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Abstract. This paper presents a Converse Lyapunov Function Theorem motivated by robust control anal-
ysis and design. Our result is based upon, but generalizes, various aspects of well-known classical theorems. In a
unified and natural manner, it (1) allows arbitrary bounded time-varying parameters in the system description,
(2) deals with global asymptotic stability, (3) results in smooth (infinitely differentiable) Lyapunov functions,
and (4) applies to stability with respect to not necessarily compact invariant sets.

1. Introduction. This work is motivated by problems of robust nonlinear stabilization. One of our main
contributions is to provide a statement and proof of a Converse Lyapunov Function Theorem which is in a form
particularly useful for the study of such feedback control analysis and design problems. We provide a single (and
natural) unified result that:

1. applies to stability with respect to not necessarily compact invariant sets;

2. deals with global (as opposed to merely local) asymptotic stability;

3. results in smooth (infinitely differentiable) Lyapunov functions;

4. most importantly, applies to stability in the presence of bounded time varying parameters in the system.
(This latter property is sometimes called “total stability” and it is equivalent to the stability of an associated
differential inclusion.)

The interest in stability with respect to possibly non-compact sets is motivated by applications to areas such
as output-control (one needs to stabilize with respect to the zero set of the output variables) and Luenberger-type
observer design (“detectability” corresponds to stability with respect to the diagonal set {(x,z)}, as a subset of
the composite state/observer system). Such applications and others are explored in [16], Chapter 5.

Smooth Lyapunov functions, as opposed to merely continuous or once-differentiable, are required in order
to apply “backstepping” techniques in which a feedback law is built by successively taking directional derivatives
of feedback laws obtained for a simplified system. (See for instance [9] for more on backstepping design.)

Finally, the effect of parameter uncertainty, and the study of associated Lyapunov functions, are topics of
interest in robust control theory. An application of the result proved in this paper to the study of “input to state
stability” is provided in [27].
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1.1. Organization of Paper. The paper is organized as follows.

The next section provides the basic definitions and the statement of the main result. Actually, two versions
are given, one that applies to global asymptotic stability with respect to arbitrary invariant sets, but assuming
completeness of the system —that is, global existence of solutions for all inputs— and another version which
does not assume completeness but only applies to the special case of compact invariant sets (in particular, to
the usual case of global asymptotic stability with respect to equilibria).

Equivalent characterizations of stability by means of decay estimates have proved very useful in control
theory —see e.g. [25]— and this is the subject of Section 3. Some technical facts about Lyapunov functions,
including a result on the smoothing of such functions around an attracting set, are given in Section 4. After this,
Section 5 establishes some basic facts about complete systems needed for the main result.

Section 6 contains the proof of the main result for the general case. Our proof is based upon, and follows
to a great extent the outline of, the one given by Wilson in [31], who provided in the late 1960s a converse
Lyapunov function theorem for local asymptotic stability with respect to closed sets. There are however some
major differences with that work: we want a global rather than a local result, and several technical issues appear
in that case; moreover, and most importantly, we have to deal with parameters, which makes the careful analysis
of uniform bounds of paramount importance. (In addition, even for the case of no parameters and local stability,
several critical steps in the proof are only sketched in [31], especially those concerning Lipschitz properties and
smoothness around the attracting set. Later the author of [21] rederived the results, but only for the case
when the invariant set is compact. Thus it seems useful to have an expository detailed and self-contained proof
in the literature for the more general cases.) A needed technical result on smoothing functions, based closely
also on [31], is placed in an Appendix for convenience. Section 7 deals with the compact case, essentially by
reparameterization of trajectories.

An example, motivated by related work of Tsinias and Kalouptsidis, is given in Section 8 to show that the
analogous theorems are false for unbounded parameters.

Obviously in a topic such as this one, there are many connections to previous work. While it is likely that
we have missed many relevant references, we discuss in Section 9 some relationships between our work and other
results in the literature. Relations to work using “prolongations” are particularly important, and are the subject

of some more detail in Section 10.

2. Definitions and Statements of Main Results. Consider the following system:

(1) @(t) = f(=(t), d(t)),

where for each t € R, z(t) € R"™ and d(t) € D, and where D is a compact subset of R™, for some positive
integers n and m. The map f: R"” x D — IR" is assumed to satisfy the following two properties:

e f is continuous.

e f is locally Lipschitz on x uniformly on d, that is, for each compact subset K of R" there is some
constant ¢ so that |f(z,d) — f(z,d)| < ¢|z — 2| for all z,z € K and all d € D, where || denotes the
usual Euclidian norm.

Note that these properties are satisfied, for instance, if f extends to a continuously differentiable function on a
neighborhood of R™ x D.
Let Mp be the set of all measurable functions from IR to D. We will call functions d € Mp time varying

parameters. For each d € Mp, we denote by z(¢, zo, d) (and sometimes simply by z(¢) if there is no ambiguity

from the context) the solution at time ¢t of (1) with z(0) = zo. This is defined on some maximal interval
— + . —_ +
(T, .0 Ty .q) with —co < T , <0 < T ;< +o0.

Sometimes we will need to consider time varying parameters d that are defined only on some interval I C IR
with 0 € I. In those cases, by abuse of notation, z(¢, zo, d) will still be used, but only times ¢t € I will be

considered.



The system is said to be forward complete if T;:)’d = 400 for all zo all d € Mp. It is backward complete if

T = —oc for all zg all d € Mp, and it is complete if it is both forward and backward complete.

IO’dWe say that a closed set A is an invariant set for (1) if
Vro € A, Vd € Mp, T;;’d = +oo and z(t, zo, d) € A, Vi > 0.
REMARK 2.1. An equivalent formulation of invariance is in terms of the associated differential inclusion
(2) z € F(z),

where F(z) = {f(z, d), d € D}. The set A is invariant for (1) if and only if it is invariant with respect to (2)
(see e.g. [1]). The notions of stability to be considered later can be rephrased in terms of (2) as well. O

We will use the following notation: for each nonempty subset A of R", and each £ € R", we denote

def

the common point-to-set distance, and |£|;0y = |£] is the usual norm.
Let A C R™ be a closed, invariant set for (1). We emphasize that we do not require A to be compact. We
will assume throughout this work that the following mild property holds:

3) sup {[¢] 4} = oo
£€R™

This is a minor technical assumption, satisfied in all examples of interest, which will greatly simplify our state-
ments and proofs. (Of course, this property holds automatically whenever A is compact, and in particular in the
important special case in which A reduces to an equilibrium point.)
DEFINITION 2.2. System (1) is (absolutely) uniformly globally asymptotically stable (UGAS) with respect
to the closed invariant set A if it is forward complete and the following two properties hold:
1. Uniform Stability. There exists a Koo-function §(-) such that for any e > 0,

(4) |z(t, zo, d)] , < € forall d € Mp, whenever |zo|, < d(c) and t >0.
2. Uniform Attraction. For any r,e > 0, there is a T > 0, such that for every d € Mp,
(5) |z (t, 20, d)| 4, < €

whenever |xo| 4, <7 and t > T. O

For the definitions of the standard comparison classes of Ko and KL functions, we refer the reader to the
appendix.

Observe that when A is compact the forward completeness assumption is redundant, since in that case
property (4) already implies that all solutions are bounded.

In the particular case in which the set D consists of just one point, the above definition reduces to the
standard notion of set asymptotic stability of differential equations. (Note, however, that this definition differs
from those in [3], and [31], which are not global.) If, in addition, A consists of just an equilibrium point zo, this
is the usual notion of global asymptotic stability for the solution z(t) = xo.

REMARK 2.3. It is an easy exercise to verify that an equivalent definition results if one replaces Mp by the
subset of piecewise constant time varying parameters. O

REMARK 2.4. Note that the uniform stability condition is equivalent to: there is a Koo-function ¢ so that
|z(t, zo, d)] 4, < @(|@ol 4); V@0, V>0, and Vd € Mp.

(Just let ¢ = 671.) |



The following characterization of the UGAS property will be extremely useful.
PROPOSITION 2.5. The system (1) is UGAS with respect to a closed, invariant set A C R"™ if and only if it
is forward complete and there exists a KL-function B8 such that, given any initial state xo, the solution x(t, zo, d)

satisfies
(6) |2(t, 2o, d)| 4 < B(|xol 4, t), anyt=>0,

for any d € Mp.

Observe that when A is compact the forward completeness assumption is again redundant, since in that
case property (6) implies that solutions are bounded.

Next we introduce Lyapunov functions with respect to sets. For any differentiable function V : R" — TR,

we use the standard Lie derivative notation

Lvie) = 8 g,

where for each d € D, fq(-) is the vector field defined by f(-, d). By “smooth” we always mean infinitely
differentiable.

DEFINITION 2.6. A Lyapunov function for the system (1) with respect to a nonempty, closed, invariant set
ACR" is a function V : IR™ — R such that V is smooth on R"\A and satisfies

1. there exist two Koo-functions a1 and oz such that for any § € R™,

(7) a1 ([€] 1) < V(&) < a2([€]4) 5

2. there exists a continuous, positive definite function as such that for any £ € R™\A, and any d € D,

(8) Ly V(€) < —as([¢]a) -

A smooth Lyapunov function is one which is smooth on all of R". O
REMARK 2.7. Continuity of V on IR™\.A and property 1. in the definition imply:
e V is continuous on all of R";
o V(z)=0 <= z € A; and
o V:R" 2% R (recall the assumption in equation (3)). O
Our main results will be two converse Lyapunov theorems. The first one is for general closed invariant sets
and assumes completeness of the system.
THEOREM 2.8. Assume that the system (1) is complete. Let A CIR™ be a nonempty, closed invariant subset
for this system. Then, (1) is UGAS with respect to A if and only if there exists a smooth Lyapunov function V
with respect to A.
The following result does not assume completeness but instead applies only to compact A:
THEOREM 2.9. Let A C IR™ be a nonempty, compact invariant subset for the system (1). Then, (1) is
UGAS with respect to A if and only if there exists a smooth Lyapunov function V with respect to A.

