2) as

an open hyper-plane that is perpendicular to �gTVx,
and which lies inside S (except when g

T
Vx = 0 at

which point S = SR
4
= 0).

5.2 Performing the Projection

Since the boundaries of S and SR are hyper-planes,

performing the actual projection onto these sets is rel-
atively simple.

Theorem 5.3 If uSDRE is an arbitrary SDRE con-

trol value and � is de�ned as

�
4
=
�uT

SDRE
g
T
Vx

V T
x
ggTVx

;

then � >
V
T

x
f

V T
x
ggT Vx

implies uSDRE 2 S. Otherwise,

the augmented control:

ûSDRE = uSDRE �
�

V
T
x
f

V T
x ggTVx

� � + �

�
g
T
Vx;

−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1
−5

−4

−3

−2

−1

0

1

2

3

4

5

2−D Control Space with V
x
Tf > 0

−gTV
x
 

Only controls beyond
this dotted line will have
a fifty percent gain reduction
margin. 

u 

.5u 

For example u = [−8, 2]T does not
have a fifty percent gain reduction
margin, reducing u by one half
pushes it out of the stabilizing 
control value set. 

S
R

 

Figure 2: Gain Reduction Margins in the Control
Space

where � is some very small number, is the projection

of uSDRE onto the satis�cing set.

Proof: The �rst statement follows directly from The-

orem 5.1. The second follows from the Projection The-

orem.
�

Theorem 5.3 provides a constructive method for

projecting an arbitrary SDRE control signal onto S

(with some pre-determined error �).

A similar operation can be performed (if robust-
ness to input disturbances and inverse-optimality is

desired) to project a control signal onto SR.

Theorem 5.4 If uSDRE is an arbitrary SDRE con-

trol value and � is de�ned as

�
4
=
�uT

SDRE
g
T
Vx

V T
x ggTVx

;

then � > max
�
0;

2V T
x
f

V T
x
ggT Vx

�
implies uSDRE 2 SR.

Otherwise, the augmented control:

ûSDRE = uSDRE �
�
max

�
0;

V
T
x f

V T
x ggTVx

�
� � + �

�
g
T
Vx;

where � is some very small number, is the projection

of uSDRE onto the robust satis�cing set.

Proof: The �rst statement follows directly from The-

orem 5.2. The second follows from the Projection The-
orem.

�



6 Example

We consider now the problem of regulating the at-

titude and angular velocities of a satellite to the origin
(where the model used here is taken from [23]). Let

! 2 R
3 be the angular velocities and let � 2 R

3 be
the Gibbs vector of angles. The equations of motion

describing the satellite's attitude can be written as:

H _! = p� ! + u

_� = Z(�)!;

where H = H
T
> 0 is the inertia matrix, u 2 R

3 is

the control vector of induced torques, Z(�)
4
= 1

2
[I +

��
T + ��], p = C(�)pI with p

I the constant angular

momentum vector, and C(�)
4
= 2(1+�

T
�)�1[I+��

T �
�x] � I: Note that [p�] denotes the vector product
operation:

[p�] 4=

2
4 0 �p3 p2

p3 0 �p1
�p2 p1 0

3
5 :

We de�ne the state x as x
4
=

�
�

_�

�
, and by di�eren-

tiating we obtain the following state space representa-
tion:

_x =

�
_�
��

�
=

"
_��

_ZZ�1 + ZH
�1
p� Z

�1
�
_�

#
+

�
0

ZH
�1

�
u:

(7)

We also have a clf for system (7): V (x) =
1
2

�
_xTZ�THZ

�1 _x+ x
T
x
�
. Note that though _V � 0

the invariance principle ensures asymptotic stability.

Equation (7) can be cast into SDRE form ( _x =

A(x)+B(x)u) by de�ning the state-dependent matri-
ces A(x) and B(x) as follows:

A
4
=

�
03 I3

03 _ZZ�1 + ZH
�1
p� Z

�1

�

B
4
=

�
03

ZH
�1

�

For our simulation, we chose the initial state as

x0 = [��=3; �=2; �=4; 1; � 3; 2]T , and we set the

inertia matrix to be

H =

2
42 :5 1

:5 4 1
1 1 3

3
5 :

An initial control, uSDRE , was generated using the

SDRE technique (with R(x) = I and Q(x) =

:15 diag(1; 1; 1; 1; 1; 1): the SDRE control is ob-

tained by solving the state-dependent Riccati equation
for P (x) at every state, and letting

uSDRE(x) = �R�1(x)BT (x)P (x)x: (8)

This control signal was minimally augmented at ev-
ery x by the method described in Theorem 5.4 such

that the resulting control law was a robustly satis�cing

control:

uSat = arg min
u2SR(x)

kuSDRE(x) � uk : (9)

Figure 3 shows the system states, and the norm of
the di�erence between the initial (SDRE) control and

the augmented (satis�cing) control. Notice that for

most of the states uSDRE 2 SR, but the projection
onto SR is non trivial at t = :9; 6:5; and 14:1 seconds.

These results show that the performance bene�ts of
the SDRE approach are retained while the analytical

properties of satis�cing have been added.
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Figure 3: Augmented SDRE Spacecraft Attitude Con-
trol

7 Discussion and Conclusion

Lyapunov functions provide a powerful tool for an-

alyzing the stability properties of nonlinear systems,

and many formulas and techniques based on control
Lyapunov functions have been proposed in the liter-

ature. Satis�cing generates the state-dependent set



of controls that render the closed-loop system stable

(or inverse optimal) with respect to a known clf. By
projecting an SDRE control point wise onto the satis-

�cing set, the performance of an SDRE control is har-

nessed while guaranteeing desirable analytical proper-
ties. Because the satis�cing set moves smoothly in x

is is also clear that controls which are projections onto
S(x) will inherit this regularity.

