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ABSTRACT

For continuous time analytic input/output maps, the existence of a singular differential
equation relating derivatives of controls and outputs is shown to be equivalent to bilinear
realizability. A similar result holds for the problem of immersion into bilinear systems.
The proof is very analogous to that of the corresponding, and previously known, result for
discrete time.
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§1. Introduction.

Starting with [10] and [11], there have been many results relating the existence of i/o
differential equations to finite realizability, for discrete time systems. These results, which
provide analogues for nonlinear systems of the fact that a transfer function can be realized
by a finite dimensional linear system if and only if it is rational, are useful for instance
in the context of identification problems (see for instance [7], [3]). Here we show how the
simplest case, dealing with state-affine systems, has an analogue in the continuous time
case. The proof is basically the same as in the older discrete case, but seems not to have
been noticed in the literature (see e.g. [9], [2]).

By an (output-)affine i/o equation of order k we shall mean an equation of the type

Z ai(u(), ' (t),..., u* "V )y D) = bu(t), ' (t),...,u* D (@)), (1)

where b and each a; is a polynomial and aj is not identically zero, satisfied by all pairs
of smooth controls v and corresponding outputs y. The equation is (output-)linear if b is
identically zero. For instance, transfer function descriptions of linear systems correspond
in the time domain to affine i/o equations in which all the coefficients a; are constants
independent of u and b is linear. Precise definitions are given below. Note that in the

* Research supported in part by US Air Force Grant 0247.

1



nonsingular case when ay, is always nonzero, (1) implies finite realizability, since the highest
derivative y*) can then be expressed in terms of lower order derivatives of outputs and
controls. However such “purely recursive” equations do not hold in general for nonlinear
i/o maps; one of the main objectives of [11] was precisely the study of singular equations
and how they relate to realizability. It is relatively trivial to show that such equations
must exist if one assumes finite realizability, but they will in general not be affine in y;
this is basically a transcendence degree argument ([11]). Bilinear realizability and a linear
dimension argument do imply the existence of an affine equation, and our main results
will provide a converse of this fact. The more general, non-bilinear case, will probably
require techniques from algebraic geometry, as done for discrete time in [11]; recent work
([1]) shows how such techniques can be applied in a continuous time context.

Roughly, the main results will say that if an equation such as (1) holds for all i/o
pairs arising from a (possibly unknown) system, then these are the i/o pairs of a finite
dimensional smooth continuous time system, in fact a bilinear one. An equation (1) is by
itself not sufficient to guarantee such realizability (an example of this fact is discussed later);
the knowledge that there is some “well-posed” system producing the observed behavior is
essential. Technically, this hypothesis will be stated in two different versions, one in terms
of the existence of a locally convergent Volterra type of expansion and the other in terms
of the existence of a nonlinear smooth (but not necessarily bilinear) realization. The proof
will rely on the notion of observation space, introduced by the author and others, whose
finite dimensionality is equivalent to bilinear realizability. Essentially, an equation such
as (1) will insure that there is a dense subspace of the observation space which is itself
finite dimensional, and then a continuity argument based on the hypothesis that the i/o
behavior is in a sense “well-posed” will provide the desired conclusion.

§2. Immersions.

We shall provide two versions of the main result, one stated in terms of i/o maps and
the other in terms of immersions ([5]). Neither result contains the other, since the version
for i/o maps will correspond to fixed initial states. We start with immersions. Consider
an analytic system

&= f(r)+ Zuigi(w), y = h(z) (2)

with states z(¢) evolving on a manifold M, where for simplicity we assume that outputs
y(t) € R are scalar and that the system is complete. A C* i/0 pair (u,y) of (2) is a pair of
functions defined on some interval [0, 7], T > 0, such that u : [0, 7] — IR™ is of class C*~!
and y(t) = h(x(t)) is the output trajectory corresponding to some initial state, that is,
satisfies the equation (2) for the given u. Note that then y is necessarily of class C*. We
shall say that (2) satisfies an affine i/o equation if there exist an integer k and b, ag, . . ., ak
as above such that that (1) is satisfied for each C* i/o pair of the system, for all 0 < ¢ < T
Here b as well as each of the a; is a polynomial in km variables, the coordinates of u and
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of its first k — 1 derivatives. The system satisfies a linear i/o equation if the above holds
with b = 0. Note that if an equation exists for a given k then, differentiating, there is also

a similar equation for each &’ > k; in fact, the same polynomial a; can be used for larger
K.

