1= (ko1 + k)G
On =kp, N_1Cn_1 — k_1 NCi

k M* T
C;

kT,’i = I{}p k—lzi = If_l I{}p

unique equilibriumFar more interestingly, how-
ever, we will prove that the equilibrium obally asymptoti-
cally stable every solution, for any choice of initial (nonneg-
ative) values’;(0)s, converges to the unique equilibrium. This
conclusion rules out, in particular, periodic orbits and, of course,
chaotic behaviors, and shows the “determinism” of the process
described by McKeithan. Moreover, we will also establish the
robustnessf stability with respect to a quantifiable class of per-
turbations in the dynamics.

Going further, and approaching now the equations from the
point of view of a control theorist, one may pose questions of a
very different nature as well, questionsd#sign The equilibria
depend, in particular, on the value of the constaritand A/ *,
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Here,k; is a suitable constant of proportionality, the “reactioilNote that, for instance, the term corresponding te 2 and
rate constant,” which is often taken to be (Arrhenius law) prg-= 1 in the summation in (4) gives us
portional to the Boltzmann facter £/ %7 andT is the temper-

. : —kizx
ature. One also writes graphically: 14142
klx?azéa:é(bg — bl) = —/{}1371372
P +PEp kyxyaxy
We also assumed for our example that there is a dissociatf§fich provides precisely the contributions e, &>, andis
reaction, that is, represented by (1) and (2). [Higher-order polynomial equations
may result as well. For example, suppose that each molecule of
Py *, P+ P speciesP; can react with four molecules @ to produce two
_ _ o molecules ofP;, that is, P, + 4P, — 2P;. This would give us
whereks is another.rate constant, and this reaction is also 'T‘Oéhuationsizl = —ka1x}, io = —dkzixd, andis = 2kziad,
eled by rate equationg?; decays at a rate proportional to itSgnd the vectors; andb, would becomé, = (1, 4, 0), by =
concentrationzs = —ksx3, and each of; andz, grow at this 0,0,2)]
rate. Incorporating these into the previous equations gives thex fundamental role is played by the linear subsp&oef R™
final set of differential equations: which is spanned by all the differencis— ;. This is thesto-

ichiometric subspacassociated to the reaction, and each inter-

= ~hiwies + kaw section between a parallel translatefand the positive or-
Ty = —kix172 + kows thant is called &lass,or more properly a stoichiometric com-
&3 =kix122 — koxs, (3) patibility class [“stoicheion= (Gk.) element]. The significance

] ) ) ) of classesis that, singec D, trajectories remain in classes, that
which describe the evolution of all the concentratian®). s classes are positive-time invariant manifolds for the dynam-
A very convenient and systematic formalism to describe the,| system. (The positive orthant is itself forward invariant, as

complete system of equations is as follows. The entire reactigrbasny shown.) In the example discussed abdvis the line
is represented by a graph, whose nodes are the “complexgﬁ”

. . i . anned by, — b2 = (1, 1, —1)". This line can also be de-
which appear in the reactions, suchfas+ P> and 3 in the  ¢riped as the set of solutionsef+zs = 9425 = 0, S0 each
exe}mple given above, and yvhose edges are labeled by thejgzs is given by the positive pointsfm, +z3 = c1, z2+x3 =
action rate constants. So, in the example shown above, there for gifferent constants; ande,. Of course, it is clear from

is an edge labeled; (wherek; is an actual positive number) o equations (3) that(z; + z3)/dt = d(xs + z3)/dt = 0
starting at the node in the graph corresponding?to+ P, along solutions.

and pointing to the node correspondingig and there is like-  one of the basic facts about the systems studied here is that
wise an edge labelek} from the second node to the first. Weyhere is a unique equilibrium in each class, and, under mild con-
associate to this graph isx 2 incidence (connectivity) ma- gitions, this equilibrium is globally asymptotically stable with
trix matrix A = {aj;}, listing all the edge labels (for instance ggpect to positive initial conditions. Continuing with the above
az = ki, to indicate a reaction with rate constant from  gyample, the set of possible equilibria consists of the points in
the first node to the second node). More generally, the sigg, hyperbolic paraboloitlas — kiz1zs = 0. Let's now take

of Ais m x m, if there are a total ofn complexes. One of o simplicity &, = k» = 1 and analyze the stability of the equi-
the hypotheses to be made is that the matriis irreducible, |iprium 0 = (1,1,1). Astheray(l, 1, 1) + A(1, 1, —1) is
meaning that the graph is strongly connected, that is, ther&dsyard invariant, whera ranges over the intervék-1, 1) (the
some path, typically through several stages of intermediate Jgeasection of the corresponding line and the positive orthant),
actions, linking any two given complexes (in fact, results holg may parameterize motions By One obtains the scalar dif-
under a weaker, block-irreducibility, property). Next, one introrgrential equatiol\ = —3\ — A2, which has, as claimed, the
duces a set of columm-vectorshy, . .., b, one for each com- point A — ( as an asymptotically stable state with a basin of
plex (in our simple examplen = 2). This is done by spec- ayraction which includes all of-1, 1).
ifying the contributions from each type of molecule. For ex- e start at a point which is not in the above line, the equi-
H H _ !
ample, P, + P gives rise to the vectdr, = (1, 1, 0), and jinrium approached will not be®. If this equilibriumz® is de-

P to th“e vectow; = Sov 0, 1)". _ sirable, we may want to design a feedback law to drive the so-
The “mass action” dynamics are then summarized by Hi&ions from every other (positive orthant) initial state int&

system Suppose that we can control the inflows and outflows of, let us
momn . say, P, and P5. This situation is represented by the following
E=Y Y agaTwy i (b — by) (4) control system:
=1 j=1
: . T1=—T1T2 +T3+u
(where eacty, € R"™ has entried,, ..., b.c), which the reader ! 142 . 3T
To =—T1%2 + X3

may easily verify reduces to (3) in the above example, for which
1 0 i‘g =X1T2 — T3 + Usz.