3. Some Preliminaries about UGAS. It will be useful to have a restatement of the second condition
in the definition of UGAS stated in terms of uniform attraction times:
LEMMA 3.1. The uniform attraction property defined in Definition 2.2 is equivalent to the following: There
exists a family of mappings {Ty }r>o0 with
e for each fized r > 0, T, : R>o onte R0 is continuous and is strictly decreasing;
e for each fized € > 0, T, (g) is (strictly) increasing as r increases and lim,_ o Ty (g) = 0o;

such that, for each d € Mp,

9) |z(t, xo, d)| , < € whenever |zo| , <7 and t > Tr(e).
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Proof. Sufficiency is clear. Now we show the necessity part. For any r,e > 0, let

def

(10) A {T>0: Vi|zo|, <7, ¥t >T,¥d € Mp, |x(t, m0, d)|, < e} € Rxo.

Then from the assumptions, A, . # @ for any r,e > 0. Moreover,

A?",Sl g AT‘,£27 if €1 S €2, and AT‘Q,E g AT‘l,Ey if T1 S T2.

Now define T} (¢) 4 inf Ay, .. Then T, (g) < oo, for any r,¢ > 0, and it satisfies

Tr(e1) > Tr(e2), ife1 < e2, and Ty, (€) < Try(e), if 11 < 7o

So we can define for any 7, > 0,
(11) T (¢) ot 2/ T-(s)ds.
€ e/2

Since T, (-) is decreasing, T;.(-) is well defined and is locally absolutely continuous. Also

€

(12) () > gfr(s)/s ds = T, (e).

2
Furthermore,
dj;f) - —E%/E;TT(s)ds—kg(T_r(s)—%_r(%))
_ ! Tr(s)—g/s/:Tr(s)ds] - 70~ 7 (5)]
(13) = e -1@) 1 [LEe -1 (5)] <o, ae,

hence T'(-) decreases (not necessarily strictly). Since T.)(¢) increases, from the definition, T\.)(¢) also increases.
Finally, define

(14) To(e) < To(e) + -

Then it follows that

e for any fixed r, T;-(+) is continuous, maps Rx¢ onte R0, and is strictly decreasing;

e for any fixed e, Tr(¢) is increasing as r increases, and lim,_. 717 (g) = oo.
So the only thing left to be shown is that T, defined by (14) satisfies (9). To do this, pick any zo and ¢ with
|zo| , < 7 and t > T;.(¢). Then

t>To(e) > Tr(e) > Tr(e).

Hence, by the definition of T,.(¢), |z(t, o, d)| , < €, as claimed. O

3.1. Proof of Characterization via Decay Estimate. We now provide a proof of Proposition 2.5.
[<=] Assume that there exists a JL-function 8 such that (6) holds. Let

e € sup (-, 0) < oo,

and choose §(-) to be any Koo-function with

8(e) < B (), any0<e <ey,
5



Lof B(+, 0). (If ¢1 = 0o, we can simply choose 5(c) = B '(e).)

Clearly §(e) is the desired Koo-function for the uniform stability property.

where 57! denotes the inverse function of 3(:)

The uniform attraction property follows from the fact that for every fixed r, hm B(r,t) =0.

[=>] Assume that (1) is UGAS with respect to the closed set A, and let 5 be as in the definition. Let
¢() be the K-function §7'(-). As mentioned in Remark 2.4, it follows that |z(t, o, d))| , < ¢(|zo| ) for any
zo € IR™, any t > 0, and any d € Mp.

Let {T7}rc(0,00) be as in Lemma 3.1, and for each r € (0, co) denote . def T-!. Then, for each

€ (0, 00), ¥r : Ryo—IR>0 is again continuous, onto, and strictly decreasing. We also write 9,(0) = 400,
which is consistent with that fact that

lim ¥, (t) = 4o00.

t—0t

(Note: The property that T}.)(t) increases to oo is not needed here.)
Claim: For any |zo| 4 <7, any t > 0 and any d € Mp, |z(t, o, d)| 4 < Pr(t).
Proof: It follows from the definition of the maps T, that, for any r, € > 0, and for any d € Mp,

[zo] 4 <7, t2>Tr(e) = |x(t, o, d)] 4, <€.
As t =T, (- (1)) if t > 0, we have, for any such z¢ and d,
(15) |z(t, zo, d)] 4, < Pr(t), VL >0.

The claim follows by combining (15) and the fact that ¢, (0) = 4oc0.
Now for any s > 0 and ¢ > 0, let

rE(s, 00)

(16) (s, 1) 2 min {so(sx in zpr(t)} .
Because of the definition of ¢ and the above claim, we have, for each zo, d € Mp, and ¢t > 0:

(17) |2(t, w0, d)] 4 < P(lzol 4, 1)

If ¢ would be of class KL, we would be done. This may not be the case, so we next majorize 1) by such a
function.
By its definition, for any fixed ¢, ¥ (-, t) is an increasing function (not necessarily strictly). Also because for
onto

any fixed r € (0, 00), 1, (t) decreases to 0 (this follows from the fact that ¢, : Rso — Rso is continuous and
strictly decreasing), it follows that

for any fixed s, (s, t) decreases to 0 as t — oo.

Next we construct a function 1) : R0, ) X R>0 — IR>0 with the following properties:
e for any fixed ¢t > 0, 1/3(, t) is continuous and strictly increasing;
e for any fixed s > 0, 1;(3, t) decreases to 0 as t — oo;

b 775(57 t) > 1/_)(57 t).

Such a function ¢ always exists; for instance, it can be obtained as follows. Define first
~ f $+1 —
(18) B0 [ b e

Then 'Lﬁ(, t) is an absolutely continuous function on every compact subset of R>¢, and it satisfies

s+1
s, 1) > B(s, 1 / de = §(s, ).
6



It follows that

(s, t)

s :";(8—’—17 t)—’l/_J(S, t) 207 a.e.,

and hence 'Lﬁ(, t) is increasing. Also since for any fixed s, ¥ (s, -) decreases, so does 1/;(57 -). Note that

JJ(S? t) < 1/;(8, O) = min {regl,foo)wT(O)’ 90(3)} = 90(3)7

(recall that ¥, (0) = +00), so by the Lebesgue dominated convergence theorem, for any fixed s > 0,

s+1
lim (s, t) = / lim ¢(e, t)de = 0.
t—oo

t—oo
Now we see that the function L/A;(s, t) satisfies all of the requirements for "J}(s, t) except possibly for the strictly
increasing property. We define 9 as follows:

(s+D)(t+1)"

7 def

1/1(57 t) = '()Z'(Sa t) +

Clearly it satisfies all the desired properties.
Finally, define

Bs, ) = \o(s) \/ (s, 1)

Then it follows that 3(s, t) is a KL-function, and, for all zo, ¢, d:

|2 (t, o, d)| 4 < v/p(lzol4) \/¥(zol s 1) < Bllwol 4 1),

which concludes the proof of the Proposition.

4. Some Preliminaries about Lyapunov Functions. In this section we provide some technical results
about set Lyapunov functions. A lemma on differential inequalities is also given, for later reference.
REMARK 4.1. One may assume in Definition 2.6 that all of a1, a2, a3 are smooth in (0, +00) and of class

Koo. For a1 and ap, this is proved simply by finding two functions &1, &2 in Koo, smooth in (0, +00) so that
a1(s) < ai(s) < as(s) < a@q(s), for all s.

For as, a new Lyapunov function W and a function &s which satisfies (8) with respect to W, but is smooth
in (0, 4+00) and of class K, can be constructed as follows. First, pick @3 to be any Koo-function, smooth in
(0, +00), such that

as(s) < sas(s), Vs € 0, oy '(1)].
This is possible since ag is positive definite. Then let
7: R0 — Rxo

be a Koo-function, smooth in (0, +00), such that
e ~(r) > ay'(r) for all 7 € [0, 1];

6[3(&171?’); for all » > 1.

* () > as(ay (r



s

Now define (3(s) f v(r) dr. Note that § is a Kso-function, smooth in (0, +00). Let W(§) = p(V(§)).

0
This is smooth on R™\ A, and 8o a1, 8o az bound W as in equation (7). Moreover,

BV(E€) =1V (&) = v(ar(l€la)) s

S)
(19) LgW (&) = B'(V(€)LsaV(€) < —v(ea(lg] ) es(€]) -
We claim that this is bounded by —as(|¢] 4). Indeed, if s €of €] 4, < a7 '(1), then from the first item above and

the definition of as,

as

t
—~
V)
~

Y(ai(s)) = s =

if instead s > a7 (1), then from the second item, also

6(3(8)

3(s)

In either case, y(a1(s))as(s) > as(s), as desired. From now on, whenever necessary, we assume that a1, az, as

Y(ea(s)) =

Q

are Koo-functions, smooth in (0, +00). o

4.1. Smoothing of Lyapunov Functions. When dealing with control system design, one often needs to
know that V' can be taken to be globally smooth, rather than just smooth outside of A.

PROPOSITION 4.2. If there is a Lyapunov function for (1) with respect to A, then there is also a smooth
such Lyapunov function.

The proof relies on constructing a smooth function of the form W = $o V| where
/8 : IREO — ]Rzo

is built using a partition of unity.

Again let A C R"™ be nonempty and closed. For a multi-index ¢ = (g1, 02,...,0n), Wwe use |g| to denote
Z:;l 0i- The following regularization result will be needed; it generalizes to arbitrary A the analogous (but
simpler, due to compactness) result for equilibria given in [13, Theorem 6].

LeEMMA 4.3. Assume that V : R™ — Rxo is C°, the restriction Vign\a is C*°, and also V|4 =
0, V]gm\a > 0. Then there exists a Koo-function 3, smooth on (0,00) and so that ﬂ(“(t) —0ast — 0"
for each i =0,1,... and having 3 (t) > 0, Vt > 0, such that

w e gov
is a C*° function on all of R™.

Proof. Let K1, Ko, ..., be compact subsets of IR" such that A C Ufil int (K;) . For any k > 1, let

def 1 1
I, = |——, ) C
* (k 2 k) cR
and Ip ' 1. Pick for any k > 1, a smooth (C*°) function v : Rso — [0, 1] satisfying
e vi(t) =0if ¢t € Ij; and
° ’yk(t) >0ift € I.
Define for any k& > 1,

k
G {xew; erKi, V(m)eclos]k}.

i=1
Then Gi, is compact (because of compactness of the sets K; and continuity of V). Observe that each derivative
7,(:) has a compact support included in clos I, so it is bounded. For each k£ =1,2,..., let ¢, € R satisty
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1. c > 1
2. ¢ > | (D?V) (z)| for any multi-index |o| < k and any x € G; and
3.k > |’y,(f)(t)|, for any ¢ < k and any t € Rxo.