We shall say that (2) can be immersed in a bilinear system if its observation space
is finite dimensional. Recall that the (infinitesimal) observation space of (2) is the linear
span Oy of the functions

Lx,...Lx,(h): M —-R,1>0,X;€{f,91,--,9m}, (3)

where Lx(h) denotes the Lie derivative, Vh - X in local coordinates, of the function h
with respect to the vector field X. It is a basic fact in nonlinear system theory that finite
dimensionality of Oy is equivalent to the existence of a finite dimensional internally bilinear
system

T=(A+ Zule)x, y=Cx (4)
i=1

with z(t) € IR"™ for some n and the A, F;, C' matrices of appropriate sizes, as well as the
existence of an analytic map 6 : M — IR", such that xzg and 0(z() give rise to the same
input/output behavior, for each zy € M. See [8] and especially [5] for details, as well
as [11] for the analogous discrete time concept; the terminology observation space was
introduced in the latter reference. We now state the first of the results to be proved in
this paper.

Theorem 1. The system (2) satisfies an affine i/o equation if and only if it can be
immersed in a bilinear system. In that case, it also satisfies a linear i/o equation. m

A somewhat more general result could be given, starting with systems which are not
necessarily linear but polynomial or even rational in controls, but the class of systems
(2) is probably general enough for most applications. A similar result also holds in the
multioutput case (h: M — IRP,p > 1).

The following observation will be useful. If there exist b, ag, ..., ax so that
k .
> ai(u(0), v (0),...,u*D(0))y™ (0) = b(u(0),(0),...,ul* 1 (0)) (5)
i=0

holds for each C¥ i/o pair, then (1) also holds for all ¢. This is because of time-invariance
of (2): given any to < T, the pair

u(t) = u(t +to), y(t) == y(t +to)
is also a C* i/o pair, defined on [0, T — t¢], and
1 (0) = u(to), 5(0) =y (to)
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for all derivatives. Thus equation (5) for the pair (4,¥) is equivalent to equation (1) for
the original pair (u,y) at time tg.

For any fixed T' > 0, we let Up denote the set of all essentially bounded functions
uw:[0,T] — R™

endowed with the L' topology (not the L™ topology). It is a standard fact that for each
fixed initial state z¢ of (2) and any fixed T, the mapping

U=y (6)

is continuous from Uy into C[0,T] (continuous functions with sup norm).

83. Generating series version.

In order to state the i/o version of the result, we need to have a notion of analytic i/o
mapping (6). We choose a presentation in terms of Fliess series, but one could also base
the approach on Volterra expansions with analytic kernels. Let m be a fixed integer, and
consider noncommuting variables 7g, ..., 7. A power series in these variables is a formal
expression

c= Z(c, 1,)M, (7)

where the sum is over all possible sequences of indices

L:(ila'“ail)alzo (8)
with each i, € {0,...,m}, including the empty sequence ¢ (I = 0), and where we denote
My = My -+ Mg (9)

and 7. := 1. The coefficients (c,n,) are real numbers. The set of all formal power series on
Mo, - -.,Mm forms a real vector space under the coefficientwise operations (rc; + ca, ;) =
r{c1,m;) + (c2,n;). We shall say that c is convergent if there exist M, K > 0 such that, for
each sequence ¢ as in (8),

(e.m)] < KM'L.