A= <]? %2) ,obi=11], b=]0]. Stabilization ofs® = (1, 1, 1)’ can be achieved for instance by
L 0 1 a simple feedback linearization, taking := z1xs—z3—x1+1
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Fig. 2. McKeithan's network.

[20] in order to describe how a chain of modifications of thavith « > 0 andg > 0. The original system is nothing else
T-cell receptor complex, via tyrosine phosphorylation and oth#éhran the restriction of the dynamics to the class determined by
reactions, may give rise to both increased sensitivity and selec= 7 and3 = M*. Thus, the conclusions will follow from
tivity of response. Let us introduce two additional varialfgs) Theorem 2 as soon as we prove thgt) £, = @ for any pos-
andM (¢), which represent the concentrations of T-cell receptdive classS. Pick anyz € R% and any positive clas§®:?.
(TCR) and a peptide-major histocompatibility complex (MHC)According to Proposition VI.3, it will be enough to find some

The constank, is the association rate constant for the reag-< {1, ..., m} with the property thak; # 0 for all k € S;.
tion which produces an initial ligand-receptor compléxfrom Here,S; = {1, 2} andS; = {j+ 1} forj = 2,..., m. If
TCRs and MHCs. The quantiti€% (¢) represent concentrationsthe property is not satisfied for somee {2, ..., m}, then

of various intermediate complexes, and McKeithan postulat€s = 0 for all i. But in this case, the equations f6f-° give
that recognition signals are determined by the concentrationglot? = «« > 0 and alsaM = 5 > 0, soj = 1 can be used. In
the final complexCy. The constants,, ; are the rate constantsconclusionz ¢ Ey, and hence Part c) of the theorem applies.
for each of the steps of phosphorylation or other intermediateLet us compute equilibria explicitly. Setting right-hand sides
modifications, and the constarits; ; are dissociation rates. to zero givesCy = (k, n—1/k—1, 5)Cn—1, and recursively
Global stability of a unique equilibrium will be deduced fronusingC; = (k;, i—1/(k—1,: + kp,+))Ci—1 we may express all
Part c) in Theorem 2 when we view the equations as those of@ys as multiples ofCy. We also havely = [k1/(k_1,0 +
appropriate system (5) restricted to a suitable class (which is dg-o)]T’M. Thus
termined by the constanf&* and1™). The complete reaction
network is represented graphically in Fig. 2 (this is the same as £+ = e, B, koaf; k10f, ..., inaf)la, 5> 0}
[20, Fig. 1], except that we do not make the simplifying assumpsere thes;s are rational functions of the constants defining the
tion of equal rates). In other words, we have a system of forgystem (these are the equilibria studied in [20]). It is obvious in

(5), where we use = (1, M, Co, ..., Cy)" as a state, and this example that we obtained a two-dimensionak-(m + 1 =
takem =n—-—1=N+2 2) nonsingular algebraic subvariety Bf .
1 0 0 0 We next discuss the application of Theorem 3 to this example.
1 0 0 0 As r = 2, we consider feedback laws of the type(Zr, —
0 1 0 0 Tk, )+ 72(Tk, — z1, ), Wherey; > 0andky, k» satisfy (14) and
=gl 2= =11 bm =| o (15). SinceD is spanned by +e; — e3, ..., e1 4+ €2 — en,
. . . : this means that (14) is satisfied provided that {%1, %2} or
(') 0 0 1 2 € {k1, k2}, and this is sufficient to guarantee that also (15)
satisfied. In other words, stabilization to any desired equilibrium
andA = (a;;) with ag; = ki, a1, =k_1,;—2 (¢t =2, ..., m), s possible provided that some pair of reactants, including at
aii-1 = kpi—s (1 = 3,..., m), and all othera;; = 0. The |east one off" or M, can be manipulated by a controller.
corresponding set of differential equations is To illustrate some of our constructions in a comparatively
N trivial case, let us now specialize even further, taking st 0
T=—kTM+ Z k_1,:C; and all constants equal to one. (This is mathematically the same
i=0 as the example treated in Section I-A.) Writingy, » instead
N of T, M, Cy, we have the system
M= —laTM + Zk—l,ici . . )
o rT=—-2Y+z Y=-TY+z 2=TY—z
Co=k1TM — (k_1,0 +kp,0)Co andE; = {(z, y, 2)|z — 2y = 0}(R3 is a hyperbolic pa-
raboloid (intersected with the main orthant). This is obviously
o a nonsingular algebraic set, but it is instructive to see it also as
Ci=kp im1Cim1 — (k=1,i + kp,:)Ci the image of the diffeomorphisd/: D+ — E, constructed in
. the proof of Theorem 5 in Section V-B. Using= (1, 1, 1Y,
. we have the formulaV{(ry, r2, 73) = (e, ™2, ™) for
Cny =k, No1Cnot —k_1 NCn. (ry, 72, 73) € DL, Here, D is the span of(1, 1, —1Y,
Notice thatD = {#|T + Co+ -+ Cy = M+ Co4---+ o Wi remolrs 4 7s = r2 4 r5 = 0}, and
Cx = 0}, and the positive classes are of the fagm= 57, J\D/[(Df) _{(E’ ro, T3)lrs = 71 4+ 72}, SO it is clear that
=E,.

intersections witlRZ , of the affine planes o N
20 P Note, incidentally. that there are boundary equilibria as well:

T+Co+--+Cnv=a, M+Co+---+Cn=p Ey = {(x, 0, 0)|z > 0} | J{(0, y, 0)|y > 0}, but none of these
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where they; constitute a basis @+, then the uniqueness partwe write:

of Lemma IV.1, applied withD = D, gives thatd(z, z) = 0 .

if and only if z = z. [Becauser = ¢(z, x), andé(z, z) = 0 & = f(z) = BAOp(x) (37)
impliesz = ¢(z, x).]

