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Abstract

In this paper, we consider dynamic extensions of
controllable driftless systems, under bounded controls.
Our main result is the proof that such systems are al-
ways controllable. An application to the motion plan-
ning problem for a class of two-driving-wheel mobile
robots illustrates this property.

1 Introduction

The motion planning problem is one of the central
problems in robotics. There is no general algorithm
applicable to arbitrary nonlinear systems, and, more-
over, most of the known controllability results are only
applicable to the case when controls have no magni-
tude constraints. However, boundedness of controls
is a practical requirement, as controls typically rep-
resent acceleration, temperature, and other physically
constrained variables.

Typically, one describes robotics and other me-
chanical systems by providing a configuration man-
ifold M, and a controlled differential equation & =
f(x)+ >, gi(z)y;, where the vector fields f and g;
are assumed to be smooth. We may think of the vector
y whose coordinates are the y;’s as a velocity variable,
and = as a configuration variable. In this paper, we
restrict ourselves to driftless affine systems, that is to
say, we assume that f is identically zero. On the other
hand, our object of study are dynamic extensions of
these systems, in which accelerations (or forces) are
the controls that can be manipulated (and are subject
to magnitude constraints). In other words, the class
of systems we consider here is of the form:
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These systems are defined on the state-space M x IR™
and v is the control. The state variable for this
extended system is z = (z,y). We will refer to
(t) = >, gi(z(t))ui(t) as to the original system
of the dynamic extension.

Let a4, 8; be two collections of m real numbers sat-
isfying a; < 0 < (; for each 7. In the sequel, we
assume the domain of control U to be:

L[:{UEBm; aigvigﬁi,izl,---,m}. (2)

An admissible trajectory for (1) is a trajectory z as-
sociated to a control v such that v(t) € U for almost
every t. The control v is called an admissible control.

Then, the controllability problem becomes: given
an initial and a final state, denoted respectively by zo
and zy, is there an admissible trajectory z : [0,T] —
M x R™ such that z(0) = zo and z(T) = 247

Of course, for the dynamic extension to have the
controllability property, it is a necessary condition for
the original system to be controllable. It turns out to
that this is a sufficient condition as well. Sufficiency
was proved in [9], when no bound on the control is
assumed. More precisely, it is shown there that con-
trollability for such a system can be achieved using
smooth controls taking their values in IR™. (The pa-
per [8] extended this result to extensions of any con-
trollable system, not just driftless systems, also under
the assumption that the control space is IR™.) Moti-
vated by applications coming from robotics, we extend
these results to the situation of bounded controls.

2 Controllability of dynamic exten-
sions with bounded controls

Theorem 1 The dynamic extension of a controllable
driftless affine system is controllable with admissible
controls.

Proof: Le zg and z; be two states in M x IR™. We
have to show that there exists a control v : [0,T] — U
such that the corresponding solution of (1) satisfies
2(0) = zo and 2(T") = zy.



The first observation (clear by reversing time) is
that a dynamic extension, as defined here, has the
property that, if v(t) is a control steering z : [0,T] — U

from z(0) = i to some state z(T'), then the control

0(t) = v(T —t) is an admissible control steering (1)
from z(T) to Z(0), where 2(0) = (_xy

Thus, it is enough to prove that every state zg €
M x IR™ can be controlled to zy = 0. (Since then, to

go from an arbitrary zp to an arbitrary z; = i ,

we first steer zg to 0; then we find a control steer-
ing (xy) to 0 and reverse this control, producing

one steering 0 to zy; finally, we concatenate the two
resulting controls.)

So we prove the result on controllability to the ori-
gin. If zo = (xo,y0), due to its from it is obvious
that there exists a constant admissible control ¥ steer-
ing the system (1) from (xg,yo) to (Zo,0) where &g is
some configuration variable. Indeed, if we choose T’
big enough such that a; < —% < B; for all ¢ and

define v;(t) = fyiT(AO), then we have an admissible con-

stant control such that y;(T") = 0, Vi. We now prove
that there exists an admissible control © steering the
dynamic extension from (Zg,0) to (0,0). By [9], there
exists 0" : [0,T7] — IR™ a smooth control such that
the corresponding trajectory z satisfies z(0) = (&g, 0)
and z(T) = (0,0). Using a time reparametrization
we can transform 9* into an admissible control. In-
deed, let ¢ > 0 and introduce the new variables
x22(t) = z(et),y°(t) = ey(et). Then, it is an easy ver-
ification that the trajectory z¢ = (z°,y°) defined on
[0, L] is solution of (1) with control §(t) = £20*(et).
As 0* is a smooth function, it is bounded on [0, T'] and
we can choose € such that o(t) € U for all t. More-
over, we have 2°(0) = (&0,0) and 2°(T/e) = (0,0).
Finally, if we define v as the concatenation of ¥ and v
we have an admissible control steering (1) from zg to
0, as desired.