Choose the sequence dy, to satisfy

1

— k=1,2,....
25 (k + 1)k’ "

(20) 0<d<

Let a : IR>0 — IR>o be a C*° function such that « =0 on {O, %} and a > 1 on {%7 oo) Define ~(0) < 0 and

(21) V) de’Yk(t)-I-a(t), Vt>0.

def

1
Notice that for any t € (0, 1), if & = HJ > 1 denotes the largest integer < T then t € I_1, and

tel, if jAk k—1.

Hence the sum in (21) at most consists of three terms (for ¢ > 1 the sum is just v = &), and so v is C™ at each
t € (0, c0).
Claim: For any i > 0, hm+ 'y(i)(t) =0.
t—0

Proof: Fix any ¢ > 0. Given any € > 0, let ko € Z be such that € > ki > 0. Let
0

def

A WERE IS
ko i+1 3

We will show that ¢ € (0,7) = |’y(i)(t)’ < . Indeed, as 0 <t < min{ki, ,_11_1, é}, it follows that
0o 1
et EJ > max{i + 1, ko, 3}. So
YO ) < diay2, () + diey (1)
and noticing that
i<k—1<k = ¢ > ]7,3>(t) e > L),
we have
Oy < d doon < 4+ 1L _1 1
|7’ ()| < dg—1Ck—1 +drer < 2k!+2(k—|—1)! < 7l < S e < g,
as wanted. ) )
Note also that if ¢ > > then v(t) > a(t) > 1> 0; and if t € (0, 5), then y(t) > di—17vk—1(t) > 0 with
k def {H > 2, so the function
det [*
22) 500 = [ (e as
0

is also a Koo-function, smooth on (0,00). Furthermore, 3 satisfies i (t) -0ast— 0" foreachi=0,1,....
Finally, we show that W = oV is C°°. For this, it is enough to show that D°W (z,) — 0 as z, — T € 0A,
for each multi-index go and each sequence {z,} C IR™\.A converging to a point Z in the boundary of A. (In

general, see e.g. [4] (p. 52), if A C IR™ is closed and ¢ : R" — IR satisfies that ¢|4 = 0, @|grn\ 4 is C*°, and for
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each boundary point a of A and all multi-indices ¢ = (g1, 02,.-.,0n), it holds that illr}i D?p(x) =0, then ¢ is

rg A
C* on R"™.)

Pick one such go and any sequence {z,} with z, — Z € dA. If |go| = 0, one only needs to show that
W (zn) — 0, which follows easily from the facts that 8 € Ko and V(z,) — 0. So from now on, we can assume
that |go| dof > 1. As A C UjZint K, T € int K; for some [, and without loss of generality we may assume

that there is some fixed [ so that
T, € K;, for all n.
Pick any € > 0. We will show that there exists some N such that
n>N = |D°W(z,)| <e.

Let k € Z be so that

k > max {i, log, (%) , l}

and let T € (0, %) be such that T' < %ﬁ Observe that if t < T, thent & I U--- U I}.

As V is C° everywhere, V =0 at A, V(zn) — V(Z) = 0. So there exists N such that V(z,) < T whenever
n > N. Fix an N like this. Then for any n > N,

Y (V(xa)) =0, V), ¥s = 1,2,....k,

(since 75 vanishes outside I,). Pick any j € IN with j < 4, any h € IN with h < 4, and g1, ..., or multi-indices
such that |g.| <4, Vu=1,...,h. Then for any ¢ € IN with ¢ > k, by the way we chose ¢y,

" (V)| < e,
since ¢ > k > 1 > j. Also, if V(x,) € Iq, then again by the properties of the sequence cg,
|DeV (2n)] < cq

(since ¢ > k > ! and z,, € K; imply z, € K1 U--- U Kg, and |gu| < i < k < q). Therefore, for such g, if
V(zn) € I,

(23) W (V@) 1DV (@) - DV (a)| < b < et < e

q
If instead it would be the case that V(zy) & I,, then 'yéj) (V(zn)) = 0, and hence the inequality (23) still holds.
Since
Y WV(a) = Y dnd (Viza)
q=k+1
we also have

) e L pe N q N 1
P V@) IDOV (@)l - D"V (@)l £ Y dach < 30 oy,
q=k+1 q=k+1

[e'e) 1 1 1 e
(24) - (Z 2‘) Dl ~ k4D S (ke D
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Now observe that
(DW) (z) = (D**(BoV)) (x)
is a sum of < 4! terms (recall 0 < ¢ = |go|), each of which is of the form
8P (V(2)) (D*V) (x) - (DV) (),
where 0 < p <4, h <4, and each |g,| < i. Each
P (V(@) =" (V@) , j=p—-1<i-1,
so (24) applies, and we conclude

[(D2W) (20)] < i

(since k >14.) O

Now let us return to the proof of the Proposition 4.2.

Proof of Proposition 4.2. Assume A, V and a1, a2, as are as defined in Definition 2.6. Let 3, W be as in
Lemma 4.3. We show that W is a smooth Lyapunov function as required.

Let &; def Boa;,i=1, 2. These are again K-functions, and they satisfy

61(I€]4) S W(E) < Ga([€] 4) -

We define, for s > 0:

p def . /
s) = min t) > 0.

bls) tE[Otl(S)»Oéz(S)]B ®)
Let also 3(0) 2 0. Define as(s) et B(s)as(s). Then &3 is a continuous positive definite function. Also, for
any £ € R™"\ A,

LigW(©) = BV(E)L,V(E) < =B (V(€)as(l€])

< —B(Eas(él L) = —as((€]),

which concludes the proof of the Proposition. [ |

4.2. A Useful Estimate. The following lemma establishes a useful comparison principle.

LEMMA 4.4. For each continuous and positive definite function «, there exists a ICL-function Ba(s, t) with
the following property: if y(-) is any (locally) absolutely continuous function defined for t > 0 and with y(t) > 0
for all t, and y(-) satisfies the differential inequality

(25) y(t) < —a(y(t)), for almost all ¢
with y(0) = yo > 0, then it holds that
y(t) < Balyo, t)

for all t > 0.

Proof. Define for any s > 0, n(s) f _ / CET) This is a strictly decreasing differentiable function on
L oalr

(0, c0). Without loss of generality, we will assume that lim,_, 4+ n(s) = +oco. If this were not the case, we could

consider instead the following function:
def min{s, a(s)}, f0<s<1,
a(s), ifs>1.

11



This function is again continuous, positive definite, satisfies @(s) < a(s) for any s > 0, and

1 1
lim/ dr z/ﬁ = +oo.
s—ot f, a(r) LT

Moreover, if §(t) < —a(y(t)) then also §(t) < —a(y(t)), so Ba could be used to bound solutions.
Let

0<a ® — lim n(s) .

1

Then the range of 77, and hence also the domain of ™", is the open interval (—a, o). (We allow the possibility

that @ = 00.) For (s, t) € R>o x R>0, define

€ 07 f = 07
Bals, t) =4 7, -
n " (n(s)+t), ifs>0.

We claim that for any y(-) satisfying the conditions in the Lemma,
(26) y(t) < Balyo, t), forallt>0.

As y(t) < —a(y(t)), it follows that y(t) is nonincreasing, and if y(to) = 0 for some to > 0, then y(¢) = 0, Vt > to.
Without loss of generality, assume that yo > 0. Let

to © inf{t: y(t) =0} < +oo.

It is enough to show (26) holds for ¢ € [0, to).
As 7 is strictly decreasing, we only need to show that n(y(t)) > n(yo) + ¢, that is,

y(t) Yo
N A
o) , o)
which is equivalent to
Yo
(27) / dr - 4.
uiey A7)

From (25), one sees that
t . ¢
/ y(7) dr < —/ dr = —t.
o (7)) 0

Changing variables in the integral, this gives (27).

It only remains to show that (. is of class L. The function 3, is continuous since both 1 and 7771 are

continuous in their domains, and lim n_l(r) = 0. It is strictly increasing in s for each fixed ¢ since since both
T—00

n and 17! are strictly decreasing. Finally, Bu (s, t) — 0 as t — co by construction. So 34 is a KL-function. O

5. Some Properties of Complete Systems. We need to first establish some technical properties that
hold for complete systems, and in particular a Lipschitz continuity fact.
For each £ € R™ and T > 0, let

def

RT(€) = {n: n=a(T,&d), de Mp}.

This is the reachable set of (1) from £ at time 7. We use R=" (&) to denote U RY(€). If S is a subset of R™,
0<t<T
we write

R7(5) = [JRT©), T (9) = R (©.
£es £es
12



In what follows we use S to denote the closure of S for any subset S of R™.

PROPOSITION 5.1. Assume that (1) is forward complete. Then for any compact subset K of R"™ and any
T > 0, the set R=" (K) is compact.

To prove Proposition 5.1, we first need to make a couple of technical observations.

LEMMA 5.2. Let K be a compact subset of R™ and let T > 0. Then the set R=" (K) is compact if and only
if R=T (¢) is compact for each € € K.

Proof. It is clear that the compactness of R=" (K) implies the compactness of R=" () for any & € K.

Now assume, for T' > 0 and a compact set K, that R=" (£) is compact for each ¢ € K. Pick any ¢ € K, and
let U = {n: d(n, R=" (€)) < 1}. Then U is compact. Let C be a Lipschitz constant for f with respect to  on U,
and let r = =T, For each d € Mp and each n with |n—¢&| < r, let £ = inf{t > 0: |z(t, n, d) —z(t, &, d)| > 1}.

Then, using Gronwall’s Lemma, one can show that > T, from which it follows that

<T

R () CU, Vp—¢<r

Thus, for each £ € K, there is a neighborhood V¢ of £ such that R=T (Ve) is compact. By compactness of K, it
follows that R=" (K) is compact. 0
LEMMA 5.3. For any subset S of R"™ and any T > 0,

<T

RT(S) CRT(S), R (S) CR="(S).