Remark IV.5: Recall the definition (23) oR. We can extend
ptoamapR x R} — R by defininge(p, q) .= ¢(p+4d, q) N . (b, 7))
foranyp € R andq € R%, whered € D is any element ©p: R" — RYo: 21— (‘3 AR
of D with the property thap + d € R’;. This definition is
valid because, for ang; andd, in D such thatp + d; and oObtained as the composition of the maps- g(x), z — B'z,
p+ dy are inR™, we havep(p + dy. q) = (p + da, ), since andy — (e¥t, ..., e¥) . In particular, sinceankB = m and

= ¢(p+di, ¢) is uniquely determined by the two conditiong€achp; mapsR,. ontoR,

§(z, ¢) = 0andz — (p+d;1) € D, and the second condition is

equivalent tar — (p 4+ do) € D. Moreover, if hypothesis (i) the restrictior®5: R} — R is onta (38)
holds, then the extension @fto R x R” , which we denote again

by ¢, is of classC*. Indeed, given any, € R, and ad, € p Note that

so thatpy + do € R, it holds thatp + dy € R’} for all p in

some neighborhood gk, so the extension af is obtained (on Op(x) = (fu(r1)" O2(x2)" - On(wn)",

where®©p is the mapping

e<bm,ﬁ<w>>)’

that neighborhood) by composition of the originalwith the o B01(x) O (mo) e - 0, (2 nm) (39)
translation(p, ¢) +— (p + do, q), and the former is of clagd"
by Lemma IV.1. O For any twoz, = € R, it holds that:
Remark 1V.6: If hypothesis (H) holds, then, for some con-
tinuousd(-) > 0, and for allz, » € RY, (Fk > 0)Og(z) = kOR(T) < plz) — (@) € D+ (40)

x—2€D = 6z, z) > d(z)

( 2I*) . (36) [recall the definition (10) of]. To see this, denotg := O 5 (),
m . . 7= Op(7).If y = w7, then, withk :=Ink,Iny; = k+1n7,,
Indeed, &(z, 2) > 3 L,((bi — by, Ale) — PN for eachj = 1, ..., m. Thus (b;, j(x)) = k + (b, ﬁ(f);,
and p(z) = p(z_) + Q@ — 2) + ofle — z[), where \ nichimpliesthatb,, j(z)— () = k for all j, and therefore
Q = Q(z) = diag(pi(z1), ..., p,(z,)) is the Jacobian
of o evaluated atz [nonsingular, by hypothesis (h], so (b; — bi, Jz) — JT) =0 Vi, j.
(a:7)>2 o(bi — b1,z — 2)g)? + o(|z — z|*), where 7 7
{n, &)@ = (. Q5> is a nondegenerate inner product D Conversely, if this holds, we may defike= (b, p(z)—g(T)),
This gives (36), because the—b, s constitute abasis @. [Or, ; .— ¢k and reverse all implications.
more concretelys(z, 2) > 32, [W/E[* +o(|x — 2|?), where e also note, using once again ttihas full column rank,
§ = Ro(x —2), W. := (Ro(by — b1), -y Re(bm — b1)), that f/(Z) = 0 is equivalent tod©z(z) = 0, that is the fol-
and R. is a symmetric positive definite matrix, continuous ofging.

z, with RZ = Q(z). So, we may use thdW’{| > do(2)[¢], Lemma V.1:A state z is an equilibrium if and only if
wheredy(») is the smallest singular value &F restricted to g ,(7) € ker A. 0
R.D, which is nonzero sincé/¢ = 0 implies¢ € (R.D)*,  we now consider the matrixA. The row vector
together with|¢| > d;(z)|x — 2|, whered; (z) is the smaIIest 1 = (1,...,1) has the property thatA = (0, ..., 0),
eigenvalue of?., to obtain again an estimate (36).] U so, in parUcuIarA is singular. The following is a routine
consequence of the Perron—Frobenius (or finite dimensional
Krein—Rutman) Theorem.
Lemma V.2:There existsy € RT Nker A so that
It is convenient to also express the dynamics (5) in matrf®Z,\{0}) Nker A = {x7, » > 0}.
terms. Letting Proof: If y € RY, is any elgenvectoroﬁ corresponding
m m to an eigenvalua, it follows that0 = 1Ay = 1\y = Ag, where
A=A_ diag <Z @, e Z am) q = 1y is a positive number (becaugebemg an eigenvector,
; is nonzero), and therefore necessadily= 0. In other words,
a nonnegative eigenvector can only be associated to the zero
—Z a1 a1z e a1m eigenvalue. Pick now any > 0 large enough such that all en-
il tries of A := A+~1I are nonnegative. Since the incidence graph
G(A) coincides withG( A), it follows thatA is also irreducible.
a1 —Z Qi e a2m By the Perron—Frobenius Theorem, the spectral ragliog A
- i#2 is positive and it is an eigenvalue dfof algebraic multiplicity
: : : one, with an associated positive eigenvegter R;'. Moreover,
m every nonnegative eigenvectpe RZ, associated to is a pos-
_Z Aim itive multiple ofy. As addingy! m~0\7es eigenvalues bywhile
iZm preserving eigenvectors [that (54 + 1)y = (A + )y is the