For each T, each u € Up, and each multiindex ¢ as above, we define inductively the
functions V, = V,[u] € C[0,T] by V. =1 and

t
W1,~~-7ik+1(t):A uil(T)‘/i2m~~7’ik+1<T)dT7 (10)

where u;(7) is the i-th coordinate of u(7) for i« = 1,...,m and ug(7) = 1. It is easy to
prove that each operator
Ur — C[0,T]: ur V,]u]
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is continuous. Further, if ¢ is a convergent series and K, M are as above, then for T' <
(Mm + M)~ the series of functions

F.[u](t) = Flu](t) = Y {e,n)Vi(t) (11)

is absolutely and uniformly convergent for all ¢ € [0,7] and all those u € Up such that
sup |u;(t)| < 1 for all 4; see [6], chapter III. Thus the operator F, is also continuous on the
subset of Ur satisfying this magnitude constraint. Further, c is in turn determined by F.,
in the sense that if F. = Fy for small enough 7T then ¢ = d (see [6]). If T and u are like
this and u is of class C*~!, then y := F[u] is of class C¥; we call such a pair (u,y) a C* i/o
pair associated to c.

We shall say that the convergent series ¢ satisfies an affine i/o equation (linear if
b = 0) if there exist an integer k and b, ag,...,ax as above (aj not identically zero) such
that that (1) is satisfied for each C* i/o pair of ¢ and each 0 < t < T. As before, if there
is an equation of order k, then there is also an equation of any order k' > k.

For any series ¢ and each monomial o = 7,, the series a~!c is defined by the formula

(a”"e, B) = {c,a).

The operation ¢ — o~ !¢ is linear, and is a noncommutative analogue of a shift. Note that
042_1041_10 = (ajag)te. If ¢ is convergent, then a~lc is too. In fact, if T is as above, the
same T is admissible for a~lc. Indeed, assume first that « is one of the variables 7;, and
take K, M, T as above. Pick any M > M so that the inequality T < (Mm + ]\Z)_1 still
holds, and let K be such that (I + 1)M' < KM' for all nonnegative integers I. It follows
that (o 'e, ) < (KKM)M'! for all § of length [. The general case follows by induction
on the length of a.

We associate an observation space Oy = Ogp(c) to each power series ¢; this is the
subspace of the space of formal power series in the m + 1 variables 7; spanned by the set
of all a~ !¢, for all monomials a. If ¢ is convergent, then each member of Oy(c) is again
convergent (and the same 7" works).

The series ¢ is called rational when Og(c) is finite dimensional. For each «, a™lc

can be identified with the a-th column of the generalized Hankel matrix of ¢, and hence
rationality is equivalent to the operator (11) being the input/output map of a bilinear
system (4), for some initial z¢. This equivalence is due to Fliess; see [4], [6], as well as [12]
for related facts on partial realizations. The second result will be as follows.

Theorem 2. The convergent series c is rational if and only if it satisfies an affine i/o
equation. In that case, it also satisfies a linear i/o equation. m

Actually, if ¢ is any rational formal power series, it is necessarily convergent, and in
fact (11) is defined for all T > 0, not just small 7', and all u € Up. The observation spaces
associated to systems and power series are related via realization theory, but we shall not
need this relation explicitly here.



§4. Proof of theorem 1.

The proof will be easier to understand once that we introduce a few more subspaces of
the set RM of all functions M — IR. We shall endow R with the topology of pointwise
convergence, the weak topology. The closure of a set S with respect to such a topology
will be denoted by closS. Since R™ is Hausdorff topological vector space, each finite
dimensional subspace is closed.

For each fixed system (2), we let O denote the space of all (noninfinitesimal) observ-
ables. This is the subspace of RM generated as follows. To each T > 0 and each u € Uy
we associate the observable

' : M — R, (&) := h(z(T)),

where z is the solution of (2) with xz(0) = ¢ and control w. For T" = 0, this is just h.
Then O is defined as the span of all such h*. (Recall that we are assuming completeness;
defining this space is a more delicate matter otherwise, since the solution x may fail to
exist.) If we only consider analytic controls u, we have the subspace O C O. If we restrict
to piecewise constant controls, we have another subspace OF¢. Because of the continuity
of the maps (6) with respect to the L! topology, and the density of piecewise constant as
well as of analytic controls in such a topology,

0¥ C O CclosO* and OF¢ C O C closOFC.