Simulation of a non-trivial example provides a proof

of concept. The simulation demonstrate that the
SDRE approach can be conveniently combined with

satis�cing, and that the resulting controllers can in-

herit the performance of the SDRE strategy.
In the future, satis�cing could be used to mod-

ify other control design techniques, such as model-
predictive control, fuzzy controllers, neural networks,

which do not have guaranteed stability properties.

The resulting augmented controls would have guaran-
teed stability, optimality, and robustness properties.

Acknowledgments

This work was supported by the National Science

Foundation: award number 9732917.

References

[1] P. Dorato, C. Abdallah, and V. Cerone, Linear-

Quadratic Control: An Introduction. Englewood
Cli�s, New Jersey: Prentice-Hall Inc., 1996.

[2] J. R. Cloutier, \Adaptive matched augmentation pro-
portional navigation," in Proceedings of the AIAA

Missile Sciences Conferenence, (Monterey, Califor-
nia), Nov 1994.

[3] J. R. Cloutier, C. N. D'Souza, and C. P. Mracek,
\Nonlinear regulation and nonlinear H1 control via
the state-dependent Riccati equation technique," in
IFAC World Congress, (San Francisco, California),
1996.

[4] J. S. Shamma and J. R. Cloutier, \Existence of sdre
stabilizing feedback," in Proceedings of the American

Control Conference, (Arlington, VA), 2001.

[5] R. W. Beard, B. Young, and W. Stirling, \Nonlin-
ear regulation using the satis�cing paradigm," in 2001
American Control Conference, (Arlington, VA), June
25{27 2001.

[6] J. W. Curtis and R. W. Beard, \Satis�cing: A new
approach to constructive nonlinear control," IEEE

Transactions on Automatic Control, submitted 2001.

[7] Z. Artstein, \Stabilization with relaxed controls,"
Nonlinear Analysis, Theory, Methods, and Applica-

tions, vol. 7, no. 11, pp. 1163{1173, 1983.

[8] E. D. Sontag, \A Lyapunov-like characterization of
asymptotic controllability," SIAM Journal on Control

and Optimization, vol. 21, pp. 462{471, May 1983.

[9] E. D. Sontag, \A `universal' construction of Artstein's
theorem on nonlinear stabilization," System and Con-

trol Letters, vol. 13, pp. 117{123, 1989.

[10] R. A. Freeman and P. V. Kokotovic, Robust Nonlin-
ear Control Design: State-Space and Lyapunov Tech-

niques. Systems and Control: Foundations and Ap-
plications, Birkhauser, 1996.

[11] W. C. Stirling and D. R. Morrell, \Convex Bayes
decision theory," IEEE Transactions on Systems,

Man, and Cybernetics, vol. 21, pp. 173{183, Jan-
uary/February 1991.

[12] M. Goodrich, W. Stirling, and R. Frost, \A theory of
satis�cing decisions and control," IEEE Transactions

on Systems, Man, and Cybernetics-Part A, vol. 28,
pp. 763{779, November 1998.

[13] R. A. Freeman and P. V. Kokotovic, \Optimal non-
linear controllers for feedback linearizable systems,"
in Proceedings of the American Control Conference,
(Seattle, Washington), pp. 2722{2726, June 1995.

[14] M. Krstic, \Inverse optimal design of input-to-state
stabilizing nonlinear controllers," IEEE Transactions

on Automatic Control, vol. 43, pp. 336{350, march
1998.

[15] R. E. Kalman, \The theory of optimal control and
the calculus of variations," inMathematical Optimiza-

tion Techniques (R. Bellman, ed.), pp. 309{331, The
RAND Corporation, 1963.

[16] E. Erdem and A. Alleyne, \Experimental real-time
sdre control of an underactuated robot," (Orlando,
FL), December 2001.

[17] S. T. Glad, \On the gain margin of nonlinear and op-
timal regulators," IEEE Transactions on Automatic

Control, vol. 29, pp. 615{620, July 1984.

[18] T. Glad, \Robust nonlinear regulators based on
Hamilton-Jacobi theory and Lyapunov functions," in
IEE Control Conference, (Cambridge), pp. 276{280,
1985.

[19] S. T. Glad, \Robustness of nonlinear state feedback{
a survey," Automatica, vol. 23, no. 4, pp. 425{435,
1987.

[20] J. N. Tsitsiklis and M. Athans, \Guaranteed robust-
ness properties of multivariable nonlinear stochas-
tic optimal regulators," IEEE Transactions on Au-

tomatic Control, vol. 29, pp. 690{696, August 1984.

[21] R. Sepulchre, M. Jankovic, and P. Kokotovic, Con-
structive Nonlinear Control. Communication and
Control Engineering Series, Springer-Verlag, 1997.

[22] M. Krstic, I. Kanellakopoulos, and P. V. Kokotovic,
Nonlinear and Adaptive Control Design. Wiley, 1995.

[23] J. E. Slotine and W. Li, Applied Nonlinear Control.
Prentice Hall, 1991.


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print

	header: Proceedings of the 41st IEEE      Conference on Decision and Control      Las Vegas, Nevada USA, December 2002
	session: ThA09-1
	footer: 0-7803-7516-5/02/$17.00 ©2002 IEEE
	01: 2645
	02: 2646
	03: 2647
	04: 2648
	05: 2649
	06: 2650