V. INTERIOR EQUILIBRIA

=1

Am1 Am2
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same asdy = \y], 7 is a positive eigenvector of the original Since each, is irreducible, we can find positive eigenvec-
matrix A. It is necessarily in the kernel of, since we already tors for the entire matrix4, and the possible such eigenvec-
remarked that any nonnegative eigenvector must be associdted are of the form(«x1%,, ..., xr%)’, where eachy, is a
to zero. Finally, ify is any other nonnegative eigenvector/bf positive eigenvector ofi, and ther,s are positive numbers.
and in particular any element 6RZ,\{0}) (ker A, then itis The function® is still onto, so we obtain the existence of
also a nonnegative eigenvector.4fand thus it must be a posi-positive equilibria. Note tha® (=) decomposes into blocks
tive multiple ofy, completing the proof. m O, ..., ©f, mapping intR7s, respectively, and (40) gener-
Corollary V.3: The set of positive equilibri&’, is nonempty. alizes to:0%(x) = kO%(T) for somer > 0iff jlx) — p(T) €
Moreover, pick any fixed € E . Then, for any positive vector DL, Thus, unigueness in each class holds just as before, since

z € R}, the following equivalence holds: D+ is the intersection of th®t, s = 1, ..., L, and alsar is
an equilibrium iff all f;(z) = 0.
re b, <= 6x,7)=0. (41) As a last comment along these lines, we remark that the as-

sumption thatB has full rank can also be slightly relaxed, as
Proof: By Lemma V.2, there is song € R™" in ker A. follows. Suppose that the column spaces of ihs intersect
By (38), there is some& € R'} such tha®© z(z) = 7. In view only at the origin, and the column space of sofespans an
of Lemma V.1, is an equilibrium. affine space of dimension, — 1, i.e.,D, has dimensiom,—1,
Now fix anyZ € E, and anyz € R, and lety := ©p(z), but B, itself has rankn, — 1 (instead ofm,). Then, we may
7 := ©p(T). Suppose: € E,.By LemmaV.1y € ker A. By add a state variable to the system, which satisfies a differential
Lemma V.2, every two positive eigenvectorsifire multiples equationio = 0, and extend the system in such a manner that
of each other, so there is somec R, such thay = x7. By Bs has rankm: this is equivalent to adding a row constantly
(40), p(x) — p(T) € D'. Conversely, if this holds, then, againeéqual to 1 to the matrix3; (and to the remaining matrices as
by (40),y = x7. Hence,y is also an eigenvector of, so by Well). The original system appears as the restriction of the new
Lemma V.1 we conclude € E, . m System to the invariant subset consisting of those states whose
Remark V.4: Even if the assumption that eaéfg. , is onto last coordinate is equal to one. O
R is dropped, the second part of Corollary V.3 is still valid,
as the proof of the previous lemmas did not use ontoness, ButProof of Part a) in Theorem 2 and Theorem 6
merely (28). We are not assured that equilibria exist, butif thererix anz ¢ E, and anyp ¢ R™. Applied with¢ = 7 (and
is any equilibriun then (41) holds. O D = D), Lemma IV.1 says that = ¢(p, Z) is uniquely char-
Remark V.5: Itis possible to generalize many of the results tacterized by ay € p + D and b)é(z, ) = 0, the second of
the case whert is notirreducible but, instead, there exists a peyhich is in turn equivalent by (41) to € E,. In conclusion,
mutation matrixP with the property thaf’ AP is a block ma- , — ¢(p, ) is the unique point iR’} which is an equilibrium
trix with irreducible blocks. Let us sketch this next. Assumingind lies in the same class asThis proves Part a) in Theorem
already such a reordering has taken place, the family of systemsind, moreover, shows that
considered is as follows. The dynamics are described by

b= filz)+ -+ fo(x) m(p) = ¢(p, T) (42)

wherelL is a positive integer (the “number of linkage classes

and eachf, has the form in Equation (5), for some matrice . ; i
A= A,andB = B,.We suppose that each is an irreducible provided hypothesis (B holds, which proves Theorem 6.1
nonneéative matri; of sizer. % m.. and eachB. has size: x Remark V.6: Theorem 2 is valid even under the weaker as-

m.. We letm = my + - - - + m,. Further, we also assume thalsumpt|on that condition (28) holdsiot necessarily assuming

the matrix B which is composed from the blocks,, namely that.;?g?mi |sr:)nto[|§20. Molre premrs]e:é/;f_lt_rr]]ere |sbe_1|F least one_”
B = (By, .... B,), satisfies the properties (7)—(@) required 0Equu rium, then the conclusions hold. The stability parts wi

B. We letD, be the subspace 8" spanned by the differences e remarked upon later, but regarding Part a), itis only necessary
bi—b; of columns ofB,, foreachs = 1, ..., L, and now define to _note that Lemma IV.1 was proved under the weaker hypoth-
D as the sum of the spac®s. (Note that the column spaces oftSIS: and that _(41) holds (cf. Rem"?‘rk V-4). . .
the B,s intersect only at zero, because we are assuming that th ow let us introduce the following condition, expressed in
columns ofB are linearly independent; thd3 is also a direct Ferms of the transpose of the vector= (1, ..., 1) and the
sum of theD, s. The dimension of eadh, ism, — 1, andD has 'Made of the transpose @f:

dimensionm — L.) Since the differencelg — b, of columns of

different B,s do not ever appear in the vector fields defining the 1" € B'(RY). (43)
system, the same argument as before shows that the paséts