Thus,
dim OFC < 00 & dim 0% < 0. (12)

Finally, note that
dim OF% < 00 & dim Oy < oo, (13)

where Oy is the infinitesimal observation space introduced earlier. This is because the
generators (3) of Op can be obtained as Taylor coefficients of the possible elements in
OFPC. The argument is basically a standard one, but it is worth reviewing it carefully. We
use the following notation for piecewise constant controls:

w = (t1, p1)(t2, p2) - .. (s 1) (14)
is the control on Uy, T = > t;, which has the constant value p; on the interval
[to+ ...+ ti—1,to+ ...+t

where ty := 0. We say that u has k — 1 switches. Each generator of Oy appears as a mixed
derivative with respect to the ¢;’s and p;’s, as follows. For any fixed k and &, consider " (&)
as a function of ¢t = (t1,...,t;) and of u = (u1,...,ur), for piecewise constant controls
with k£ — 1 switches. Because of the assumption that (2) is analytic, h* is analytic as a
function of these. Denoting by p;; the i-th component of u;, i = 1,...,m, the following
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classical formula holds for all mixed partial derivatives which are of at most first-order
with respect to each variable separately:

ok 0°
8t1 c. (‘9tk t=0 8/Li1j1 c. 0,uisjs n=0

h*(&) = Lx,Lx,...Lx,(h)(&), (15)

for each 0 < s < k, each sequence
1<ji<je<...<Jjs <k
and any i1,...,i5 € {1,...,m}, where
X, =giy,l=1,...,s

and X; = f for i ¢ {j1,...,Js}. This formula is easily established by induction on k.
It follows from (15) that Oy C clos OF¢. More general partial derivatives of h*(£) with
respect to the components of ¢t and p are finite linear combinations of the generators (3)
of Oy, so by analiticity we conclude the other inclusion OF¢ C clos Oy. Thus (13) holds.

Because of (13) and (12), in order to establish theorem 1 we need only prove that
existence of an i/o equation is equivalent to the finite dimensionality of the space O“. In
order to do this, we introduce one last space of functions. For any £ € M, u € Up, and
t € 10,77, we let hi(§) be h(z(t)), where x solves (2) with control u and z(0) = £. Note
that with this notation, h% (&) = h*(€) if u € Up. If u is of class CK~1 then h¥(€) is of class
C* on t, and application of the chain rule shows that its k-th derivative at 0

O*hi'(§)
16
otk li=o (16)
is a polynomial on u(0),...,u*~1)(0) whose coefficients are analytic functions of £&. For
any sequence [ig, - - ., ftg—1 of elements in IR™ we let
h:u‘()a"wu‘k—l (5’)

be the value of (16), for any C¥~! control u for which
u'(0) = pii=0,...,k—1.

When k = 0, this is just h(£). For each k > 0, O“* is the span of all the functions
h#ooki-1 with 0 <[ < k, and Of is the union of all these spaces. For analytic controls,
R} (&) is analytic on ¢, so these spaces are related by Taylor expansions and hence

Of C closO¥ and 0¥ C clos O

Thus if either is finite dimensional then both spaces are equal. Observe that every O“:* is
finite dimensional, because each h*0>-~#+=1 ig polynomial in the p;’s. Assume now that

dim Oy =k < 0.
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Consider formally the elements
pHoroti=1 L =0,. ..k (17)

as rational functions on nm variables (the components of the pu;’s), with coefficients on
Og . More rigorously, we are looking at these elements as belonging to the tensor product

