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ABSTRACT

This note presents an explicit proof of the theorem –due to Artstein– which states that the
existence of a smooth control-Lyapunov function implies smooth stabilizability. More-
over, the result is extended to the real-analytic and rational cases as well. The proof
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originates in the solution of a simple Riccati equation.
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1 Introduction

The main object of this note is to provide a simple, explicit, and in a sense “universal”
proof of a result due to Artstein ([1]), and to obtain certain generalizations of it. The
result concerns control systems of the type

ẋ(t) = f(x(t)) + u1(t)g1(x(t)) + . . .+ um(t)gm(x(t)) (1)

with states x(t) ∈ IRn and controls u(t) = (u1(t), . . . , um(t)) ∈ IRm, where f as well as the
gi’s are smooth (i.e., infinitely differentiable,) vector fields and f(0) = 0. It is assumed
that there is given a control-Lyapunov function (henceforth just “clf ”) V for this system,
that is, a smooth, proper, and positive definite function

V : IRn → IR

so that
inf u∈IRm{LfV (x) + u1Lg1V (x) + . . .+ umLgmV (x)} < 0 (2)

for each x 6= 0. In other words, V is so that for each nonzero state x one can diminish
its value by applying some open-loop control. Recall that positive definite means that
V (0) = 0 and V (x) > 0 for x 6= 0, and proper means that V (x)→∞ as ‖x‖ → ∞.

It is easy to show that the existence of such a clf implies that the system is asymptot-
ically controllable (from any state one can asymptotically reach the origin); in the paper
[6] we showed that the existence of a clf is in fact also necessary if there is asymptotic
controllability, provided that one does not require smoothness (in which case equation
(2) must be replaced by an equation involving Dini derivatives). More relevant to the
topic of this paper, it was shown in [1] that if there is a clf, smooth as above, then there
must be a feedback law

u = k(x), k(0) = 0,

which globally stabilizes the system and which is smooth on

IRn
0 := IRn − 0 .

In general k may fail to be smooth everywhere, but under certain conditions, which we
study below, k can be guaranteed to be at least continuous at the origin in addition to
being smooth everywhere else. (The conditions are necessary as well as sufficient, the
necessity following from the by now standard Lyapunov function inverse theorems due
to Massera, Zubov, Kurzweil and others.)

Allowing nonsmoothness at the origin was emphasized in [9], and has since been
recognized as desirable by many authors (see e.g. [10], [4], and [2], the first of which
in particular also proved a version of Artstein’s theorem). From the point of view of
Lyapunov techniques, this is more natural than global smoothness, because it can be
characterized precisely in terms of Lyapunov functions.

Since (control-) Lyapunov functions are as a general rule easier to obtain than the
feedback laws themselves –after all, in order to prove that a given feedback law stabilizes,
one often has in addition to provide a suitable Lyapunov function anyway,– Artstein’s
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theorem provides in principle a very powerful approach to nonlinear stabilization. Previ-
ous proofs relied on nonconstructive partition of unity arguments. To make it a practical
technique, one needs a more explicit construction. In this note we give one such explicit,
very elementary, construction of k from V and the vector fields defining the system. A
further advantage of our method, in addition to its extreme simplicy and ease of imple-
mentation, is that it provides automatically an analytic feedback law if the original vector
fields as well as the clf are also analytic. We also provide a (less elementary, and in other
senses weaker, as explained later) theorem that shows that if V as well as f, g1, . . . , gm
are rational then k can be chosen also rational.

Our construction is based on the following observation, which for introductory pur-
poses we restrict to single-input (m = 1) systems only. Assume that V is a clf for the
system

ẋ = f(x) + ug(x) .

Denote
a(x) := ∇V (x).f(x), b(x) := ∇V (x).g(x) .