In particular, R<" (?) =RT(S).
Proof. The first conclusion follows from the continuity of solutions on initial states; see [26], Theorem 1.
The second is immediate from there. O

We now return to the proof of Proposition 5.1. By Lemma 5.2, it is enough to show that R=" (&) is compact
for each £ € R™ and each T' > 0. Pick any &, € R", and let

T =sup{T >0: R=" (&) is compact }.
Note that 7 > 0. This is because |z(t, &o, d) — €| < 1 for any 0 < ¢ < 1/M and any d € Mp, where
M =max{|f(&,d)|: |E—¢&]|<1,deD}.

We must show that 7 = oc.

Assume that 7 < co. Using the same argument used above, one can show that if R=* (&) is compact for
some ¢ > 0 then there is some § > 0 such that R=“"® (&) is compact. From here it follows that R=" (&) is not
compact. By definition, R=* (&) is compact for any ¢t < 7.

Let 71 = 7/2. Then there is some 71 € R7 (&) such that R=""™ (1) is not compact; otherwise, by

Lemma 5.2, RS~ (’Rfl (Eo)) would be compact. This, in turn, would imply that R=" (&) is compact, since

<r

R (&) € R @R (R (@) € RET (@) [ JRTTT (R (&)) -

On the other hand, combining Lemma 5.3 with the fact that R=" (R (&)) is compact for any 0 < ¢t < 7 — 71,
one sees that R=" (1) is compact for any 0 < t < 7 — 7.

Since m1 € R7 (&), there exists a sequence {z,} — m with z, € R™(£). Assume, for each n, that
zn = x(11, &0, dn) for some d, € Mp. For each d € Mp, and each s € R, we use ds to denote the function
defined by ds(t) = d(s + t). Then by uniqueness, one has that for each n, z(s, zn, (dn)~,) € K1 for any

—711 < 5 <0, where K1 = R*™ (€0). We want to claim next that, by compactness of K1 and Gronwall’s Lemma,
|2(=71, M, (dn)r) = &o| = [&(=71, 1, (dn)7,) — (=71, 20, (dn)7,)| — 0, as n — oco.
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The only potential problem is that the solution z(—71, 71, (d»)r, ) may fail to exist a priori. However, it is possible
to modify f(z,d) outside a neighborhood of K1 X D so that it now has compact support and is hence globally
bounded. The modified dynamics is complete. Now the above limit holds for the modified system, and a fortriori
it also holds for the original system.

Choose ng such that

(28) j@(—71, 1, (dng)my) — G0l < 1/2.

Let v1 = dny, and let o = x(—71, 11, (dngy )7, )- Then, by continuity on initial conditions, there is a neighborhood

U, of m contained in B(n,1) such that

(29) |z (=71, & (v1)r) — Mol <1/2, VEE€UL,

where B(n, r) denotes the open ball centered at n with radius . Combining (28) and (29), one has
(=71, & (V1)) € U, VEEUL,

where Uy = B(&o, 1).

Let 72 = 71/2 = (1 — 71)/2. Applying the above argument with & replaced by m1, 7 replaced by (7 — 71),
and 7 replaced by 72, one shows that there exists some 72 € RT(m) such that R=' (12) is compact for any
0<t<T—o02 and RS2 (n2) is not compact, where o2 = 71 + 72, and there exist some vz defined on [0, 72)

and some neighborhood Uz of 72 contained in B(72, 1), such that
CL‘(—Tg,&, (’1)2)7—2) eul? V§EZ/{2'

By induction, one can get, for each k > 1 a point 7, a neighborhood Uy, of nx contained in B(n, 1), and a
function vy defined on [0, 73) (where 7, = 27%7) such that
o RSk () is not compact, where o, =71+ 72+ -+ 7 =7(1 — 27]“) — T
o z(—7k, &, (Vk)ry) € Up—1, for any & € Uy, .
Now define v on [0, 7) by concatenating all the vy’s. That is, v(t) = vi(¢) for t € [ok—1, ok) (With oo def 0).
Then v € Mp. For each k, let

Ck = x(*”kaﬁk: (vk)l?'k)7

where v* is the restriction of v to [0, o). By induction,
x(*(Uk —04)s Mk, (Uk)ak) € Un_y,

for each 0 < i < k, from which it follows that ¢, € Up for each k. By compactness of U, there exists some
subsequence of {(;} converging to some point ¢, € IR". For ease of notation, we still use {(x} to denote this
convergent subsequence. Our aim is next to prove that the solution starting at (o and applying the measurable
function v does not exist for time 7, contradicting forward completeness.

First notice that for any compact set S, there exists some k such that n, € S. Otherwise, assume that there
exists some compact set S such that n, € S for all k. Let S1 = {n: d(n, S) < 1}. The compactness of S implies
that there exists some J > 0 such that

<t

R™ (n) € S

<(r—op)

for any n € S, and any t € [0, 6]. In particular, it implies that R~
T — o < 6. This contradicts the fact that R="""% (n) is not compact for each k.

(nk) € S1 for k large enough so that

14



Assume that z(7, (o, v) is defined. By continuity on initial conditions, this would imply that z(t, (x,v) is
defined for all ¢t < 7 and for all k large enough, and it converges uniformly to x(t, (o, v). Thus, z(¢, (x, v) remains

in a compact for all ¢ € [0, 7] and all k. But
2(ok, Gk, v) = x(o%k, Cry V) =i,

contradicting what was just proved. So z(7, (o, v) is not defined, which contradicts the forward completeness of
the system. | |
REMARK 5.4. For T'> 0 and £ € R", let

R ={n: n=2(-T,&d), de Mp}, and R~ (= |J R'©.

These are the reachable sets from & for the time reversed system

(30) #(t) = —f(x(t), d(t)) .

Similarly, one defines R™7(S) and R™" (S) for subsets S of R"™. If (1) is backward complete, that is, if (30) is
forward complete, and applying Proposition 5.1 to (30), one concludes, for system (1), that R=~" (K) is compact
for any 7" > 0 and any compact subset K of R™. In particular, for systems that are (forward and backward)

complete,

R="T (K) URST (K)

is compact for any compact set K and any T > 0. O
Combining the above conclusion and Gronwall’s Lemma, one has the following fact:
PROPOSITION 5.5. Assume that (1) is complete. For any fized T > 0 and any compact K C R"™, there
s a constant C' > 0 (which only depends on the set K and T'), such that for the trajectories x(t, o, d) of the
system (1),

|£L‘(t, 57 d) - x(ta , d)| S C|£ - 77|
forany &,m e K, any |t| < T, and any d € Mp. |

6. Proof of the First Converse Lyapunov Theorem.
Proof. [<=] Pick any zo € R" and any d € Mp, and let z(-) be the corresponding trajectory. Then we

have

av (z(1))

GO < —aslz(t)].4) < ~a(V (), ae.t >0,

where « is the Koo-function defined by

def

a(t) = as(ay ().
Now let 5, be the KL-function as in Lemma 4.4 with respect to «, and define

def

(31) Bs, 1) = ar'(Balaz(s), 1)) .

Then (3 is a KL-function, since both a1 and as are Koo-functions. By Lemma 4.4,
V(x(t)) < Ba(V(xo), t), anyt>0.

Hence

lz(t)| 4 < B(lwol 4, 1), any ¢ = 0.
15



Therefore the system (1) is UGAS with respect to A, by Proposition 2.5.

[=>] We will show the existence of a not necessarily smooth Lyapunov function; then the existence of a
smooth function will follow from Proposition 4.2. Assume that the system is UGAS with respect to the set A.
Let 6 and 7). be as in Definition 2.2 and Lemma 3.1.

Define g : R™ — IR by

(32) g€ =it {Jalt & )]}

t<0,deMp

Note that, by uniqueness of solutions, for each ¢, > 0 and each d, it holds that
m(t — to, Z‘(to, §, d)a dto) = CC(t, §7d)7

where dy, is defined by dy, () = d(t + to). Pick any d € Mp, £ € R", and t; > 0. Let & = x(¢1, &, d). Then for
any t <0, and v € Mp,

.Z'(t, 57’0) = 1’(t — 11, 517 Ut1#dt1)7

where
d(s+t1), if —t1 <s<0,
Utl#dtl (3) = ( 1) . '
’U(S—|—tl)7 1f8< —11.
Thus,
g(f) = t§0,1vn€f/\/lp ‘l‘(t, é.a v)|_A = tﬁO}t?EfMD |$(t - tla 617 Ut1#dt1)|A
= -rg—till?vfe/vt@ ‘.’K(T, 517 Uty #dtl)’A 2 TSO,iiIJ’IEfMD ’J)(T, 517 v)’A
= 9(51)'
This implies that
(33) g(z(t, & d)) < g(§), Vt>0, Vde Mp.
Also one has
(34) 6(I€14) < 9(&) < €] 4 -

The second half of (34) is obvious from z(0, §, d) = £&. On the other hand, if the first half were not true, then
there would be some d € Mp and some to < 0 such that

6(1€14) > la(to, &, d)| 4 -

Pick any 0 < & < [£] 4 so that |x(to, &, d)| 4 < 6(¢). By the uniform stability property, applied with t = —to and
Lo = .I?(to, €7 d):

‘é“A = |fL'(—t0, x(toa ga d)? dtO)‘_A < |£|_A bl

which is a contradiction.
For any 0 < € < r, define K., , Lf {fE]R”: e < |§|A<r} .

Fact 1: For all € and r with 0 < € < r, there exists g, < 0, such that:

€K r, deEMp, and t < qe,r = |x(t, &, d)|, >7.
16



Proof: If the statement were not true, then there would exist &, with 0 < & < r and three sequences
{&} C K r, {ts} C R and di € Mp with limg_ o tx = —o0 such that for all &:

|z (th, &k, di)] 4 <.
Pick k large enough so that —ty > T, (¢), then by the uniform attraction property,

1€k] 4 = l2(=t, T(tr; &k, di), (di)e, )4 <€,

which is a contradiction. This proves the fact.
Therefore, for any ¢ € K. ,,

g(g) = 1nf{|x(t, 57 d)|A tte [qfﬂ‘: O]v d € MD}

LEMMA 6.1. The function g(§) is locally Lipschitz on R™\ A, and continuous everywhere.