We remark that using the smooth function ¢ intro-
duced in [9] the control 9, instead of being a constant
control, can be taken such that the concatenation be-
tween © and v is smooth.

In a forthcoming article [1], we extend the results
presented here to a more general class of dynamic ex-
tensions. In [1], we define an fH-dynamic extension as
a system of the form:

(t) = Zgi(x(t))yi(t)

3)
y(t) = f(a(t),y(t) + H(x(t))v(t)

where f : M x IR™ — IR™ is a smooth function and
H is a m x m invertible matrix whose column vectors
are smooth linearly independent functions. Our moti-
vation comes from the fact that controlled mechanical
systems belong to the class of f H-dynamic extension.
We prove for instance that an fH-dynamic extension
whose function f is quadratic with respect to the ve-
locity variables is equilibrium controllable (meaning
that for any given pair of configurations x1,xo there
exists a control steering the system from (z1,0) to
(22,0)) with admissible controls if and only if its orig-
inal system is controllable.

In this paper our goal is to solve the controllability
problem for a classical example coming from robotics
and to illustrate our results by computing, for this ex-
ample, some trajectories obtained from our algorithm.
It is why we restrict to systems of the form (1)

3 Application

The initial motivation for our work was to estab-
lish the controllability of a two-driving-wheel mobile
robot. The motion planning problem for nonholo-
nomic systems has been a very active research field
for the past two decades, and the most popular exam-
ples of nonholonomic systems arise from robotics.

An important class of mobile robot is the one
formed by mobile robots with two parallel driving
wheels whose accelerations are controlled by indepen-
dent motors. In particular, at the Laboratory for
Analysis and Architecture of Systems, real experi-
ments are conducted on such a robot (named Hilare,
see Figure 1) on which a trailer has been hooked up,
see [6].

Figure 1 - Hilare



Hilare’s system has been extensively studied (see for
instance [2, 3, 4, 5]) and as mentioned before is now the
platform to run indoor experiments of motion plan-
ning in a cluttered environment. Despite this huge
interest for such a mobile robot, no proof of its control-
lability using admissible controls appears to have been
given in the literature. The result in this paper shows
that, indeed, as it was thought, a two-driving-wheel
mobile robot is controllable with bounded controls.

Let us now describe the dynamics of the system we
consider. The configuration of the vehicle is IR? x S*
where IR? describes its position and S its orientation.
With respect to a fixed frame, we denote by (z,y)
the position variable (the reference point being the
midpoint of the two wheels) and by 6 the orientation
of the two driving wheels with respect to the z-axis,
see Figure 2. Then, if we denote by d the distance
between the two wheels and by v, v, the respective
velocity of the left and right wheels, we get:

T w1 cos O 0 0
Y wi sin 6 0 0
6 = Wo + 0 |u + 0 | us
Uy 0 1 0
) 0 0 1
(4)

where w; = %(vl + ) and wy = é(vr — ). As ug
and wus represent the respective acceleration for the
left and right wheel, they must satisfy constraints of
the form: |u;| < «; where «; is a positive real number
fori=1,2.

The system (4) is a dynamic extension as defined
previously in this paper. The configuration variables
are x,y,0 and the velocity variables are vy,vs. The
vector fields g; and g are given by

cos 6 cos 6
2 2
_ in 0 _ in 0
g=| %5 s g2 = 5 : (5)
1 —1

The rank condition for controllability is a necessary
and sufficient condition for driftless analytic systems
(see e.g. [7]); hence, to verify that the original system
corresponding to (4) is controllable we simply have to
compute the rank of the Lie algebra generated by g1
and gs. It is an easy verification that

_sing
cos29
S - (6)

0

[91,92] =

The Lie brackets g1.g2, [g1, g2| are linearly independent
everywhere, hence the original system is controllable
and it follows from Theorem 1 that the system de-
scribing the equations of motion of a two-driving -heel

mobile robot is controllable using admissible controls.
We summarize our result in the next theorem.

Theorem 2 A two-driving-wheel mobile robot whose
equations of motion are described by (4) is controllable
with bounded controls.

On Figures 3 and 4, we represent the two compo-
nents of the control of a trajectory whose computation
is based on the algorithm described in [9] and on the
proof of Theorem 1. Along the computations, we as-
sumed for simplicity that d = 1 in equation (4). The
function ¢ we used to smooth our controls is:

0 z< -1
—t
(3a+3)
— -l1<z< —%
e (Bz+3)2 ¢ (Bz+1)? 1 1
pt)=4q 1 , —3<x<g
~ (3z-3)2
e Ll
e (Bz—3)2 4 (Bz—1)2
z>1