The condition that V is a clf is precisely the statement that

b(x) = 0 ⇒ a(x) < 0

for all nonzero x. In other words, for each such x,

the pair (a(x), b(x)) is stabilizable

when seen as a single-input, one-dimensional linear system. On the other hand, giving a
feedback law u = k(x) for the original system, with the property that the same V is a
Lypaunov function for the obtained closed-loop system

ẋ = f(x) + k(x)g(x)

is equivalent to asking that

∇V (x). (f(x) + k(x)g(x)) < 0 ,

that is,
a(x) + k(x)b(x) < 0 ,

for all nonzero x. In other words, k(x), seen as a 1× 1 matrix, must be a constant linear
feedback stabilizer for (a(x), b(x)), for each fixed x.

We now interpret (a(x), b(x)) as a family of linear systems parameterized by x. This
family depends smoothly on x. From the theory of families of systems or “systems over
rings” we know that since each such linear system is stabilizable there exists indeed a
smoothly dependent k as wanted. Moreover, this k can be chosen to be analytically or
rationally dependent if the original family is, that is, if the original system and clf are.
The general theory is surveyed in [7], and the result in the smooth and analytic cases is
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due to Delchamps (see for instance [3]), but in this very simple case (the family is one-
dimensional), the construction of k can be carried out directly without explicit recourse
to the general result. Indeed, one can show directly that the following feedback law:

k := −a+
√
a2 + b2

b

works. This results from the solution of an LQ problem, and is analytic, in fact algebraic,
on a, b. (The apparent singularity due to division by b is removable, as discussed later.)
Along trajectories of the corresponding closed-loop system, one has that

dV

dt
= −
√
a2 + b2 < 0

as desired. This feedback law may fail to be continuous at zero, however. If one modifies
it slightly to

k := −a+
√
a2 + b4

b

then under the natural hypotheses –reviewed later– this does become continuous. Except
for the rational case which must be treated separately, and for the multi-input case which
is an immediate generalization, this will be the final form of our feedback law which
provides a proof of Artstein’s theorem.

In the next section we provide precise statements and proofs of results in the smooth
and analytic case, and then the rational case is dealt with.

In closing this introduction, we remark that our description of Artstein’s result is very
incomplete. He proved somewhat stronger results than mentioned here. For instance,
the feedback law can still be chosen smooth even if the system satisfies just a Lipschitz
condition and V is C1 (which proves that the existence of a weak kind of Lipschitz
feedback is in fact equivalent to the existence of smooth feedback), and the result is
true for general multi-input systems, not necessarily affine in controls, provided that one
allows a certain type of “chattering” feedback law; for details the reader should consult
[1]. Perhaps more importantly, his partition of unity construction permits dealing with
arbitrary closed control value sets.

Finally, we note that local versions of our results in the smooth and analytic case are
also easily obtained by the same construction, as are some other variations of Artstein’s
result (for instance, that the feedback law may be chosen bounded about the origin
provided that bounded open-loop controls exist which make the clf decrease).

2 Stabilizability

We start with some definitions for the system (1).

Definition 2.1 Let k : IRn → IRm be a mapping, smooth on IRn
0 and with k(0) = 0. This

is a smooth feedback stabilizer for the system (1) provided that, with k = (k1, . . . , km)′,
the closed-loop system

ẋ(t) = f(x(t)) + k1(x(t))g1(x(t)) + . . .+ km(x(t))gm(x(t))
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is globally asymptotically stable. 2

By global asymptotic stability we mean the usual concept: attraction (solutions are
defined for t ≥ 0 and every initial state, and converge to 0) plus local asymptotic stability
(initial states produce trajectories near the origin). The fact that k may fail to be even
continuous at the origin causes no problems regarding uniqueness of solutions, as is easy
to verify from the definition of asymptotic stability. A sufficient (as well as necessary)
condition for a given k to be a smooth feedback stabilizer is that there exist a Lyapunov
function for the closed-loop system, i.e. a smooth, proper, and positive definite function
V so that

∇V (x). [f(x) + k1(x)g1(x) + . . .+ km(x)gm(x)] < 0

for all nonzero x. Observe that such a Lyapunov function is automatically a clf for the
open-loop system (1). Note also that if k happens to be continuous at the origin then
the following property holds too (with u := k(x)):

For each ε > 0 there is a δ > 0 such that, if x 6= 0 satisfies ‖x‖ < δ, then there is
some u with ‖u‖ < ε such that

∇V (x).f(x) + u1∇V (x).g1(x) + . . .+ um∇V (x).gm(x) < 0 .