Proof. Fix any & € R"\ A, and let s = %. Let B (&, s) denote the closed ball centered at & and with
radius s. Then B (&, s) C K, for some 0 < ¢ < r. Pick a constant C as in Proposition 5.5 with respect to
this closed ball and T = |g,, »|. Pick any ¢,n € B (&, s). For any € > 0, there exist some d,c and t,.c € [¢o,r, 0]
such that g(n) > |z(ty., 1, dn,c)| 4 —e. Thus

(35) 9(Q) —9(n) < [xtye, G dye)la = [2(tne, m, dye)|la+e < ClC=n| + ¢

Note that (35) holds for all € > 0, so it follows that

9(¢) —gln) < CI¢—n|.

Similarly, g(n) — g(¢) < C|¢ — n|. This proves that g is locally Lipschitz on R™\A.
Note that g is 0 on A, and for £ € A, n € R™:

lg(n) — g =g < Inl4 < In—&l,

thus g is globally continuous. (We are not claiming that g is locally Lipschitz on IR", though.) O
Now define U : R"™ — RR>¢ by

(36) ve) 2 sup {g(alt & D) k)],

t>0,deMp

where k : R>9 — IR>¢ is any strictly increasing, smooth function that satisfies:
e there are two constants 0 < ¢1 < ¢z < 00, such that k(t) € [c1, ¢2] for all ¢ > 0;

e there is a bounded positive decreasing continuous function 7(-), such that

K'(t) > 7(t) forall t>0.

(For instance, Cll_:_cft is one example of such a function.) Observe that
(37) U(©) < sup(g(€) k1)) < ea0(€) < ealély
>
and
(38) U > sup g(a(t, & ) k)], > crg(é) > cd(|€],)-

deMp

17



For any £ € IR"™, since
[=(t, &, d)|A < 6(‘§|A7 t), vd, Vt>0,
for some KCL-function 3, and 0 < g(x(t, &, d)) < |x(t, &, d)| , for all t > 0, it follows that

lim supg(x(t, & d)) =0.

t——4oo d

Thus there exists some 7¢ € [0, co) such that

UE)=  sup  g(z(t, & d)k(t).

0<t<re,dEMp

In fact, we can get the following explicit bound.
Fact 2: For any 0 < |€| , <7,

UE€) = sup  g(a(t, & d)k(t),

0<t<te,dEMp

C1
here te = 7, (3 -5(1¢l0))-
where t¢ = 7, (5-3(1¢])
Proof: If the statement is not true, then for any ¢ > 0, there exists some t. > T (267125(|€|A)) and some de
such that

U(€) < glx(te, & de))k(te) + €.

So we have

1 1
Sl < -U©) < -glalte, & d) k(te) +
C2 € C2 € (1€l 4) €
S ag(x(t& £7 dE)) + a S a ‘x(t& 57 dE)'_A + a < T + a

Taking the limit as € tends to 0 results in a contradiction.
For any compact set K C IR™\ A, let

def
tk = maxte < 00.
¢EK

(Finiteness follows from Fact 2, as K C {{: 0 < ||, < r} for some r > 0.)
LEMMA 6.2. The function U(-) defined by (36) is locally Lipschitz on R™\A, and continuous everywhere.
Proof. For & ¢ A, pick up a compact neighborhood Ky of & so that Ko N.A = (. By (38), one knows that

U(f) > 10, VfGKo,

r
for some constant ro > 0. Let r, = 2—0 and let
C2

_ Dy — S
K —Kon{n- [n — &l < 40} ,
where C' is such a constant that
(39) |(E(t, 57 d) - w(t»ﬁ, d)| < C|£ - 77| ) Vfﬂ? € K07 0<t< tK07 d e Mp.
In the following we will show that there exists some L > 0 such that for any £, n € K1, it holds that

(40) V&) —Um| < LIg—mn|.
18



First of all, for any £ € K1 and any € € (0, 0/2), there exists te . € [0, tk,] and d¢, . € Mp, such that
U€) < gla(tee, & dee))k(tee) +e < calaltee, & dee)| 4 + e,
from which it follows that
lz(te,e, &, d§,€)|A > ri.

It follows from (39) that for any n € K1,

|z(tee, M, dee)la 2 (e, & dee)la — |2tee, & dee) — altee, m, dec)| = T—21
By Proposition 5.1 one knows that there exists some compact set K2 such that

z(t, &, d) € Ko, V€€ Ky, Vt €0, tk,], and Vd € Mp.
Again, applying Lemma 6.1 to the compact set K2 ({¢: [¢| 4 > r1/2}, one sees that

l9(z(te,e, & dee)) — g(x(te,e, M, dee))| < Culz(tee, & dee) — (tee, ), dee)l

for some Cy > 0. Therefore, we have the following:

UE)—Um) < g(altee, & dee))k(tee) +e—g(@(tee, n, dee))k(te,e)

< cealg(@ltee, & dee)) — g(m(tee, 0, dee))| + €
< Ciea|z(tege; & dee) — (tee, M, dee)| + €
S L ‘6 - 7)| + g,

for some constant L that only depends on the compact set K;. Note that the above holds for any ¢ € (0, 70/2),
thus,

U)-Ulm) < LIE—nl, VE&ne K.

By symmetry, one proves (40).
To prove the continuity of U on IR", note that for any £ € A, it holds that U(£) = 0, and so for all n € R™:

UE) —Um)| = Um) <calnly <c2l&—nl.

The proof of Lemma 6.2 is thus concluded. 0O
We next start proving that U decreases along trajectories. Now pick any £ € A. Let ho > 0 be such that

ot & ), > 4, vaeD, vie o, hol,

where d denotes the constant function d(¢) = d. Such an hg exists by continuity. Pick any h € [0, ho]. For each
d € D, let na = z(h, &, d). For any € > 0, there exist some tq, and da,. € Mp such that

Uma) < g(x(®, na, dae))k(ta,e) +€

g(z(tae +h, & da,:))k(ta,: +h) (1 -

U (1 - Mlae+ ) - ’“(tdf)> re,

K(tas +h) — k(ta.)
k(ta. + 1) te

(41)

IN

C2
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where da,c is the concatenation of d and dg . Still for these € and h, and for any r > |€] 4, define

T def C1 —
(12) Tin 7, (5ol € d)l) -

max
0<t<h,deD

Claim: ta, +h < Tf p,, for all d € D and for all € € <0, %15 <£2A)>.

Proof: If this were not true, then there would exist some d and some € € (0, %15 <%) such that

tae+h > T, and hence in particular, for f = h and d = d it holds that

C1
tacth > T (5=3(mal.0))
which implies that
C1
’x(t&,gz Nas da,§)|A = ’:r(t&,é +h, 57 U)’A < 2_025(|77&|A)7
where v is the concatenated function defined by
d, if0<t<h,
u(t) =
dg:(t—nh), ift>h.
Using (38), one has
S(mal) € —Ulna) < —glolta mas da Dkltas) + =
dl A — c1 d/ —= c1 d,e» 'Id» Yd,e d,é c1
c

5 1 g
< = |2(ta 2 ma> das)| , + o < 50 (Inal.4) + =

B 16 (|ng . :
which is a contradiction, since & < =) % < M. This proves the claim.

2 - 2
From (41), we have for any d € D and for any £ > 0 small enough,

(k(ta.c +h) — k(ta,c))

U()

U(z(h, & d)) —U(E) < =U(¢) te= —?k'(td,ﬁah)hﬂ,

where 6 is some number in (0, 1). Hence, by the assumptions made on the function k, we have

U(z(h, &, d)) —U(&) < fwT(td,E +0h)h + ¢ < f@T(Tgh)h + €.

Co
Again, since € can be chosen arbitrarily small, we have

U(s)

U(l’(h, €7 d)) - U(f) < - s

7(TEp)h, VA ED.

Thus we showed that for any d and any A > 0 small enough,
U(z(h, &,d)) —U U .
(o, & 4) ~U@ . _UE), v

h - Co

Since U is locally Lipschitz on R™\A, it is differentiable almost everywhere in R™\.A, and hence for any d € D
and for any r > [£] ,,

U & ) =U©) 0 VO g

LuU© = lim h < — i =
= O (i wz) = IO (1 (L50el))
(13) < LD (7, (£50e1)

—
N
=

=

Il

—ar([€] ), ae.
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where

Now define the function & by

a(s) = sgp&r(s).

Note that @.(0) = 0 for any r > 0, so @(0) = 0. Also, applying to r = 2s, we have

a(s) > c19(s) T (Tgs (0—16(5))) >0

C2 202

for all s > 0. Notice that (44) holds for any r > |£| 4, so it follows that for every d € D, L U(§) < —a(l¢]4)
for almost all £ € R™\.A. Now let

a(s) = %2(3) /2:"9‘*‘17_ (TT (%6(5))) dr,

for s > 0, and let &(0) = 0. Then ¢ is continuous on [0, co) (the continuity at s = 0 is because T is bounded and
4(0) = 0), and for s > 0, it holds that

0<a(s) < 20r (1, (£25(6)) )

C2 202

because of the monotonicity properties of T' and 7. Furthermore,

LaU(§) < —a(l€] 4) < —a([€].4),

for almost all £ € R™ \ A.
By Theorem B.1 provided in the appendix, there exists a C°° function V : R"\\A — R3¢ such that for
almost all £ € R™\ A,

U()
2

(€] 4), VA€ D.

V(&) - U@ < and Ly, V(€) < _%

Extend V to R™ by letting V|4 = 0 and again denote the extension by V. Note that V is continuous on R".

1
So V' is a Lyapunov function, as desired, with a1(s) = %5(5), az(s) = 3%3 and as(s) = 507(5). 0

7. Proof of the Second Converse Lyapunov Theorem. We need a couple of Lemmas. The first one
is trivial, so we omit its proof.

LEMMA 7.1. Let f : R® x D — IR" be continuous, where D is a compact subset of R'. Then there ezists
a smooth function ay : R" — IR, with ay(x) > 1 everywhere, such that |f(z, d)| < ag(z) for all z and all d.
O

Now for any given system

£ ¢ = f(z d),

|f(z,d)]
as(w)

of ¥, corresponding to the initial state x¢p and the time-varying parameter d. The following result is a simple
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consequence of the fact that the trajectories of ¥ are the same as those of ¥, up to a rescaling of time. We
provide the details to show clearly that the uniformity conditions are not violated.