(with the new definition ofD) are invariant. Classes are nowObserve that, if the system is “homogeneous” in the sense
defined using thi®, and are also invariant. We can express thtbat the exponents in each term add to a fixed constant, then
dynamics in the form (37), wheré is formed as before, starting (43) holds, since homogeneity amounts to the requirement
from them x m matrix A that is obtained by using,, ..., A;, that B’1, = 1, where we denote by, the vector of length

as diagonal blocks. n consisting of 1s.]We claim that if (43) holds (instead of

~{S the assignment gf into the unique positive equilibrium in
l(s class. Furthermore, by Lemma IV&(-, 7) is of classC*
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unboundedness), then there exists at least one interior equil®- Proof of Theorem 7

rium. For this we may assume, without loss of generality,

that e will construct a preliminary transformatiah of R into

o; = 1forall ¢ (if this were not the case, we simply rescalgy, i SinceD is a linear space of dimensien— 1, and since

all the functionsf;, adjusting the4A matrix accordingly; thus by Theorem 5 we know thak,

is a manifold diffeomorphic

we rewrite the system equations as those of a system of EB%nfrn+l' the result will then easily follow. We assume that

same form, for whichr; = 1). It follows that the image 0B 5

is exp(B’(—R’)), where ‘exp” means taking exponentials of

each coordinate. Now take agyc R"}" (1 ker Aandlety € R™

be so thaty = exp(v). As B'(R%) is an open set, and using

(43), there ar@ > 0 andg € R} such thatl’ — (1/A\)v = By,
or equivalently —A\1 + v B’(—Xq) which means that
e™y = Op(x) for somexr € R%. Ase™*7 € ker 4, z is an
equilibrium, as wanted. O

Remark V.7:Recall Remark IV.5. After fixing a € E,,
we may extendr to R by lettingn(p) := ¢(p, T) for anyp €
R.Aso(p, T) := p(p+d, T) for somed so thatp + d € R},
andy(p + d, 7) € E, by (42), we have that(p) € £ for all
p € R. Note also that(p) = pif p € E,, since in that casg
is itself the unique positive equilibrium in its class. Thus

p=m(p) < pEE} (44)
for anyp € R. Furthermore, ag(p, Z) — (p + d) = p(p +
d, 7) — (p+d) € D by definition of, we know thaty(p, =) €
p+ D, so

p—m(p) €D (45)
for all p € R. We also have that
7r(p1) = 7r(p2) = p1 —p2 € D (46)

for all p1, p» € R, by (45) and because(p,) is the unique
positive equilibrium inps + D = p; + D whenp; — ps € D.
Finally, note thatr is of clasC* if hypothesis (H) holds, once
more by Remark IV.5. O

B. Proof of Theorem 5

Suppose that hypothesis fHholds. Then the restriction of
eachp; to R, is of classC¥, and so is its inverse, which is a
mapR — RT. With some abuse of notation, we will denote i
this section the restriction of eaghto R, and more generally F

the associated vector functighrestricted td®’; , with the same
symbols. Note thaF is aC*-diffeomorphism (clas€* and has
an inverse which is also of clagé). Now we fix any equilib-
riumz € E4, and in terms of it, define

M: R = Rl g 57Ny + ()

which is aC*-diffeomorphism since botly — y + 5(Z) and

p~* areC*-diffeomorphisms. As an illustration, in the standar:

setup we would havg; () = Inr andp; *(s) = ¢*, sOM (y) =
(1Y, ..., Tpe¥) .

We claim thatM (D+) = E,. Once that this is shown, The-
orem 5 will be established, since diffeomorphisms map subman?

ifolds into submanifolds, an®- has dimensiom — (m — 1).
Note thatr € M (D) if and only if 5{(z) = v + 5(z) for some
y € D+, thatis, if and only if7(x) — 5(z) € D+, so Corollary
V.3 gives the equivalence withe F . [ |

hypothesis (H) holds, and fix anyr € £ .
Recalling Remark V.7, we define, fare R

d(x) = (él(x), <i>2(x)) = (z — (), 7(x))

(see Fig. 3). The functiof is of clas<C* as a map int®” x R%,
and, because of (44),

reEp < &i(z) =0 <= (z)=(0, z) (47)
for all z € R. Also, property (45) gives thab,(z) € D for
all z, and we have thaég(a:) € E. (sincer assigns positive
equilibria). So the image ob is contained iD x £, which
is an embedded submanifold&f x R’} becauseD is a linear
subspace and using Theorem 5. Thixslefines also &* map-
ping into the submanifol® x £, and we view it as such.

Now consider the mapping

W DXR1—>R": (a, b)) —a+b

and its imageR = ¥(D x R} ) = R’ 4 D. If we show that the
restriction® of ¥ to D x E. is the inverse ofp, then we will
know that® is a diffeomorphism. It is clear from the formulas
that U(®(x)) = z. Pick now any(a, b)) € D x E,, and let
r=U(a,b)=a+0b.Thusz—a=0¢e E,,andp(h, T) = b
by (35) and (41). By the definition of, and thuss, on R,
we have thatr(z) o(x, T) o(z — a, T), S0 P(x)
(z—p(z—a, T), o(x—a, T)), which equal§z—b, b) = (a, b).
Thus also®(¥(a, b)) = (a, b).