We shall call this the small control property for the clf V . The existence of a clf with
this property is necessary if there is any smooth stabilizer continuous at zero; part of
Artstein’s theorem is the statement that this is also sufficient. Thus we wish to prove
the following result:

Theorem 1 If there is a smooth clf V (respectively, the system as well as V are real-
analytic,) then there is a smooth (respectively, real-analytic) feedback stabilizer k. If V
satisfies the small control property, then k can be chosen to be also continuous at 0.

Proof. We shall prove the theorem by constructing, once and for all, a fixed real-analytic
function ϕ of two variables, and then designing the feedback law in closed-form, analyti-
cally, from the evaluation of this function at a point determined by ∇V (x).f(x) and the
∇V (x).gi(x)’s.

Consider the following open subset of IR2, which can be interpreted as a subset of the
set of all stabilizable single-input linear systems of dimension one:

S := {(a, b) ∈ IR2 | b > 0 or a < 0}

Pick any real analytic function q : IR → IR such that q(0) = 0 and bq(b) > 0 whenever
b 6= 0. (Later we specialize to the particular case q(b) = b.) We now show that the
function defined by

ϕ(a, 0) := 0 for all a < 0

and

ϕ(a, b) :=
a+

√
a2 + bq(b)

b
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otherwise, is real-analytic on S. For this, consider the algebraic equation

F (a, b, p) = bp2 − 2ap− q = 0 (3)

which is satisfied by p = ϕ(a, b) for each (a, b) ∈ S. We show that the derivative of F
with respect to p is nonzero at each point of the form (a, b, ϕ(a, b)) with (a, b) ∈ S, from
which it will follow by the implicit function theorem that ϕ must indeed be real-analytic.
Indeed,

(1/2)
∂F

∂p
= bp− a

equals −a 6= 0 when b = 0 and
√
a2 + bq(b) 6= 0 otherwise.

Assume that V is a clf. As in the introduction, we let

a(x) := ∇V (x).f(x), bi(x) := ∇V (x).gi(x), i = 1, . . . ,m .

We also let

B(x) := (b1(x), . . . , bm(x)), β(x) := ‖B(x)‖2 =
m∑
i=1

b2
i (x) .

Then the condition that V is a clf is again equivalent to asking that β(x) = 0 imply
a(x) < 0, that is, that

(a(x), β(x)) ∈ S
for each nonzero x, or equivalently, that the one-dimensional time-invariant systems with
m controls

(a(x), B(x))

be stabilizable, for each such x. Thus we may define the feedback law k = (k1, . . . , km),
where:

ki(x) := −bi(x)ϕ(a(x), β(x))

for x 6= 0 and k(0) := 0. This is smooth, and it is also real-analytic if V as well as
f, g1, . . . , gm are. Moreover, at nonzero x we have that

∇V (x). [f(x) + k1(x)g1(x) + . . .+ km(x)gm(x)] = a(x)− ϕ(a(x), β(x))β(x)

= −
√
a(x)2 + β(x)q(β(x)) < 0

so the original V decreases along trajectories of the corresponding closed-loop system,
and is a Lyapunov function for this.

Finally, assume that V satisfies the small control property. We wish to show that
the function k is continuous at the origin. Pick any ε > 0. We will find a δ > 0 so that
‖k(x)‖ < ε whenever ‖x‖ < δ. Since k(x) = 0 whenever β(x) = 0, we may assume that
β(x) 6= 0 in what follows. We also take

q(b) := b

from now on, for simplicity. Let ε′ := ε/3.
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Since V is positive definite, it has a minimum at 0, so ∇V (0) = 0. Since the gradient
is continuous, it holds that each of the bi(x) are small when x is small. Together with the
small control property, this means that there is some δ > 0 such that, if x 6= 0 satisfies
‖x‖ < δ, then there is some u with ‖u‖ < ε′ so that

a(x) +B(x)u < 0

and in addition
‖B(x)‖ < ε′ . (4)