LEMMA 7.2. Assume that A is a compact set. Suppose that system ¥ is UGAS with respect to A. Then,
system 3y, is UGAS with respect to A.

Proof. Pick a time-varying parameter d € Mp and an initial state g € R"™. Let v, (¢) denote zy (¢, o, d).

Let 7., (t) denote the solution for ¢ > 0 of the following initial value problem:

(45) 7=as(w(r)), 7(0)=0.

Since ay is smooth, and -y, is Lipschitz, ay o~ is locally Lipschitz as well. It follows that a unique 7, (¢) is at least

defined in some interval [0, t). Note that 7, is strictly increasing, so ¥ < +oo would imply lim, ;- 7, (£) = +o0.
Claim: For every trajectory vy, of Xy, 7, (t) is defined for all ¢ > 0.

Proof: If the claim is not true, then there exist some trajectory =, of ¥ and some ¢t; > 0 such that limt_%l_ Ty, (1) =

oo. Now for t € [0, t1), one has:

d 1 d
o) = s (0 0), 4 0) )

(46) = 1(n(r®). d(m 1)
Thus 73 (74, (¢)) is a solution of 3 on [0, ¢1). By the stability of 3, it follows that
(7 ()| 4 < 07 (lol ), ¢ €00, 1),

where zg = 75(0), and 4 is the function for ¥ as defined in Definition 2.2. (c.f. Remark 2.4.) Let ¢ = 6" (|zo| ),
and let M = sup ¢ <. ar(§). (M is finite because the set {€: |£] 4 < c} is a compact set.) From here one sees
that |7, (t)] < Mt; for any ¢t € [0, t1). This is a contradiction. Thus 7, (¢) is defined for all ¢ > 0. This proves
the claim.

Since ay(s) > 1 and, for every trajectory v, of ¥y, 7, (0) = 0, it follows that 7., (-) € K« for each trajectory
v of Xp. From (46), one also sees that if v(¢) is a trajectory of Xy, then (7, (t)) is a trajectory of X, and

furthermore,
(7 (8)) 4 < & Vs >0, if [(0)] 4 < ().
It follows that
|7 (t)|a = |’yb(7'%(7;]1(t)))|A <& Vt>0, whenever |v(0)], <0d(e).

This shows that condition (1) of Definition 2.2 holds for ¥, with the same function 6.
Fix any r,e > 0. Pick any zo with |zo| , < r and any d € Mp. Again let v,(t) denote the corresponding
trajectory of . Then

[ (t)] 4 = !%(w(rﬁl(t)))!A <& (r), Vt>0.
Let
L =supfas(&): [¢, <07 (r)}

Then one sees that |7(¢)| < L, which implies that 7., (t) < Lt for all ¢ > 0. Note that for the given r,e > 0, by
the UGAS property for ¥, there exists 7' > 0 such that for every d € Mp,

(T (s)|4 < €
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whenever |7,(0)| , < 7 and s > T. This implies that

e()ls < e

whenever |7,(0)| , < 7 and t > 7, (T'). Combining this with the fact that 7., () < Lt, one proves that for any
d € Mp, it holds that

(B4 < e

whenever |y,(0)| , < r and ¢t > LT. Hence we conclude that 3, is UGAS. 0O
In Lemma 7.2, the assumption that A is compact is crucial. Without this assumption, the conclusion may
fail as the following example shows.

ExAMPLE 7.3. Consider the following system X:
(47) &= (143" tanhz, y=y".

(Here f is independent of d.) Let A = {(x, y) : = = 0}. Clearly the system is UGAS with respect to .A. For this

system, a natural choice of ay is 2 + y*. Thus, the corresponding ¥ is as follows:

2 4
- )
y =

:b:(tanhw)1+y SR
Y

2+ gy’

However, the system 3, is not UGAS with respect to A. This can be seen as follows. Assume that X, is UGAS.
Then for e = 1/2, there exists some 7" > 0 such that for any solution (z(t),y(t)) of ¥, with z(0) = 1, it holds
that

1
(48) lz(t)] < 3 vVt >T.
. 1497 . .
Since m — 0 as y — 00, it follows that there exists some yo > 0 such that
1+y° 1
—, Yy >uyo.
‘2—1—3;4 <37 YW

Now consider the trajectory (z(t), y(t)) of X with z(0) = 1,y(0) = yo, where yo is as above. Clearly y(t) > yo
for all t > 0, and thus,

[

. 1+y 1 1
= (tanhx)2 T < (tanhx) 3T < 3T
which implies that
1 2
T >1-=T=~2.
#(T)] > 1- 5T =2
This contradicts (48). From here one sees that X, is not UGAS with respect to A. i

We now prove Theorem 2.9.

The proof of the sufficiency part is the same as in the proof of Theorem 2.8. Observe that the fact that
V(€) is nonincreasing along trajectories implies, by compactness of A, that trajectories are bounded, so x(¢) is
defined for all ¢t > 0. We now prove necessity.

Let ay be a function for f as in Lemma 7.1, and let 3, be the corresponding system. Then by Lemma 7.2,
one knows that the system ¥, is UGAS. Applying Theorem 2.8 to the complete system X, one knows that there

exists a smooth Lyapunov function V' for ¥, such that

o ([§lg) SVI(€) < aa(lEl,), VEER”,
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and
Lf'dV(f) < _O‘3(|§|A)7 VEZA, Vd €D,

for some Koo-functions ai, @z and some positive definite function as, where

o fEd)
fa(§) = FRGE

Since af(§) > 1 everywhere, it follows that
LigV(§) < —as([€]4), VEE A vdeD.

Thus, one concludes that V is also a Lyapunov function of .

8. An Example. In general, for a noncompact parameter value set D, the converse Lyapunov theorem
will fail, even if the vector fields f(&, d) are locally Lipschitz uniformly on d on any compact subset of D (for
instance, if f is smooth everywhere). To illustrate this fact, consider the common case of systems affine in

controls:
&= f(z) + g(z)d,

where for simplicity we consider only the unconstrained single-input case, that is, D = IR. Assume that there
would exist a Lyapunov function V for this system in the sense of definition 2.6. Then, calculating Lie derivatives,

we have that, in particular,
LyV(E)+dLgV(E) <0, VE#0, Vd R,
which implies that

LgV(€) =0, VE#0.

Thus V must be constant along all the trajectories of the differential equation

z = g(x).

In general, such a property will contradict the properness or the positive definiteness of V, unless the vector field
g is very special. As a way to construct counterexamples, consider the following property of a vector field g,
which is motivated by the prolongation ideas in [28].

Consider the closure W (&) of the trajectory through &, with respect to the vector field g. Note that
if & € W(&), then the fact that V is constant on trajectories, coupled with continuity of V, implies that
V(&) = V(&). Now assume that there is a chain &o,&1, &2, ... so that for each i = 1,2,..., &, € W(§,_,). Then
we conclude that V(&,) = V(&) for all i. If the sequence {&,} converges to zero (and &, # 0) or diverges to
infinity, we contradict positive definiteness or properness of V' respectively. For an example, take the following
two dimensional system, which was used in [7] to show essentially the same fact.

Let & be the spiral that describes the solution of the differential equation
:t:_m_:% y:$_y7

passing through the point (1, 0). Explicitly, & can be parameterized as z = e ' cost, y = e 'sint, —0co < t < 00.

0

In polar coordinates, the spiral is given by r = e™", —c0 < 6 < oo. Let a(z,y) be any nonnegative smooth

function which is zero exactly on the closure of the spiral & (that is, G plus the origin). (Such a function always
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exists since any closed subset of Euclidean space can be described as the zero set of a smooth function; see for

instance [6]. Now consider the system

i = —z-—y+aza(z,y)d,
(49) Y

xr —y+ya(z,y)d.

Note that the system is smooth everywhere. Let D = R, and let A be the origin. In polar coordinates, the
system (49) on IR?\{0} satisfies the equations

(50) 7= —r +ra(rcosf, rsinf)d, 0=1.

(This can be seen as a system on R X Sl.) In polar coordinates, then, the trajectory passing through (r, 6) =

(1, 0) is precisely the spiral r = e~?, for any d € Mp. Pick any trajectory (r(t), 0(t)) with (r(0), 8(0)) = (ro, 6o),

where 0y € [0, 27). Then there exists some integer k£ > 0 such that ro < e~ fot2km
Claim: It holds that

(51) r(t) < e fotERmt 2Rty >0

Assume that (51) is not true. Then there exists some ¢1 > 0 such that
’I"(tl) _ 6790+2kﬂ'7t1.

Note that we also have 8(t1) = 6y + t1. Now let (7(t), 8(t)) = (e~ 257t 9y — 2kx + ). Then (7(t),8(t)) is
a trajectory of the system, and furthermore, (7(0), 8(0)) and (r(0), 6o) are different points since 7(0) # r(0).
However, the points (r(t1), 8(t1)) and (7(t1), 8(t1)) are the same point on the xy-plane. This violates the
uniqueness of solutions. Therefore, (51) holds for ¢ > 0.

Note that in the above discussion, one can always choose k = ro + 1. It then follows from (51) that for any

trajectory of the system with r(0) = ro, it holds that
(52) r(t) < 2otDT i >0, Vd.

Thus we conclude that the system is UGAS.