In conclusion, we have a diffeomorphisRi — D x E,,
which can be composed with a diffeomorphigm x 5: D x
E, — R™~1 x Rn=m+1 (wherey is a linear map) to yield the
final diffeomorphism® = (&1, ®5): R — R™~1 x R*—™+1L,
We let " be the vector field obtained under this change of coor-

Hinates (namelyl(X) = &, (®~1(X))f(®~1(X))) and write

= (F1, F») in block form. Note that, by (47)¢.(x) = 0
if and only if z € E,. Thatis, block vector§X;, X,) with
X1 = 0correspond under the coordinate changEto That is,
every vector of the fornf0, X») is an equilibrium. This implies
that (0, X») = 0 for all X», and in particular the same is true
for the first blockF; . Also, by (46) we know that — z € D if
and only if &,(z) = $2(2), i.e., if and only if®,(z) = ®,(z).
Finally, we show thatF; 0. It suffices to prove that
(»(t) = ®o2(x(t)) is constant, for an arbitrary solutiar{z) of
5) taking values ifR. This follows from the fact that classes
are invariant, and hence the functigriz(¢), =) is constant,
which gives from the definition thab,(z(t)), and thus also
D,y (z(t)), is constant. [

VI. BOUNDARY EQUILIBRIA

Fixanyz = (z1, ..., zn) € RZ,. We wish to study the
implications of some coordinate, vanishing. Recall the defi-
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Suppose by way of contradiction thidt:= {1, ..., m}\I # such thay; = ¢,,, and.J its complement; as. € I, I # (. We
0. Pick some; € I andh € H so thata;; # 0 (irreducibility need to see that = §). Suppose thal # (. The connectedness
of A). We will show that, for any givety € (0, 7], and for any of the incidence graph of provides art € I andj € J such
givenk € &y, z(to) > 0, and this will contradict € H. thata,; # 0. Thus,q; = ¢; = ¢, contradictingj € J.

Sincei € I, z¢(to/2) > 0forall ¢ € S;. Then, we can apply  Let us introduce next a quadratic formsin— 1 variables
Lemma VI.1, to obtain that(¢o/2) > 0 or f/(z(¢0/2)) > 0.

As before, ifz(to/2) > 0 then via Lemma VII.1 we conclude m—1m-1 m—1 m—1

the positivity of z;,(¢) for all ¢ > t,/2, and in particular of DY a7+ D amél + Y amil
zk(to). And if insteadfi(z(to/2)) > 0, theniy(to/2) > 0 =1 j=1 i=1 j=1
andxzy(to/2) > 0imply z(t) > 0for all ¢t > t,/2 nearty/2,

and so by Lemma VII.1 once agaif,(#o) > 0. m Whichwe denote aB(¢y, ..., &n1). SiNCe(n; —1m) — (n; —

For the special case of systems (5), and more generally per) = 7: — 7; for all ¢, j, one has
turbed systems (21), we conclude that every trajectory starting

on the boundariRy which is not an equilibrium must immedi- Qs ooy M) = PO — My + ooy Mhne1 — M) -
ately enter the positive orthant.
Corollary VII.5: Consider any solutiom: [0, 7] — RY, of Note thatP is positive definite: ifP(q:, ..., gm_1) = 0, then
(21) for whichz(0) ¢ E5. Then,z(t) € R forallt € (0, 7. Q(qi, ..., gm_1, 0) = 0, which as already observed implies
Proof: By Proposition VI.3,5(0) ¢ E7 implies that there that allg; = 0. Thus, there is some constaqt > 0 such that
issomej € {1, ..., m} such that:;(0) # 0forall £ € S;. So,
Lemma VIl.4 insures that(t) € R’} forall ¢ € (0, 77. ] m—1
Another special case of that of the feedback system (16), and P(p1, .-y Dm—1) = Ko Z P
more generally when property (19) holds. This property says i=1
thatthereis som@ € {1, ..., m} suchthat, forevery € S, ,
it holds for eachr € RZ,, that either a}, > 0,0rb)z, =0and forall (py, ..., pm—_1) € R™ !, which means that
g¢(z) > 0 [in which case alsgf; (z) = Bk(z) + gr(z) > 0].
Applying with z = z(0) and using Lemma VI1.4 with thigy, m—1
we have: Qars - am) 2 K0 Y (@ —am)’ (54)
i=1

Corollary VII.6: Suppose that property (21) holds. and con-
sider any solutiorr: [0, T] — R%, of (17). Thenx(¢) € R

forall t € (0, 7. O forall (g, ..., gn) € R™ As (g — q;)* < 2 — m)” +
We also note, for further reference, the following. 2(q; — qm)* for all4, j, we may re-express the estimate (54) in
Corollary VII.7: Consider a system (21), and pick afye the form (53), using a smaller constanwhich depends only

RZ,. Then, eithe€ € E} or £ belongs to some positive class. ON Ko andm. u

= Proof: If ¢ ¢ Ef, then Corollary VII.5, applied to a solu- The following estimate will be the basis of a Lyapunov func-

tion starting from¢, and forward invariance of classes, give thd{on Property to be established later. .
¢ is in the positive class containing 7). - Lemma VIII.2: There exist two continuous functions

VIII. STABILITY v: R"—=R", o R} =Ry

We start by establishing some useful estimates.

Lemma VIII.1: Define the following quadratic function: ~ SUch that, for every pair of points = in R’

m m <ﬁ($) - ﬁ(z)v f(x»
Qo) =3 D aslw =)’ (52 < —e(2)6(z, 2) + (W(z) — 7)), f(2)).  (55)
Proof: As B has full column rank, there is an x n matrix

Then, there exists a constant> 0 such that B# (for instance, its pseudo-inverse) such tBa#tB = I. We

m m let
Q(Qb---,%n)Z“ZZ(Qi—Qj)Q (53) ,
im1 j=1 (o) = ((e<b170>7 o e<bm,o>) B#)
forall (g1, ..., gm) € R™. and ) 5, FO)
Proof: We first observe that co(C) = jopm ¢ PO
Qlgt, -, gm)=0= gi=gni=1,...,m— 1L Now take any pair of positive vectors z. Denote, for each
j=1,...,m
Indeed, obviousl¥)(q1, ..., ¢») = 0impliesg; = g¢; for each

pair ¢, j for which a;; # 0. Now let I be the set of indices g = {b;, plx) — p(2))
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and observe that