The first of the above implies, by the Cauchy-Schwartz inequality, that

a(x) < ε′‖B(x)‖

if 0 < ‖x‖ < δ, and so also
|a(x)| < ε′‖B(x)‖ (5)

in the case when a(x) > 0. On the other hand, observe that

bϕ(a, b) = a+
√
a2 + b2 ≤ 2|a|+ b

for all (a, b) ∈ S with b > 0. Thus, if 0 < ‖x‖ < δ and a(x) > 0, necessarily

ϕ(a(x), β(x)) ≤ 2ε′

‖B(x)‖ + 1

(use (5)) and hence also

‖k(x)‖ = ϕ(a(x), β(x)) ‖B(x)‖ ≤ 3ε′ = ε

as desired. There remains the case of those x for which a(x) ≤ 0. There,

0 < a(x) +
√
a(x)2 + β(x)2 ≤ β(x)

so 0 ≤ ϕ(a(x), β(x)) ≤ 1 and therefore

‖k(x)‖ = ϕ(a(x), β(x))‖B(x)‖ ≤ ε′ < ε

as desired too.

As an example, consider the case of one-dimensional systems with a scalar control
(m = n = 1),

ẋ = f(x) + ug(x) .

This system is stabilizable if the following assumption holds: if g(x) = 0 and x 6= 0
then xf(x) < 0. The feedback law given by the above construction, using the Lyapunov
function V (x) = x2/2, is simply

k(x) = −
xf(x) + |x|

√
f(x)2 + x2g(x)4

xg(x)
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(which is analytic, even though the absolute value sign appears, because in the one
dimensional case there are two connected components of IR − {0},) so that the closed-
loop system becomes

ẋ = − sign (x)
√
f(x)2 + x2g(x)4 .

In the case of linear systems, where f(x) = fx and g(x) = g for some constants f, g, the
closed-loop equation is

ẋ = −cx
where c =

√
f 2 + g4. (In this case, the term g4 could have been replaced by simply g2

and a continuous stabilizer still results.)

To close this section, we remark how the form of the function ϕ could be obtained
from an optimization problem. For each x 6= 0 one can think of the linear system (writing
bi := bi(x) and a := a(x)):

ẋ = ax+
m∑
i=1

biui = ax+Bu

and this is stabilizable in the usual linear sense. One needs a stabilizing feedback law k,
thought of now as a constant row vector (for each fixed x), that is a k so that

a+
m∑
i=1

biki < 0 .

If we pose the linear-quadratic problem of minimizing∫ ∞
0

u2(t) + qx2(t) dt

the solution is given by the feedback law u := −B′px, where p is the positive solution
of the algebraic Riccati equation (3). Thus we recover ki = −biϕ(a, b). The fact that
this is analytic on the data is no accident; Delchamp’s theorem ([3]) guarantees this even
for systems in arbitrary dimensions, essentially by the same argument we gave for scalar
equations. The choice q := b is made so that, in the above cost, the u2 term is given
more relative weight when b is small, forcing small controls when b is small.

3 The Rational Case

Part of Theorem 1 can be extended to the rational case, as follows. The construction is
not “universal” in terms of the Lie derivatives of f and the gi’s, however, and it blows-up
at the origin. (In practice, then, one would only use such a feedback law to guarantee
“practical stability”, in the sense of controlling merely to a neighborhood of the origin.)

Theorem 2 If there is a rational clf V and the system is given by rational vector fields,
then there is a feedback stabilizer k which is rational on IRn

0 .
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Proof. Arguing as before, we look for a feedback k = (k1, . . . , km)′ of the particular form

ki(x) = −c(x)bi(x)

where bi as well as the rest of the notations are as earlier, and c is a rational function
with no poles on IRn

0 . Thus we need that

a(x)− c(x)β(x) < 0 (6)

for all x 6= 0, or equivalently, since β(x) is always nonnegative and a(x) < 0 when β
vanishes, that

c(x) >
a(x)

β(x)

whenever β(x) > 0. Moreover, if c is constructed everywhere positive, it is only necessary
to check (6) at those x where a(x) ≥ 0.