However, this system fails to admit a Lyapunov function. In this example, the vector field g is
(za(z,y), ya(z,y)). Consider the sequence of points in the zy-plane {¢, } with & = (e**7,0) for k > 0. Note
that for each k > 1,

& €W(E_),
. 1 .
where &], = (e%’r + 7 0). Therefore, V(§,) = V(£ _,) for any j and any k. This implies that

V(fk) = V("So)v Vk > 1,

contradicting the properness of V. This shows that it is impossible for the system to have a Lyapunov function.
It is worthwhile to note that by the same argument, one sees that not only there is no smooth Lyapunov
function for the system, but also there is not even a Lyapunov function which is merely continuous (in the sense
that V' is not even smooth away from 4, and the Lie derivative condition is replaced by a condition asking that
V should decrease along trajectories).
In [17], a simple example is given illustrating that uniform global asymptotic stability with respect merely

to constant parameters is also not sufficient to guarantee the existence of Lyapunov functions.
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9. Relations to Other Work. The study of smooth Converse Lyapunov Theorems has a long history.
In the special case of stability with respect to equilibria, and for systems without parameters, the first complete
work was that done in the early 1950s by Massera and Kurzweil; see for instance the papers [18] and [13].
(Although more general because we deal with set stability and time varying parameters, there is one important
aspect in which our results are weaker than some of this classical work, especially that of Kurzweil: we assume
enough regularity on the original system, so that there are unique solutions and there is continuous dependence.
We do so because lack of regularity is not an issue in the main applications in which we are interested. Of course,
the proofs become much simpler under regularity assumptions.) In the late 1960s, Wilson, in [31], extended
the Massera and Kurzweil results to a converse Lyapunov function theorem for local asymptotic stability with
respect to closed sets. Several details of critical steps were omitted in [31]. In 1990, Nadzieja in [21] filled-in the
missing steps of the proof in [31], but only for the special case when the invariant set is compact. As explained
earlier, our proof is also modeled along the lines [31]. See also the textbooks [32] and [12] for many of these
classical results.

Nondifferentiable Lyapunov functions have been studied in many papers and textbooks. Among these we
may mention the classic book [3] by Bhatia and Szegé, as well as Zubov’s work (see for instance [33]) which
study in detail continuous Lyapunov function characterizations for global asymptotic stability with respect to
arbitrary closed invariant sets. Also, in [29] and [28], and related work, the authors obtained the existence
of continuous Lyapunov functions for systems which are stable, uniformly on parameters (or inputs) and with
respect to compact sets, assuming various additional conditions involving prolongations of dynamical systems.
(The next section provides some more details on the prolongation approach.) Many results on converse Lyapunov
functions with respect to sets can also be found in the many books and articles by Lakshmikantham and several
coauthors. For instance, in [14], Theorem 3.4.1, a Massera-type proof is provided of a general converse theorem
on local asymptotic stability with respect to two K-functions, that provides a Lipschitz Lyapunov function. As
the authors point out, their theorem immediately provides a set-stability result (when using distance to the set
as one of the comparison functions). In the very recent work [22], the author considered asymptotic stability
for systems with merely measurable right hand sides, and proved the existence of locally Lipschitz Lyapunov
functions for such systems. Note that in our case, we obtained the existence of locally Lipschitz Lyapunov
functions as an intermediate result, but our regularity assumption on the vector fields made it possible to obtain
the existence of smooth Lyapunov functions.

The questions addressed in this paper are related to studies of “total stability,” which typically ask about
the preservation of stability when considering a new system & = f(z) + R(z,t), where R(z,t) is a perturbation.
(Sometimes the original system may be allowed to be time-varying, that is, it has equations & = f(z,t); in that
case, its stability can in turn be interpreted in terms of stability of the set {x = 0} for the extended system
z = f(z,z), 2=1.) In [15], Lefschetz discussed stability with respect to equilibria under perturbations (referred
to by the author as quasi-stability). In [12] and [32], one can find such studies, and relationships to the special
case of & = f(x) 4 d(t), with results proved regarding stability under integrable perturbations (not arbitrary
bounded ones).

Under suitable technical conditions, systems with time varying parameters can also be treated as general
dynamical systems, or general control systems, as in [24, 33, 23, 10, 11]. In these works, systems were defined
in terms of set-valued maps associated with reachable sets (or attainable sets). A similar treatment was also
adopted in [29] and related work, where the prolongation sets of reachable sets were used to study stability.
In [23], the author established the existence of different types of Lyapunov functions (not necessarily continuous)
for both stability and weak stability with respect to closed invariant sets, where “weak stability” means the
existence of a stable trajectory from every point outside the invariant set. In [10], the author provided Lyapunov
characterizations for both local asymptotic stability and weak asymptotic stability. See [11] for an excellent
survey of work along these lines.

It is also possible to reformulate stability for systems with time varying parameters in terms of differential

inclusions, as explained earlier; see e.g. [1] and [2]. The first of these books employs Lyapunov functions in
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sufficiency characterizations of viability properties (not the same as stability with respect to all solutions),
while the second one (see Chapter 6, and especially Section 4) shows various converse theorems that result in
nondifferentiable Lyapunov functions, connecting their existence with the solution of optimal control problems.
In the recent work [20], one can find conclusions analogous to those in this paper but only for the very special
case of linear differential inclusions, resulting in homogeneous “quasiquadratic” Lyapunov functions. Finally, let
us mention the work [19] on systems with time varying parameters, in which the author established, under the
assumption of exponential stability, the existence of differentiable Lyapunov functions on compact sets, for the

special case of equilibria.

10. Relations to Stability of Prolongations. In [7, 8, 28, 29, 30], the authors considered various notions
of stability for systems of the type (1) (with D not necessarily compact). These properties are defined in terms
of the “prolongations” of the original system. The above papers investigated the relationships between such
stability notions and the existence of continuous, not necessarily smooth, Lyapunov functions. In this section,
we briefly discuss relations between UGAS stability and the notions considered in those papers, with the purpose
of clarifying relations to this related previous work. For the more details on the definitions and elementary
properties of prolongation maps and the corresponding stability concepts, we refer the reader to the papers
mentioned above.

We start with some abstract definitions. Let F : R™ x R>o — 28", (¢, t) — F(£,t) € R"™ be any map
from R" X R>o to the set of subsets of R™. Associated to F, one defines ®F and JF by

DFE ) = {17 € R": there exist sequences &, , € R", and t, >0
with €, = & =11, tn = £, 7 € F(énsta) }
JFE ) = {7] € R" : there exist t1, ta, ..., tx > 0 with
k
Zt,- =+, such that n € F(F( F(F(En, t1), t2) -, tree1)), tk> } ,
i=1

where F(S, t) Lef Uges F(¢, t) for any subset S of R"™.

The map F is called cluster if DF = F, and F is called transitive if JF = F.

For any system (1), consider the reachable set R*(¢) defined in section 5, seen now as a set-valued map. The
prolongation map I' associated with (1) is then defined by letting I'(&, t) be the smallest set containing R(¢)
such that I' is both transitive and cluster. For further discussion regarding the definition of the map I', we refer
the reader to [28] and the other papers mentioned above.

For subsets A and B of R", we denote the usual distance between the two sets by d(A, B) =
inf{d(&, n): €€ A, n€ B} . We say that a system (1) is T-stable (we use here the “T” for the name of the
author of [28] who, in turn, was inspired by previous work [8]) with respect to a closed, invariant set A if the
following two properties hold:

e There exists a Koo-function §(-) such that for any ¢ > 0,
d(T (&, t), A) <e, whenever |£|a <d(e), and t>0;
e For any r, € > 0, there is a T' > 0 such that
d('(, t), A) <e, whenever [{|a<r, andt>T.

Note that this is the same as what is called “global absolute asymptotic stability” (global A.A.S) in [28] for
the special case when A is compact. Clearly, if a system is T-stable, then it is UGAS. It was shown in [28], under

some extra technical assumptions, but without the compactness of D, that global A.A.S implies the existence

27



of a continuous, not necessarily smooth, Lyapunov function (meaning that V is globally merely continuous; the
condition L,V (§) < —as(]€| 4) is replaced by a condition that V' should decrease along trajectories).

We will show next that, at least when D is compact, UGAS implies (and is therefore equivalent to) T-
stability. So in what follows in this section, we assume that D is compact, and also that all systems involved are
forward complete. We first need the following fact.

LEMMA 10.1. For system (1), T'(¢, t) = Rf—(§) for any £ € R™ and any t > 0.

Proof. First note that the cluster property of I' implies that T'(¢, t) is closed for each ¢ € R™ and each
t > 0. Thus it is enough to show that the map R: (£, t) — Rt—(§) is cluster and transitive.

Take & € R™ and 7 > 0. (The case when t = 0 is trivial.) Pick no € DR (&, 7). Then, by definition, there
exist sequences {&,}, {nn} and {t,} with ¢, > 0 such that &, — &, nn — 10, tn — 7 and 7, € ’Rtn—(fn)

Note then that for each n, there exists d,, such that

1
n — Z(tn, €n, dn —.
[ = (b, €, da)| < 5

Let ¢n = z(tn, £n, dy). Then ¢, € R™(&,) and ¢, — 10. Let Ko be a compact set such that &, € Ko for each
n, and let 7" > 0 be such that ¢,, < T for any n. Then by Proposition 5.1, there exists a compact set K; such
that R(Ko, T) C Ki. Let L be a Lipschitz constant for f with respect to states in Ki. Then it follows from
Gronwall’s Lemma that, for n large enough so that |, — &| < e LT it holds that

|{E(t, 507 dn) - .CE(t, é-na dn)| < |€0 - gnleLTv
for any 0 < ¢ < T. Let kn = z(7, &0, dn). Then

|K’n - <n| = |l‘(T, 607 dn) - x(tTM 6”7 dn)|
|l‘(7’, 507 dn) - JJ(T, gna dn)| + ‘JI(T, 5717 dn) - :C(tﬂd £n7 dn)|
< éo —&ale™ + M7 — tu]

IN

where M = max{|f(&, d)|, d(§, K1) <1, d € D}. It then follows that k, € R"(&) for each n and k, — no.

Thus, we conclude that o € R7(&). Hence we showed that DR7(£5) = R7 (&) for any 7 > 0 and any & € R",
that is, the map R is cluster.