R(MO; s 7,uk—1> & 0607

with each of g, ..., ur—1 now thought of as a set of m indeterminates. This is a space of
dimension k over the rational function field R(ug, .. ., ftx—1), so the elements (17) must be
linearly dependent over this field. After clearing denominators, there results a nontrivial
equation

k

> ai(po, - - s pe—1)hFO = = 0, (18)
=0

If ay, = 0, one may replace this by an equation with smaller k. (If the set {h#o-Fi-1 ] < k}
is linearly dependent over R(uoq,...,pur—1), it is also dependent over R(uog, ..., pr—2).)
Note that equation (18) is the same, with a different notation, as equation (5) with b = 0.
Thus the (easy) sufficiency part of the theorem is proved.

We now prove the converse. Assume that an i/o equation holds, with some integer k,
and hence also for all k" > k. Because ay, is not identically zero, equation (5) exhibits each
h#o:--Hi=1 a9 a linear combination of the !h#0-#i-1 4 < | and of the constant function 1
(corresponding to the b term), generically on the p;’s. That is, there exist (open) dense
subsets

Wl g ]lea

l=k,k+1,..., such that
pHos ki1 g @Wk—T 4 span {1} for all (po,...,m—1) € Wi.

Since hH0rH1=1(£) is continuous on the pu;’s, it follows that also every element k0> Hi-1
[ > k, is in the finite dimensional space O“-*~! +span {1}, and we conclude that 0§ = O%
is indeed finite dimensional. m



§5. Proof of theorem 2.

The “only if” part is a consequence of theorem 1. Indeed, rationality implies that there
is a bilinear realization (4) of the corresponding operator, and an i/o equation associated
to (4) is also an equation for c.

The proof of the converse is structured very similarly to that of theorem 1, so we
provide only an outline. Fix a convergent series ¢ and a T' > 0 so that the operator
F = F, is defined on the set of controls in U7 which satisfy the magnitude constraints
sup |u;(t)| < 1. Since there is no risk of confusion, we also denote by F' the same operator
(11) acting on controls of length less than T. Pick any 0 < Ty < T'. The objects which we
define next will be in fact independent of the chosen Tj, but this fact is not needed. For
each p < T —Tp and each v € U, satisfying the magnitude constraints, we associate the
operator

G':Up, — R: w— Flwul(T),

where wv denotes the concatenation of w and v, defined on the interval [0, Ty + p]. Then O
is defined as the span of all these operators, O“ as the span of the operators corresponding
to analytic v’s, and OFC as the span using piecewise constant v’s. Endowing as earlier
the space of all operators Uy, — R with the weak topology, we again conclude that (12)
holds.

To see that also (13) holds in this case, we argue as follows. Let Oy be the subspace
spanned by all the operators of the form F;,d = a~'c, for all possible monomials a.
Because F; uniquely determines d, it follows that this space is isomorphic to Oy. The
generators of Oy appear as Taylor coefficients of the elements of OFC, just as in the
state-space case. Indeed, if v is as in (14), then

oF 0°
8t1 Ce 8tk; t=0 8/%1]-1 . .auisjs pn=0

G’lw] = Fyw], (19)

with d = ((1¢a ... () " Le, for each 0 < s < k, each sequence
I1<j<je<...<js<k
and any i1,...,i5 € {1,...,m}, where

le:’ml, lzl,...,S

and ¢; = ng for i ¢ {j1,...,7s}. This formula can be obtained by induction on k. Further,
mixed derivatives of higher order are also in Oy, so the proof of (13) is as before. One
technical fact that should be checked now, however, is that G¥[w] is indeed analytic on the
components of ¢ and u, at the values where these are all zero. In the state-space case this
was trivial, because of the existence of solutions for small negative times; here, one must
provide an analytic extension in the form of a value for the concatenation of a control w
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with a control as in (14) with small negative t;’s. But this presents no difficulty when done
in terms of the iterated integrals (10).