<bi7 U(ﬁ(.’l)’) -
S0, using formula (24),

m (3

(W) = 7, FE) = 30 Y a7 e — ),

(56)

Therefore [writingg(x, z) = (v(§(z)
plicity]

— 7(2)), f(2)) for sim-

_Zza 03 PEN (B (g — q;) — (¥ — b))
=1
+9($7 Z)

m m

=32 4y P (g — q;)* + g(x, 2)

i=1 j=1

(57)

IA

m

o) YD s -

i=1 j=1

co(2)Qq1, - @m) + 9(z, 2)

I/\

)+ g(z, 2)

(58)

whereQ is the quadratic form in Lemma VIII.1. Equality (57)

follows by adding and subtracting(«, ») and using (56). To
justify (58), we note first that, for eacta > 0, the function
R>0 — R

fa(r) :=e%(r—a) — " + e+ 3(r —a)®

is always<0 [becausef, (0) = —c% — 1+ ¢® +(1/2)a? < 0,
fo(r) = —o0asr — +oo,andfl(r) =e¢*—e"+(r—a) #0
for all » > 0]. Now we use the inequality” (r —a) —e" +¢* <
—(1/2)(r — a)? in each term of the sum withh = ¢; andr = ¢;
[recall a; et 70 2 > 0].

Lemma VIII.1 gives that)(qy, - ..
we may take(z) := rco(2)/2.

) an) > I‘Eé(l‘, Z). ThUS,

A. An Entropy Distance

We will show the stability conclusions even if one does n
impose the assumption that eattis ontoR>. Note that none

of the results in Sections VI and VIl used this condition. Thus,

we suppose that ea¢h: R — [0, o;) (where() <o; < x)is
locally Lipschitz, ha®s;(0) = 0, saUsﬂesf0 los(y)| dy < oo
[where p;(y) = Iné;(y)], and its restriction t®R> is strictly
increasing and ontf#, o;), with o; < +c0. We letp, :=lno;.
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[For the stability results, we will not even need to ask for con-
dition (28).]

For any fixed constante (—oo, p,),andeacli=1, ...,
we consider the following function:

n’

wa=zlmwwwf

This function is a well-defined continuous mappiRg, —
R, continuously differentiable for € (0, ;). Moreover, R
achieves a global minimum at the unigtfe= »{ € Ry where
pi(r°) = ¢, decreases fof € [0, 7°], and increases tg-oo for
T > e

The following function will play a central role:

n

=3 R (),

=1

W: Ry, x R} — R: (=, 2)

The above-mentioned properties of the functiaﬁ‘jé(zf)
that

imply

T F# 2

i.e., for each fixed: € R}, the functionW (-, z) has a unique
global minimum, atz. Note also that the gradient & (-, z)

= Wz, 2) > W(z 2), (59)

= (A=) — (60)
(defined forz € R7) vanishes only ak = » and that [since
Rf( )( i) — +oo if 2; — 4o0]

|z] = +o0 = W(z, z) = +o0 (61)

for every givenz. As W (-, z) is continuous, this implies that

{z|W(z, z) < w} (62)

is compact for every and everyw € R.

Remark VII1.3: In the standard setup, = In, W(x, 2) =
Z;;l z; Inx; — z; — x; In ;. Then this formula, when states
are interpreted probabilistically in applications such as chemical
networks, is suggested by “relative entropy” consideratiads.

B. Main Stability Results
The next lemma will be applied later witd equal to the

whole space or to a class, depending on the type of system.

LemmaVlil.4: LetS C RY, be aclosed set, and pigke 5.

cguppose that

(p(z) — p(@), (63)
is valid for all z € S(R%, z # . Consider any. € RZ,
for which the maximal solutiom(¢) of (17) with z(0) = ¢ is
included inS.

(@) <0
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[i.e., property (63) for (5)] is valid for alt € SR,z # 7. V(x(¢)) can be shown to decrease strictly alangrytrajec-
Sincec(z) > 0, by (66) all we need to show is thétx, ) # 0. tory (not merely in the positive orthant), and this proof applies
But the only way that(x, ) could vanish is ifc is an equilib- as well in the multiple-linkage class case described in Remark
rium (cf. Corollary V.3), and uniqueness of equilibriadifi\R’;  V.5. [The fact that all trajectories approach equilibria, in the
then givest = 7. So, Part 1in Lemma VIIl.4 gives(t) — E.m  multiple-linkage class case, may also be proved directly. The
3) Proof of Theorem 4:Let S be a positive class, and pickLaSalle argument proceeds in basically the same manner; the
T = Ts. Define: critical step is to study those trajectories that remain in a level
set of the Lyapunov function and start on the boundary. In the
case of a single class, such trajectories are either equilibria or
enter immediately the interidt’y (Corollary VI1.5). In the gen-
eral case, there may be a block which is “turned off,” that is,
restricted tor € S(\RY. Sincec(z) > 0 andé(x, &) = 0if  f,(x(t)) = 0 for somei € {1, ..., L}. In that event, we are
and only ifz is an equilibrium, which by uniqueness means  reduced to studying a system with— 1 classes, and the same
7, we havess(z) > 0 for all » # 7. take now any collection of |yapunov function (restricted to a possibly smaller state space,

functions{A;; } such that (22) holds. after dropping those state variables which only appear in the
Notice that (66) again holds, for all € R’. On the other “off’ reaction) can be used inductively. O
hand, forx € SRY

8s(x) == 2e(Z)%6(x, T)