Consider the closed semialgebraic set

T := {(x, y) ∈ IRn+1 | a(x) ≥ 0 and ‖x‖2y = 1} .

Note that β(x) is never zero if there exists some y so that (x, y) ∈ T , since in that case
x 6= 0 and therefore a(x) ≥ 0 implies β(x) 6= 0. Thus the rational function a(x)/β(x)
is well-defined in the set T . The lemma to follow guarantees that there is a polynomial
function

d : IRn+1 → IR

so that d > 0 everywhere and

d(x, y) ≥ a(x)

β(x)

whenever (x, y) ∈ T . We let

c(x) := d(x,
1

‖x‖2
) .

This has no poles on IRn
0 .

Assume that β(x) > 0 and a(x) ≥ 0. Then (x, 1
‖x‖2 ) ∈ T , so (6) holds and the proof

is complete.

The existence of a polynomial d as needed above was shown in the context of estab-
lishing a result about familes of systems in the paper [7]. For completeness, we provide
here a precise statement and proof.

Lemma 3.1 Assume that T is a closed semialgebraic subset of IRn and that β and a are
(n-variable) polynomials so that β(x) > 0 on T . Then exists a polynomial d such that

β(x)d(x) > a(x) for all x ∈ IRn .
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Proof. If T is empty, there is nothing to prove, so assume it is not. Let

ρ0 := dist (T, 0)2

and consider the function µ : [ρ0,+∞)→ IR given by

µ(ρ) := sup{a(x)
β(x)

|x ∈ T and ‖x‖2 ≤ ρ} .

Note that the value is always finite because of the choice of ρ0 and continuity of a(x)
β(x)

on

the (closed set) T . This function is semialgebraic, since it can be defined by a first-order
sentence in the theory of real-closed fields (namely, “µ(ρ) = s iff β(x)s ≥ a(x) whenever
x ∈ T and ‖x‖2 ≤ s and for every t satisfying these properties, t ≥ s”). Moreover, it
holds for each x ∈ T that

µ(‖x‖2) ≥ a(x)

β(x)
.

It follows from [5], pages 367-368, that

lim
ρ→+∞

ρ−αµ(ρ) = c (7)

for some constant c and rational number α. So there exists some polynomial q so that q
dominates µ for all ρ ≥ ρ0, and q may be assumed to be everywhere positive (otherwise
replace it by q2 + 1, which is positive and dominates q). Then, d(x) := µ(‖x‖2) is as
desired.

4 Remarks

Note that the form of our feedback law,

k(x) = −a+
√
a2 + β2

β
B′

is closely related to the feedback

k(x) = −a+ β

β
B′

proposed in [10] under the particular assumption that β never vanishes, as well as the
law

k(x) = −B′

used in [4] (and related papers) when a can be guaranteed to be nonpositive and a certain
transversality condition holds.

In [8] we showed that in general it is desirable to study a somewhat different, and more
“robust” problem than stabilization, namely the problem of input to state stabilization.
This deals with finding feedback laws that have the property that when feeding

u = k(x) + v
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into the system, where v is a new control, the resulting control system is stable in a
“bounded-input bounded-output” sense. This type of design is important in dealing
with questions of so-called coprime factorization for control systems, as well as in dealing
with possible noise in the implementation of control laws. Even though the notion used
in that paper was that of feedback which is smooth everywhere, it is easy to see –and
it was remarked in the paper– that all results go through in the more general case of
smoothness on IRn

0 . The feedback “correction” needed after stabilization was given there
by the simple formula

k(x) := − ã(x)
2m

B(x)′

where ã is ∇V.f̃ for the closed-loop f̃ that resulted from first stabilizing the system in
the usual sense. Together with the results in this paper, the following formula is obtained
for the input-to-state stabilizer k if a clf V exists:

k := −
(
a+
√
a2 + β2

β
+

√
a2 + β2

2m

)
B′

(dropping x’s). To be more accurate, a mild technical condition is needed for the result
in [8], which in this case becomes the assumption that

lim
x→∞

a2 + β2 =∞ .

If this would not hold, that reference shows how to slightly modify the construction.
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