We are left with showing that existence of an i/o equation implies the finite dimen-
sionality of the space O% for every Ty as above. For any fixed such Ty, we introduce

operators
GHOw-kafl

as before, the corresponding spaces O“** and their union O%. The expressions G’[w] € O
correspond to evaluations at controls that are obtained as concatenations u at time Ty of
arbitrary controls w with analytic ones v. Thus in order to conclude (18) we need to know
that (1) holds at time ¢t = T} for all such u. The assumption is somewhat different: the
equation is only known to hold for all C* pairs. However, all derivatives (") (¢) and y(® (¢)
exist and are continuous as t — T, 0+ for the i/o pairs corresponding to these concatenated
controls u, and further any u of that form can be approximated in Uy by smooth controls
which coincide with u for all ¢ > Tj. Thus (1) must hold also for the concatenated controls.
The proof is then completed as before. m

§6. An example.

Consider the system with M = IR and

=, y=1x°/2. (20)

Since ¢ = zu and y" = u? + xu’, there results the second order affine equation
wy” — 'y = u?.

Since y""" = 3uu’ + zu”, there is also the output-linear third order equation

u?y" — 3uu'y" + [3(v')? — uu']y = 0.
It is trivial here to give a bilinear immersion:
&1 = uxs, Lo = x1u, &3 =0, y = T, O(x) := (z,2%/2,1).

We wish to use this example to emphasize that one must allow for ‘singular’ equations.
(This is closely related to the fact that the output of (20) has a singularity at the origin,
see [7].) We claim that in fact there exists no integer k and no function R : R** — R such

that
y () = Ry(t),...,y* (@), ut), ..., uF (1)

for all i/o pairs. Further, this happens even if we impose the fixed initial state 2(0) = 0.
To prove the claim, it is sufficient to provide for any given integer k£ a time 7 > 0 and
two smooth i/o pairs (u1,y1) and (ug,y2) corresponding to xz(0) = 0 and defined on an
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interval containing [0, 7], such that ugi)(T) = ug) (1) and ygi)(T) = yéi)(T) for all i < k

but y%k)(T) # yék)(T). These pairs can be obtained as follows, for an arbitrary 7 > 0.
First let u : [0,7/2] — IR be a smooth function all whose derivatives at 7/2 as well as
its first k£ — 2 derivatives at 0 are equal to zero, and which is so that u(k_l)(O) = —1 and

p = OT/2 u(s)ds # 0. Now let

u(t), if t € [0,7/2] [ =3u(t), ifte|0,7/2]
w(t) = {u(T—t), iftefr/2,7 0 )= {U(T—t), ift € [r/2,7].

The corresponding state trajectories starting at xz(0) = 0 are such that z1(7) = p and
xo(T) = —p. In particular, y1(7) = y2(7). For | > 1, the derivatives of the outputs have
the form

y () = Plui(t), .. w72 () + ol D () (t)

for polynomials P, which vanish at the origin, so all derivatives of order [ < k — 1 co-
incide at 7, but ygk)(r) =p# —p= yék)(T). Thus this i/o pair provides the desired

counterexample. =

Finally, we give an example which illustrates the fact mentioned in the introduction,
that an equation (1) may not be satisfied by any bilinear system, and for that matter,
there may not exist any i/o operator whose i/o pairs satisfy this equation. This serves to
emphasize that our results require the knowledge that there is some such operator, even if
its precise form is not known. Consider for this the equation

u(t)y'(t) = 1. (21)
Assume that there would exist some operator F, and some 1" > 0 so that F is defined for

small enough inputs on [0, T]. Let us(t) = ¢ and ys := F.[us]. Then, there is a constant k
(namely, (c,¢e) in the previous notations,) such that

ys(0) = k
for all 4. From this and (21) we conclude that
ys(T) =k +T/6.
This diverges as 6 — 0, contradicting continuity on controls and the fact that yy should
be defined. If one were to restrict attention just to controls that never vanish, then there

would of course be a realization. This suggests a “local” study, for controls whose values
are restricted; see [7], [2] for example.
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