AN

C. A Remark on Exponential Stability

Suppose that hypothesis {}Hholds. Recalling the definition
(64) of the Lyapunov functiofy’, and the form of its gradient
given by (60){p(x)—p(Z))’, we know that the Hessian dfatz

(plx) — p(Z), 9(x))

m m

=Y > Ay(a)(ple) — p@), b — b;)

i=1 j=1 is given by@ = diag(p}(Z1), ..., R"n/(Z,)) and is therefore
< Vbs(z)\/6(z, T) nonsingular. Sin_ce the gradienﬂz_if\fanishesiat =T, We_hr;we
< Le(@)b(x, 7) a Taylor expansioV (z) = (x — ) Q(z — T) + o(|x — F|*),

and thus, for allz in some neighborhood of, ¢;|z — 7|? <
V(x) < co|z — 7|? for some positive constants andc,. If we
where the first inequality follows from the Cauchy-Schwartget d, = d,(z)/2in (36), we also have thatz, T) > dy|z—z|2
inequality, the estimate (22), and the definitionbofl herefore, for all - in a neighborhood af. So inequality (71) gives us that,
(p(z) — p(T), f*(z)) equals along trajectories in the class containiagas long ase(t) is
nearz we have

() = p(E), J()) + (pla) — p(Z), g(x))

< —Le@)s(z, 7) (71) W

(p(x) = p(@), ["(2)) < =<V (2(D)),

forall z € Sﬂ_IR", and this expression _is negat_ive whe  \wherec — o(@)dac1 /2. Integrating,V (z(t)) < e~V (2(0)),
Z. Thus, (53) in Lemma VIIl.4 holds, witl$ as given. Part 3 4 \we obtain an estimate(t) — 7|2 < (ca/c1)e—°t|z(0) — 7|2
(asymptotic stability ofr) follows from the Lemma. for all trajectories of system (21) which start nearin other

We pick any¢ € S, and consider the ensuing maximal SO'“Words, (relative) stability is in factxponential -
tion. By Part 1 of Lemma VIIl.4, the solution is defined for all

t > 0 (proving Part 2 in Theorem 4) andt) — Ey|J{Z} as

t — 4o0. SinceEy and{z} are at positive distance, this means )
that eitherz(t) — Eo or z(t) — . In the first caseS being The apthor vylshes to express great thanks to C. qusy fora
closed implies that(¢) — Eo [ S. Thus, if B, = £ does not fascinating series of lectures, tol. Keshet fqr organizing a su-
intersects, the only possibility is that(t) — z. Conversely, if Perb workshop, and most especially to M. Feinberg for making
S E, # 0 thenzZs is not globally asymptotically stable re|a_ayallabl_e reprints of his work and for very enlightening e-mail
tiveto S. This is clear, since if € E, (S # @ then( (beingan discussions.
equilibrium) is not attracted t®. This proves Part 4 of Theorem

4 |
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Correction to “Structure and Stability of Certain Chemical —|— g(x, z) Q)
Networks and Applications to the Kinetic Proofreading m ) g
Model of T-Cell Receptor Signal Transduction” ZZ“ Dl 4 _|_ 5( ) + (e, 2) )
=1 j=1
Eduardo D. Sontag =
<- 4_1_(5(7 > ;]Z]au(qz_%) + g(=, z)
Index Terms—Chemical networks, stability. _ ~colw) Q(qra e go) + g 2).
4+ 68(x.2)
|. THE ERROR As earlier, equality (1) follows by adding and subtractifg, z). To
There is an error in the statement and proof of Lemma VII1.2 in tHgstify (2), we note first that
above papet. R
The estimate (55) is incorrect, and it should be replaced by the fol- 14+ h—et <= h .
lowing one: 44 h?
X c(x)8(z,2) |, . ) forall h € R. We apply this ingquality witth = ¢; — ¢; and use that
(@) = pz), f(z)) < - m"'(b(l)(f)—/?b))af(é)) (g —¢)* <X, (g0 — q)? = 8w, 2). ‘
Lemma VIII.1 gives thaQ)(q1, . . ., gm ) > k6(x, z). Thus, we may

(the first term in (55) was-c(z)6( . z)). The mistake was made whentakec(z) := rco (). This completes the proof of the revised version
passing from (57) to the next line, because the funcfiois not always of Lemma VI11.2.
negative. (As a side remark, note that the relevant equation numbers in
the published version are inconsistent with the discussion).

We will explain here how this new estimate is proved, and why the
main results are not affected by the change. All notations are as in irBecause of the new statement, a couple of small changes must be

I1l. THE PROOFS OF THEMAIN RESULTS

the above papér. made in the proofs of the main results of the paper. First of all, in
the proof of Theorem 4, instead 6f (z) = (1/4)c(%)? 6(x, %), one
Il. THE Fix should define
We first note that (56) can also be written as 55 (x) 1 c(z)?6 (2, %)
r)i= - ——-=
. 44+6(nn)’
g(x,z) = ZZa (b5.5(2)) (pi—a; _ 1).
i=1 j=1 which then leads to an upper bound as follows in (71):
The main derivation is now as follows: 1 c(2)6 (2, %)
7 5 T24+4%6 )
() = A=), f) o= 2)
_ Z i“' (B (g Finally, Remark VIII.C on exponential stability is still valid with the
& = Y R modified formulas, because
_ m m . /<bj1/—;(_7)> L L /t]i—qj 1 _lc(.’E)LS(;L’./ .f‘) < —p -
;;a”(’ (qz q; —e + ) 274_1_(5(}):.%) < —k6 (2, )

for any constant >0 which lower-bounds the valug$/2)c(x)/(4+
Manuscript received November 5, 2001. 8(x,)) on a neighborhood of.
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