The trajectory steers the system from the origin to
a nonzero configuration with nonzero velocities. Fol-
lowing our algorithm, the trajectory is divided into
two pieces: on the time interval [0,12], the system
moves from the origin to a nonzero configuration with
zero velocities and then on the interval [12,13] it
moves from the nonzero configuration at rest to an-
other nonzero configuration but with nonzero veloci-
ties (more precisely, v1 = 0.3137,v2 = 0.1569)). We
remark that for the time reparametrization used along
the portion of the trajectory linking the two positions
at rest, we took € = % to make sure our control is an
admissible one. Moreover, we also used the function
0 on the constant control for the first part of the tra-
jectory steering the system from its initial position to
a position at rest, in order to get at the end a smooth
control along the whole trajectory.
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Figure 3: component u;
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Figure 4: component us

For this specific example, there is an alternative
way to compute the trajectories. It presents advan-
tages and disadvantages with respect to the method
which we just described. An advantage is that, given
initial and final states, we can produce explicitly the
path linking them, which was not the case with the
previous algorithm. Indeed, the proof of our Theorem
gives the existence of a path but is not a construc-
tive proof (the implicit function theorem is involved
in [9]). But, from a practical point of view, it has the
disadvantage is that the computed path corresponds
to a piecewise constant control (instantaneous changes
in the acceleration are not possible to realize for the
robot). Moreover, the following method cannot be
generalized to arbitrary dynamic extension, and thus
its applicability is limited.

Let wus denote by (aco,yO,HO,UB,le) and
(xf,yf,Hf,vf,vlf) the given initial and final states.
The first step consist to steer the initial state to a
configuration at rest. As mentioned before, this can
be done using admissible constant controls. Indeed,
we have by definition that along a path

UT(t):/O u1(s)ds+wv,(0), vl(t):/o uz(s)ds+v;(0).

Using that v,.(0) = v2,v;(0) = v and that we want
ve(T) = v (T) = 0, we get the following two equations

T T
/ u(s)ds = —v?, / uz(s)ds = —v).
0 0

Assume T is fixed, then we can choose u; to be the
constant —UTE and ug = —%?. Finally, if T' is taken big
enough, both components of the control can satisfy the
constraints: |u;(t)| < «;. Due to the simplicity of the

chosen control, we can compute exactly the reached
0

cortﬁguration. Indeed, as v,(t) = —2=t + v, v (t) =

,1;5 t+v?, if we denote 8 = v0 — v?, v =0 +v?, easy

integrations show that

6(t) = f%ﬁ + Bt +6°,

x(t) = % si (—%t2 + Bt +60") — % sin 0" + o,
y(t) = —% cos(—%ﬁ2 + Bt +6°) + % cos 0° + yo.

Then, replacing ¢ by T in the formulas above provides
O(T),z(T),y(T). At this point, we need to convert
the real value obtained for 6(T) to a positive angle €
[0, 27] that we denote #;. Then, the configuration we
reach at rest is (z1,y1,01) where z1 = (T) and y; =
y(T'). The second step of our path planning is to do the
exact same computations as above, but starting with
the values (z7,y7, 6%, 0], Ulf) The system then reach
a configuration at rest that we denote (22, y2,62). The
final step is to find an admissible control to steer the
mobile robot from (z1,y1,61,0,0) to (z2,y2,62,0,0).
Such a path can be realized as the concatenation of
the following basic motions: pure rotation and pure
translation. More precisely, let us denote by 6 the
angle formed by the line in the plane (x,y) linking
(z1,11) and (z2,y2) and the z-axis. More precisely, if

m = L£2=U  we have
T2—T1

if m>0andy: >
5 +arctan|m| if m <0andys >y
T + arctanm ifm>0andy: <y
2m —arctan|m| if m <0andy, <y

arctanm

>
I

To insure that we get an admissible control, let us
introduce a new variable § by 6 = min{a, as}. Then,
the control u defined by

(=6,49) forte |0, |917é\]

(+6,—6) fort € [/ 170 2,/ 10201

[\
=2}

u(t) =

=

[\
Y

if 1 — 0 > 0 (vespectively (+8, —6) and then (+8, —0)
if 6, — 6 < 0) steers system (4) from (x1,y1,61,0,0)
to (:cl,yl,é,0,0) and is admissible. To go from
(xl,yl,é,0,0) to (xg,yg,é,0,0) the robot can move
along the straight line whose equation is given by
y —y1 = m(z — x1), m being as above, using the
control

+0,40) fort e |0,/ ==L
U(t) _ ( [ 20039]

(~6-0) forte (/50 2,/555),

At the end, a pure rotation between 6 and 6, as
previously will bring the robot to the desired state
(z2,y2,02,0,0). To summarize, by concatenating the
three admissible controls we have computed, we have a
trajectory steering the system from (z%,y%,6°, 02, vf)




N TEN We remark that this tra-
jectory corresponds to a piecewise constant control.
Figure 5 displays the projection in the plane (z,y)
of such a path for the initial and final state values:
(1,2,0.5,-2,1), (-1,—3,—2.4,2,3), while the corre-
sponding admissible piecewise constant controls are
represented on Figures 6 and 7.

and (zf,y7, 07 vf vlf)
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