To show the transitivity of 2R, first note that, by induction, it is enough to show that
(53) RER(E, 1), t2) CRE, b+ t2)

for any £ € R"™ and any t1,t2 > 0.
Applying Lemma 5.3 to S = R"(¢) together with the fact that

R (R(9) = R"T(¢),

one immediately gets (53). O
Rewritting the definition of UGAS in terms of reachable sets, one has that a system (1) is UGAS if and
only if the following properties hold:
e There exists a Ko-function §(-) such that for any € > 0,

d (Rt(f), .A) <e, whenever |{|a <6d(e), and t>0;
e For any r, € > 0, there is a T > 0 such that

d (Rt(f), A) <e, whenever |{|a<r, andt>T.
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The following conclusion then follows immediately from the continuity of the function £ — d(¢, A) and
Lemma 10.1:

PROPOSITION 10.2. For compact D, a system (1) i1s UGAS with respect to A if and only if it is T-stable. B

REMARK 10.3. In the special case when A is compact, a UGAS system is always forward complete. Thus
in that case Proposition 10.2 is still true without completeness. O

REMARK 10.4. The compactness condition on D is essential. Without the compactness of D, Proposi-
tion 10.2 is in general not true. For instance, the system defined by (50) in section 8 is UGAS with respect
to the origin (0, 0). However the system is not T-stable, since I'(0, t) = R? for any t > 0. Note that for this
example, m = {0} for any ¢ > 0 which is different from I'(0, ¢). The inconsistency with the conclusion of

Lemma 10.1 is caused by the noncompactness of D. O
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Appendix

A. Some Basic Definitions. In this section we recall some standard concepts from stability theory.

A function v: R>9 — Ry is:
e a KC-function if it is continuous, strictly increasing and ~(0) = 0;
e a Koo-function if it is a K-function and also v(s) — oo as s — o0;
e a positive definite function if y(s) > 0 for all s > 0, and v(0) = 0.

A function §: IR>o X R>0 — R is a KL-function if:

e for each fixed t > 0 the function 3(-, t) is a K-function, and
e for each fixed s > 0 it is decreasing to zero as t — oo.

Note that we are not requiring 3 to be continuous in both variables simultaneously; however it turns out in

our results that this stronger property will usually hold.

B. Smooth Approximations of Locally Lipschitz Functions. In the proof of the converse Lyapunov
theorem, we used a parameterized version of an approximation theorem given in [31]. For convenience of reference,
and to make this work self-contained and expository, we next provide the needed variation of the theorem and
its proof. (Several details, missing in the proof in [31], have been included as well.)

THEOREM B.1. Let O be an open subset of R™, and let D be a compact subset of R!, and assume given:

e a locally Lipschitz function ® : O — IR;
e a continuous map f: R" xD — R", (z,d) — f(z, d) which is locally Lipschitz on x uniformly
on d;
e a continuous function o : O — IR and continuous functions u, v: O — Rso
such that for each d € D,

(54) Lig®(§) < a(f), ae £€0,

where fa is the vector field defined by fa(-) = f(-, d), (Recall that V® is defined a.e., since ¥ is locally Lipschitz
by Rademacher’s Theorem, see e.g. [5], page 216). Then there exists a smooth function ¥ : O — R such that

|(6) =¥ < pE), VE€O
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and for each d € D,
L ¥(6) < a(§) +v(§), VE€O.

To prove the theorem, we need first some easy facts about regularization. Let ¢ : IR" — IR be a smooth

nonnegative function which vanishes outside of the unit disk and satisfies
(s)ds = 1.
Rﬂ

For any measurable, locally essentially bounded function ® : © — IR and 0 < ¢ < 1, define the function ®, by

convolution with — % (i), that is:
om o

(55) D () = / n<1>(§+as)w(s) ds.

We think of this function as defined only for those £ so that £ + os € O for all |s| < 1. Note that the integral is
finite, as the integrand is essentially bounded and of compact support. The following observation is a standard
approximation exercise, so we omit its proof.

LEMMA B.2. For each compact subset K of O, there exists some oo > 0 such that ®, is defined on K, and
smooth there, for all o < oo. Moreover, if ® is continuous, then ®, approaches ® uniformly on K, as o tends
to 0. O

Now assume that @ is a locally Lipschitz function. Then, for each d € D, Ly, ® is defined almost everywhere,

and furthermore, on any compact subset K C O,
[Lia®(©)] < k|f(6,d)], ae €K, VdeD,

where k is a Lipschitz constant for ® on K. Therefore, for each d, (omitting from now on the IR™ in integrals)

(m&moaﬂwﬂM+WW@w

is well defined as long as { + os € O for all |s| < 1. Applying Lemma B.2 to (Lf, ®)s, this is smooth for any
o > 0 small.
Suppose that for all d € D,

(56) Liy®() <alf), ac €O,
for some continuous function a. Pick any compact subset K C O. On this set K, we have

(L @)o(0) = /@m®@+wwwm5s/ﬁ@+wwwm5

o) + max [a(+os) —af)].

s|<1,6€K

From here we get the following conclusion:

LEMMA B.3. For any compact subset K of O, (Ly @) is a C°° function defined on K for all o small
enough, and, if (56) holds for alld € D and all € € O, then for any € > 0 given, there exists some oo > 0 such
that

(L1a®)o(§) < a(é) +¢

forallo < oo, alld € D, and all € € K. O
The following lemma illustrates the relationship between Ly, (®,) and (Ls, P)o.
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LEMMA B.4. On any compact subset K of O,

sup [ Lyq (Po)(§) = (Lyg®)o(§)] — 0
deD,eK

as o tends to 0.

Proof. For each £ € O, we use ¢(t, £,d) to denote the solution of the differential equation:
&= f(z,d)

with the initial condition (0, &, d) = £. It follows from the assumptions on f and compactness of K and D that
there exist some compact neighborhood V of K and some 71 > 0 and oo > 0 such that ¢(t, £ +os, d) € V for
all§ € K, |s| <1, 0 <09, d€Dand [t| <71.

For the Lipschitz function ®, we have, for all £,d and o < 0¢:

Lu@)© = 4| setean = | e araueas
= lm / (B(p(t, £, ) + ) — B(E +05))b(s) ds,
and
(57) (L1a®r©) = [ s+ oyt

D(p(t, £+ os, d))(s)ds

t=0

(58) - / 2

lim %/[@(gp(t, € +os, d)) — B +0s)](s) ds.

t—0

(59)

Notice that the integrand in (57) equals that in (58) almost everywhere on s (for each fixed £ and o) and that (59)

follows from (58) because of the Lebesgue Dominated Convergence Theorem and the following fact:

ﬁ @ ((t, € + 05, d) — B(E + 05)] ()

<k

> |t| |¥7(t7 §+os,d) — (5 + O'S)| ¢(3) < ka(S), vt e [_7-17 7-1}7

where C % max |f(&,d)| and k is a Lipschitz constant for ® on V.
gev,deD

Now one sees that

Lfa(®6)(€) = (Lsg®)o(€) = lim % /[‘1>(<P(t, §,d) +o0s) — 2(p(t, £+ 05, d))]¢(s) ds.

t—0

Thus it is enough to show that for any € > 0, there exist some § > 0 and 7° > 0 such that the above integral
is bounded by € for alld € D, £ € K, |t| < 7" and o < §. This is basically a standard argument on continuous

dependence on initial conditions, but we provide the details. For 0 < 7 < 7, let

() sup{If(e(t, ¢, d), d) — f(¢, d)|: |f] <7, (€V, deD}.

Then v(0) = 0, and + is nondecreasing and continuous at ¢ = 0, because

|f(§0(t, C7 d)7 d) - f(C7 d)' < 03 |§0(t7 C? d) - C‘ < 0504 |t| )
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where Cj3 is a (uniform) Lipschitz constant for f on Vi, Cy4 is an upper bound for |f(&, d)| on Vi, and V; is some
compact neighborhood of V' such that (¢, ¢, d) € V4 for any ( € V,d € D and |t| < 71. Forany ( € V, d € D
and [t| < 71,

[t]
lo(t, ¢, d) = (C+tf(¢, d))| S/ y(r)dr < [t[y(J¢])
0
Now for ¢ € K, we have

[(p(t, & d) +05) = (p(t, § +0s), d)| < klp(t, §, d) +os—@(t, { + 05, d)|
< kl§tos+tf(€ d)—(E+os+if(§+os, d))
+k |90(t7 f? d) - (§+tf(§7 d))' + k|g0(t, §+0'37d) - (§+Us+tf(§+0'87 d))‘

(60) < Ktf(€ ) = f(E+os, d)|+ 2k [t]y([t]) -

Finally, for € > 0, let 6 and 7" be such that

W) < o7 and IS d) = f(E+os, d)] < o

forany £ € K, d €D, |s| <1, 0 <4 and |t| < 7". It then follows from (60) that

o / p(t, & d) +os) — P(e(t, &+ os, d))](s)ds < /51/)(5) ds=¢
forany £ € K, d € D, |t| < 7% and o < §, which implies

L1 (@5)(§) = (Lya®)o(§)] < €

for any 0 < op, d€Dand £ € K. O

Combining the previous three lemmas, we obtain the following conclusion:

LEMMA B.5. Let K be a compact subset of O. Then for any given € > 0, there exists some smooth function
U defined on K such that

(W) — @) <& and LgyW(§) <aff) +¢

forallé € K,d eD. ]

Now we are ready to complete the proof of Theorem (B.1). For the open subset O of R", let {U/;} be a
locally finite countable cover of O with u; compact and U; C O. Let {B:} be a partition of unity on O subordinate
to {U;}. For any given positive functions p(-) and v(-), let

€4 Lof min{ inf p(€), inf V(f)} .

geu; £eU;

For each 14, it follows from Lemma B.5 that there exists some smooth function ¥; defined on I/; such that

Eq
21 (1 4 74)

and Ly, Wi(€) < a(6) + =

[(6) — Wi()] < :

on U;, where 7; def max{|Ls,8:(&)| : € U, de D}. We define ¥ = Zl Bi¥;. Clearly ¥ is a smooth function
defined on O, and

MGE < ) BiO)155(8) — D(9)]

J€Te

< maxe; < p(e),
J€J§
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where J¢ Lof {j: {EU]}.

For Ls, ¥, one has

LiyU(E) = Lgy®(€)+Ly(O BiWi - 8))(6)

= L@@+ Y (LpaB)(Wi = @)(€) + Y BilLyy Wil€) — Ly, (&)
= > (LpB)(@ =)+ > BiLsys(€)

JE€ETe JE€ETe

< YL+ Y e («©+3)

JE€Te JET:

IN

1 1
5 jmef%{aj} +a(@)+3 ]_rrelfjtgg{ej}

IN

a(&) +v ().

We conclude that V¥ is the desired function.
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